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Abstract.

The time-periodic pressure loading, the added mass, damping and
exitation forces on a horizontal submerged circular cylinder in a
current are examined. The'fluid layer is infinitely deep and the
motion is two-dimensional. The boundary value problem is solved
by applying a source distribution along the contour of the body.
The forces become finite for =t = Uc/g approaching 1/4. (U
speed of the current, o frequency, g acceleration due to
gravity.) The added mass force becomes negative for 1 close to
1/4. The damping force is very small for 1>1/4. The exitation
loading on the cylinder is larger for incoming waves travelling
against the current than for incoming waves travelling with the

current.






1. Introduction.

We shall consider wave loads on an infiniteiy‘long horizontal
circular cylinder} submefged under a free sﬁrface in a uniform
current. Thé cylinder can undergo oscillations in sway or heave,
or be embedded in ihcdminé hérmonic waves. We shali be interest-
ed in the time periodic'wavé ioads. The cufrent is horizontal
and normal to the generators of the cylindef. The problem may
then be considered as two-dimensional. The fluid layer is of
infinite depth and of infinite lateral extent. The fluid is
assumed incompressible and the motion irrotational. All equa-
tions are linearized. |

Many offshore constructions are built up of long cylinders.
Examples are oil platforms, with brazings and cylindrigal pon-
toons, and pipelines. Computation of wave loads on long cylin-
ders is therefore important in investigating the behaviour of
many offshore constructions in waves. In most practical situa-
tions of wave scattering from a body on the ocean a current may
also be present. The theory and computatiohs presented here are
appropriate in predicting fluid loading on horizontal submerged
cylinders when the crests of the'incoming waves are parallel to
the cylinder axis; |

Two-aimensionai wave scattering from a submerged circular
cylinder‘in the absence 6f a current has been treated by Dean
(1948), Urseil (1950), Ogilvie (1963), Grue and Palm (1984) and
Vada (1985). 1In Grue and”Pélm (1985) the radiation.problem and
the diffraction problem have been generalized to allow for a
uniform current. For the bénefit of new readers.we shortly de-
scribe the properties of the wave-field and the results obtained

in Grue and Palm (1985), which is the basis of the present paper.



The uniform current gives rise to stationary lee waves behind
the cylinder. These waves are treated by e.g. Lamb (1932),
Haveiéck‘(1936) and Tuck (1965). We shall here only be interes-
ted in the iee waQé field to account for interactions with the
time periodic wéye field. Tﬁe currentrmay also, as well as the
oscillatory wa;e métion, generate vortex shedding. These effects

are disregarded in the calculations.

Figure 1, Definition sketéh
We‘introduce cartesian axes Oxy with origin O in the
undisturbed free surface, O0x 'directed horizontal and normal to
the generators of the cylinder, and Oy positive upwards. The
velocity U of the uniform currenf is along the negative x-axis.
If the cylinder is oscillating with a frequency o (0>Q) in the
curfent, four travelling waves are present when 1 = Us/g<1/4 (g
the accéieratién due to gravity) and only two waves when <t>1/4.

The wave numbers of the four waves are given by

o = /gEl,z - Uk]'2 t<1/4 ' (1.1a)




1. Introduction.

We shall consider wave loads on én infinitely long horizontal
circular cylinder, subﬁergéd under a free surface in a uniform
current. The éylinder cén undergo oscillations in sway or heave,
or be embedded in incoming harmonic waves. We shali be interest-
ed in the time‘periédic wave loéds. The current is horizontal
and normal to the generators of the cylinder.l The problem may
then be considered as two-dimensional. The fluid layer is of
infinite depth and of infinite lateral extent. The fluid is
assumed incompressible and the motion irrotational. All equa-
tions are linearized.

