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It is shown how the model of junction alignment suggested
by Schreiner (1971) to explain the motion of cilia and
undulating flagella slso explains the motion of the rotating
helical flagellum. It is found that whether the flagellum
exhibits an undulating or a rotating motion only depends on
how the motion is initiated, Geometrical considerations
show that the maximum longitudinal displacement that can
eXist between linked Jjunctions is 2 nm, and considerations
on the rate of work by the organism in swimming show that
the average force component from each link in the direction

of the filament is at least 5.5+10™8 dyn.



Introduction.

In a paper on the mechanics of the ciliary beat, Schreiner
(1971) argues - in opposition to the commonly held view -
that the cilium drives the surrounding liquid during the so-
calied recovery stroke, while it follows the motion of the
liguid during the so-called effective stroke, This picture
is supported by an analysis by Wilson & Schreiner (1971} of
the flow due to the motion of cilia, On the basis of this
alternative view of the ciliary beat, Schreiner (1971) sug-
gests a model that willaexplain the observed motion of bends
in c¢ilia and undulating flagells, |

The model is based on the assumption - supported by ob-
servations reported in the literature (Satir (1965, 1968)) -
that the shaft of cilia and flagella has two main structural
components, a longitudinally inexteﬁsible set of 9+2 fila-
ments parallel to the axis, and a matrix whose transverse
dimensions are retained under bending and where originally
normal sections remain normal to the axis. Any region of the
organelle where these two structural components are locked

together will then be rigid, PFurther, the angle of bending

between two locked regions is constant as long as both regions
remain locked. If there is an inherent limit to the curvature
of the organelle - more realistically the relation between
bending moment and curvature could be non-linear - the outer
locked region and a bend of constant shape will be pushed
outward when the length of the inner locked region increasges,
The locking is perceived as links formed between sets of junc~
tions in the matrix and a set of junctions on each peripheral

filament, Figure 1. The length of a locked region will then



increase when new links are formed between pairs of slightly
displaced junctions at one end of the region° The junction
pairs will then be aligned by the contractile force in the
new link. As the bend propagates along the organelle, links
are broken at the front end of the bend, the junctions remain
unlinked through the bend, and new links are formed at the
rear end of the bhend, but now with another pairing of the

junctions.

Linking of matrix and filament junctions on the helical
flagellium,

The above description applies to bends propagating in a

plane., In the helical flagellum the bend is three-dimensional,
and reaches from one end of the organelle to the.othera Thus
if metrix and filaments are locked together in regions, these
regions must necessarily be in the bend.

The moment at a point on the helical axis of the external
forces acting on the part of the rotating helix to the rear
of this point has been determined by Schreiner (1970), If
the expression for the moment is developed along the flagellum
itgelf, the component along the axis of an element of the
flagellum expresses the torsion on the element, and the com-
ponent normal to the axis expresses the bending moment on
the element, In this way the torsion and the bending moment
along the single rotating helical flagellum of a microorganism
plotted in Figure 2 were determined. The E—component of the
bending moment -~ [1,3'K'] are unit vectors along the helical
radius, the axis of the element, and the positive normal to
these, respectively - varies both in sign and size, while the

E'hcomponent varies in size only. The E‘—component could
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be balanced by an inherent limit to the curvature, but an addi-
tional mechanism is needed to balance the imcomponent and
maintain the shape of the helix. The protein dynein, which is
generally agssumed to be associated with the generation of for
ces in cilia and flagella, has been found on the peripheral
filaments, but not on the central filaments (Gibbons (1963%)).
Within the frame of the model this indicates that the central
filaments are permanently locked to the matrix. The T-com-
ponent of the bending moment would then be balanced if in addi-
.tion a peripheral filament not on the T-axis were locked to
the matrix.

When the helix, Figure 3a, has a constent radius R and
pitch angle 6 , ite radius of curvature is R = R/eosze. If
the angle v , Figure %b, is measured from the positive

-

k-~direction the strain on the bent cylinder of radius r is

e = L sinv= £ cos®s sinv. (1)
R, R

Since the junction sets in the matrix deforms with the matrix,
while sets on the filaments are inextensible, (1) shows that
the most favorable conditions for linking the two sets occur
where sin v = 0 , that is where v = 0° and v = 180° .
With nine peripheral filaments there can not always be a
filament at either of these angles in every transversec
section when the flagellum rotates like a speedometer wire,
The linking must therefore be possible even with some
distortion in the matrix. The central angle between
neighbour filsments is on the average 360°/9 = 40°, and
there will therefore always be a filament in either of the
diametrically opposite bands v % B, and 180° + v + s

when Bo = 10° ., It follows that if linking of matrix and
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peripheral filaments can be accomplished within the bands
Vg * 30 and 1807 + Vo * Bo , where ag will be shown below
0 < Vg < Bo , then the T—component of the bending moment can
be bhalanced everywhere.

