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Abstract

The mechanisms governing occurrence and notification of
claims are pictured by a basic stochastic model judged to be fairly
realistic in a number of practical situations. IBNR-reserves are
composed in a number of different cases obtained by variation of
the levels of specificity of model and run-off data. The reserves
are obtained by established principles of mathematical statistics
and range from empirical Bayes methods, both exact and linear
(credibility), to methods based on models that do not include
latent random variables. The present work is mainly of a theoreti-

cal nature; an empirical follow up study is in preparation.
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1. Introduction

1.1. Background and purpose of the present study

A. The problem of establishing provisions for IBNR (Incurred
But Not Reported) claims has been a "hot subject" in actuarial cir-
cuits for more than a decade now. The literature on this topic has
shown a marked trend from rather straightforward methods based on
crude models with little structure, often with no stochasticity in
them, to models and methods of an ever-increasing degree of sophis-
tication. This pattern of development is hardly peculiar to actua-
rial research, but is certainly typical of it and reflects the con-
ditions under which it is operating: the actuary is a decision-maker
compelled to produce, currently and within narrow deadlines, deci-
sions about premiums, reserves, retentions,..; At first he will
often have to decide to the best of his intuitive abilities. Then,
if the same kind of problem presents itself repeatedly, he will look
for some method, that is, a device that automatizes the production
of current decisions. And if at some instance there is time left
for afterthought, he may try to express his ideas and knowledge of
the nature of the problem in a model and search for an optimal

method, or at least one that performs well.

B. The present paper advocates the reverse ordering of these
activities by demonstrating how the method for IBNR-reserving re-

sults from established principles of mathematical statistics when a
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model has been chosen and the purpose of the reserve has been
defined precisely in the terms of this model. Moreover, the model
framework presented here is proposed as a reasonable candidate de-
scription of the process governing occurrence and notification of
claims in a number of classes of insurance business, in particular
those subject to fluctuations in collective risk conditions acting
on all individual risks simultaneously.

Once the model has been specified, a further circumstance that
is decisive of the choice of method is the statistics that can be
entered into the prediction. We shall distinguish between direct
insurance, where one usually can observe both the number of claims
and the individual claim amounts, and reinsurance, where one will

typically have access only to certain total claims amounts.

1.2. Outline of the paper and a word of guidance to the reader

A. Section 2 describes the basic model underlying all the
special cases treated in the succeding sections. In section 3 a
number of different principles of IBNR-reserving are proposed. In
sections 4 through 11 IBNR-predictors are constructed by various
specifications of the model and the statisticél data. Section 12
offers a survey of a selection of previous IBNR-studies related to
the present one. In the final section 13 some lines of further devel-
opment of the theory are indicated. For ease of reference, some

selected results - mostly well known matters from risk theory - have

been placed in an appendix.
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B. As the scope of the present study is fairly broad, the
presentation is organized in a manner that allows for a selective
reading. The primary purpose is to present an assembly of methods
for establishing IBNR-reserves. However, as the subject offers an
exellent opportunity to discuss some general problems of modelling,
a number of paragraphs and items have been included that are mainly
of an educative nature. Such parts of the text are marked by an
asterisk, and so are those parts concerned with pure technicalities
or theoretical elaboration beyond what is required for an understan-
ding of the principal message. Thus, earthbound readers seeking a

quick way to results should simply avoid the stars.




2. Definitions and basic model assumptions

2.1. Notational conventions

A. Scalars are denoted by ordinary italics. Matrices and
vectors are written in boldface. When speaking of a vector x, we
shall always have a column vector in mind. Row vectors are marked

]

by a prime signifying transposition, e.g. x'. By

diag(ai) is meant the mxm matrix with the indicated

i=1,...,m

elements on the principal diagonal and zeros elsewhere.

. ] 3 1
B. Let x = (xr,xr+],...,xs) be a vector with entries
numbered consecutively from r to s (a segment of the inte-
gers). The vector consisting of the t-r+1 first elements of x

is written
— ]
Xep = (Kppevenx )ty

and the sum of these elements is denoted by

t
Xep = ) Xy
J=r
Analogously we also write x, ., = (Xt+1""’xs) and
_ vs
st T Ly=t+1%¢

C. Let X and Y be random vectors of dimension m and
n, respectively. We denote by Cov(X,Y') the mxn matrix which
has Cov(Xi,Yj) as its (i,j)-entry. 1In particular we write

Var X = Cov(X,X').

let X and Y be random elements, X scalar-valued.




Whenever it exists, the conditional h'th central moment of X,

given Y, is denoted by Mh(X|Y), that is,

M](XlY) E(X|Y),

(2.1)

M, (X]Y) E[{X—E(XIY)}hIY]; h=2,3,...

2.2. The structure of the data

A. The Lexis type of diagram shown in figure 1 is a handy
tool for visualization of data on occurrence and notification of
insurance claims. Calendar time is measured along the horizontal
axis, and development time (the time elapsing between occurrence
and notification of a claim) is measured along the vertical axis.
Thus a claim occurred at time s and reported at time t is re-
presented by a diagonal line connecting the points (s,0) and
(t,t-s). The "cohort" of claims occurred in year Jj can be traced

along the band limited by the diagonals originating in the

development
time A
t-s
+ > calendar time
5. t
Figure 1. Lexis diagram with representation of a claim occurred

at time s and reported at time t.




points (j-1,0) and (3j,0), see figure 2. Quantities relating to
the d-th year of development of that cohort are marked off in
the parallelogram with corners (j-1+44,d4-1), (3j+d4,d), (j+d4,d+1),
and (j-1+4,d). (The choice of the year as time unit is merely a
matter of terminology. For long-tailed business, like marine,
product liability, and accident, where claims may be reported
several years after their occurrence, one year may be a suitable
time unit. For short-tailed business a quarter of a year or a
month may be more appropriate. Another piece of terminological
convenience: when speaking of occurrence of a claim, we really

mean occurrence of the event that gives rise to the claim.)
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Figure 2. Lexis diagram with the parallelogram representing
claims occurred in year Jj and reported in year j+d.
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B. We consider one class of business and introduce the
following quantities relating to the parallelogram in figure 2:

Kjd , the number of claims that occur in year Jj and are

reported d years later, in year 3j+4,

dek , the size of the k-th of those claims that occur (2.2)

in year j and reported in year Jj+d; k=1,2,...;

and, defining deo = 0,

K.
- jda . .
de 2k=0 dek , the total amount paid in respect of

claims that occur in year Jj and are reported (2.3)

in year j+d.
The domains of the indices are
j=1,2,... and d=0,1,...,D,

respectively, D being the maximum time that can elapse between

occurrence and notification of a claim.

2.3. Basic model assumptions

A. We make the following assumptions about the stochastic
mechanism that generates the quantities defined above.

With each year j 1is associated a positive quantity pj
meaéuring the amount of risk exposed, e.g. the number of risks or
risk years, the total mileage (in motor insurance), the premium of
the direct business (in reinsurance), or some other appropriate

measure of the volume of the business transacted in year Jj. The

pj's are observable and are viewed as nonrandom.
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We also attach to each year j a pair of quantities
Ej = (Tj,Wj) representing the latent general risk conditions in
that year, where Tj (capital Greek 1) acts upon the number of
claims and Tj acts upon the single claim amounts. (The decom-
position of &

into two components is just a matter of notatio-
nal convenience: it implies no assumptional restriction as long
as nothing has been said about the relation between the two com-
ponents. The quantities Wj may be scalar- or vector-valued or
even more general.) 1In keeping with the standard way of modelling
fluctuating basic probabilities (see e.g. Beard et. al. (1969)),
the E.'s are conceived as unobservable random elements, and it

J
is assumed that

_l, 2,0.. are i'ild. ~ U

(independent and identically distributed in accordance with some
distribution function U).

As our conditional model for fixed Ej we adopt an extended
version of the traditional generalized Poisson law. More specifi-
cally, we assume that Tj is a positive quantity, and that con-
ditional on (Tj,wj) = (Tj,¢j), the total number of claims occur-
ring in year j 1is Poisson distributed with parameter pjTj. By
way of example, one may interpret Tj as the integral over the
time interval [j-1,j) of a basic claim intensity acting on each

of the pj risk units throughout that interval. About the

notifications we make the simplifying assumption that single
claims are reported independently of one another, each with a
probability = of being reported d years after its occurrence.

d
From these assumptions we gather:
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IT. Conditionally, given T.,V.,) = .,¢.), the K..'s are
nditionally, g ( 3 J) (Tj ¢j) ja

mutually independent, and

K. ~ Po(m . T . 7 d=0,o-o,Do
jd ( & J)

Here Po(k) denotes the Poisson distribution with parameter «.

Next we make assumptions about the claim amounts.

III. Conditionall iven T.,¥.) = (7.,4.), the amounts Y,
are mutually independent and independent of the claim numbers

Kjd , and

dek : k=1,2,...; are i.i.d. ~ Gd(-|¢j); d=0,...,D.

By fixed 1, U and GO,...,GD the following assumption
completes the specification of the joint distribution of the

introduced random variables.

IV. Quantities referring to different years of occurrence are

stochastically indpendent.

B. 1In practice the distributions n, and GO,..., D
known at the outset. Consequently, all parameters required in
predictions of IBNR-outstandings have to be estimated from data.

For this purpose we have to specify the sets of distributions that

are possible a priori:
V. mell, UeU G €G, ; d0,...,D.

The basic probability model I-IV together with the specifications

in V constitute our statistical model.

G are not -
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3. General formulations of the reserving problem

3.1. IBNR-triangle, prediction basis, and statistical basis

A. Referring to figure 3, suppose we are presently at time
J and are to forecast the contents of the IBNR-triangle. 1In

particular we want to predict the total amount of IBNR claims,

J
R= ) S. | (3.1)
j=g-p+1 9’
where
S. _ =8, .= ) S, '
3.2 J.,>J-] jda (3.2)

a>J-j

is the amount of IBNR claims occurred in year j; J-D+1<]j<J.
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Figure 3. The IBNR-triangle (cross-hatching), the prediction basis

(simple hatching), and the statistical basis (simple or
no hatching) '



Denote by Qj the data available by time J in respect of
claims occurred in year Jj; j=1,...,J. The statistical basis

0 = (9],...,9 ) is made up of all observations available by time

J
J. A special role in O 1is played by the (direct) prediction

basis (or run-off triangle) P = (QJ—D+1

of the statistical information from the not yet fully developed

,...,QJ), which consists

years.

The definition (3.2) illustrates a short-hand that will be
used extensively in the following: when applying the notational
device introduced in item 2.1.B to quantities 1like Sj,>J—j '

gj <J-q etc., we shall as a rule drop the obvious J-j and
,<J-

simply write Sj,> ' Ej,< , etc.

B. Taking items I-IV in the model as a basic framework,
there are two circumstances that are decisive of the designation
of the IBNR-reserve. In the first place it is the specificity of
the statistical basis, that is, the kind of data contained in O;
in direct insurance one will typically have access to the basic
quantities Kjd and Y, , whereas in reinsurance one will often

jdk
observe only the total amounts de or possibly some even more
summary statistics. In the second place it is the specificity of
the model, that is, the extent to which the sets in V are speci-

fied by parametrization, assumptions of independence, etc.

3.2. Outline of sections 4-11

We are going to investigate a number of special cases, each

of which will be treated in accordance with the following disposi-

tion.



1. Description of the case. The statistical basis O and

the model elements U and Ed ; d@&=0,...,D; are specified. (It is
assumed throughout that 1 = {x; m4>0 for all d and
D
Lamo®a = 1}+)
2. Prediction by known parameters. If the estimable para-

meters were known, we would select a predictor in the class of all
functions depending on these parameters and on the direct predic-
tion basis P. (By the independence assumption IV, P would then
contain all relevant statistical information.) For a given P it
is the set of available (i.e. estimable) parameters that con-
strains the choice of predictor.

Consider first the case where the joint distribution of P
and R 1is fully known, so that a full posterior analysis can be

accomplished. A commonly used measure of the performance of a

predictor § is the expected squared error,
E(R-R)2. (3.3)

(We do not care to indicate explicitly that the expectation

depends on =w, U, Go,...,GD). We introduce the conditional

central moments (recall the principle of notation in (2.1))

M = Mh(Sj

: 0.) : h=1,2,3. (3.4)
hj =3

I>I
The optimal predictor in terms of (3.3) is

J

R = E(R|O) = ) My (3.5)
j=J-D+1 '

the second equality being a consequence of the independence

assumption IV.