Many offshore constructions are built up of long cylinders.
Examples are oil platforms, with brazings and cylindrical pon-
toons, and pipelines. Computation of wave loads on long cylin-
ders is therefore important in investigating the behaviour of
many offshore constructions in waves. In most practical situa-
tions of wave scattering from a body on the ocean a current may
also be present. The theory and computations presented here are
appropriate in predicting fluid loading on horizontal submerged
cylinders when the crests oé the incoming waves are parallel to
the cylinder axis.

Two-dimensional wave scattering from a submerged circular
cylinder‘in the absehce\of a current has been treated by Dean
(1948), Ursell (1950), OgilQie (1963), Grue and Palm (1984) and
Vada (1985). In Grue and Palm (1985) the radiation problem and
the diffraction problem have been generalized to allow for é
uniform current. Fof thexbénefit of new feaders Qe éhortly de-
scribe the properties of the wave-field and the results obtained

in Grue and Palm (1985), which is the basis of the present paper.



The uniform current gives rise to stationary lee waves behind
the cylinder. These waves are treated by e.g. Lamb (1932),
Havelock (1936) and Tuck (1965). We shall here only be interes-
ted in ﬁhe‘lee wave field to account for interactions with the
time periodic wave field. The current may also, és well.as the
oscillatory wave métion, generaté vortex shedding; These effects

are disregarded in the calculations.
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Figure 1, Definition sketch
, , ‘

We introduce cartesian axes ‘Oxy with ofigin 0O in the
undisturbed free surface; O0x directed horizontél and normal to
the generators of the cylinder, and Oy positive upwards. The
velocify U of the'uhiform current is aiong the negative x-axis.
If the cylinder is oscillating with a frequency o (0>0) 1in the
current, four travelling‘waves are present when =t = Uo/g<1/4 (g

the acceleration due to gravity) and only two waves when t>1/4.

The wave numbers of the four waves are given by ;

o= /gEllz - Uk]'2 t<1/4 ' (1.1a)



ﬂﬁ?' A T Do : (1.1b)

The kz—wave is travelling uptream with positive phase and group

velocity. The k,-wave, however, is travelling downstream with

1
positive phasewvelocit& Bﬁﬁiwith negative group velocity. The

k3—wave and'k4—WaVe afé‘fréQeliing‘downstréaﬁ Qith neggtive phase
and group Qelocities;’biglthé“ffamé of réfeféhéé where the speed
of the current is zefé,“thé félative frame of reference, the kl—'

k2— and k3;waves are travélling towards x = «, whereas the k4—
wave 1is travelling‘ﬁoﬁards X = -,

The solution of the boundary value problem was obtained by
expressing the velocity potential as a distribﬁtioﬁ of wave
sources along the contour. The unknown source strength was
determined by an integral equation, which_yielded a unique solu-
tion. The amplitudes of the scattered waves wéré then easily
computéd. Iﬂ‘the radiation problem it was shown that thé ampli-
tudes of the k,-wave and k,-wave approached a finite limit as

1 2

t+1 /4, which means that the energy flux of the k,- and k,-waves

1 2
tends to zero as 1+1/4. The damping force, which is related to
the energy flux of the outgoing waves, then tends to a finite
value as t»1/4. 1In the diffraction problem it was shown that
one incbming wave giVés rise to one new wave only (and not three
new waves, which is the case for non-circular contours). The
mean horizontal second order forces in the radiation and diff-
raction problems were obtained by the momentum equation.

In the present paper we apply the mathematical method
sketched above to éccdunt for the preésure ioading at the cylin-

der, the added mass, damping and exitation forces on the cylin-

der. In the radiation problem the loading becomes finite as



t>1/4. The added mass force becomes negative for. © close to
1/4. It is well known that for U = 0 there are no forces
orthogonal to the swaying or heaving motion of the cylinder.

