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Abstract

One inherent weakness of traditional reliability theory
is that the system and the components are always described just
as functioning or failed. However, recent papers by Barlow
and Wu (1978) and El-Neweihi, Proschan and Sethuraman (1978)
have made significant contributions to start building up a
theory for a multistate system of multistate components. Here
the states represent successive levels of performance ranging
from a perfect functioning level down to a complete failure
level. In the present paper we will give two suggestions of
how to define a multistate coherent system. The first one is
more general than the one introduced in the latter paper, the
results of which are, however, shown to be extendable. Further-
more, some new definitions and results are also given. The
second one is similarly more general than the one introduced
in Barlow and Wu (1978), the results of which are again shown
to be extendable. 1In fact we do believe that most of the
theory for the traditional binary coherent system can be ex-

tended to our second suggestion of a multistate coherent system.

MULTISTATE COHERENT SYSTEMS; COHERENT SYSTEMS; RELIABILITY;
PERFORMANCE; REDUNDANCY.



1. Introduction

In reliability theory a key problem is to find out how the
reliability of a complex system can be determined from knowledge
of the reliabilities of its components. One inherent weakness of
the traditional theory in this field is that the system and the
components are always described just as functioning or failed.

This approach represents an oversimplification in many real-life
situations where the systems and their components are capable of
assuming a whole range of levels of performance, varying from
perfect functioning to complete failure.

Fortunately, some recent papers by Ross (1977), Barlow and
Wu (1978) and especially El-Neweihi, Proschan and Sethuraman (1978)
have made significant contributions to start building up a theory
for a multistate system of multistate components. Consider a
system with set of components C = {1,2,...,n}. In these papers
(and in some of their predecessors too) for each component and
for the system itself the set of states is S = {0;1,...,M} . The
M+1 states represent successive levels of performance ranging
from the perfect functioning level M down to the complete failure
level 0. Let (i=1,...,n), X5 denote the state or performance
level of the 1ith component and let x = (Xl""’xn) . It is
assumed that the state © of the system is a deterministic func-
tion of x3; i.e. ©® = ©(x) . Here x takes values in s and ¢
takes values in S . The function ® 1is called the structure
function of the system.

Before going into the specific restrictions Barlow and Wu (1978)
and El-Neweihi, Proschan and Sethuraman (1978) claim on the function
©® it is convenient at this stage to recall some basic definitions
from the traditional binary theory; i.e. when M=1. This theory
is nicely introduced in Barlow and Proschan (1975). The following
notation is needed.

(‘i,ﬁ) = (Xl""’xi-l"’xi+1""’xn)'

Definition 1.1. A system is coherent iff

i) ©@(x) 1is nondecreasing in each argument

ii) Each component is relevant; i.e.




vi,a(-i,i) 3 @(1i’§) =1 and @(Oi,ﬁ) = 0.

We often denote a coherent system by (C,p) where C is

defined above.

A component which is not relevant is said to be irrelevant.
We note that an irrelevant component can never directly cause the
failure of the system. As an example of such a component consider
a condensor being in parallel with an electrical device in a large
engine. The task of the condensor is to cut off high voltages
which may have destroyed the electrical device. Hence although
being irrelevant the condensor can be very important in increasing
the life-time of the device and hence the life-time of the whole
engine.

The limitation of Definition 1.1, claiming each component to
be relevant, is inherited by the various definitions of a multi-

state coherent system discussed in the present paper.

Definition 1.2. A path set is a set of components whose functioning

is sufficient for the system to function. A path set is minimal

if it can not be reduced and still be a path set. A cut set is a
set of components whose failure is sufficient to cause system
failure. A cut set is minimal if it can not be reduced and still
be a cut set.

We also need the following notation. Let A < C. Then

Box, =1-T (1-x.), x,p%x, = 1-(1-x,)(1-x,)

i€A i€A
§A = vector with elements Xi’i € A.
A = subset of C complementary to A.

Consider a coherent system ¢ with minimal path sets
Pl""’Pp and mimimal cut sets Kl""’Kk . Since the system 1is _
functioning iff for at least one minimal path set all the components
are functioning, or alternatively, iff for all minimal cut sets at
least one component is functioning, we have the two following re-

presentations for the structure function:



p
(1.1) o(x) = 1 T x; = max min X.
j=1 i€P. 1<jsp 1i€P.
J J
k
(1.2) e(x) = MM U x. = min max X.

j=1 iexy T 159k i€,

Definition 1.3. The coherent system (A,x) 1is a module of the

coherent system (C,p) iff
c
o(x) = w[x(zA),ﬁA I,

where ¢ 1is a coherent structure function and A ¢ C.

Intuitively, a module is a coherent sybsystem that acts as if

it were just a component.

Definition 1.4. A modular decomposition of a coherent system

(C,p) 1is a set of disjoint modules {(A, ,x 1T together with
k?*k’ k=1

an organizing coherent structure ¢ ; i.e.

r
i) C = UA. where A.NA. = ¢ i#27
.0 1 3
1=1
Al Ar
ii) e(x) = w[xl(x Yoeeox. (x 7],
— — rl_

Definition 1.5. Given a coherent structure ¢ , its dual struc-

ture wD is given by
o (x) = 1-0(1-x) ,

where 1-x = (1—x1,...,1-xn).

n

Definition 1.6. The random variables (r.v.'s) Tl""’T are

associated iff Cov[T(T),A(T)] 2 0 for all pairs of nondecreasing

binary functions T,A.
We list some basic properties of associated r.v.'s:

P.) Any subset of a set of associated r.v.'s

is a set of associated r.v.'s.

P.) The set consisting of a single r.v.

is a set of associated r.v.'s.



P.) Nondecreasing functions of associated r.v.'s

are associlated.

P ) If two sets of associated r.v.'s are independent
of each other, then their union is a set of

associated r.v.'s.

We now return to the multinary theory and start by giving

the structure function considered by Barlow and Wu (1978):

Definition 1.7. Let P,,...,P be non-empty subsets of
1 D P
C = {1,...,n} such that U Pi = C and Pj & Pi i=2j. Then
i=1
(1.3) o(x) = max min Xx. .
1<j<p iEPj
If the sets {Pl""’Pp} are considered as minimal path sets,

they uniquely determine a binary coherent system (C,9,) , where

¢, 1s defined by (1.1). On the other hand,starting out with a
binary coherent system ¢, its minimal path sets {Pl""’Pp}

are uniquely determined. Hence what Barlow and Wu (1978) essen-
tially do when defining their structure function is just to extend
the domain and range of (1.1) from {0,1} to {0,1,...,M}.