It may be argued that criterion (3.3) does not express
perfectly the object of claims reserving since it implies that

understating liabilities by a certain amount is equally undesir-

able as overstating them by the same amount. In fact, overreserv-

ing seems to be preferred by most claims departments and is cer-
tainly preferred by regulatory authorities, whose main concern is
the adequacy of reserves to meet liabilities. An IBNR-reserve
reflecting a cautious attitude is obtained by adding to the condi-
tional expected value in (3.5) a safety loading depending on the
conditional variance of R, given O. By virtue of assumption IV,

the general form of this reserve is

_ J J

R = My o+ £( ) sz), (3.6)
j=J-D+1 j=J-D+1

where the M, . are the conditional central moments defined in

hj

(3.4) and £ 1is the square root or some other non-negative and

non-decreasing function.
Another prudent principle, which has an obvious justifica-

tion, consists in providing a reserve R equal to the (1-g)-

fractile of the predictive distribution, that is,
P(R<R|P) = 1-e¢. (3.7)

If calculation of the fractile in (3.7) is laborious, one could
use some approximation method that employs only the first three
moments of the distribution. One such method, which is very
handy, is the so-called NP-approximation described in Beard et.
al. (1984). It states that the (l1-e)-fractile of a distribution

can be approximated by
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1
)
By + Cqug + Coug/u, (3.8)

where b is the h'th central moment of the distribution;

h=1,2,3; c is the upper e-fractile of the standard normal

1

distribution, and c, = (c%—])/6. Again by virtue of assumption

2

IV, the reserve delivered by this principle is

= _ L
R = %M]j + c1(§M2j) + 02§M3j/§M2j , (3.9)

where the th's are given by (3.4) and all summations range over
j=J-D+1,...,J.

Next consider the case where the joint distribution of P
and R is not fully known (or, rather, is not estimable from 9).
Then the reserves defined by (3.5)-(3.7) and (3.9) typically
depend on unknown parameters and are, therefore, not feasible.
If, however, we know certain unconditional moments up to second
order, we can instead of (3.5) use a credibility predictor R,
which, roughly speaking, minimizes (3.3) as ® ranges in the

class of all inhomogeneous linear functions of certain statistics

depending on P. By (A.18) in appendix A.3, the general form of

R is

~ J ~

© T kopn 30 (3.10)

where éj 5 is some credibility predictor of Sj , based on Oj'
’ ’ -—

By adding to (3.10) a security loading depending on the

unconditional variance of R, we obtain a reserve of the form

J
+ £( ) var S. _). (3.11)

éJ' > 3>
! j=J-D+1 !
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Sometimes it is possible by credibility methods to approx-

imate sz in (3.4) by a function ﬁZj that depends on certain

higher order unconditional moments. Then, if these moments are
known, we can construct the following credibility analogue to

(3.6):

J ) J )
S, , + £( ] M
j=J-D+1 7’ j=J-D+1

~

- (3.12)

25) "

(If the argument of f(°+) becomes negative, we replace it by 0.)

~

If, furthermore, a credibility approximation M3j of M3j
can be arranged, then a "credibility approximated NP-approxima-

tion" is obtained by instead of (3.9) using

~ ~ ~ 1,2 ~ ~
R = %sj'> + c1(§M2j)_ + c2§M3j/§M2j . (3.13)

3. Parameter estimation. An estimation procedure is briefly

indicated. Parameter estimation problems will not be focussed at
in this paper.

Upon replacing the parameters appearing in any one of the
reserves in (3.5)-(3.7), (3.9)-(3.13) by their estimators, we
finally obtain a genuine reserve ﬁ*, which normally will be
asymptotically equivalent to R in the sense that ﬁ*/ﬁ tends to
1 in probability as J increases. Often we shall not care to
mention this final step explicitly in special cases since that
would amount to little more than merely repeating the phrases

above. Exceptions are made only in those cases where an explicit

and appealing formula of ﬁ* is obtained.

4. Comments. Notable features of the situation are briefly

pointed out.




4. Prediction based on numbers of claims and single claims
amounts when varying latent risk conditions are not modelled

as random variables; a preparatory study

4.1. Description of the case

A. Let the available observations be

k=0,o--,K-

..O_ Jd;

= {Kjd,dek; d=0,...,D(3); j=1,...,3}, (4.1)

where we have introduced

Thus we have access to the complete history of the individual
claims as recorded by the direct insurance business.

As all quantities in (4.1) are assumed known by time J, we
have to accomodate definition (2.2) to claims that are reported,
but not settled at that time. For these we must in practice let
dek be the sum of the payments made up to time J and the

provision made at time J to meet payments that will fall due in

the future.

B. In this first case to be studied we apparently step aside
from our basic model framework by leaving out assumption I in
paragraph 2.3. Instead the latent risk conditions are represented

by nonrandom parameters

E. = (t.,0.) ;0 3=1,2,...

Assumptions II-V are retained as before, with the modification

that we drop the conditioning clause in II and III and replace the



specification U € U in V by Tj > 0 and ¢j € ¥; 3=1,2,...
(Speaking of the ¢j's as "parameters" does not necessarily imply
that the families gd are parametric in the sense that the set ¥

is of finite dimension.)

C. We shall examine this reduced model in some detail for
several reasons. In the first place, some may prefer the point of
view taken here, that the gj's are non-random, and to those the
results in this section present an interest of their own. (Very
plausibly they will, however, change their opinion after having
read the comments in paragraph 4.4.) 1In the second place, |
comparison of the results obtained here to those obtained in the
full model gives rise to a number of instructive comments. In the
third place, the calculations made here are needed in some of the

following sections.

4.2. Prediction by known parameters

A. The present model specifies no stochastic dependence
between past and future. Consequently, prediction by known
parameters reduces to calculations in the marginal distribution of

R. Hence we set out to determine this distribution.

* . . . .
B . We pause here to supply a motivation of assumption II in
paragraph 2.3. As is standard in risk theory, it is assumed that
the total number of claims occurred in year j, Kj < ' is distri-
’

buted in accordance with Po(pjrj). Combining this with the

assumptions about the claims reporting described just before
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: . N _ D
assumption II, we obtain for any kjd =0,1,... and kj = 2d=okjd
that

D D
P(N K., =%k..)=P(NnK,., = |K. = k.)P(K = k.)
3=0 jd jd 3=0 jd ja'“"j,<D Jj <D
55
k.! D k. (p.T.) -p.T.
= (—3 g 09 P5%3 e P35
D d k.!
d=0 J
I k-dl
d=0 3
k.
d
D (n.P.1.) 3 -n_P.7T
= H{ dkj? € d J}
d=0 id°

which is Jjust assumption II in the conditional model.

C. the marginal distribution of S, defined by (2.3) is

jd
generalized Poisson with frequency parameter ndpjTj and claim

size distribution Gd(°|¢j). In short-hand we write

S.. ~g.Po(n.p.T., G_(*|d.)).
jd J dpJ J d I¢J

For defined by (3.2) we have, by the result (A.15) in

S.
J.2
appendix A.2, that

S. ~ .Po(mn .p.t. ., G e . '
j,> = 9-Polm 5 Pyt sg-5 ey

with

. — ) .
Gygo3(t105) = "5 5 a5g-3"a%a (1450

The expression for the cumulative distribution function is

k

m P.T.) - DT
>J- >J- k*
izj 1l . 373 3G>J_j(x]¢j), (4.2)

where "kx" designates k-th convolution. By (A.7), (A.8),
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(A.12), and (A.13) in appendix A.2, the first three central

moments of Sj , are
’

- h
“h3 = Tog-3P5T3lY 9055 (¥]es)
(4.3)

h
p maly des(yley) & m=1,2,3.

:T o
J sza-j

Likewise we obtain for the total amount of IBNR claims in (3.1)

that

R ~ chO(K,H)’

with

J
K = Ty sPaTo (4.4)

j=J=D+1 >J=373"3
and

J
=1

H(.) = K z n>J_jpjTjG>J_j(.|¢j)' (4.5)

j=J-D+1

The first three moments of R are obtained by summation of the

moments in (4.3);

J - e
Lj=g-p+1Png 7 P=1203.

The cumulative distribution function of R 1is

k
]K{—I Hk*(r).
0 i

=K

k

P(R<r) = e (4.6)

o~ 8

D. We have now determined all elements required in the

different IBNR-reserves defined in section 3.
In the present model the conditioning with respect to P

drops out, and the reserve (3.5) reduces to

- J
R = z By

' (4.7)
j=J-D+1 I -

the p]j' being defined by (4.3).



The reserve (3.6) becomes

. J
R = p,_|.+f(2

).
j=J-p+1 'J j=J-D+1

o

Application of principle (3.7) requires numerical calculation
of the tail of the distribution function (4.6). A uniform e-
approximation of this function is obtained by including the n
first terms in the sum on the right hand side of (4.6), where n
is the smallest integer satisfying e—K2;=OKk/k! > 1-e. If «k |is
large so that a large number of terms is required, then the recur-
sive procedure proposed by Panjer (1981) may reduce the computa-
tional work substantially. Alternatively one could use the NP-
approximation (3.9) with the th's replaced by the unconditional

moments in (4.3).

4.3. Parameter estimation

A. Estimation of the parameters = and (Tj,¢j)7

j=1,2,...,0; is based on the joint distribution of the observa-

tions in (4.1), which is given by

P(Kjd = kjd , yjdk<dek<yjdk+dyjdk : k=],...,kjd :
d=0,000,D(j); j=]'ouo,J)
: k. k.
J D(3J) (ndpjrj) jd TGP 4T jd
= 1 10 = e E de(yjdk|¢j)} (4.8)

j=1 d=0 jdl k=1
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J k. .y D(3) D k.. J k. :
- (1 p. j,<D(3) I k] y( T 1Id<J d,d)( I T.j,(D(j))
j=1 J d=0 “jd! d=0 3=1 I
J (4.9)
'j£1“<D<j)Pj’j 3 p(3) kgdd e o
e Gysq 14s)
j=1 @=0 k=1 &I
yjdk>0 : k=1,...,kjd : kjd=0,1,...;
d=0,...,D(3); 3=1,2,...
It is obvious how to interpret the above statements and
expressions when kjd = 0. (Here and elsewhere the dependence of

P, E, Var, etc. on the parameters is suppressed in the notation.)
Inspection of the likelihood given by (4.8) tells us that
inference about the nd's and rj's should be based on the mar-
ginal distribution of the Kjd's, whereas for each Jj inference
about ¢j should be based on the conditional distribution of the

dek s, given 5j,<D(j) (which is "ancillary" for ¢j).

B. The pérameters 1 and Tyre+sTy can be estimated by

maximizing the logarithm of the likelihood of the gj <D(j)'
’

subject to the constraint Zg=]nd = 1. From (4.9) it is seen that

S

the essential part of the Lagrange function for this problem is

D J
L= ) K . :slogn,+ ) K. .y1og 7.
aZo <J-d.d d 7 5%, 73.<D(3) J
]ED: (4.10)
- TP=T. - C T '
3,4 jracg & 373 a=o 9

where ¢ 1is the Lagrange multiplier. (It is assumed that D<J
since otherwise the parameters are not identifiable.) The maximum
likelihood estimators g*, 1?,...,13 are the solution of the

following equations, where (4.11) and (4.12) result from equating

to zero the derivatives of L with respect to the =+t.'s and the



nd's, respectively, and (4.13) is the side condition:

_ * % o .
KJ,<D(j) - pJTjn<D(j) 7 ] 1,¢¢¢,3; (4-1])
J-d N Y
Keg-a,a = ( I p.vy - S ; @&=0,...,D; (4.12)
! j='| J 3
D *
L =1 (4.13)
d=0

These equations possess no explicit solution and have to be solved

by numerical methods.

*
C . If D is small compared to J-D, then the following

simple procedure will be nearly as efficient as the full maximum

likelihood procedure described above. First find the maximum

likelihood estimator of 1n and 71""’TJ-D based on the numbers
of claims 5j-<D for the fully developed years Jj = 1,...,J-D.

Instead of (4.11)-(4.13) we then get the equations

* .
Kj;<D = pjTj 7 J—],-o-lJ-D,
J-D % %
D *
) g = 1,
d=0
which in case K<J D.<D > 0 possess the explicit and intuitively
=,

appealing solution

* 3

Tj = Kj,{D/Pj 7 J - -Ilo-o,J-D; (40]4)

*

Tg = K<J_D,d/K<J_DI<D ; d=0,...,D; (4.15)

and ¢ = 0. Next estimate TJ—D+]""’TJ by maximizing the

likelihood of gj <J-3 for each of the not fully developed years
,<J-

j=J3J-D+1,...,J under the assumption that the nd's are known,
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and finally insert the ng's from (4.15). The resulting

estimators are

* *
T. =

j Kj'<J_j/n<J_jpj ;3=;—D+1,.’..,J. (4.16)

The estimator E* defined by (4.15) is consistent as zg;?pj+w.
Consistency of the individual T;'S would require in addition

that pj+m for each Jj.

D. We now turn to the problem of estimating the claim size
parameters ¢j . Each particular specification of the families
gd ; d&=0,...,D; (or, equivalently, of ¥) would require an
analysis of its own. Usually estimators ¢§ can be obtained by
standard methods, hence our further remarks shall be held in

general terms.