This is, however, not true when a current is present. For moder-
ate values of U it is found that the vertical force in sway and
the horizontal force in heave (with same amplitude éf oscilla-
tion) are equal in magnitude and of opposite sign. In the diff-
raction problem the loading at the cylinder approaches zero when
the group velocity of the incoming wave tends to zero (1*1/4).
The exitation loading is larger for incoming wave travelling

against the current (k_-wave) than for incoming wave travelling

2
with the current (k4—wave).
2. Mathematical formulation.

According to the previous assumptions, the velocity of the

fluid is given by
> > '
v = —U(el + Vx(x,y)) + v&(x,y,t) (2.1)

>
where e is the unit vector along Ox, x 1is the stationary lee
wave potential, & 1is the time dependent potential and t

denotes time. Assume that the cylinder cén'dscillate with its

centre at

xgl + (y+d);2 = Re(gexp(jct)) (2.2)

where d 1is the depth of the cylinder centre, ;2 is the unit
~vector along Oy, Re denotes the real pant, j is the imaginary

unit, and E is given by




E=geg v e (2.3)

We assume that & and the amplitude of the incoming wave are

small so that the bdundary value problem for & may be
linearized. We also assume that the boundary value problem for
Y may be linearized. This assumption is asstptotic valid for

large é/R. (R the radius of the circle.) Writing
o(x,y,t) = Re ¢(x,y)exp(jot) (o>0) » (2.4)

the velocity potentials x and ¢ fulfill the following linear

boundary value problems

V2y = 0 in the fluid domain (2.5a)

subject to

p227x 9%1 =0 y =0 (2.5b)
dx2 Yy »

dx _

3m = T ‘ - at S (2.5¢)

X - O o X * 4o (2.5d)

vx + O o A ' (2.5e)

V2¢ = 0 in the fluid domain (2.6a)

subject to

20 _

. 9 2 -
(jo Uax) o + 95§ 0 y=0 (2.6Db)
9§ = E-(jcg +'U(E-v)vx) at S (2.6¢)
radiation conditions at x = to (2.64)

V6 » O | y o o-e | (2.6e)



Here 3/3dn denotes the normal derivative, and n1 is the x-

q)
component of the normal vector n of the body, directed into the

fluid. The mean position of the cylinder contour is denoted by
S. The condition (2.6¢) is obtained by Taylor expansion of the
total velocity potential about S. The proper radiation condi-
tions in (2.6d) are obtained from Haskind (1954) as one outgoing

kz—wave with phase velocity o/k2 at x = +» and one incoming

k.,-wave, one outgoing k_,-wave, one outgoing k4—wave, with phase

1 3

velocities c/kl, o/k3, c/k4, respectively, at x = -e.

Let now

o = ¢O + ¢1 (2.7)
where ¢O is considered as known and ¢l is unknown. In the
radiation problem ¢OEO. In the diffraction problem ¢O is the

potential of the incoming wave. The potentials x and ¢] are
both given by a source distribution along the contour S. The
local source strength for yx or ¢l is then obtained from inte-

gral equations, as described in Grue and Palm (1985).

3. The pressure and the pressure forces.

Let the mean position of the contour, S, be parameterized by

X = -R sin © (3.1a)

y = -d + R cos 6 (3.1p)

The uppermost point of the cylinder corresponds to 6 = 0.
The pressure at a point within the fluid is given by the

Bernoulli equation (p = 0 at the free surface).

)
p=—p(3;+%(|3|2-02) + gy) (3.2)




p 1is the density of the fluid. The pressure at a point at the

C s A . . .
instantaneous position S of the cylinder contour is obtained by
Taylor expansion about S. By retaining terms which are linear

.)
in ® and & we obtain

P = Re p]exp(jot) + P, | (3.3)

where
- . 1 2¢ LY ege2 :

Py = -p(Jod + vy g 35 * BEVvE + E,9) (3.3a)
and

Py = ~p (3(v2-U2) + gy) (3.3Db)

U o ‘ :
Ve = - R 3§(x+x) (at the contour) (3.3¢c)

The pressure force on the body is given by

.)
F = {-pnds ) (3.4)
A ' ’ ’
S
By Taylor expansion the part of the force oscillating with

frequency o is obtained as

F = Re gexp(jct) (3.5)
where
P = {-p,nds (3.6)
S

We note that the last two terms in (3.3a) contributes to the

pressure and the pressure force only in the radiation problem.