It is hence a one-to-one correspondence between the binary structure
function ¢, and the multinary structure function ¢ . Furthermore,
if {Kl""’Kk} are the minimal cut sets of (C,p,) , it follows
from Theorem 3.5 (p. 12) of Barlow and Proschan (1975) that for
e(x) of (1.3) we have

(1.4) e(x) = min max X. .
1<k iEKj

Specializing p =1 in (1.3) and k = 1 in (1.4) we respectively
get the multinary series and parallel structure functions.

El-Neweihi, Proschan and Sethuraman (1978) suggest the following

definition of a multistate coherent system (MCS):

Definition 1.8. A system of n components is said to be an MCS

iff its structure function ¢ satisfies:

i) 0w(x) 1s nondecreasing in each argument



1) Vi,V3 € {0,...,M1,3(+,x) 3

@(jisé) = and m(li,g) z for 1 = j
iii) Vi € {0,...,M} () = 3 (3=03535.-.53))

It is easy to see that the structure function of Definition 1.7 is
just a special case of the one of Definition 1.8. Furthermore,
note that i) and ii) above are generalizations of i) and ii) of
Definition (1.1). In the binary case 1ii) is implied by i) and
ii). This is not true in the multinary case.

In the present paper we will give two suggestions of how to
define an MCS. These will respectively be called an MCS of type 1
and type 2. In type 1 ii) of Definition 1.8 is replaced by a
condition which is more general and we feel a more reasonable gener-
alization of ii) of Definition 1.1. We will in Section 2 and 3
show that all results obtained by El-Neweihi, Proschan and
Sethuraman (1978) for their MCS also hold for an MCS of type 1.
Furthermore, some new definitions and some new theorems will be
given.

The MCS of type 2 is a special case of the one of type 1.

It is not a special case of the one suggested by El-Neweihi,
Proschan and Sethuraman (1978) neither is it the other way round.
However, the structure function of an MCS of type 2 is far more
general than the one suggested by Barlow and Wu (1978). For
instance considering systems of 3 components there are for all M
just 9 different structure functions of the latter type whereas by
choosing M = 7 we get 1665 structure functions in addition of the
former type. We will in Section 5 show that all results ob-
tained by Barlow and Wu (1978) extend to an MCS of type 2. In fact
we do believe that most of the theory for a traditional binary

cohcerent system can be extended to an MCS of type 2.

2. Deterministic properties of an MCS of type 1

Taking Definitions 1.1 and 1.8 into.account it seems natural
to claim the structure function ¢ of any MCS to be nondecreasing
in each argument. This simply means that an improvement of the
performance of a component can not have the opposite effect on the
performance of the system. As shown by Ross (1977) it is possible



to obtain interesting results without imposing further restrictions
on @.

We next question whether condition iii) of Definition 1.8 must
enter when defining an MCS. The answer seems to be yes due to the
following theorem which is easily proved (see Theorem 3.1 of
El-Neweihi, Proschan and Sethuraman (1978)):

Theorem 2.1. Let ¢(x) be a (multinary) structure function which

is nondecreasing in each argument. Then condition iii) of Definition

1.8. is equivalent with

(2.1) min x. £ @(x) £ max x.
1gisn 1<isn

Hence ¢(x) 1is bounded below (above) by the series (parallel)
structure function. Now choose J € {1,...,M} and let the states
{0,...,3-1} correspond to the failure state if a binary approach
had been applied. (2.1) says that for any J , i.e. for any way of
distinguishing between the binary failure and functioning state,
if all components are in the binary failure (functioning) state,
the system itself is in the binary failure (functioning) state.
This is consistent with the fact that iii) of Definition 1.8 holds
in the binary case.

Following the binary approach above it seems natural, for any
way of distineuishing between the failure and functioning state,
to claim each component to be relevant. More precisely for any J
and any component i, it should exist a vector (-;,x) such that
if the i-th component is in the binary failure (functioning) state,
the system itself is in the binary failure (functioning) state.

This motivates the following definition of an MCS of type 1:

Definition 2.2. A system of n components is said to be an MCS

of type 1 iff its structure function ¢ satisfies:

i) @(x) 1is nondecreasing in each argument
ii) vi,vi € {1,...,M},3(5,x) 3
©(3;,x) 2 ] and w((j—l)i,ﬁ) < j-1

i) Vi € {0,1,...,M} ©(3) = 3



Note that i) and ii) of Definition 2.2 immediately imply:

Vi,Vj € {1,...,M},3('i,2(_) Ej

vk € {j,...,M} cp(ki,_)g)zj and Vke€{0,...,3-1} m(ki,5)§j-'-1,

which is just what we found natural to claim.

Comparing Definitions 1.8 and 2.2 we see that the MCS suggested
by El-Neweihi, Proschan and Sethuraman (1978) is a special case of
the MCS of type 1. Consider the MCS of 2 components having structure
function tabulated in Table 1. |

1 1 2

Component 2 1| 1 1 1
0,0 1 1

0o 1 2

Component 1
Table 1

This is obviously an MCS of type 1, but not of the type suggested
by El-Neweihi, Proschan and Sethuraman (1978). The MCS of 2 components

having structure function tabulated in Table 2 is not of type 1.

1 1 2
Component 2 1| 0 1

0 1

o 1 2

Component 1
Table 2

If we had just claimed each component to be relevant, for at least
one way of distinguishing between the binary failure and functioning
state, the structure function of Table 2 would have satisfied the
corresponding definition. This claim is, however, not strong enough
to obtain for instance Theorems 2.4 and 2.5 below.

We start by noting that Lemma 3.1 of El-Neweihi, Proschan and
Sethuraman (1978) is obviously valid for an MCS of type 1. The same



is true for their definition of a dual structure, which naturally

generalizes Definition 1.5:

Definition 2.3. Let ¢ be the structure function of an MCS of

type 1. The dual structure function oP s given by:

M-x_)

(2.2) OP(x) = M- @(M-x 5.0 Mox_

This is the structure function of the dual system of an MCS of typel.

The following theorem is an almost trivial generalization of a result

in the mentioned paper.

Theorem 2.Y4. The dual system of an MCS of type 1 is itself an MCS

of type 1.

Proof. The conditions i) and iii) of Definition 2.2 are trivially
D

satisfied for ¢~ . Now applying ii) of this definition on ¢ we
get
vi,vi € {1,...,M},3(-;,x) 3
“’D(ji x) = M-o@((M-3),,M-x) 2z M- (M-3) = ]
b

OP((3-1) ,x) = M= @((M+1)=3),,M-x) s M- (M+1-3) = -1,

and the proof is completed.