Ef. The families Ed may be either parametric (¥ finite-
dimensional) or non-parametric (¥ of infinite dimension). 1In
any case the Gd(°|¢j)'s of past book years, j+d<J, can always be

estimated from de]""'deK by standard methods for samples
jd

of i.i.d. observations when Kjd>0. This is, however, of little
interest in the present context since our concern is to predict
the future. The model has to be structured in such a manner that
the future Gd(-|¢j)'s; a>J-j; can be estimated from the observed
dek's; d<J-j; for each j=J-D+1,...,J. This means, roughly
speaking, that ¢j has to be identifiable from
GO(-|¢j),...,GJ_j(-|¢j) for each j, which is usually the case in
parametric situations. An alternative way of making future claim

size distributions estimable from past observations is treated

under the next item.
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F. Consider the special case where the risk conditions

governing the claim sizes are invariable over time, that is, all

¢j have the same value ¢. Then each Gd(°|¢) can be estimated

from all the dek's from the years j=1,...,J-d. A distri-

bution-free estimator of Gd(-|¢) is the empirical distribution

function Gg based on all the Y S; k=1,...,Kjd

j=1,...,J-d. We have, with a selfexplaining notation,

jdk 1Ky4>07

* —
[yacy(y) = S<J—d,d/K<J-d,d . (4.17)

The assumption that all the ¢j's are equal may seem unsuit-
able in the absence of a similar assumption about the rj's.
Nevertheless it is often adopted in theoretical studies of the

case with no delays (D = 0), and we shall work with it in some of

the seétions below.

G. Genuine predictions are obtained upon replacing the para-
meters appearing in the formulas of paragraph 4.2 by their esti-
mators. In general no closed formula in terms of past observa-
tions can be arranged when the unrestricted maximum likelihood
estimators given by (4.11)-(4.13) are used.

If we instead employ the simple estimators (4.14) and (4.15)

together with some estimators we obtain the

* *
¢J_D+1I"'I¢J ’

following expression for the estimated expected value predictor in

(4.7):

J
R% 1

K. .
j=g-p+1 <9I K

*
K, . o JydG_ (y]|d2);: (4.18)
<J-D,<J-j d>g-j I7Pd7T AT

h=1,2,3.
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* . . .

H . Let us look a little closer into the special case
discussed under item F above, where the single claim amounts are
not influenced by varying risk conditions. Inserting (4.17) into

(4.18), yields the easily interpretable formula

~% J K<J—D,d S<J-d,d
R = K. g g R . (4.19)

j=3-p+1 I'%973 @>g-3 “<J-pb,<J-j "<J-qd,d

*x

4.4. Comments

*

A . First we add one further remark on the model specified
in 4.1.B. Informally, one might say that modelling 51,52,... as

nonrandom parameters is consistent with assumption I in the basic
model with U "diffuse" or "non-informative".

Another point of view is that we operate in the full model,
but confine ourselves to methods that rest entirely on the infor-
mation contained in the conditional distribution for given Ej
and thus do not utilize the fact that the Ej are i.i.d. random

elements. The resulting methods remain perfectly meaningful also

in the full model, but they are not optimal. Roughly speaking,

their performance is poorer the more informative U is.

B*. As remarked already in paragraph 4.2, past observations

are of no use in prediction of the future in the present model
when the parameters are considered as known. They come into play
only in paragraph 4.3, where they are used to estimate the para-
meters; it is the structure imposed on the parameters that now

bridges past and future and enables us to predict the latter.



c*. A remarkable feature of the present model is that the

volumes pj essentially drop out of the analysis; they may be
absorbed in the tj's as these range in all of §+. This fact is
reflected also by the absence of the pj's in the predictions
(4.18) and (4.19). We conclude that if different years are not
made comparable through the introduction of assumption I or some
other way, then information about the amounts of risk exposure
will be of no value. It may be felt that the irrelevance of
measuring the size of the business is a shortcoming of the present

model.

Eﬁ. In item 4.3.E it was mentioned that predictions are
possible only if ¢j can be estimated from past observations at
each stage of development of year Jj. A similar remark applies
also to the parameters governing the numbers of claims. We have
assumed that the probability distribution = of the delay period
is the same for all occurrence years. If we had not made this
assumption and instead introduced a Ej for each year j, we
should be unable to predict the number of IBNR-claims. This is
seen upon replacing = in (4.8) by =

d

frequency parameters =«

jd : then only the

dej ; j+d<J; are identifiable from the
distribution of the past observations, and nothing could be
inferred as to future Kjd's; j+d>Jd.

When a new parameter gj is introduced for each year j,
each gj has to be estimated from the claims data of year j
alone. The accuracy of the estimators may be poor if the risk

exposure is not great, especially at early stages of development.

From the log likelihood (4.10) we easily obtain the asymptotic

variances of the estimators defined by (4.11)-(4.13):




*
as.vVar Tj = 1j/n<D(j)pj ' | (4.20)

N J-d
as.var m, = nd/j£1pj1j .

As could be expected, E* is consistent by increasing J, roughly
speaking, whereas Tg is consistent only by increasing exposure
in year Jj. This is a prise we have to pay for not being willing
to specify any kind of connection between the risk conditions in

different years.

* . o .

E . The necessity of establishing some such connection
appears even more clear when we face the problem of tariffication.
In fact, the present model renders no possibility of fixing the

premium level for a future year by statistical methods.

E%. The circumstances mentioned in items B-E are inevitable
consequences of our model assumptions. To the extent that they
are incompatible with our intuition and conceptions about the
nature of the IBNR-phenomenon, they point to deficiencies of the
present reduced model. These will be overcome when we turn to the
full model by including the i.i.d.-assumption I, which establishes
a relation between the risk conditions in different years. But
first we shall see in section 5 how some of the problems can be
remedied within the present fixed-parameter-approach by intro-

ducing more assumptions, viz. that basic risk conditions remain

unchanged from one year to another.
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5. Prediction based on numbers of claims and single claim

amounts by permanent risk conditions

5.1. Description of the case

A. The data O 1is the same as in the previous section.

B. The model in item 4.1.B is retained, but we now introduce
the additional assumption that the risk conditions are invariable

over time, that is, all gj's are equal. Let & = (71,¢) denote

their common value. This assumption may be suitable for instance
in direct accident insurance when the number of risks or risk

years are taken as volumes pj .

C. By inspection of (4.8), it is seen that the relevant para-

meters now are ¢ and

- :d=20,...,D. (5.1)

5.2. Prediction by known parameters

Predictions are made as in paragraph 4.2. Formulas (4.3)-

(4.5) now become

h
bhy = PyPrgos/Y G, 5 s(¥]¢)

. _
= p, I epglydcy(yle) ; h=1,2,3; (5.2)
a>J-j
1
K = P.p a0
j=g-p+1 I 7973
-1 J
H(s) =« | P; L PgGqlcle).

j=J-D+1 J d>J-j



5.3. Parameter estimation

A. Upon inserting Tj = 1 and ¢j = ¢ and introducing the

pd's from (5.1), the essential part of (4.8) reduces to
D k -p o D J-a %ja |
(1 pd<J-d,d e <J-d d){ I I 1 de(dequJ)}' ]
d=0 d=0 j=1 k=1
The maximum likelihood estimator of Pgq is readily found to be
=K / ; @=0 D (5.3)
Pa T *g-4,d’P<g-a POOEYr e e ea D ‘ :

B. Estimation of ¢ goes as in item 4.3.F.

C. We mention here only one example of a genuine prediction.
Inserting the estimators (4.17) and (5.3) into (5.2)for h=1, we

obtain the estimated expected value predictor

J

~k
R = J P. ) S,q_ o /Peq_q -
sLropin’d abgg <9-a.a’Peg-a

This result should be compared with (4.19).

*
5.4. Comments

* . .
A . It 1is noteworthy that the volumes pj play an essential

role in the present case, confer the comment in item 4.4.C.

* . ‘s .
B . Another important feature of the present specification

of the model is that the set of parameters, po,...,pD,¢, does not

increase as J 1increases. The maximum likelihood estimator of =1
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is 1 = zg=0pz , with p; defined by (5.3). 1Its variance is

D
x*
vVar =t szond/p<J—d , (5.4)

which should be compared with (4.20). The expression in (5.4)
tends to 0 as p<J—D increases, and in the present model it is
always smaller than the expression in (4.20) for Jj < J-D. This
observation points to the necessity of specifying parsimonious
models with as few parameters as possible; if the risk conditions

can be assumed to be virtually constant over time, then the intro-

duction of a new gj for each year Jj represents an extravagancy

that has to be paid for by a loss of efficiency of the estimators.



6. Prediction based on numbers of claims and single claims
amounts when single claim amounts are not affected by

fluctuations in basic risk conditions and U is parametric

6.1. Description of the case

A. The statistical basis is the complete data O given by

(4.1).

B. We now return to the full model in paragraph 2.3, with
basic risk conditions in different years represented by random
variables as specified in assumption I. We assume, however, that

only the number of claims are subject to such fluctuations. This

means that all Wj's have the same value ¢, which then becomes a

parameter of the distributions. Accordingly, U is now taken to
be the common distribution of the random variables Tj .

In the present section we deal with the situation where U

is a parametric class of distributions, that is,

~

u=1{u_ ;acpnl

~

m
for some open set A< R .

C. All the parameters =1, a, and ¢ can be estimated from

the data, hence any one of the principles of IBNR claim reserva-

tion presented in paragraph 3.2 can be employed.
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6.2. Prediction by known parameters

A. We first derive the predictive distribution of R. Due
to assumption IV we have only to determine, for each Jj, the con-

ditional distribution of Sj N for given 9j . From (4.9) it is

seen that Kj p is sufficient for Tj in the Bayesian sense.
’

Hence the only thing that is required is

P(s = m)

< x|Kj,<

3>

= P(S, , < x|T, = 14, Ki . = m)aU.(t.|m), 6.1
r.io (85,5 < xITy = w5, Ky ¢ = MU (ryfm) (6.1)
j

where Uj(-[m) is the conditional distribution of T. , given

Kj < = m. As the conditional distribution of Kj < ! given
’ ’
Tj = Tj , 1is Po(ﬂ<J_jpjrj), we find
“M, o sP:T.
Me 97173 Jgqu (t.)
J ¢ ]
au.(t.|m) = . (6.2)
I S m -n<J-jpjT

J A au (z)

=0 &
By the conditional independence of the K..' for given T.

s
jd J
(assumption II), we can replace the first factor appearing under

the integration sign in (6.1) by the expression on the right of

(4.2), with ¢j ¢ for all 3j. We then obtain

_ oy = % Kk

P(Sj,> < x|Kj'< =m) = kzoqj(klm)G>J_j(x|¢), (6.3)
where
qj(klm) = P(Kj’> = k|Kj'< = m)

© -p.T

x [ e I gu (1)
(W>J_jpj) =0 4
= ; k=0,1,... (6.4)
k! ® T McgosPaT :
[ e 773 au (1)



Finally we have to form the convolution of the distributions
(6.3) for j=J-D+1,...,J to obtain the predictive distribution of
R. When this has been accbmplished, we can calculate fractiles of
this distribution and a reserve by principle (3.7).

Each particular specification of U requires an analysis of
its own, and the computational work may be extensive. We close
this paragraph with an example of a family U that leads to trac-
table closed formulas for the counting probabilities in (6.4).

Example (the gamma case). Let U be the family of gamma

distributions given by a = (y,8) € Bi and

8Y Y—le—ér
Piys *

0 : t<0.

;7 1>0;

dUa(T)/dT = (6.5)

By inspection of (6.2), we see that now also Uj(-lm) is a gamma

distribution, namely with parameters (y+m,6+n<J_jpj), henc¢¥(6.4)
becomes
S+m P b1 g o
— (Ytmt+k-1 <J-j Jyy+m, >JI-j79. k. _ .
qj(k|m) ( k )( 6+pj ) ( 6+pj ) 1 k_OI]I"'I (6°6)

a negative binomial distribution. In this case (6.3) can be

calculated by the recursive procedure of Panjer (1981).

B. We are going to construct the reserves (3.5) and (3.6),
and as the distribution involved in the above analysis may be
cumbersome to calculate, it is of interest to construct also the
the approximate fractile reserve (3.9), which involves only the
predictive moments defined by (3.4). 7

Our starting point is (4.3), which in the present model

becomes (confer (2.1))
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M, (S 3, >|T ) = ay, 4T4 7 h=1,2,3; (6.7)
where
a, . =1 p.fyth (y|e). (6.8)
hj >J=35 3 >J=-]
We need also the noncentral posterior moments (confer (6.2))
h
B.. = E(T.|K.
hj ( Jl J.<)
K. +h -7 DT
fv 3% e "<3-373 au_(v) (6.9)
= ~ ; h=1,2,3;

K. “M, _sP.T
fv 3fe 7T au ()

and the relations

h
j,>|Kj,<)

}

E(s h=1,2,3; (6.10)

~e

= E{E(sj |T. )|KJ ‘

the latter being a consequence of the conditional independence of

Sj,> and Kj,< for fixed Tj

C. Consider first the simple expected value predictor (3.5).

The term M]j in (3.4) now reduces to E(Sj >| 3 <), and by
successive application of (6.10) and (6.7),

M.|j = a.IjB.Ij ’ (6.11)
where a and B‘. are defined by (6.8) and (6.9).