In his review of flagellar movement, Holwill (1966) reports
that both the central and the peripheral filaments"appear to
extend continuously along the flagellum without twisting and

gpiraling M. On the helix the peripheral filaments then cut

the lines v = congstont at an angle « , Figure 3a, given by

2nr T
b80 = 3eR7co55 = K °O8 05 (2)
where 2nR/cos 6 is the curvelengbth of one full turn of the
helix, The length S of each region of s filament that is

inside the band where Jjunctions may be linked is thengiven by

Stga = 2rB, »
and by (2)
5 = 2Rg /cos @,

where BO is measured in radians,

| On a helix of positive thread the filaments have a negative
twist relative to the lines v = constant, Figure 3a, Figure 4.
With the speedometer wire rotation corresponding to the posi-
tive threaded helix pushing the head -~ see Schreiner (1970) -
new links between the stretched matrix and the filament are
formed at A. The contractile forces in the streched links
force the flagellum to rotate, reducing the angle v of each
link, and thereby also the length of each link. At B the
matrix set is unstrained and the link length is at its minimum,

from which it is eventually stretched until the links are
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broken at C. Then another filament enters the diametrically
opposite band at At!'. New links are formed between the fila-
ment and the surrounding compressed matrix., These links then
go through the same process, contracting between A' and B?,
gtretching between B' and C'.

Only the balancing of the bending mpment nas so far been
considered, but even the torsion will be balanced by the link-
ing of matrix and filaments, For since the periphergl fila--
ments are twisted relative to the lines v = constant and at
intervals connected to the matrix, the situation is

equivalent with the one shown in Pigure 5. There two
non-deformable planes are connected by central and peripheral
non-deformable filaments, and the structure is then rigid
vunder torsion.

Thus both the bending moment and the torsion on the
rotating helical flagellum can be balanced by the linking of
matrix and filaments originally suggested to explain the
motion of cilia.

In cilia and undulating flagella 211 peripheral filaments
are connected to the matrix in the same regions, while in the
helical flagellum only one filament is connected to the
matrix in any region. This difference could be a consequence
of differing organizations of the motile system, but it could
also be a result solely of how the motion is initiated. The
lattber case would imply that a) the motion of the organelle
is initiated in a restricted region and that b) the align-
ment of one newly linked junction pair leeds to the linking
of the next pair. When two junctions are too far apart
their linking may be impossible, But when their distance is

reduced to a certain level by contractions in the neighbouring
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link, the junctions are auntomatically linked. Therefore any
linked region will grow in the direction away from where it
was initiated, An undulating wave moving down the tail will
then be the result when the segment closest to the head is
made to swing back and forth, and a helical wave results when
the innermost segment is made to rotate on a cone,

We note that unlinked junctions probably also have a
lateral displacement. For if not the passive motion of the
cilium through its "effective" stroke might be impossible,
since on first occation g1l junctions along one filament would
simultaneously be linked to the matrix junctions, the cilium

would turn rigid, and further rotation would be impossible,

Displacements in the helix.

If sections in the matrix originally normal to the axis
remain strictly normal, the relative displacement D(v*)
between the matrix and filament Jjunction sets a distance #
along the filament measured from B +towards A - PFigure 4b -
will be given by

*

D(V%) = & % '

where ¢ is the matrix strain expressed by (1), and the

factor 4 enters because only one endpoint of 2* is dis-

placed, As seen in (2) o is a small angle when r << R,and

therefore

2 = v /ein o = ru*/tgcx=iﬁv*/cos o .

Introducing e from (1) we then get
* ¥ *
D{v ) = 4r cos 6v sinv , (3)

¥, . , .
where v is measured in radians. The new links are
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formed at A , where v* =v_+ B

o and where therefore the

O ]
junction displacement is

D(v04-60) = T cos e(vo+-BO) sin (v04-30).

According to Sleigh (1962) the diasmeter 2r of the peripheral
filament pattern is ~ 1.6+10° nm. With 6 = 40° , g_ = 10°
and Vo £ 8B, the longitudinal junction displacement at which

links may be formed is then

DC < 2 nm,

Forces in the helix.

Stimulated forces act on the deforming matrix only when

it is connected to the filaments. The net work on any linked
yPigure 4,

segmentd AC//is then equal to the difference between the work
done in link contraction on AB and in link streteching on
BC. Figure 6 shows a sketch of the changing links between
A and B, With constant lateral distance a between the
two Junction sets the éhanges in link length are due to the

changes in the longitudinal displacement of the matrix set

alone, If Ag is the - unknown - contractile force in the

&

link and D isg the longitudinal velocity of the matrix junc-
tion J, relative to the filament junction J2 s then the

rate of work done in the link is

ln

miy = 85+ B = 633, (4)

where 6p is the longitudinal component of the link force,
The absgolute gize of &6p = Ap sinpB depends on both the size
of Ap and on the angle 8 ::arctg(D/a),'where a 1is unknown.

If the distance between the junctions on the filament is D
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the number of links pr unit length is b s and the longitu-

dinal force pr unit length at l* is

p(2%) = 6p(¢ ") /b .