The well-known principle that redundancy at the component level
is preferable to redundancy at the system level (all other things
being equal) also holds for an MCS of type 1. Again our theorem

represents a generalized version of one given in El-Neweihi, Proschan

and Sethuraman (1978). We need the following notation

def

X VY = max(x,y)
def

X vy = (x, vyl,...,xn.vyn)
def

X AY = min(x,y)
def

X AY = (x, Ayl,...,xn;\yn).



Theorem 2.5. Let ¢ be the structure function of an MCS of type 1.
Then

[\

i) o(xvy) @(x) voly)

IA

i1)  olxay) s o(x) Ao(y)

Equality holds in i) (ii)) for all x and y iff the structure

function is parallel (series).

Proof. Here we will just show that equality in i) for all x ahd

y implies the structure function to be parallel. The rest of the

proof is identical to the one in the paper mentioned above.

Assume o@(xvy) = o(x) vo(y) for all x and y . For all
i€ {1,...,n} and for all j € {1,...,M} there exists by Definition
2.2 (+;,x) such that

w(ji,ﬁ) e and @(Oiai) < j-1.

Since (ji,i) = (ji,g) V(Oi’i) , wWe have

J20(3;,x) = 0(3;,0) ve(0,,x) = 0(3,,0) =0(3) = 3.

Hence w(ji,g) =j for all i€ {1,...,n} and all J € {1,...,M}.

By 1ii) of Definition 2.2 this is also true for j = 0. Now
finally
w(z) = o(z,,0,...,0) vo(0,2,,0,...,0) v... vw(O,...,zn) =
= Z,VZ,V...VvZ = Max z. ,
1<isn

and the proof is completed.

We will next give two new generalizations of each of the
concepts "path set", "minimal path set", "cut set" and "minimal cut

set" from binary theory. In the following y <x means yi X5 for

i=1,...,n and yi <Xy for some 1.
Definition 2.6. Let j € {1,2,...,M}. A vector x is said to be
a path vector to level j iff ¢(x) 2z j . The corresponding path

sets to level J of type 1 and 2 are respectively given by




Clx) = {ilx; 21} and  CJ(x) = {ilx;zi}.

1= 1 2 "=

A path vector to level j,x,is said to be minimal iff ¢(y) < J
for all y < x. The corresponding path sets to level Jj of type

1 and 2 are also said to be minimal.

Definition 2.7. Let j € {1,...,M}. A vector x 1is said to be

a cut vector to level j iff @(x) < j . The corresponding cut sets

to level J of type 1 and 2 are respectively given by

Dz(g) = {ifx; <M}  and Dg(ﬁ) = {i]x; <3}

A cut vector to level j,x, is said to be minimal iff o(y) z j for
all y > x. The corresponding cut sets to level j of type 1 and

2 are also said to be minimal.

Note that following the binary approach mentioned earlier, for
any way of distinguishing betwecn the failure and functioning state,
the definition of a path (cut) set to level Jj of type 2 above
reduces to the corresponding one from binary theory. Note also that
for j € {1,,,.M} the existence of a minimal path (cut) set to level
j of both type 1 and 2 is guaranteed by Definition 2.2.

El-Neweihi, Proschan and Sethuraman (1978) give a lemma and a
theorem for "upper critical connection vectors to level J" . We

conclude this section by giving corresponding results.

Lemma 2.8. For Jj € {1,...,M} the union of all minimal path sets
to level j of type 1 (2) equals C . The same is true for the

union of all minimal cut sets to level Jj of type 1 (2).

Proof. Any i € C is a member of the union since according to ii)
of Definition 2.2 we can construct a minimal path (cut) vector to

level J starting out with (3;, x) ((j-1).,x) .
X 1%

Note that Lemma 2.8 generalizes a well-known result from binary

theory.

Theorem 2.9. Let ¢ be the structure function of an MCS of type 1.

Furthermore, for Jj € {1,...,M} let Xi = (yir,...,ygr) r‘:l,...,nj

(z3 = (z3 ,...,zJ ) r =1,...,m.) be its minimal path (cut) vectors
-r ir 3



- 12 -

to level 3 and

33 - 3¢, -
Cl(zr) r = 1,...,nj (Dl(gr) r = 1,...,mj)
the corresponding minimal path (cut) sets to level j of type 1.

Then

. . t t, t
i) o(x)zj e 3tzj and 1sr sng 3 x;2y. for i ‘Cl(xr)
.. - . 3 S
ii) e(x)zj e 31sr énj 3 x;2y3, for i€ Ci(XP)
iii) w(x) <j & 3t <3y and 1<srsm,_ 3 X, <zt for i€DL(z%)
= - - t 1~ “1ir 1" =r
iv) o(x) <j & 31 grgmjaxigz:ilr for ieDi(zJ)

The proof is straightforward.

3. Stochastic performance of an MCS of type 1

In this section we concentrate on the relationship between the
stochastic performance of the system and the stochastic performance
of the components. Following El-Neweihi, Proschan and Sethuraman
(1978) 1let X, denote the random state of the i-th component and
let (i = 1,...,n33=0,...,M) '

P(X;=3) = P 5
(3.1) P(X,<3) = P.(3)
P(3) = 1-P.(3)

P, represents the performance distribution of the i-th component.

Introduce the random vector X = (Xj,...,Xn) . If now ¢ 1is a
multinary structure function, w(X) is the corresponding random

system state. Let (j=0,...,M)

P[(D(&):j] = Pj
(3.2) Plo(X) 31 = P(3)
P(i) = 1-P(3)

P represents the performance distribution of the system. We also




introduce the performance function of the system, h; defined by

(3.3) h = Ep(X) .

'In El-Neweihi, Proschan and Sethuraman (1978) Xy5...,X are
assumed to be statistically independent. It is easily observed
that all the theorems and lemmas of Section 4 of this paper also
hold for an MCS of type 1. Especially it should be noted that

their Lemma 4.1 and Theorem 4.3 also hold when X X are

EREREES
statistically dependent. By repeated use of the generalized version

of this lemma, or much more easily by a direct argument, one obtains

n
(3.4) h = b P(C N (X:=y.Noly)
X=(y1,...,yn)€Sn i=1 t 77

Assuming X ,Xn to be independent, we get

R
n
(3.5) h = b3 |

I ()
X:(yi,.“,yn)esn i=1

Piyi ply

The number of addends in (3.4) and (3.5) equals (M+1)", which
easily gets far too large for any computer. Hence we have to find
other ways of establishing h.