13 13

Example (continued). The h-th noncentral moment of the gamma

distribution (6.5) is readily seen to be {6Y/P(y)}{P(y+h)/6Y+h}
(y+h—1)(h)/6h. Thus, since Uj(-lm) is the gamma distribution

with parameters (Y+m'6+n<J-jpj)'

h . h=1,2,3. (6.12)

B <g-5P3) ;

hy = (y+Kj'<+h—1)(h)/(5+n

Specifically, (6.11) assumes the simple form
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M]j

J-3

which is to be entered into (3.5).

2*. To provide the reserve (3.6), we need also the second

order predictive moments

Myy = Mp(85,, 1Ky, Q)
= 2 - M2
E(Sj’>|Kj'<) MIg - (6.13)

Using in succession (6.10), (A.1) in appendix A.1, (6.7), and

(6.9), we find that

i

K.

Jl<)

2 2
E(Sj’> E{Mz(Sj’>|Tj) + M](Sj’>|Tj)lKjl<}

+ a (6.14)

= 2
asz]j 1jB2j .

Entering (6.11) and (6.14) into (6.13) yields
(6.15)

where the elements on the right hand side are defined by (6.8) and
(6.9).

The reserve (3.6) is now obtained by substitution of (6.11)
and (6.15).

Example (continued). By use of (6.12),we find that (6.15) in

the gamma case becomes

= 2 + 2
sz (y+Kj,<){a1j a2j(6+n<J-jpj)}/(6+n<J-jpj) .

E'. Finally, to construct the reserve (3.9), we need the

third order predictive moments
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I

E(S%'>|Kj,<) - 3E(s?

j'>|Kj'<)M]j + 2M3 . . (6.16)

13
The latter equality results from (A.4) in appendix A.1. By

successive use of (6.10), (A.2) in appendix A.1, (6.7), and (6.9),

we dget
3 -
E(Sj'>|Kj'<) = E{M3(Sj'>|Tj) + 3M2(Sj’>|Tj)M](Sj’>|Tj)
3
+ M1(Sj’>|Tj)|Kj’<}
= 3
= a3jB1j + 3a1ja2jB2j + a]jB3j . (6.17)

Substituting (6.11), (6.15), and (6.17) into (6.16), we obtain

after some trivial rearrangements that

— - 2
M3j = a3jB1j + 3a1ja2j(B2j B]j)
; 5 (6.18)
+ a1j(B3j - 3B.|jB2j + 2B1j)'

where the ahj's and th's are defined by (6.8) and (6.9).
Assembling the th's from (6.11), (6.15), and (6.18), we
can now determine the reserve (3.9).

Formula (6.18) does not simplify in the gamma case, so we do

not pursue the example here.

6.3. Parameter estimation

A. The joint distribution of the observations is obtained by
integrating the conditional probability (4.9) over the joint
distribution of the Tj's. Estimators of 1 and o are obtained
by maximizing the likelihood of the number of claims, the

essential part of which is seen to be
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_ © K. . -7 \PT
<J-d,dy f Tjg,w(n)e <D(3)%3 JdUa(Tj)° (6.19)

Another estimation method is proposed in item 7.3.C below.

Example (continued). In the gamme case (6.5) the expression

(6.19) reduces to

(K. .y)
Jy 3 (y+K, J.<b(3)

J.<D(j)'”

)T 3.40(3)

(6+n<D(j)pj

1 has to be performed

Maximization under the constraint Xg=0nd =

by numerical methods.

B. Estimation of ¢ goes as in item 4.3.F.

6.4. Comments*

gf. With paragraph 4.2 in mind we note that in the present

model past and future are stochastically related through their
joint dependence on the latent Tj's. As opposed to the analysis
based on the model of section 4, P now plays a role in the IBNR-
prediction also when the parameters are considered as known;

Kj,( gives a pointer to the value of Tj and, thereby, also to

the numbers of future notifications,

Ky,5 -
On the other hand, when it comes to genuine predictions, P
plays a central role also in the model of section 4. 1In fact, in
that model the estimate (4.16) of T3 rests entirely on the
claims experience of year J alone (apart from the fact that 1

is estimated by statistics from all the fully developed years).

In the present model Tj is estimated partly from all claims



experience of year Jj and (through g*) partly from that of
other years. This circumstance has, of course, its root in the
assumption that all Tj's stem from the same distribution. By
this assumption the risk conditions certainly vary from one year
to another, but they are not completely uncomparable as they were
in the model of section 4; one can learn something about the

present year by looking at what happened in former years.

*
B . The volumes pj play a significant role in the present

model, recall item 4.4.C.

*

C . The number of parameters is dramatically reduced as com-
pared to the situation in section 4, confer item 4.4.D. Instead
of introducing a new frequency parameter for each year, we now

have only the parameter ¢ of the distribution that generates the

T 's.
J




7. Prediction based on numbers of claims and single claim
amounts when single claim amounts are not affected by fluctu-

ations in basic risk conditions and U is nonparametric

7.1. Description of the case

A. The situation is the same as in section 6, see items 6.A

and 6.B, except that U is now nonparametric.

B. 1In this case estimation of U and the functionals
appearing in the reserves constructed in section 6 is not feasible
in general. We can, however, still estimate all parameters
required in credibility predictors based on the sufficient (in
Bayes sense) statistics Kj,< ; J=J-D+1,...,J. The parameters in
question turn out to be ¢, n, and the unconditional moments
vy = ET. : h=1,2,...,m; (7.1)

where m depends on the choice of reserving formula. All vh's

displayed in the following are assumed to exist.

C. Apart from ¢ the number of parameters is D+1+m.

7.2. Prediction by known parameters

A. In each item of this paragraph we assume that the known
parameters are ¢, %, Vy,+++,V , Where m 1is the number of V' S
needed in the analysis. As U 1is not fully specified, a full

posterior analysis cannot be accomplished, and we have to resort

to credibility methods.
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B. The credibility predictor of Tj based on K, < is

’

R A ALE (7.2)
where

Qj = Kj,</n<J—jpj ' (7.3)
cy = x(x+s/n<J_Jpj)'] : (7.4)
B = ETj = v, s A =Var Tj = vz—v% ' (7.5)
and Vi and v, are defined by (7.1). (The reparametrization

(7.5) is made to facilitate reference to well known credibility

formulas.) Formula (7.2) is demonstrated in item E below. It

follows from (6.7) that the credibility predictor of Sj N is

'
S5 7 1505 | 7-6)
where a]j is defined by (6.8). Thus the credibility IBNR-

forecast (3.10) becomes

J

Pl
]
p

j=J-D+1 1373

By use of (6.7),

varsS. = Var(a, . T.) + E(a..T.
J.2 ( 1] J) ( 23 J)

= a2\ + a

15 24P+ (7.7)

with A and B defined by (7.5). From (7.6) and (7.7) we obtain

the reserve by principle (3.11),

all sums extending over j=J-D+1,...,J.




g*. Following the ideas of paragraph 3.2, we shall construct

a more sophisticated reserve of the form (3.12). For this purpose
we need, in addition to (7.6), also some kind of approximations of
the predictive second order moments in (6.15). We propose to
replace B]j and B2j on the right hand side of (6.15) by credi-
bility approximations. Now the credibility approximation of th
happens to coincide with that of Tb as is seen from the

identity

h 2 _ : h
E{Tj - C(r, )}? = EVar(leK

h 2
. + E MK, - . .
3, J,<) {E(TJ|KJ’<) C(KJ’<)}

Having already the credibility approximation (7.2) of T. , we only

J
need an approximation of T%. In item E below the credibility
formula based on ngz is shown to be
3 p)
T, = T5 + (1=n.)v. , (7.8)
5 = "3Ty ( nj) 5
where
5 (2) 2 '
Tj = Kj'</(W<J_jpj) v (7-9)
- —y2 ~yv2 21-1
ny (v4 vz){v4 v5 o+ 4v3/n<J_jpj + 2v2/(n<J_jpj) }
By the proposed recipe, we approximate (6.15) by
~ 5 ~2 ~
M,. = a2 _.(T5-T%) + a,.T. , 7.10
23 13( J J) 2373 ( )

with %j and T§ defined by (7.2) and (7.8), respectively.

Principle (3.12) can now be applied with §j , and sz given by
’

(7.6) and (7.10).
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D'. We shall pursue further the ideas of the previous item

and arrange also a variation of the reserve formula (3.13). From

(6.18) it is seen that, in addition to the already established

credibility approximations of B]j and sz , we need also to
approximate B3j or, equivalently, T% . In item E below we
demonstrate that the credibility predictor of T% based on K§32
is
3 3
T. = p.T. + (1=p.)v 7.11
5 = P57y ( pj) 3 ¢ ( )
where
A
3 _ (3) 3
= —yv2 —y2 + 2
Py (v6 v3){v6 vy o+ 9v5/n<J_jpj 18v4/(n<J_jpj)
v 6v /(n - .p3}7.
3 <J-J7 3] |
Approximate third order predictive moments ﬁ3j are now
obtained upon replacing B]j ' sz , and B3j in (6.18) by Tj '

T? , and Tg from (7.2), (7.8), and (7.11). Finally, insert the
ﬁhj's in (3.13) to obtain an "approximate NP-approximation" of

the upper e-fractile of the predictive distribution of R.

*
E . We shall sketch the calculations leading to the credibi-

lity formulas (7.2), (7.8), and (7.11). We need the relations

EKjd = ndpjv] (7.13)
and

(h) h _
EKj,( (TE<J_jpj) Vh 7 h-],z,-oo, (7-]4)
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which result from (A.6) in appendix A.2 and the fact that, con-
diti 1 . = h S .
itional on TJ T, we have KJd Po(ndpjr) and
=4f. and recalling the

0
Ky, <g-3P3%) ;3= 1
definitions (7.3), (7.9),and (7.12), we have by (7.14) that

~ Po(m Putting T

h fi

| ETy = BTy = vp o (7.15)

| and, by (A.6) in appendix A.1,

Var E(TﬁIT.) = var T
'3 J
- —v2

By use of (7.15) and the easy identities

k2 = x(2) 4 x,

k32 = x(8) 4 g (3) 4 qe(4) 4 (3
we find that
f (h) 2 2h _
Var Tj = E(Kj’<) /(n<J_jpj) - Vi
r - v2 . =1-
v, + v]/n<J_jpj vi i h=1;
_ 2 _ 2 . =,
{vag 4v3/n<J_jpj + 2v2/(n<J_jpj) v5 h=2;
2
vg + 9v5/1r<J_jpj + 18v4/(n<J_jpj)
L + 6v3/(n<J_jpj)3 - v% : h=3.

On identifying M and X in (A.17) in appendix A.3 with T? and

fi

Tj , respectively, we obtain (7.2), (7.8), and (7.11).

The credibility approximations derived in this section are
not optimal in general. They can be improved upon by including
more than one factorial of Kj,< in the formulas. Such problems
are treated by Neuhaus (1985).
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7.3. Parameter estimation

A. Estimations of n and the vh's can be performed by

some moment method based on the sufficient statistics K<J a.q '
-G,

d=0,...,D; and K. j=1,...,J. A convenient starting point

j,<D(3) '
are the following relations, which result from (7.13) and (7.14):

d=0,..-,D; (7.]6)
j=],ooo,Jo

h=],2,0007 (70]7)

ERcg-a,a = "aP<g-a"1 ;

(h) _ h
EK3 <p(3) = ("<p(3)P3) Vn 7
If D is small compared to J-D, a particularly simple

procedure can be arranged. First base estimators of the vh's on

(7.17) for the fully developed years j = 1,...,J-D, for which
n(D(j) = 1. A class of unbiased estimators is given by
J- J-
* _ (h) . h= . '
vy jZ]thKJ I Z] h3P 3 ; h=1,2,...; (7.18)
*
where the whj are some positive weights. When vy is found,
(7.16) motivates that T4 be estimated by
* *
Tl:d —K<J-d'd/p<J—dv.l ; d—o,.-.,D. (70]9)

g*. An alternative procedure could be to start from the
maximum likelihood estimates for the conditional model in section
4, either those in (4.11)-(4.13) based on all available observa-
tions or the simpler ones in (4.14)-(4.15). Consider those given
by (4.11)-(4.13) and rebaptize each Tg as T; in accordance
with the present model assumptions. Then E* is obtained directly

by solving (4.11)-(4.13), and estimators of the two first moments
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vy and vV, can be based on the asymptotic properties (by
increasing pj's) of the Tg's;

as.E(Ts|T.) = T (7.20)

B R i’ )

and (confer (4.20))

as.Var(T;|T.) = T./ (7.21)
s . . . = . . 3 . Ll

3173 37" <p(3)P;

From (7.20) and (7.21) we find

ET T, = 7.22
j ~ E j - \).l ’ ( . )
E(T )2 = Var T + E2T.
J J J
* * *
= VarE(T.|T.) + Evar(T.|T.) + E2T.
( JI J) ( Jl J) ]
~ .+ ) \D. + v2
Var TJ ETj/n<D(j)pJ Vi
= v, + v]/n<D(j)pj . (7.23)

A class of asymptotic moment method estimators based on (7.22) and

(7.23) is given by

* J *
vi = Y w,.T. ,
1 3=1 1373
* 3 %\ 2 _— *
V2 = L e (TR = vy ] a5/ mep(5)Py
=1 J=1
where for each h = 1,2 the whj's are positive weights summing
to 1.
*

C . As an alternative to the laborious maximum likelihood

procedure presented in paragraph 6.3, one could use moment methods

based on the simple estimators (7.18) and (7.19).
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Example (the gamma case continued). Estimators of (vy,8)

are obtained by substitution of vi and v, from (7.18) and

1 2
(7.19) into the relations

— — 2
V-I Y/‘S: V2 (1+Y)Y/6 ’

which yields

* *2 —_ * * *
Y =(V2/V-| -])1’ 6 =Y/V.| .