'3a. The radiation problem.

We shall first consider the radiation problem. There are
then no incident waves, i.e. ¢OEO. The components of E are
given by 51 = g, 52 = 0 1in sway, and alv= o, 52 = € in heave,

€ 1s real. 1In sway the force may be written by

B o= (by-3R 08 + (liyy-iy)e, (3.7)
and in heave by

B o= (=308, + (Byp=3Ry,)8, | (3.8)

A A
where Hnn and A are real, being the components of the added

mn
mass force and the damping force, respectively. Non-dimensional

forces are obtained as follows

A A
bon = umn/pgRe, Ao = an/pgRs (3.9)

Values of and A are displayed in figure 2 for U = 0
mn mn
and in figures 3(a,c) for U//gR = 0.4. 1In all cases d/R = 2.

The computations show that the three first terms in (3.3a) give

significant contributions to M on and hmn' For U = 0 we have
Bip = B Mg T Ry, (3.10a)
" =0, A = 0, m#n (3.10Db)
mn mn

The occurrence of a current changes the values of Mo and A
considerabiy. Now there are forces which are orthogonal to the
swaying or heaving motion of the cylinder, and pll-jx]] is
different from u22-jx22. The figures 3a and 3c reveal negative
values of the added mass forces P rom when t is close to 1/4.

We note that the damping forces xmm are small for 1>1/4. The




3
2 —
Yaq
1 -
A
0
-1 T
0 0.5 .0
RoZ |
g
Figure 2. Added mass force Mg and damping force All’ 0, 4/r
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Figure 3. Added mass forces and damping forces, U/VgR = 0.4, d/R = 2.




added mass and damping forces remain finite for =t approaching
1/4. In Mo and Palm (1985) this result is also obtained for a
cylinder of elliptic shape. This is in disagreement with e.qg.
Sclavounos (1984) where added mass and damping forces are
obtained for a floating 3-D ship. However, the force
components vary rather rapidly for 1t close to 1/4. Some of
the components have also a peak for = approaching 1/4.

For the speeds of the current considered here, i.e.
U//gR<0.6, the amplitude of the lee waves is approximately zero
and the lee wave potential Y becomes approximately anti-symme-

tric with respect to x = 0, i.e.

X(xly) = -X("'le) (3.]])

It is numerically confirmed that the cross coupling forces are

anti-symmetric when (3.11) is fulfilled, i.e.

Moy = TBypr Ay T TR, (3.12)

For U//gR = 0.4 and d/R = 2, (3.12) is fulfilled within an
accuracy of less than _1. pr. cent.

In figure 4 the amplitude of the pressure distribution along
the cylinder contour is displayed for heaving motion. The maxi-
mum pessure is slightly larger for U//gR = 0.4 than for U = O.
The pressure distribution is symmetric about 6 = 0 for U = 0.

This is, however, not true for U//gR = 0.4.
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Figure 4. Pressure distribution along the circular contour when the cylinder
is oscillating in heave, 4/R = 2, R02/g = 0.65 and U = 0, R02/g = 0.33
and U/YgR = 0.4. '



3b. The diffraction problem.