Section 4 of the mentioned paper is concluded by illustrating
how the "upper critical connection vectors to level 3j " is used to
establish bounds on the system performance distribution P and
consequently on the system performance function h . The corres-

ponding result for an MCS of type 1 is as follows.

Theorem 3.1. Let ¢ Dbe the structure function of an MCS of type 1.

Furthermore, for Jj € {1,...,M} let z% = (y%r,...,yJ ) r=1,...,n.

. nr h|
(E; :(Z%P""’Z%P) T =1,...,mj) be its minimal path (cut) vectors
- 33 - J¢.,3 ,
to level Jj and Cl(ir) T -1,...,nj (Di(gr) r —1,...,mj) the

corresponding minimal path (cut) sets to level j of type 1. Then

for these values of j

n

_ j oy

(3.6) B(j-1) = 5 (-1)¥ 15&
k=1

mj .

(3.7) B(i-1)=1- 5" (1)< 1]

k=1 ko




- 14 -

where
Si = pX P[ n (X;z max yii )1
1si;<i,<..<ip sn. . J..3 1s<ssk 8
k™3 i€ u Cj(y3d )
s=1 1 Xls
SN - P[ N (X.< min z3. )]
1§i1<i2<.“<ik§m. k . 1<ssk s
i€ U DI(zd )

Proof. For Jj € {1,...,M} we get by applying ii) of Theorem 2.9
and the general addition law of probability theory

n-=

P(3-1) = P(o(X)2j) = P[ gj . nj 5 (Xigyir)]
r=1 1€C1(Xr)
= ;](-1)}‘"1 5 P non. . (X.2y3. )]
k=1 151, <. <iysn,  s=1 iecg(zis) s
o k-1 j
= X (-1) pX P[ n (X.2 max y3. )]
k=1 1sij<i.<iysng Lo (3o 3y T olsssk 'S

Hence (3.6) is proved. (3.7) is proved similarly by applying iv)

of Theorem 2.9.

First note that it is sufficient to know the joint distribution

of Xis+-enX ~ to obtain the expressions for P(j-1). If especially
Xl""’xn are independent, we have
- =5 , max
i = L o  PiGeaaci 0D
511<."<Lk;nj ie U Ci(zq )
s=1 1s
™o- x m p.( Min 235 )
k . 1 1=sssk S

. k . N

J J¢,]
i€ U Dj(z: )
s=1 1 —1g

Furthermore, it is easy to see that the total number of addends in
(3.6) and (3.7) is respectively equal to "3 -1 and 2™ -1, }
which again may be too large for a computer. However, by the in- i
|
\
!
|
|
|

clusion-exclusion principle of Feller (1968) (p. 98-101), we have



_j<—_ ]

1 T1 s P(j-1) s 81

J_ <] S _(md_m]
8185 = P(j-1) = 1 (T1 Tz)
_j_jj< S - ]_j ]
1 (T1 T2+T3) < P(j-1) = 81 S5 + 83

and so on, giving upper and lower bounds on P(j-1) for

j € {1,...,M} . Since obviously
M-——

we automatically get upper and lower bounds on h too.

Note finally that the deductions above are based on ii) and
iv) rather than i) and iii) of Theorem 2.9. First of all this
simplifies Theorem 3.1 in a way that makes it easier to carry out
the calculations to obtain exact expressions for the P(j-1)'s.
Secondly, when exact expressions can not be obtained, we feel that
this makes the bounds better. This is at least true for the upper
bound S% and the lower bound 1-Ti . These two points seem to
have been overlooked by El-Neweihi, Proschan and Sethuraman (1978).

For a binary coherent system a stochastic version of Theorem 2.5
is given in Barlow and Proschan (1975). 1In the following we will
give a completely new generalization of this result, which is valid

for an MCS of type 1.

Let for 1 = 1,...,n X be the state of a device, where X5
takes values in S = {0,...,M} . Introduce the indicators
(§=1,...,M) '

v
(N

1 1if x
(3.9) I.(x.) = {
371

0 1if X; <]

and the indicator vector

(3.10) lj(i) = (Ij(xl)""’Ij(xn))‘
Now consider a multinary structure function ¢(x) . If the states
{0,1,...,3-1} correspond to the failure state when a binary approach

is applied, then note that lj(g) is the corresponding vector of
binary component states and Ij(w(§)) the corresponding binary

system state.
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For X5 (i=1,...,n) binary we have the following relations
n n

min x. = || X:o o max Xx. = 1l X

1<isn i=1 1<isn i=1

The corresponding relations in the multinary case are given in the

following lemma which is easily proved.

Lemma 3.2. Let x be a vector taking values in s™ .  Then
Mo n
min x; = » 11I (x.)
1zisn j=1 i=1 J
(3.11) M n
max x. = ¥ ]] I.(x.)
1<isn j=1 i=1

Our new result is given in the following theorem.

Theorem 3.3. Let X and X' be statistically independent with

5 and P(Xi=j) = pij (i=1,...,n3 3 =0,...,M).
Furthermore, let ¢ be the structure function of an MCS of type 1.
) and

PIX;=3) = p;

Then for all p = (pll""’le’p21""’pnM

p' = (Pii""’piM’pél"'"PﬂM) we have

i) PloXvX'")z3]l z Pl(o(X) vo(X'")) 23] J=1,...,M
ii)  PlOXAX') 23] 5 PICO(X) A@(X")) 23]  J=1,...,M
iii)  Ele(XvX")] z Ele(X) vo(X')] = j}%{l[E[Ij(‘p(-@)]“E[Ij(‘9(5'))]]
iv)  E[e(XAX")] = E[0(X) A(X")] = _bqu[E[Ij(co(_X))]'E[Ij(w(z(_'))]]
=

Equality holds in iii) (iv)) for all p and p' iff the structure

function is parallel (series).

Proof.
Plo(XvX") 23] -P[(o(X) vo(X')) 23]

= E[Ij(w(ﬁ\/z')) —Ij(w(ﬁ)\J@(z'))]

\Y
o
-

= T Z[I.Cp(xvx")) = T.(p(x) vo(x"))IP(X=x)P(X'=x")
wxt 3 == TS = SRR TS
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having applied the independence of X and X', i) of Theorem 2.5
and the fact that Ij(xi) is nondeccreasing in x; . Hence i) is
established. The inequality of iii) follows from i) by applying
(3.8). The equality of iii) follows most easily by applying Lemma

3.2. Similar arguments give ii) and iv).
Note that if O <Pij <1, 0 <pij <1 (i=1,...,n3 3 =0,...,M),
then P(X=x) >0 for all x and P(X'=x')>0 for all x' . Hence

equality in iii) for all p and p' 1is equivalent to

exvx') = o(x) vo(x') for all x and x'.
Applying Theorem 2.5 this is again true iff the structure function
is parallel. A similar argument establishes that equality holds in
iv) for all p and p' 1iff the structure function is series.