*
7.4. Comments

éf. The credibility formulas derived in paragraph 7.2 shed
more light on the comment made in 4.4.B. For instance, the empir-
ical counterpart of (7.2) obtained by inserting estimators for the
parameters occurring in (7.3)-(7.5) shows clearly how the exper-
ience from occurrence year Jj 1is balanced against the experience

from other years.

* . . . .. .
B . Referring to the discussion in item 4.4.C, we notice

that the significance of the pj s in the present model is clear-
ly exhibited by formulas (7.2) and (7.4); by increasing pj the
weight attached to the experience in year j increases, as one

should expect.



8. Prediction based on total claim amounts in the unrestricted

framework model

8.1. Description of the case

A. The available data is now assumed to be

0 = {s d=0,...,D(3j); 3=1,...,3}, which is typical of a reinsur-

ja’
ance business written on an underwriting year basis.

B. No restrictions are imposed on the families of distribu-

tions U and G d=0,...,D; except that the moments indicated

d;

below are assumed to exist.

C. In the present case the joint distribution of §j =
(Sjo,...,SjD)' is not estimable in general. It would be if the

's were equal, which is not likely to occur in practice. We

P.
J
can, however, estimate the moments of the distribution of §j for

each j. This circumstance is due to the distributional structure

inherent in the basic model assumptions I-IV.

Introduce
B .. = n.T.[y"dc. (y|¥.) : h=l,...,4; d=0,...,D ; (8.1)
hjd dj d j 1 ’ 1 ’ 14 ’ 7
j=]'2,-oo
The moments up to fourth order of the de's turn out to depend
on the following basic parameters.
1st order parameters: Number of parameters
Bg = EB]jd ; vd. D+1
2nd order parameters:
D+1
Bge = E(B1de]je) ; A < e ; D+1 + ( 5 )
de = EBZjd ; vd. i D+1
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3rd order parameters*:
Baer = E(By3aB156B7 5¢) ;odee<t
E(B.I deZje) ; d#e ;
BdeZ =
3E(B1de2jd) : d=e ;
4th order parameters*:
Bdefg = E(B1de1jeB1jfB1jg) ;o d<e<f<g ;
[ 6E(B2..B...) ; d=e=f ; )
1jda~234d ! !
Bdef2 = 3E(B1de1jeB2je) ; dve=f ;
{ E(Bldeljeszf) ; d<e, dxf, exf 7J
— 2 2 . .
Bae)2 = E(BI34Bo5e * ByjeBajq)? d¢e
Bd2e2 = E(BZdeZje) ; d<e ;
2 . = .
E(3B2jd + 4B.I de3jd) ; d=e ;
Bde3 =
E(B]de3je) ; d¥e ;
Let nh(D) be the total number of parameters

We find that

and n4(D)

n2(0) 3,

n2(D)

n2(1) = 7, n2(2) =12, n2(

3) =18, n

,(4)

D+1 + (D+1)D + (D;])
(D+1)?2
D+1

D+1 + (D+1)D + (D;])
D D+1

+ (DH1) () + (5,)
D+1 + (D+1)D

+ (D+1)(§)

D+1

(°20)

D+1

(75)

(D+1)2

D+1

of order h or less.

(D+1)(3+D/2), n (D) = n2(D)+(D+1)(3+2D+D(2)/6),

n3(D)+(D+1)(4+9D/2+D(2)+D(3)/24), and calculate

25,
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n2(5) 33, n2(6) = 42, ... : n3(0) 6, n3(1) = 17, n3(2) = 34,

n3(3) 58, ... : n4(0) = 10, n4(1) 34, n4(2) = 79, ...

The order restrictions appearing in the definitions of the
B's are, of course, not essential. They have been introduced only
for the purpose of keeping an account with the number of distinct

parameters. By symmetry, Bed = Bde etc.

D. 1In the next paragraph we demonstrate the following formu-

las for the moments.

1st order moments:

Ede = ijd ; vda. (8.2)
2nd order moments:

ES%q = PiBaq * P3P a2 ;ovd (8.3)
E(desje) = p%Bde . d<e. (8.4)
3rd order moments*:

Esgd = P%ded + P%dez +7Pde3 ; va ; (8.5)
E(S ja Je) = p3 sdee + p%Bdeg ; die ; (8.6)
E(sjdsjesjf) = p%Bdef : d<e<f ; (8.7)
4th order moments”:

ES;d = P%dedd + p%dedz + P%des * PyBgu ;o va ; (8.8)
E(S jd je) = P} Bdeee + p%Bdee2 + p%Bde3 ; dfe g _(8'9)
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E(s?2 .82 ) =

L 3 2 . .
3a55e) T P3Pagee T P3P (ge)2 * PiPgq2e2 7 dee s (8.10)

2 = ph + o3 . . .
E(deSjeij) ijdeff pjﬁdefz ; d<e, f¢{d,e}; (8.11)
E(S..S. S..s. ) = p* ; d<e<f<g. (8.12)

ja je 3Jf 3jg pJBdefg J

(As in the case of the PB's above, the order restrictions can

trivially be removed.)

E'. We shall prove the formulas (8.2)-(8.12). Upon replacing

h .

t and EY in appendix A.2 by ndpjTj and fythd(y|Tj) and
introducing the thd's from (8.1), we obtain from (A.8)-(A.11)
that
E(s._|&.) = .B_ . ’

jal®3) = PsBiya
E(S2 |E.) = p2B2.,_ + p.B_.. ,

JdI ] P3%13a T P523a

3 = = pn3Ip3 + 2 B + ,
E(534185) = P3BY4q * 3P3By54B05a T P3B3ia

4 |g.) = p“B* 6p3B2 . B + p2(3B2,_ + 4B_ . B + p.B .
E(S34184) = PIBijq * OP3BI44Bo3q + P5(3B554 15a%33a’ ¥ P3Baja

Using these expressions, we find the following formulas, which are

just the ones given in (8.2)-(8.12).

Ede = E(ijljd) : va ;

ES%d = E(p%B%jd + Pszjd) ; vd ;

E(sjdsje) = E(ijljdij1je) ; d<e ;

Es3jd = E(p%B%jd +'3p§B]de2jd + PiByyg) ;ovd ;
E(sjdsge) = E{ij1jd(p§B§je + PjBZje)} ; dfe ;
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E(desjesjf) = E(PjBljdijljeijljf) ; d<e<f ;

Es;d = E{pr:jd + 6p§B§Jd 23a ¥ 2(3Bzjd 4B]de3jd) + ij4jd}; vd;
E(sjds%e) = E{ij]jd(pr%je + 3pJ 1ieBage * ij3je)} ; de ;
E(S%dS%e) = E{(p%B%jd + Py zjd)(pj T5e * ijzje)} ; d<e ;

2Rp2

2 = .
E(s..s. s%2.) = E{p (ij1jf + ijij)} ; d<e, f¢{d,e}

jd~Jje  3f

~e

581382381 3e

E(S ) ; d<e<f<g.

..S. S._S. = E B_ . B. . B, . B. .
55365325 3¢ (P 3By 3aP 181 5eP 581 3£ 81 4g

8.2. Prediction by known parameters

A. As the joint distribution of the de's is not fully
specified, a full posterior analysis is not feasible. When the 1Ist

and 2nd order parameters are known, we can, however, employ the

principles (3.10) and (3.11).

To construct the credibility predictor of S. S based on

’

§3,< = (Sjo""'sj,J-j)' we pick from (8.2)-(8.4) the moments

ESS , = PiBrg_y ¢ (8.13)
cov(s, ,.8% () = {£>J_j(p%3de - P3B 4P )}d<J—3 = p% X3-5 (8.14)
Var Sj,< = (p Bde deijd2 dBe)d e<J-j - p% gj;J—j' (8.15)
ES, = Py Bgy (8.16)

where we have introduced



IJ_j = {2 (Bde - BdBe)}|d<J—j ’ (8.]7)
(8.18)

(Note that xé depends only on the stage of development and need
not be calculated anew for each occurrence year.) By application of
formula (A.16) in appendix A.3, we obtain from (8.13)-(8.16) the

credibility predictor
S. ., = p. . i S.-p. ., .19
5,> = PsBrgos ¥t Y- j I3, J J( pj§)<J_J (8.19)

where x&_j and are defined by (8.17) and (8.18). Finally

a1
~Jid-]
(

insert (8.19) into (3.10) to obtain the credibility IBNR-predictor.

From (8.2)-(8.4) we get

var sy , = ES%,> - E2sj’>
= §,e>J_J(p§sde * 84eP3Bg2) - g orgit ;BaPiPe
= P} é,e>J-j(Bde - BgBe) * Py §>J Jde- (8.20)

On inserting (8.19) and (8.20) into (3.11), we obtain a reserve

with a security loading.

* . . .
B . We can arrange a recursive algorithm for calculation of

-1 _ .
gj;J-j' Let cj;de denote the (d,e)-element in gj;D. For each
d=1,...,D partition §j-d into
. o.
_ [ ®3ra-r %3:a
24;a 95;ad
where
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The inverse of Ej-d is partitioned correspondingly;

~J:d pj:d

gl = . (8.22)
~J:d b! c
~Jj;d j;d

When P is known, the matrices Zald ; d=0,1,...,D; may be
calculated recursively as follows. Once za}d—l has been found,
first calculate the auxiliary quantities
V. =z3l o. '
Y3:a T %34 Y5:a
and then

= - -1
cj;d = (Gj;dd Wj;d) , (8.24)
bj;d = - cj;d yj;d , ‘ (8.25)

= y=1 _ '
23,0 = E3:a-1 ~ Bira Yiia (8.26)

which determine £

-1 — ~=1
gj;O - cj;OO *

The proof rests on the results in appendix A.4. Identify A
in (A.19) with gj;d
to (8.24) and (8.25), respectively, and (A.20) becomes

in (8.21). Then (A.22) and (A.23) specialize

= - -1 ' -1
Bj:a = Bi5a-1 7 %5;a 95raa 25907 (8-27)

Upon identifying A and b in (A.25) with I and

%j;d-1

-% _ : :
gj;d Gj;dd in (8.27), we obtain (8.26).
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When access is being had to powerful computer equipment with
standard programs for matrix inversion, it may not be worth while
implementing the algorithm (8.23)-(8.26). It also ought to be said
that in empirical Bayes situations, where parameter estimates are

currently updated along with the emergence of fresh data, recursion
formulas valid for fixed parameter values are of little practical

value.

*
C . To apply principle (3.12), we need, in addition to the
credibility predictor (8.19), also a credibility approximation of

the second central predictive moment

= 2 - 2
M, (S 3, >|~3 ) = E(Sj,>|§j'<) E (sJ >|sJ ) (8.28)
The best linear approximation to the first term on the right
of (8.28) is just the credibility predictor of S% ,+ To construct
the credibility predictor based on §j ¢ v we coﬁpile from (8.3)-
(8.4) that
ES2 _ = E(S
3.2 é,e>J—J ( jd Je)
= 2 + 6 : 8.29
g,e>J—j(p3Bde efijdZ) ( )
= . 6.
pJ ]
where
. =P, ] + 1 B.o (8.30)
] ] d,e>J-j de d>J-j d
and from (8.2)-(8.7) that
Cov(s% _,s. _) = E(] S., Ssif St ) - ES% ES!
~ ~ l< ’ ~J
B PR PR e, £>3-9 J& 3If 73 3 Ja<
= {} (p3p + 6 _PAB 4 2)} 4 _ s
e,f}J—j j def ef j de d-o, L -’J J
- (P2 ] Bog * P L B.2)P:B. -
Jj e, £53-3 ef j e>J-3 e jk<J-j

' (8.31)
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where

ey = {py £’f>J_j(Bdef - BaPeg) * £>J_j(8de2 - BaPe2) gy (8-32)

From (8.29), (8.31), (8.15), (8.16), and (A.16) in appendix

A.3 we obtain the credibility approximation

S ) = p.6. + [

. S.-p.
I>I"JI< J 3 ( P

E(S2
3 j

B)egog - (8.33)

where 6j and €' are given by (8.30) and (8.32).