Let us then consider the diffraction problem. Now E = 0,

and ¢0 is given by
¢0(x,y) = 5a/gexp(kyljkx) | (3.13)
where & = -1 for incoming k k k waves, i.e. waves

1’ 2' 3
travelling along the positive x-direction in the relative frame

of reference, hereafter denoted by waves travelling against the

current, and & = 1 for k4—waves, i.e. waves travelling along

the negative x-direction in the relative frame of reference,

ll

hereafter denoted by waves travelling with the current. The
amplitude of the incident waves is a, k 1is the wave number, the

],kz—waves and the + sign

3,k4—waves. The components of the

- sign corresponds to incoming k
corresponds to incoming k

exitation force are given by

> A > A >

P = X,e; + X,e, (3.14)
The exitation forces are non-dimensionalized by

X =%/ (3.15)

The exitation forces for incoming waves travelling with the
current are displayed in figures 5(a,b). The exitation force is
of the same order of magnitude for U = 0 and U//gR = 0.4. We

note that |X]| is slightly larger than |X for U/Y/gR = 0.4.

5|
The exitation forces for incoming waves travelling against
the current are displayed in figures 6(a,b). The vertical force

is slightly larger than the horizontal force for U#0. For

U/YgR = 0.6, the maximal force is about twice as large as the
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Figure 5. Horizontal and vertical exitation force for incoming waves

travelling with the current, d/R = 2, (a) U =0, (b) U/YgR= 0.4.



maximal force for U = 0. For incoming waves with group velocity
%/§7£;U approaching zero (t+1/4), the energy flux of the waves
approaches zero. Hence, the periodic wave motion, the pressure
at the cylinder, and the periodic pressure force vanish in this
limit, as revealed in the figures 6(a,b).

The pressure distribution along the cylinder contour is
displayed in figure 7 for incoming waves travelling with the
current and in figure 8 for incoming waves travelling against the
current. The pressure distributions are_obtained when the maxi-
mal value of the exitation forces occur. For incoming waves
travelling with the current, the maximal pressure is of the same
magnitude for U =0 and U/YgR = 0.4. For incoming waves
travelling against the current, however, the maximal pressure for
e.g. U//gR = 0.6 is four times the maximal pressure for U = O.
The pressure distribution is symmetric about 6 = 0 for
U//gR = 0,0.4. Fof increasing U, however, the distribution
becomes asymmetric. Computafions show that the first two terms
in (3.3a) both give significant contribution to the exitation

forces.

4. Discussion.

The forces in the radiation and diffraction problems are
computed. The force due to the steady lee waves has been
examined by Havélock (1936) and Tuck (1965). They found that
this force is very small for small and moderate speed of the
current. This means that for such values of U the amplitude of
the lee waves is vanishing. More precise, the lee waves may be

neglected for U/YgR<0.6 when d/R>2.
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(a)

(b)

Figure 6. Horizontal and vertical exitation force for incoming waves
travelling against the current, 4/R = 2, (a) U/YgR = 0.4, (b) U//gR = 0.6.
The small arrows denote the occurrence of zero group velocity of the incoming

waves (T = 1/4).
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Figure 7. Pressure distribution along the restrained contour at the
occurrence of maximal exitation force. The incoming waves are travelling

with the current, d/R = 2, kR = 0.4, U/gR = 0,0.4.

U//gR = 0.4

Figure 8. Pressure distribution along the restrained contour at the
occurrence of maximal éxitation force. The incoming waves are travelling
against the current, d/R = 2, kR = 0.34 and U//gR = 0.4, kR = 0.21 and
U/YgrR = 0.6.

s




However, even though the lee waves afe absent, dy/dx may not
be small straight above the cylinder. Therefore, non-linear
effects, which are not accounted for here, may possibly influence
somewhat on the magnitude of the forces.

Effects due to vortex shedding are important. The horizontal

drag force is given by
D = pU2RcD (4.1)

where CD is the drag coefficient. For large Reynolds number

CD is of order unity. Comparing e.g. the maximal value of the
. . A

exitation force X2 and D we have for U/YgR = 0.6 and

a/R = 0.2

X, /D =1 (4.2)

The lifting force due to the vortex shedding has a maximum ampli-
tude which is of the same order of magnitude as the drag force.
Hence, we conclude that the magnitude of the exitation force and
the force due to vortex shedding are comparable for moderate

speed of the current.
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