This completes the proof.

In Section 3 of Chapter 2 of Barlow and Proschan (1975) a
series of bounds on h are given for a binary coherent system.
Some of the results of this section will be generalized in the
following.

Theorem 3.4. If X ,Xn are associated r.v.'s, we have respec-

ERRE
tively for the series and parallel structure functions (j=1,...,M)
min -
1=1
max o
'(3.13) P[léign Xi.g]] < é&iPi(j—l)

Proof. We obviously have

P[1§i§n i~ .

. n
MIN % >3] = P[ TTI.(X.) =1]
1=1 b3

Ij(Xi) is nondecreasing in Xi , and so by property P3 of
associated r.v.'s, Ij(Xl),...,Ij(Xn) are associated. (3.12) now
follows from Theorem 3.1 (p. 32) of Barlow and Proschan (1975),
this theorem being just Theorem 3.4 in the binary case. (3.13) is

proved similarly.
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Corollary 3.5. Let ¢ be the structure function of an MCS of

type 1. Assume X ,Xn to be associated r.v.'s. Then

EREE
n _ _ n _

(3.14) TT Pi(j—l) s P(j-1) = 1l Pi(j-l) j=1,...,M
i=1 i=1
M n M n _

(3.15) z 1T Pi(j-l) <shsg X LLPi(j-l)
j=1 i=1 3j=1 1i=1

Proof. (3.14) follows from Theorems 2.1 and 3.4. (3.15) follows
from (3.14) by applying (3.8).

The corresponding result in the binary case is given by Theorem
3.3 (p.34) of Barlow and Proschan (1975). For the special case where
Xl""’Xn are independent, this result is given by Theorem 4.4 of
El-Neweihi, Prqschan and Sethuraman (1978).

Theorem 3.6. Let ¢ be the structure function of an MCS of type 1

having associated components. Furthermore, for j € {1,...,M} let
I 2 (o) J - 32 (] J -
¥, = (ylr""’ynr) r -1,...,nj (gr '(Zir""’znr) r —1,...,mj)

be its minimal path (cut) vectors to level j and Ci(z%)
T =1,...,nj (Di(g;) T :1,...,mj) the corresponding minimal path

(cut) sets to level j of type 1. Then

m. .
(3.16) TPI1-PCn . . (X523 )1 5 Plo(X) 2 3]
r=1 i€eDd(zJ) L
1 - '
nj j
< 1l PCn (Xi ;yir))

- cend ]
r=1 1€C1(XP)

If furthermore Xl"“’xn are independent, with P(Xi=j) = Pij and
P = (P,(0),...,P (M-1),P,(0),...,P_(M-1)) , then

. m. .
(3.17) RIC- N - T P.(z] ) s Plo(X) 23]
r=1 ieni(z)) * *
nj . j
< 0 TT. . P.(yi_-1) = ul(p).
r=1 iGCJ(y]) toor -
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Proof. Introduce the following generalization of the minimal cut

parallel structurce from bhinary Lheory
{ 1 otherwise

0 if X.szJ for ieDnI(zd)
1 ir 1 —r

I j(z) is obviously a nondecreasing function of Xl"'
by property P, of associated r.v.'s IZj(ﬁ),...,IZj (X)
£1 Zns
are associated. By applying iv) of Theorem 2.9 and Theoremj3.1 (p.32)

.,X_ . Hence
n

of Barlow and Proschan (1975), we get

]’Ilj )
Ple(X) 23] = PLTT I .(X)=1]
r=1 z3 ~
-
mj .
> TT° [1-PC n . . (X.<z3 N1,
r=1 iepj(zly * M

and the left inequality of (3.16) is proved. The right inequality
is proved similarly by applying ii) of Theorem 2.9. (3.17) follows
LLX

immediately from (3.16) since X now are independent.

12" n

The corresponding results in the binary case are given by
Theorem 3.4 (p.34) and Corollary 3.5 (p.35) of Barlow and Proschan
(1975).

Theorem 3.7. Let ¢ be the structure function of an MCS of type 1

having independent components, and let l](g) and uj(g) be defined

as in Theorem 3.6. Then
i) 13(2) and uj(g) are nondecreasing functions in each’
argument.

ii)  13(P) < Plo(X) 23] < ul(P) for O <pyy <1
(i=1,...,n3j €{0,M}) if at least two minimal path (cut)
sets to level 3J of type 1 overlap.

Proof. The proof of i) is trivial. To prove ii) assume lhe two
minimal cut sets to level J of type 1 D%(E%) and D%(g%) overlap.

Introduce lzjﬁg) r =1,...,mj as in the proof of Theorem 3.6. Then
=r

since 0 <p 1 (i=1,...,n3; J€{0,M}) none of the following two

L. <
1]



m.-
1 . . :
r.v.'s Izﬁ(§> and TT [,3(X) are identically equal to 0 o 1.
= Zr

r=2
Since Di(gi) and Di(g%) overlap it then also follows that the
two r.v.'s mentioned are dependent. Furthermore, they are associated
by property P3 of associated r.v.'s. By applying Exercise 6 (p.31)
of Barlow and Proschan (1975) we have
™3
Cov[I X), TT I 5(X>] > 0,
Z, — 7 -
=1 r=? ~—r
which is equivalent to
-
Plo(X) 23] = E[LTTI_4(X)]1>E(I

z
r=1 =r

m.
5 (XDEL TTT 5(X)]

Zq r=2 Z%p

By finally applying Theorem 3.1 (p.32) of Barlow and Proschan (1975)
on the right hand side the left inequality of ii) follows. The

right one is proved similarly.

The corresponding result in the binary case is given by Theorem
3.6 (p.35) of Barlow and Proschan (1975).

El-Neweihi, Proschan and Sethuraman (1978) conclude their paper
by considering dynamic models; i.e. models in which the state of the
system and of its components vary over time. At time O , the systen
and each of its components are in state M. As time passes, the
performance of each component and consequently of the system itself
deteriorates to successively lower levels, until ultimately level 0
is attained. Theorem 5.1, due to Ross (1977), of the mentioned paper
is immediately seen to hold for an MCS of type 1. Furthermore, by
applying Theorem 2.5 their Theorem 5.2 is also shown to be valid for
the latter system.