The credibility approximation of the conditional mean appea-

ring in the second term in (8.28) is just S. hence (8.28) is

3> !

approximated by

M.. = E(s2
3

_ g2
25 ) sS4 ' | (8.34)

S.
,>|~3,< .

where the terms on the right are defined by (8.19) and (8.33).
The required IBNR-reserve is now obtained upon inserting

(8.19) and (8.34) into (3.12).

*
D . To apply principle (3.13), we have to approximate predic-

tive moments up to third order. The first two moments are approxi-
mated by (8.19) and (8.34). In addition we need some credibility
approximation of the predictive third central moment, which by

(A.4) in appendix A.1 is

My = Mo (S, |s. )

= E(s3
33 3.2 "Jl<) J.

|s.
>'~3,<

- 3E(S§,>|§j'<)E(Sj,>|§j'<) (8.35)

+ 2E3(sj |s. ).

> ~J,<
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The best linear approximation of the first term on the right

of (8.35) is the credibility predictor of s3 . The credibility

Je2>
predictor based on §j < involves the moments Esé ’
cov(s? ,s' ), and those in (8.15) and (8.16). From (8.5)-(8.7)

Je> ~Js<

we find (all sums indicated range over indices d,e,f > J-3j)

ES3

E(S
J.2 (

. 2S. S..)
e, £50-3 ja~ je” jf

)

) + ) E(S

. S. S.
3a53e dte,ds£,esg Jd 1 If

)

d

) ES . + 3] E(S
d d+e
)

d

(P ded + P dez + ijd3)

3 2 +
* 32 (pjﬁdee * Pdeez) g#e d+ £ e#prBdef

= Ps P o (8.36)

p2 ] + p. (] B
. 2
J j d,e,£>J- j ef J da>J-j dd

(8.37)

+ 3) B. o) + ) B3 -
d,e>J-j,d%e de d>J-j d

From (8.5)-(8.12) we find for any d < J-j and e,f,g > J-j that

Cov(S..,S. S._.S. = E(S..S. S._S. - ES..E(S. S._S.
( ja’ " je  jf Jg) ( jd~je” jf 39) jd ( je  jf 39)
. 3 2 - p2 . P
ijdeee+ijdee2+ijde3 P B (pjseee jBee2+ije3)' e=f=g ;
—-— L" 3 - 3 2 N = M
= 4 ijdeff + PdeefZ ijd(ijeff+ijef2) 7 exf=g ;

similar expressions when f#e=g or e=fig ,

eff, etqg, f*g7

~e

N - 3

2 - -
p%[Pj(Bdefg BdBefg) + pj{éefg(sd332 BdBeeZ)

+ (1-6 + (1—6e

ef)0sg(Paer2 PgPer2) £)8eq Parg2PaP gq2)

+ (]-5fg)5ef(5dge2_.Bdsgez)} + 6efg(Bde3_BdBe3)]'
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It follows that

cov(sd _,st ) ={7 Cov(S. .,S. )} :
j,>"'%3,< . ja’'" je jf jg’’d<Jd-j
e:£,9>J-] (8.38)
=pZ o' ,
P3 23
where
gt = [p% ] (B BaPorq)
~J 3 defg d" efg
e £,9>3-] (8.39)
Pl  (Bgee? = BgPee2) *+ 31 (Bgeg2 ~ BgPeg2)!}
Jj e>J-3 dee d e, £>J-Jse+f def d"ef
+ 1 (Bged = BgBed) ey s
e>J-3 de d"e d<J-j

By (8.15), (8.16), (8.36), (8.38), and (A.16) in appendix A.3,
the required credibility approximation is

E(s? : = p.p. + gl .
B(S3,5185,¢) 7 P3Py * 2§ B5;5-50857P5B gy (8.40)

with pj and g5 defined by (8.37) and (8.39).
Upon replacing the conditional expected values occurring on
the right of (8.35) by their credibility approximations, we obtain

the approximate third order predictive moment

- - .3
M j,<)sj,> + ZSj'> , (8.41)

. = E(s3
33 ( 3,

- 2
>|§j,<) - 3E(Sj,>l§

the single terms in which are defined by (8.19),(8.33), and (8.40).

An approximate NP-approximation of the (1-e)-fractile IBNR-re-

serve is now obtained by entering (8.19),(8.34) and (8.41) into (3.13).

8.3. Parameter estimation

A. We shall construct a class of simple weighted least squares

estimators of the 1st and 2nd order parameters. Let wjd’
d=0,...,D; j=1,...,J3-d; and wjde’ 0<d<e<D; j=1,...,J-e; be some
positive constants. A set of unbiased estimators of the parameters

up to 2nd order is given by
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* Jgd / Jgd

B = W., S. W.q P ; 4d=0,...,D ; (8.42)

d j=0 jd "ja j=0 jd *j

% J—-e J-e )

Bge = Z Wide sjd sje / _2 Wige P3 ; O0<d<e<D ; (8.43)
J=0 J=0

* o _ - - 32 . = .

Bag = (a2dA2d a3dA1d)/(a4da2d a3d) ; d=0,...,D ; (8.44)

* — - - 2 - =3 .

Bq2 = (a4dA1d a3dA2d)/(a4da2d a3d) ; d=0,...,D ; (8.45)

where the ahd's and Ahd's are defined by

J-d "
%ha jz]wjdd P ; h=2,3,4 ;

J-a ho,
Bpa = .1 Yjaa Pj Siq ; h=1,2 ; d=0,...,D

J=1
The unbiasedness of the estimators in (8.42) and (8.43) is a
direct consequence of (8.2) and (8.4). The estimators in (8.44) and
(8.45) are constructed by the technique of least squares based on
the linear regression (8.3); for each d we minimize the weighted
sum of squared deviations
J-4a

2 _ n2 _ 2
jg]wjdd(sjd pjsdd ijdZ) . (8.46)

It is well known (and easy to check) that the least squares estima-
tors are those in (8.44) and (8.45) and that they are unbiased.

The question of how to specify the weights wjd and wjde is

discussed in item B below. Let it suffice here to state, what is
intuitively obvious, that in the case where all the pj are equal
one should lay equal emphasis on statistics from different years,

that is, use the uniform weights wjd = wjde = 1. Often in practice

the pj's do not vary much, so that uniform weights will produce

reasonably efficient estimates.
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E%. We shall discuss the choice of weights in the estimations

(8.42)-(845). The estimator defined by (8.42) is recognized as

*
Ba
the weighted least squares estimator obtained by minimizing

J-4a
Jz (Wjd/P )(S - ijd)z'

It is well known that the optimal choice of weights w. /p. , in

T * 2 . _ -1
the sense of minimizing E(Bd Bd) , 1is wjd/pj = (Var de) ’

which by (8.2) and (8.3) is equivalent to

wjd = {Pj(de - Bé) + BdZ}-] ;o J=1,.0.,0-3. (8.47)

Likewise, defined by (8.43) is the weighted least

*
Bde

squares estimator that minimizes

z (Wjde/P )(de je - p%Bde)z-

The optimal weights are wjde/pz = {var(s )}-], by (8.10)

.S,
J ja- je

and (8.4),

= (2 _ g2 -1 L _
Vide = {pj(deee B2 + ij(de)2 + deez} : 3=1,...,J-e. (8.48)

The optimal choice of weights in (8.46) is w = (Var S%d)-]

jad
or, by (8.3) and (8.8),
Z [k _ a2 3 _
Wiga = 1P4(Bagaa = Baa) * P3(Baaaz ~ 2PagPaz) .
+ p2 (B - 822) + piBay}” : §=1 J-d
j'Faqa3 a2 j* i v .

As the optimal weights depend on the parameters, no uniformly
optimal choice can be made. Yet the formulas (8.47)-(8.49) are use-
ful in our search for a good weighting; any set of weights that are
not of the general form given by these formulas, with appropriate

values of the B's, cannot be optimal at any parameter point. A
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reasonable procedure could be to specify a set of parameter values
Bg, Bge , etc. for which we want the estimators to perform well,
and to use the weights (8.47)-(8.49) corresponding to these values.
(A variation of this idea is to pick values Bg, Bge ,+.. that are
judged as "likely to be close to the true values of Bd’ Bde"" ".
This would, however, imply a willingness to specify a prior dis-
tribution on the parameter space, and to act in accordance with
this attitude, we should estimate the parameters by Bayesian
methods.)

As an example, consider the problem of specifying the weights
w. in (8.42). The choice wjd =1; j=1,...,J3-d; which gives

*
- . . . _ 2
Bd T de/z pj, is nearly optimal if the terms pj(Bdd Bd) are

small compared to de. On the other hand, the weights wjd = p.
j=1,...,J-d; are nearly optimal if the terms pj(Bdd - Bé) are
large as compared to de. As a hold in deliberations of this kind,
note that B g4 - Bé = Var E(de/pj|Ej) measures the magnitude of
the fluctuations in basic risk conditions from one year to another,
whereas de = ij Var(de/plej) measures the (average) pure
random variation around the expected result by fixed risk condi-
tions for a portfolio with unit risk exposure.

At any rate, the uniform weights wjd = wjde = 1 are close to
the optimal ones when the exposures pj do not vary too much,
confer the closing remark in the previous paragraph.

C*. The relations (8.5)-(8.12) specify linear regressions of

cross products of 3rd and 4th order of the de's on parameters of
3rd and 4th order. These parameters may, therefore, be estimated by
linear methods as described by Norberg (1982). The resulting esti-

mates are needed if we want to use the predictors constructed in



8.2.C and 8.2.D above. They may also be utilized to construct empi-
rical generalized least squares estimators of the 1st and 2nd order

parameters by the method proposed by Norberg (1982).

D. By insertion of the parameter estimators from paragraph 8.3
into the formulas for the reserves derived in paragraph 8.2, we
will not obtain any compact and appealing expressions, and the

formulas shall not be displayed here.

8.4. Discussion

A. As was pointed out in paragraph 8.1, the number of parame-
ters quickly becomes large as D increases. Already for D = 4
the number of parameters required to construct the simplest reser-
ving formula (8.19) amounts to 25, which is prohibitive if the sta-
tistical basis O is scanty, as it often is. Thus the present ana-
lysis based on the unrestricted framework model, is directly appli-
cable mainly to situations where D is small. Therefore, it becomes
a central issue to specify additional assumptions V that on the
one hand are sufficiently rigid to reduce the number of parameters
to a manageable level and on the other hand are flexible enough to
provide a realistic description of the situation at hand.

In the following section we shall analyze the case where all
the Wj are assumed to be equal, and it will turn out that this
restriction brings about a substantial reduction of the number of
parameters.

Another possibility is to assume that the parameters Bd '

Bde , etc. are certain parametric functions of the indices d,e,f,qg.
Specifically, by letting the B8's be linear functions of some smal-

ler set of basic parameters, the expected values in (8.2)-(8.12)

will remain linear functions of these parameters, and the estimation
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can still be based on linear regression techniques. For instance we
could assume that the B's are linear or quadratic functions of the
indices or some scalar functions thereof, e.qg. Bd = o + pd + yd?

or = a +’Be-d. A next step would then be to develop test

Bd
procedures for further reduction of the parameter space, e.g. to
test whether vy can be deleted. The choice of parametrization and
reduction hypotheses will depend on our a priori knowledge in each
particular instance of application, and we shall not pursue these
ideas further here.
All formulas for reserves by known parameters obtained in

paragraph 8.2 are, of course, valid for any particular specifica-

tion V, whereas the problem of parameter estimation will depend

entirely on the assumptions made.

* . .
B . In the present analysis based on the total claim amounts

S in the unrestricted framework model, the assumption that =

jd
is independent of ZE. 1is of no significance. The parameter struc-

ture will remain unchanged if we drop this assumption.