The longitudinal force in an element dﬂ* is then

ap = p(e )de (- sin a1+ cos a7, (5)

e St . . . :
where [i ,j ,k ] are unit vectors in the direction of the

periphery, the axis and the normal to cylindrical flagellum
*
respectively, at the point £ of the element.

Prom (3) the longitudinal displacement vector is
-, % * * % *
D(v") = &7 cos 8y einv (sinai - cosal’) .

During the speedometer wire rotation of +the flagellum new
junctions will continuously pass through the element at the
ang le v* = constant, and the intersection B between the
filament and the line v = 0 or v = 180° progresges along
the flagellum. The rate of change in longitudinal displace-

ment of junctions at v* is then

I *

5 ¥* * — - '
D(v ) = +rcosdv(sinvy +v cos\)ﬁ(sin.qi -~ cos80 ] ),

and the rate of work is then from (4)
) = . ‘o . *
dw_tzd-ﬁ»]):—-%r‘ cos Gp(i*)dﬂ,*\)(SI.n\)*%-v* cog v ).

Since & = Rv /cos 0, +the rate of work on the segment AC

is
Voo
. * * % * * *®
wt::"'%rﬂ'v J p(2 (v ))(sinv +v cos v )dy
VoBs
= ~%r R I{v ) (6)
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Since each filament is linked to the matrix twice on each
full turn of the helix, the total available rate of work in

8 helix of k full fturns is

W, = 2:9.kew, = - 9krR \';I(vo) , (7)

which must be equal to the rate of external work., Expressions
for this rate of external work and for v = w, are given by
Schreiner (1970). If the radii of head and helix are both A4,
and the ratio between longitudinal and transverse friction

1

on an element of the cylindrical flagellum is y = 5 we get

from Schreiner (1970)

W, ~ 64 + 6T AU (8)

and
wy ~ = 15 3 (9)

respectively, where ¥ 1is the viscosity Qf the surrounding

liquid and U dg the velocity of swimming., The value for vy
taken above 1s probably too low, but its actual wvalue is un-
known. (With y = 0.55 , w, ~ 80 + 6nu AUZ.) When the rela-

tions (8) and (9) are introduced in (7), we find that

2
A
I(\)O) ~ 2,8 uy TR U . (10)

As long as the distribution of longitudinal force pr unit
*
length p(g*(v )) remains unknown the integral
. VO+BO
%, % L% % *. o *
I(vo) = I p(g (v )){(sinv +v cosy )v
Vo~Bo
ig unsolvable, If +the force in the link is the same under
contraction and extension, I(vo) will be zero for v = O
and reach its maximum for v _ = Bo * Therefore we expect the

0

value of v to lie between these extremes, 0 < Vo £ By -
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When Vo = 0 no motion is possible, If the average longi-

tudinal force pr unit length is P _ , the integral will with

Q
_ . 0
Vo = 30 = 10 be
284
I,=P, i (sinvy +v cosv)dv= P, +28,8in2g = 0.12 P . (11)

(10) and (11) then show that the average value of the longi-
tudinal force pr unit length must at least be

A2
Po>3mugm U .
If a microorganism with a helix of two full turns k = 2 and
radius equal to the radius of the spherical head, R = A=1umn,
g8y, and radius of the filament pattern r ~ 8'10”21un,

swims through water with a velocity U = 100 um/s s Tthen
P, > 4,5'10"2 dyn/om.

Dynein is found (Gibbons (1963)) in the arms protruding
from the peripheral filaments at regular intervals of
12-14 nm (Hopkins (1970)). If these arms are the connections
between matrix and filaments, then the component of the force
in these connectiong parallel to the filament is on the |

average at leas?

2 .12 . 1077 = 5.5.1078 ayn.

6p = P b = 4,5107
Since its relation to 8p is

Ap = &p/sin(arc g g) ,

the average link force Ap still remains unknown, due to

the unknown minimum link length a .
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The idea of junction linking and alignment is just a
model, and it is possible that this model has been streched
to arrive at the last numerical results, Much more has to
be known about the details of flagellar structure before‘the

internal forces can be fully described.
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Figure Legends,

Pigure

Figure

Figure

Figure
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Pigure

1.

2.

4.

The inextensible filament junclion sets AA and 3BB
and the deformable matrix sets A'A' and B'B' can be
connected in the straight regions,

Plots of the dimensionless torsion a) and bending
moment b) along the helical flagellum. ¥ _ = 2cos8/R ,
where £ 1is distance along the flagellum from the +tip,
8 dis piteh angle and R is helical radius,
(Parameter values % =1, 8 = 40°, y = &),

a) Sketch of a part of the helix, with the notations
used in the analysis., A filament AA cuts the line

v = 0, BB, at an angle «

b) Notations in a section normal to the flagellar axis.

a) Segments ABC and A'B'C' of the filaments may be
connected to the matrix.
b) Notations on the segment ABC .

A cylinder where non-deformable parallel sections are
connected by central and peripheral filaments of un-
changing length is rigid under torsion.,

dketch of a contracting link between the matrix junc-~
tion J4 and the filament junction do with the
notations used in the analysis of the force.
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Fig. 3
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Fig. 5
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