We conclude this section by generalizing Theorem 3.2 and Corol-
lary 3.3 (p.33) of Barlow and Proschan (1975) where dynamic models
are considered. Let {Xi(t), t 20} denote the stochastic process
representing the state of component 1 as a function of time t ,

i=1,...,n. Introduce the r.v.'s
'T% = inflt : X, (£) £1) i=z=1,...,n3 §=0,...,M-1

representing the lifelength in the states {j+1,...,M} of component 1i.



Theorem 3.8. It 'l‘,J R are acsociatod pova's, then

1° n
n ] n :l
(3.18) P[igl(Ti >ti)] z fjlp(Ti >ti)
n ] n ]
(3.19) P[igl(Tigti)] 2 i1':r113(Tl§ti)
Proof.
n .
P[ n (T3'i>ti)] = P[ n (X, (t;) 2 §+1)]
1=1 i=1

n
= P[;Illj+1(Xi(ti)) =1] .

Since Ij+1(Xi(ti)) is nondecreasing in Tg , it follows by

o y 1
property P, of associated r.v.'s that Ij+1(X1(t1)),.. +anﬂﬁ))
are associated. (3.18) now follows from Theorem 3.1 (p.32) of
Barlow and Proschan (1975). (3.19) is proved similarly.

Corollary 3.9. If T] ,T% are associated r.v.'s, then

12"
. n
(3.20) p[lmi” T3i>t] > TTP(T3>t)
i=1
. n .
(3.21) P[lgién T3i>t] < 1l P(T3i>t)

i=1

The proof is immediate from Theorem 3.8.

4. Deterministic properties of an MCS of type 2

We start by immediately giving the definition of an MCS of
type 2.

Definition 4.1. A system of n components is said to be an MCS

of type 2 iff there exist binary coherent structures wj j=1,...,M

such that i1its structure function ¢ satisfies
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(4.1) (x) =] (L (x)) =1
@(x) =] = es(Lilx

for all je€{1,...,M} and all x.

Choose je€e{1,...,M} and let the states {0,...,j-1} corres-
pond to the failure state if a binary approach is applied. By the
definition above wj will uniquely determine the system's binary
state from the component's binary states.

The binary coherent structures wj 3j=1,...,M can not be

chosen arbitrarily as is demonstrated in the following theorem.

Theorem 4.2. The binary coherent structures mj of an MCS of

type 2 satisfy
(4.2) (oj(g) 2tpj+1(g)

for all 3je€{1,...,M-1} and all binary z.

Proof. Choose j € {1,...,M-1} . To prove (4.2), is equivalent

to proving

i) Q-

j+1(§) =1 = mj(g) =1 VZ 3 o.

j_,_1(5) =1
We will however show that i) is equivalent to

ii) e(x) 23+1 = o(x) 2 j vx 3 o(x) z3+1 ,

which is trivially satisfied.
Assume that i) is true. Choose x arbitrarily such that

©(x) 2z 3+1 . We then have
p(x) z23+1 = wj+1(£j+1(§)) =1

= wj(£j+1(§)) =1 = wj<£j(5)) =1 = o0(x)z],

and ii) is true. Tinally assume ii) to be true. Choose 2z arbit-
rarily such that wj+1(g) = 1. Introduce
. j  if z; =1
xg(zi) = {
0 if z.=0
i
and x3(z) = (x3(z ),...,xj(z )) . We then have
— 171 n n



- 23 =

v

0s,,(2) =1 = 02 1(2)) 2§41

J

v

»0Gd T @N 2 s eI 2) 0@ =1,

and 1) is true.

Theorem 4.3. For an MCS of type 2 we have the following unique

correspondence between the structure function ¢ and the binary

coherent structures mj j=1,...,M.

(4.3) ©(x)

0 @ @, (I,(x)) =0

(4.4) O(x) =3 @ 0y (1;00) =0y (L, GO =1 §€(L,...,H-1)

j+1

(4.5) o(x) =M & @, (I,(x)) =1

Proof. The relations (4.3) - (4.5) follow immediately from (4.1).
Note especially that by applying (4.3), (4.4) we obtain

M-1
U {(x) =3} & 35€{1,...,M}20.(I.(x)) =0
j=o - J -] -

Since by applying (4.2)
mj(ij(ﬁ)) 2 wj(LM(i)) z oy (Iy(x))

it follows that

M-1

U {o(x) =3} @ wM(EM(E)) =0,

J=0
which is equivalent to (4.5). Hence the latter relation represents
nothing new. Starting out with @pseeesy @ is uniquely determined

by (4.3) and (4.4). On the other hand starting out with ¢, @y
is uniquely determined by (4.3). Then @) 505550y is uniquely
determined by applying (4.4) for 3 = 1,...,M-1.

Theorem 4.4. An MCS of type 2 1is also an MCS of type 1.




Proof. We have to show that the structure function of an MCS of
type 2 satisfies the claims 1) -1iii) of Definition 2.2. The claim
i) is seen to be satisfied from (4.1) since by i) of Definition 1.1
and (3.9), (3.10) wj(lj(ﬁ)) is nondecreasing in each x. for

3 € {1,...,M}. To show the claim ii) is equivalent to showing
vi,vj € {1,...,M},3(-;,x) 3

wj(li,lj(z)):l and wj(oi’lj(i)) =0 .
By applying ii) of Definition 1.1 on wj for 3 =1,...,M, the
above statement is seen to be true. Finally to prove the claim iii),
choose k € {0,...,M} . By applying Exercise 1 (p.8) of Barlow and
Proschan (1975), we get for j € {0,...,M} '

1 1if J <k
J =] 0 if §>k
This implies

(k) z k and o(k) < k+1,

and hence @(k) = k.

Consider the MCS of 2 components having structure function

tabulated in Table 3:

2 1 2 2

Component 2 1 1 1 2
0 0 1 2

0 1 2

Component 1
Table 3

This is obviously an MCS of type 1. However since ¢(1,2) = 2
whereas @(0,2) = 1, it is not an MCS of type 2.