9. Prediction based on total claim amounts when single claim
amounts are not affected by fluctuations in basic risk

conditions

9.1. Description of the case

A. The observable quantities O are those specified in 8.1.A.

B. In addition to the basic model assumptions I-IV it is now
assumed that the single claim amounts are independent of variations
in the basic risk conditions, that is, all Wj are equal to some

fixed parameter ¢ € ¥

C. The thd's defined by (8.1) are now of the form
thd = Tjahd ' (2.1)
where
a, . = n, [y" ac. (y|e) ; h=1 4 ; a=o0 D (9.2)
hd b, aly ; yeeesd ; ;ose,D. .
We put Vh = ET? as before, and introduce
ko = v, /D ; h=2,3 (9.3)
h h .] 7 I} 7 0 .
nhd = ’\)]ahd 7 h=],oc-,4 7 d=0,...,D. (9-4)

Upon inserting (9.1) into the defining expressions in item 8.1.C,
we find that the B's depend on the basic parameters in (9.3) and

(9.4) as follows:

1st order parameters:

Bd = T)]d ; vd ; (9-5)



2nd order parameters:
Pae = K2MaM1e

de = ﬂ2d

3rd order parameters*:

Baer = K3M1aMeMit

K2MaM2e
BdeZ =

3kyM1aM2g
Bd3 = n3d

4th order parameters*:
Baerg = a"1aM1eM1£MN1g

2
6k 3N714" 24

3k

Baef2 = 3113Me"2e

K3MgaMeM2f
_ 2 2
Brae)2 = ¥3(n1gNae * MeN2qg)

Ba2e2 = K3M2gMN2e
2 ‘
Ky (3054 + 4n4M34)

Bdea .
2M1a"3e

) Bdk = n4d
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(9.7)



The B's are now tied together as they are all functions of
the basic parameters K1y and Mg« Define the order of a basic
parameter to be h if it is uniquely determined by values of B8's
of order h or less and h is the smallest number with this pro-
perty. Then, by inspection of the above table of B's, always star-
ting from the top, we obtain the following classification of the

basic parameters.

1st order parameters: Number of parameters

Mg ; d&=0,...,D ; D+1

h-th order parameters ; h=2,3,4 :

n ' " ; d=0,...,D . , D+2
In total there are nh(D) = h(D+2)-1 Dbasic parameters of
order h or less. If, for instance, D = 5, the number of parame-
ters that have to be estimated in order to establish the simplest
reserves based on 1st and 2nd order parameters, is n2(5) = 13. In
the unrestricted model of section 8 we found n2(5) = 33. This
illustrates what can be gained by working into the model any a

priori insight one might be in possession of.

9.2. Prediction by known parameters

A. All results established in subsection 8.2 carry over to the
present case. However, due to the structure ﬁbw possessed by the
B's, the expressions simplify to closed formulas that are easy to
interpret and compute.

By substitution of (9.5)-(9.7), B and the parameter functions
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in (8.17) and (8.18) now assume the forms

é = n‘l = (n1or---,'ﬂ-‘D)', (9'8)

(9.9)

L33 = M,0-3527 0, camg

— - ' -— l .
Zy,0-3 = L0710y, oy, <5 * Py d1a9(ny4) gegogt (9.10)

The matrix is easily inverted by aid of (A.25) in appendix

Y. .
~J:d-]

A.4, and some simple calculations lead to

(s = p (B, - 1), (9.11)

- ' -1 -
(koM 0ycg-3 £53;0-3(85 ~ P30 deo-y

where

(k.=-1)x . S..m,/n + 1
5. = 2 d<J-j “ja’1d’ '2d . (9.12)

j _ 2
(ky=1IPsZg¢ gy MalMg * !

(It is easy to check that éj is the credibility approximation of

Qj = Tj/v] based on §j ¢ +) On inserting (9.8)-(9.10) into (8.19)
’

and then substituting (9.11), we obtain the credibility formula

5,5 = P3Ny 50505 o (9.13)

where 6j is given by (9.12).

Formula (8.20), which is needed for reserving by principle

(3.11), now reduces to

Var S. = p%(Kz—l)n%
’

J.2 J >J'—j * pjn2l>J"j

* . .
B . Next we turn to the results in item 8.2.C on linear

approximation of predictive moments of 1st and 2nd order. Substi-
tuting the expressions in 9.1.C for the B's, we find that the

quantities in (8.30) and (8.32) now become
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- 2
55 = P3konq,55-9 ¥ M2,53-5 ¢
ey = {py ] (K3M1gMeMe = Ma¥aMeNg)
e, f>J3-3
1 (onigae = Manae) taca-y
e>J-J

¢ )n2 _ .
(pyleg=roIn] ooy + (pm1Ingy g gdny qomye (9.14)

By inspection of (8.33), (9.14), and (9.11), it is seen that the
quantity in (9.12) once more plays a key role. We easily gather that

E(s2 _|s. .) = p.lx,=1)"1[p.(k3-x,)n?
Je2> J.< ] 2 J 2 3 1 (9.]5)

+ {pj(K3-K2)n%'>J + (K2—1)n2'>J_j}Q.].

-3 3

Upon entering (9.13) and (9.15) into (8.34) we find an expression

for ﬁzj , which together with §j 5 from (9.13) deliver a reserve
’

by principle (3.12).

C*. Proceeding as in item B above, we find that (8.37) and

(8.39) in the present case reduce to

= 2 3
pj - ij3n-|'>J_j + 3ij2n1,>J_jn2'>J_j + T]3I>J_j ’

2 - 3 -
(Pl gme3In] Loy + 3P (K370 L5u 302, 50- 5

AL CPSI DL PRI | ERpR

Substitution of these expressions in (8.40) yields

=(a3 = -1)-1 - 3
E(Sj'>|§j,<) Pj(K2 1) [pj{Pj(K3K2 K4)n1'>J_j
2_ 2 - 3
* 3(k3 K3)n1,>J—jn2,>J-j} * {Pj(K4 <3)M7, 553 (9.16)

+3py(egmep) Ny sg ga,5g-5 + (K7 1)ng 55 glog]
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The elements in (8.41) are now given by (9.13), (2.15), and (9.16).

9.3. Parameter estimation

A. A class of consistent estimators of the 1st and 2nd order

parameters appearing on the right of (9.5)-(9.7) is given by

* *

Mg = Bg ¢ (9.17)
* * * %k

Ko =) WoBa. /) w. BB . (9.18)
2 d<e de"de d<e de"d"e

* *
where the B*'s are picked from (8.42)-(8.45) and the w are

de
weights that sum to 1. The estimators (9.17) and (9.19) are trivi-

ally motivated by (29.5) and (9.7). The estimator (9.18) is obtained

by inserting estimators for all parameters in (9.6), save « and

2'
forming a weighted sum.

* . .

B. A more refined procedure than the one proposed in item A

would be to apply weighted least squares techniques to the non-

linear regressions

E(S..S. ) + &

38> je 0<d<ex<D.

- B2 .
P3*¥2MaMe deP3M24 '

Also higher order moments can be estimated by methods similar
to those presented here. We shall not dwell upon the question of

optimality properties of estimators.
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9.4. Comments

The assumption that claim amounts are not affected by varia-
tions in basic risk conditions, may be judged as not fully realis-
tic in a given situation. It is nevertheless of interest as an
approximation hypothesis; it provides a means of a substantial

reduction of the parameter space.



10. Prediction based on total claim amounts by permanent risk

conditions

10.1. Description of the case

A. The statistical basis is still the one defined in 8.1.A.

B. We now assume that the basic risk conditions are not sub-
ject to fluctuations from one year to another, that is, we drop the
basic assumption I and assume that all (Tj,Wj)'s are equal to

some constant (7,¢). Thus the model is the same as in section 5.

C. Putting Tj = 1t into the formulas in item 2.1.C, we find
that all the Kh'sin (9.3) now become equal to 1, whereas the

nhd‘s in (9.4) become

Mg = "%hg ;: h=1,2,3 ; 4=0,...,D ; (10.1)

with L) defined by (9.2); it turns out that the fourth order
parameters N4gq are no longer needed. The nhd's in (10.1) are now
the basic parameters of the model; in total there are 3(D+1) of
them.

The formulas for the PB's displayed in 9.1.C are still wvalid,

only that all the Kh's are equal to 1.

10.2. Prediction by known parameters

As the exact distribution of the de's is unknown, we have
to resort to reserving methods that utilize only some first moments
The central moments up to third order of de are easily seen to

be

“hj = Pj”h,>J-j : h=1,2,3. (10.2)
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The formula (10.2) may be picked e.g. from (5.2) by translation to
the present parametrization.
Reserves may now be constructed by any of the principles (3.5),

.'s in (10.2).

(3.6), and (3.9) upon replacing the th's by the “hj

10.3. Parameter estimation

Estimation of the parameters in (10.1) is straightforward by
moment methods along the same lines as in paragraph 8.3. In the
present case everything becomes simpler, of course, and we skip the

details.

10.4. Comments

The present model is well structured, with a small number of
parameters, and represents, therefore, one interesting answer to
the problem discussed in item 8.4.A. On the other hand, it 1is clear
that the present model is not suitable in situations where fluctua-
tions in basic risk conditions may contribute substantially to the
total risk, as is likely to be the case e.g. 1in product liability

insurance and marine insurance.
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11. Prediction based on total claim amounts as per accounting

year in the unrestricted framework model

11.1. Description of the case

A. In this final case to be studied we shall discuss briefly a
situation met with in a number of lines of reinsurance, where the
only statistics are the total claims paid in each accounting year.

Thus Q = {Sj; j=1,...,3}, where

S_=§l Sh’j—-h . (1]0])

Roughly speaking, the past is observed along the columns in figure
3, and only through total sums. The upper left triangle in the

figure should now be included in the statistical basis.

B. The analysis will be based on the unrestricted framework

model specified in item 8.1.B.

C. Since the statistical basis (11.1) is far more summary than
that in section 8, the necessity of a parsimonious specification of
the model is now even more pressing. In practical applications one
will have to reduce the parameter space, either by introducing the
assumptions of section 9 or some assumptions of the kind mentioned
in item 8.4.A, or a combination of the two. At any rate, the general

formulas below will remain valid in all special cases.

11.2. Prediction by known parameters

The moments needed in a credibility predictor of a future Sm;

J<m< J+D; based on Sj; j=m-D,...,J; are

pth—h ,' k=m_D,uoo’J’m; (1]02)

oy
]

k-D



Cov(s,,s,) =]  {PR(By_y oy nBrnbByrn) + 84 Ppf(opy2ti  (11:3)

k<&%; k,2=m-D,.,J,m;

where the parameters on the right are defined in item 8.1.C.
The credibility predictor is now obtained from the general for
mula (A.16) in appendix A.3, with M = Sm and X = (Sm_D,...,SJ) .

The expressions become messy and shall not be displayed here.

11.3. Parameter estimation

In principle the 1st and 2nd order parameters can be estimated-
by moment methods based on (11.2) and (11.3). It is, however, of
limited interest to carry through this analysis in the full frame-

work model, confer the remark in item 11.1.C above.

11.4. Comments

Our description of the data in item 11.1.A was intentionally
superficial at one point: the definition of the Sj's implies that
the statistical basis rhombe in figure 3 be extended to a rectangle
by including the upper left triangle. Actually this is the typical
form of the data in so-called "short cut" reinsurance business kept
on an accounting year basis. But then the problem arises, does the
reinsurer really know the volumes pj for the years
j = -D+1,.. ..,-1, which are needed in the analysis of the obser-

vations S]""'SD—]? The answer is likely to be "no". In fact,



the pj's are usually not directly observed at all; one will only
have access to the more summary "earned premium" in each accounting

year.
The problems pointed out here and in item 11.1.C suggest that
the present case may put a limit to the practical applicability of
the micro-theory approach advocated in the present work. It may be
that some cruder "non-explaining fit-model" is more apt in situa-

tions with scanty data and little knowledge about the underlying

processes.




12. A view to related literature

12.1. Models with nonrandom basic risk conditions

A. Provisions for IBNR claims have been established by accoun-
tants long before mathematical models were created for the purpose.
The multifarious attempts of today's actuaries to forecast IBNR-
liabilities by aid of stochastic models seem to have their origin
in papers by Verbeek (1972) and Straub (1972).

Verbeek (1972) treats only the numbers of claims and assumes

Here the A., .'s and pd's are fixed

that K. j+d

jd =

parameters, which are estimated by the maximum likelihood method.

Po(xj+dud).

Verbeek's multiplicative model is extended and applied to the
total claim amounts by Taylor (1977), who assumes (the present
author's interpretation) that the conditional expected value of

S given the total number K. of claims occurred in year J,

ja ' j, <D

is of the form Kjxj+dud

Verbeek's contemporaries Kramreiter and Straub (1973) (see

also Straub (1972)) start from the total claim amount Sj <4 of
’

year Jj as known by the end of development year 4; d4=0,...,D;

3=1,2, ... Under various assumptions about the 1st and 2nd order

moments of these quantities they predict R (essentially) by the

J D(3)
3=1%a=0 23a%3,<a

minimizes the expected squared error. Their framework model

unbiased homogeneous linear function I a that

specifies that the moments are of the form ESj q = pjad and
’

Cov(Sj which accords with the model in sections

'<dlsj,<e) = pjade 1
5 and 10 above. The number of parameters is (D+1)(D/2+2). Further

structure is added by assuming that Sj,<d+1 = Aj,d+1sj,<d

. 1= . : 3 [
+PjAj,d+1’ where (Ajd'Ajd)’ j=1,2,... ; are i.i.d., and all Ajd s,

Ajd's , and Sjo's are mutually independent. The number of para-

meters is then reduced to 4D+2.