As demonstrated earlier the MCS having structure function
tabulated in Table 1 of Section 2 is not of the type suggested by
El-Neweihi, Proschan and Sethuraman (1978). It is, however, an MCS

of type 2 with @, and ©, being respectively a parallel and
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series structure. The opposite case is demonstrated by the struc-

ture function tabulated in Table UL:

1
Component 2 1 0
0
0

N RN

2
1
0
1
Component 1

Table U4

Theorem 4.5. Consider an MCS of type 2 having minimal path (cut)

. J¢,d - J¢.3J -
sets to level J of type 2 CZ(XP) r = 1,...,nj (Dz(gr) r =

1,...,mj) where J € {1,...,M} . Then
"
(4.6) e(x)zj e Il .1Tj 5 Ij(xi) =1
r=1 1€C2(zr)
m.-
(4.7) 0(x) <j e T L. T.(x.) =0
r=1 iED%(gg) ]2

Proof. The results follow immediately from Definitions 2.6, 2.7,
4.1 and (1.1), (1.2).
Note that the minimal path (cut) sets to level Jj of type 2

are for an MCS of type 2 identical to the minimal path (cut) sets
of wj s 3 = 1,....,M. Having the theorem above it is then natural
to believe that most of the theory for a binary coherent system can
be extended to an MCS of type 2. This confidence is not weakened
by the results given in the next section on stochastic performance
of an MCS of type 2.

Theorem 4.6. The structure function of an MCS of type 2, where all

the binary coherent structures mj are identical, reduces to the

one suggested by Barlow and Wu (1978) given by Definition 1.7.

Proof. Denote the common binary coherent structure by ¢, and its

minimal path sets by Pi""’Pp . Then for j € {1,...,M} it

follows from (4.6) that
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©(x) 2] & max min I.(x;) =1 & max min x. 27
lsisp ie€P, ] lsjsp ie€P,

Hence (1.3) is satisfied and the proof is completed.

Pooling all relevant results we can give the following
figure illustrating the relationships between the different MCS's

considered in this paper.

MCS of type 1

MCS suggested
by El-Neweihi,
Proschan and
Sethuraman

MCS
suggested
by Barlow
and Wu

MCS of type 2

Figure 1

We will conclude this section by demonstrating that the structure
function of an MCS of type 2 1is far more general than the one

suggested by Barlow and Wu (1978).

Theorem 4.7. Restricting to 2-component systems there are M+1

different MCS's of type 2, whereas just 2 of the type suggested
by Barlow and Wu (1978). The corresponding numbers for 3-component

systems are
9+ =130 + (o 1us + M2hya3+ Moo

and just 9.

Proof. First consider the 2-component systems. The only possible

binary coherent structures are then

*2

1 2

v,(z,,2,) = z1z2, V,(2,,2,) = 2
i.e. the parallel and series structure. Since

v, (z) 29,(z) vz and 3z 3 ¢, (2) >¢,(2),




which we abbreviate vy, > v, s it is according to Theorem 4.2
impossible to choose the binary coherent structures PR
of an MCS of type 2 such that @y = v, and Py 41 =y, k=1,...,M-1.
By applying Theorems 4.3, 4.6 the results for the 2-component
systems follow immediately.

Now consider the 3-component systems. From Barlow and Proschan

(1975) (p.8) the only possible binary coherent structures are

V,(2) =2, 02, U2Z3,0,(2) =2, 101(z,°2,), v,(2) =2, U (z,+2,)

<
r
~
N
~
"

z,ouCaypez)), Y (2)3lz, 22 ) UG 2 )U@,2), ¢ (2) =32,-(z,0z,)

<
~N
~
N
~
il

22-(zlu23), wa(g) =zat(zluzz), wg(g) =Z,%2,°2,
From Theorems 4.3, 4.6 there is just 9 different 3-component

systems of the type suggested by Barlow and Wu (1978).

The structure functions above can be ordered in the following

way
V2 Ve )
v, > Y3 > Y > Y7 r > Vg
Yy Vs
Among  ¥,,¥,,¥, and among y.,y,,b, there is no ordering. This

ordering divides the structure functions into 5 natural groups.

Let now (i=1,...,5)

a, = the number of ways to choose 1 structure functions

coming from different groups.

b. = the number of ways to choose M elements from i groups

such that all groups are represented.

By Theorems 4.2, 4.3 the number of différent 3-component MCS's of

) (

type 2 equals _glaibi . It is not hard to see that
1=
-9y -
ag = (3) =9
- 3 2 3 3 3 3 _
a, = ( 2) + ( 1)( 1)( 1) + ( 1)( 1) = 30
_ 3 3 2 3 3 3 3 _
as = ( 3) + ( 2)( 1)( 1) + ( 1)( 1)( 1) = 46
_ 2 3 3 3 -
a, = ( 1)( )+ ( 1)( 1)( 1) = 33
3
1




If we can now show that

(M-l

bi = G

) i=1,2,3,4,5,

our proof is completed. This, however, follows from Feller (1968)
(p.38).

5. Stochastic performance of an MCS of type 2

In this section we will mainly demonstrate that all results
obtained by Barlow and Wu (1978) extend to an MCS of type 2. We
will, however, also try to indicate that most of the theory for a
binary coherent system can be extended to an MCS of type 2.

We start by generalizing Theorem 2.1 of Barlow and Wu (1978).

Theorem 5.1. Consider an MCS of type 2 having binary coherent

structure functions @50 5Py - Let hj be the reliability of
w. , l.e.
i
(5.1) h. = Be.(I.(X)) ] = 1,...,M.
3 (D] SRS ] > s

Then the performance distribution of the system is given by

Pp = 1-hy

Py = hy-hy = 1,...,M-1
Py = hy

P(j-1) = hj J o= 1,...,M

Furthermore, the performance function of the system, h, is given

by

M
Y h.
. ]

h =
Jj=1

Proof. The results follow immediately from Theorem 4.3 and (3.8).

In Barlow and Wu (1978) Xl""’Xn are assumed to be indepen-
dent. Note that this is not assumed in the theorem above. Note

also that in order to compute exact expressions for PO""’pM and
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by or Lo give upper and lower bounds Tor these quantilics, we can

just apply binary theory on hl""’hM'

If the components are independent, or some simpler assumptions
on the dependence are made, the binary version of Theorem 3.1 im-
proved by Satyanarayana and Prabhakar (1978), can be applied to
compute exact values of hl""’hM . If not, upper and lower bounds
for hi""’hM

modular decompositions for each mj , J =1,...,M. Note especially

can be found from Natvig (1980) by choosing suitable

that by assuming Xi”"’xn to be associated r.v.'s it follows by
property P3 of associated r.v.'s that Ij(xi) i=1,...,n are
associated for fixed j € {1,...,M} . This is often needed in
Natvig (1980).

When components are repaired, the following definition seems

natural.

Definition 5.2. Consider an MCS of type 2 having binary coherent

structure functions Do ee Py - Furthermore, consider a time

interval I = [tA,tB] and let +t(I) = 1tnI , where generally the

time t €. The availability, thI) , and the unavailability, gé§),

to the level j in the time interval I for this system are given

by (3=1,...,M):

hfp]? Plo, (T,(X(s))) = 1 Vs €t(D)]
ol = Plo. (I.(X(s))) = 0 Vse€rt(D)]
@ 1773=

By applying the theory of Natvig (1980) upper and lower bounds
on héF) and gé¥) can be obtained in the case of maintained,

interdependent components.
We now return to Barlow and Wu (1978). Their Proposition 2.2

is generalized by Theorem 4.2 of El-Neweihi, Proschan and Sethuraman

(1978). The latter theorem is even valid for an MCS of type 1 as

mentioned in Section 3. We next generalize Proposition 2.3 of the
former paper. To do this we need some more notation.
If X X are independent, (5.1) is written in the form

LI A

(5.2) hj = hj(E(j—i)) J o= 1,...,M,
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where

(5.3) P(j-1) = (P (§-1),...,P (j-1)) .

?i(j—l) is the reliability of the i th component to level j
(i=1,...,n33=1,...,M) . If especially ?i(j—l) = Poj i=1,...,n

we write

(5.4) hj = hj(poj) Jo= 1,...,M.

Theorem 5.2. Consider an MCS of type 2 where Xl" ,Xn are
independent. Let
(Pio’pil""’piM) = (ao,al,...,aM) =a . 1=1,...,n.

Assume hj(poj) = pOj for some 0 <pOj <1, 3 =1,...,M. Then

M M M
(5.5) Y a_ SPn- j=1,...,M= h.( Tad)s Za 3 = 1,...,M
r=i r 03 J r=i r r=i r
M M M
(5.6) T a_2pPn- j =1,...,M= h.( Z a )2 I a j =1, sM
r=3 r 03] ] r=i r r=3 r

Proof. The result follows immediately from Theorem 5.4 (the Moore-

Shannon Theorem) (p.46) of Barlow and Proschan (1975).

The theorem allows us to compare the performance distribution
of an arbitrary MCS of type 2 (with identical components) TtO the
common performance distribution of its components. Note that if
9. (3J=1,...,M) has no path sets or cut sets of size 1, then from

]
the Moore-Shannon Theorem there exists O <pOj <1 such that

h.(p,.) = ..
j Poj Poj

To generalize Proposition 2.4 of Barlow and Wu (1978) is

b

straightforward and is left to the reader. We conclude this section

by looking into their measure of component importance, which works

equally well for an MCS of type 2.
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Definition 5.2. Consider an MCS of type 2. Then component 1 1is

critical to the system at state j (3 =0,...,M) 1iff

xi:j ﬁ(p(i):j

The probability importance of component i with respect to system

state j , Iij , 1s defined by

I;5 = PIX; =3 @ 0(X) = 3]

Theorem 5.3. Consider an MCS of type 2 where X,,...,X are

1° n
independent. Then (i=1,...,n)
(5.7) IiO = hl(li,g(o))-hl(Oi,g(O))
ghj+1(1i,f(j)) —hj+1<oi,E(j)) j = 1,...,M-1
(5.9) IiM = hM(li,E(M-l))-hM(Oi,E(M—l))

Proof. For J = 1,...,M-1 following the proof of Theorem 2.6
of Barlow and Wu (1978) we get:

T3 % Elos (15,1500, (14, J+1(X))]

—E[wj(l s1- (Xij+1(0 ]+1(X))]

-E[mj(oi,l.(z))w.+1(1 ]+1(x))]

+E[w.(0 1. (X))w]+1(0 j+1(X))]

= B0y, (15,15, (D] = Blog g (04,14, (X))] |
-E[wj(o 51 (X))wj+1(1 j+1(§))] 1
+E[wj (0, L ENT, |

having applied Theorem 4.2. Hence (5.8) follows. (5.7) and (5.9)

are proved as in the mentioned Theorem 2.6.

We do not feel sure that Definition 5.2 is the most reasonable

one. Let {0,1,...,j-1} correspond to the failure state when a
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binary approach is applied. Then the following definition reduces

to the binary one given by Birnbaum (1969).

Definition 5.4. Consider an MCS of type 2. Then component i 1is

critical to the system to level j (j=1,...,M) iff

=
v
(s}

] e o(x) 2]

The probability importance of component i to level j , I! is

ij 2
defined by

I!.
1]

PIX; 23 & o(X) 23]

Theorem 5.5. Consider an MCS of type 2 where Xi,...,Xn are

independent. Then (i=1,...,n3 j=1,...,M)
1 _ ST _ S
I!. = hj(ii’E(J 1)) hj(Oi,E(] 1)) .

i3

Proof. The proof is identical to the one of (5.7) and (5.9).

6. Some final comments

When presenting a preliminary draft of the present paper at
the "Reliability Days" at Chalmers Institﬁte of Technology, Gothen-
burg, May 5.-6. 1980, it was objected against the assumption that
both for each component and for the system itself the set of states
{0,...,M}. Some felt that the set of states for each com-

ponent should be included in S . In particular a binary state space

is S

would be sufficient for several components.
To take this objectioninto account assume the set of states of

the 1 th component to be S, (i=1,...,n) where
{0,M} < Si c S

Remembering Theorem 2.1, we give the following definition of a
modified MCS of type 1:



Definition 6.1. A system of n components is said to be a modified

MCS of type 1 iff its structure function satisfies:

i) ©(x) 1is nondecreasing in each argument

ii) vi,V] € {1,...,M},5(-i,§) 3
w(ki,ﬁ) 2] VkE Si nN{j,j+1,...,M}

©(k;,x) $3-1 Vk €5, 0 {0,1,...,5-1}

1ii) min x. £ @x)

< ma
. i
1£1<n 1

i

X.
1
n

n 3
[

It can now be shown that almost all results given in Section 2
and 3 for an MCS of type 1 are also valid for a modified MCS of
type 1. 1In fact the only results we are not able to generalize are
that equality for all x and y in i) (ii)) of Theorem 2.5 implies
the structure function to be parallel (series) and the corresponding
part of Theorem 3.3.

It should be noted that the definition of an MCS of type 2
works equally well in the more general situation regarded here.

Concerning future research treating the multinary case we hope
to return to measures of component importance in a later paper. For
the time being strong efforts are made at this Department, mainly by
Terje Aven, to build up a theory for optimal preventive maintenance.
Two of the interesting questions are: To what levels should we
allow the components to deteriorate before acting, and when acting,

to what levels should the components be repaired ?
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