- ]2-2 -

B. Hoem (1973) analyses a model that comes out of the one in
section 4 above if the total numbers of claims occurred in each
year are regarded as fixed parameters, which essentially means that

he operates in the conditional model, given j=1,2,... 1In

Kj,<p 7
that it specifies assumptions about the joint distribution of the
time lapse between occurrence and notification and the claim size
for each single claim, Hoem's work is a pioneering one in the tra-
dition of micro-modelling IBNR claims.

A more ambitious attempt in the same direction is made by
Bithlmann, Schnieper, and Straub (1980). They treat the problem of
claims reserving in its entirety, modelling the frequency of claims
and - for each single claim -the time lapse from occurrence until
notification and the succeeding stream of payments up to final
settlement. As far as pure IBNR-aspects are concerned, their model
is the one for permanent risk conditions studied in section 5 above,
extended with an assumption of exponential monetary inflation.
Their supplementary set of assumptions as to how the amounts dek
of claims reported in development year d decompose into amounts
deke (say) paid in development years e = 4,d+1,... 1is only one
among a number of possibilities.

Yet another notable contribution in the vein of micro-theory

is Reid's (1978) paper.
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12.2. Models with random basic risk conditions

A. In all works reviewed above the basic risk conditions are
represented by fixed parameters, either invariable over time as in
sections 5 and 10 of the present paper, or depending on occurrence
year as in section 4. However, already Verbeek (1972) remarks that
there may be reasons to prefer a variable Kjd having a fluctua-
ting basic probability structure. He abstains from such a model in
view of the generally small numbers of observations available. It
is pertinent to recall here that in going from the modél of section
5 with a fixed frequency parameter <1 to the model of paragraph 6
with gamma-distributed Tj's , the number of parameters is in-

creased only by 1.

B. The idea of representing fluctuating basic risk conditions
by random variables, which is at the base of the present work, is
not new to actuaries. It was brought into the context of IBNR claims
reserving by de Vylder (1982). He assumes that the vectors
$4 = (Sjo,...,SjD)' are of the form ngg , where the V¥ 's are
i.i.d. and independent of the §%'s, which are also mutually inde-

pendent with common expected value y and covariance matrices of

the form
Var §% = pyel : 3=1,2,... (12.1)

We arrive at this model if we assume that the between years
fluctuations in basic risk conditions affect only the claim sizes
through latent "claims cost indexes" Yj and that the "deflated"
total claim amounts §% are independent of the Wj's and have

moments as specified above.



The assumption (12.1) implies that all S%d ; d=0,...,D; are
equally variable. Although mathematically convenient, this assump-
tion is hardly appropriate as an a priori description of the IBNR-
process. A reasonable way of relaxing assumption (12.1) could be to
replace pI Dby diag(po,...,pD). In order to limit the number of
parameters, the pd's could be taken as some simple parametric

functions of 4, e.g. = a + Bd.

Pa
Also in the recent work by de Jong and Zehnwirth (1983) basic
risk conditions are represented by random quantities, viz. as a
stochastic process in the framework of Kalman-filtering. In other
respects, however, their angle of attack is quite different from
the one of the present paper; instead of composing a micro-theory
from some conceptions of the evolution of the claim process, they

fit a model that, hopefully, is sufficiently flexible to reflect

the main features of the process.

12.3. Further references

Extensive surveys of works on claims reserving are given by

van Eeghen (1981) and Taylor (1983).
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13. Some final comments on the theory and suggested issues for

further study

A. One can easily think of circumstances that may influence
the IBNR-development in some lines of insurance and that have not
been taken into account in the basic model I-IV. This problem is
universal. A model is not an attempt to describe all features of a
phenomenon in their right proportions; modelling necessarily means
magnifying some features and leaving others out, and a good model
is one that magnifies the essentials and neglects the less impor-
tant details.

It is the intent of this section to indicate some possible
ways of extending the model I-IV to make it more realistic.
Throughout we must, however, keep in mind what has been emphasized
repeatedly in the previous discussions, that improved realism can
only be gained at the sacrifice of model parsimony, that is, by

increasing the number of parameters.

B. One obvious way of introducing more flexibility in the

basic model is to let the probability distribution 1 depend on

"3
claims and their pattern of development. (As was pointed out

, thus allowing for a dependence between the number and type of

already in item 8.4.B, this relaxation of our assumptions would not
change the structure of the moments of the de's in the unre-
stricted framework model. In other cases it may, however, compli-
cate matters a great deal.) A first attempt in this direction could
be to replace ETj by a random vector éj and, possibly, add some
assumptions about the moments, e.g. that the components Ajd are

independent and have expected values that are simple parametric

functions of d.
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C. The reader may have observed that there is a lack of sym-
metry in our presentation of the different cases; the unrestricted
framework model has been analysed only in conjunction with the
statistical basis consisting of the de's and not with the com-
plete records on numbers of claims and single claim amounts. It is
an issue for further studies to find a specification of the joint
distribution of Tj and Wj that yields a tractable analysis in
the latter case. We are here facing the old problem of credibility
for severity treated by Hewitt (1970), Jewell (1973), and Bihlmann
(1274), only more complex due to the inclusion of IBNR-effects.

As a first step one could consider the case where Tj and Wj
are independent. (In passing we note that this assumption would not
bring about any simplification of the parameter structure of the

§j s, given in paragraph 8.1.)
A pragmatic way of circumventing the severity problem in prac-
tice would be simply to employ the reserving formulas in section 8

based on the total claim amounts S deliberately sacrificing

ja !

the details of information contained in the K..'s and Y.

jd jak °°

D. We can, of course, not bring our discussions to a decent
conclusion without having commented on inflation, a pet sﬁbject of
people concerned with IBNR-problems.

It is the present author's firm opinion that, if it can be
avoided, inflationary effects should not be worked into the model.
When inflation can be reasonably well determined from exogeneous
sources, like index numbers of prices, then one should apply the
analyses presented above to the price adjusted quantities. In the
present context of claims reserving one would then, of course, have

to make a skilled guess concerning the future development of prices.



However, in some lines of insurance the level of claim costs
may develop more or less independently of general price indexes.
For instance, liability insurance claims may be subject to a spec-
ial inflationary effect caused by a trend towards more victim-ori-
ented Jjudicial decisions. In such cases it may be necessary to
model the mechanism of inflation and to estimate it endogeneously
from the claim statistics itself.

Assume now that only the individual claim amounts are affected
by inflation (in the liability insurance example one could imagine
that also the number of claims is shoved up by a changed court
ruling). A simple way of modelling inflation is to introduce a
price index wj : J3=1,2,... ; and assume that the deflated amounts

=Y j=1,2,... ; k=1,2,... ; are i.i.d. ~ G, ; d=0,...,D.

Yiak = Yyax/®5 7 d
Further simplification is attained by letting wj be described by
some simple parametric function of j, e.g. wj = w) or wj =

w'+ w"j. Then one can still estimate the distributions Gd and the

wj's by traditional methods for location/scale models.

Consider now reinsurance, where the de's are the only

observable claim statistics. Then the pj's will typically be
premium incomes, and it is reasonable to assume that they follow
the same pattern of inflation as the S..'s. More specifically, we

jd
assume that the deflated amounts S.. = S._/w. and o= /W,
ja = S3a/“34a Py = Py/u;

satisfy the framework model assumptions and thus have the moment

structure given in paragraph 8.1, with replaced by

Bd'Bde""
Bé,ﬁée,... , say. It is easily seen that in the case of exponential
growth of inflation, wj = wj, also the nominal quantities de and
pj will fit into the moment structure in paragraph 8.1; the price

indexes will be absorbed into the parameters f. In this case, there-

fore, we do not have to be much concerned with the inflation problem.
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Appendix

A.1. Relations between moments

Let X be a real random variable. Provided they exist, denote

by xh and by the noncentral and central moment of order h,
that is,
Xh = EX-h : h=1,2,... ;
h =
p"‘ = EX ’ l-‘lh = E(X_IJ') 7 h_213l“‘
By definition, Ay = B Furthermore, the moments up to third

order are related by the following identities, which are easily

verified:

Ny =yt MY (A.1)
Ny = Hg + 3u,p, ¢+ p% , (A.2)
by = Ay = K% ' (A.3)
By = Ay = 3 A, + 2x§ , (A.4)
T R 6x2x% - 3x?. (A.5)

A.2. Some properties of Poisson distributions

Assume that K ~ Po(<t), that is,

K -7
T e : k=0,1,...

I«-\

P(K=k) =

~

The h-th factorial of K is the'product K(h) = K(K-1)..

..(K-h+1); h=0,1,... The h-th factorial moment of K is
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© k
mx (M) = y x (1) T e "
k=0 :
_ Th E Tk-h e—T
Kl T&R)T
—— (A.6)

Assume that Y],Yz,... are i.i.d. ~ G and that they are
independent of K. The random variable

K
5= k£1Yk '
which is defined as 0O when K = 0, has a generalized Poisson

distribution, and we write S ~ g.Po(r1,G).

Assume that G possesses finite moments up to order 4, and put

ay = 7 [yPac(y) : h=1,2,3,4 . (A.7)

Then the first four moments of S exist and are given by

ES = aq , (n.8)
ES? = a% +oa, (A.9)
ES3 = a% + 3a]a2 + oas (A.10)
EsSt = a% + Ga%az + Ba% + 4a1a3 +oa, (A.11)
or, by use of (A.3)-(A.5) and (A.8)-(A.11),

var 8 = a, , (A.12)
E(S-ES)3 = a, , | (A.13)

3]
n
|
23]
n
=
Il

+ Ba% . (A.14)



To prove (A.11), write
K
ES* = E( ] Y, )"
k=1
= EE( ) Y, Y Y ¥ |K),
k,2,m,n
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where the latter sum ranges over all Xk,f,m,n between 1 and K. In

this sum there are K(4) terms of the form YkYthYn with k,2,m,

and n all different, (41/211!1!)K(3) terms of the form YkYXY%

with k,%, and m all different, (g)(g) = 3K(2) terms of the form
v2y2  with kif, 4k(2)  terms of the form v, ¥} with k#2, and K

terms of the form Y? . Thus, since the Y,'s are independent of K,

k k

ESt = E{K(4)E“Y + 6k 3E2y BY?2 + 3k(2) (Ev2)2 + 4k(2)EvEY? + K EY"*},

and by use of (A.6) we arrive at (A.11). The expressions in (A.8)-

(A.10) are obtained by similar arguments, only simpler.

Convolutions of generalized Poisson distributions are

generalized Poisson; if S]""’Sn are independent random
variables, and S; ~ g.Po(Ti,Gi); i=1,...,n; then
n y
y s, ~ g.Po(71,G),
. i
i=1
with ’ (A.15)
n n
T ='z Ty G = 1'1.2 T Gi
i=1] 1=1 )

A.3. Linear predictors and credibility formulas

Let M Dbe a real random variable and X a random column
vector of dimension n, both assumed to be square integrable.

Consider the class of inhomogeneous linear functions of X,

M = {ﬁ =rgo+g'§ P 9o€Ry gEBn, = and g gonstants}.

~



The element in M that minimizes E(l\\/fl—M)2 is

M = EM + Cov(M,X')(varX)~!(X-EX). (A.16)

For a proof of (A.16), see e.g. Norberg (1980).
If X is realvalued and M = E(X|E) for some random element

%, then (A.16) assumes the form of a credibility weighted mean,

M =X + (1-C)EX, (A.17)

where the credibility weight € is given by
¢ = Var E(X|E)/Var X.

For each i=1,...,I let Mi be a square integrable real
random variable and Mi its M-approximation defined by replacing
M by Mi in (A.17). By the linearity of the operators E and Cov,

it follows that the best M-approximation of M = % Mi is
i

M=3 M . (p.18)
i

A.4. Two results on matrices

A. Let A be a nonsingular nxn matrix. Decompose A and its

inverse into

11 12
A= , a~l = , (A.19)
21 22
Boy By A A

11

where A and are of order pxp (p<n). On inserting the

b
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right hand side expressions in (A.19) into the defining relation

gg‘l = I and multiplying blockwise, we easily obtain

11

Al =3y - a8, (A.20)
22 = - pzlp a1 , (A.21)
322 = (3, - By B2y (A.22)
al? - - 91‘1512322 . (A.23)

B. Let A be a nonsingular nxn matrix, D a pXxp matrix, and
B an nxp matrix. If §—1 has already been calculated and p is
much smaller than n, then the matrix (A + ggg')-], whenever it
exists, can conveniently be calculated by use of the classic

identity

(a + BB )™ =27 - a7'mp(z +B'aTED) 'BAT. (a.24)

In particular, when p

I
]
1]

|
o
=}
fon
>

is symmetric, (A.24)

reduces to

3 -7 =27 + (0 -pa'p) 2 ep'a
=2+ 0 -pa)ag,

with

a=23"p

For the sake of completeness, and in the absence of a suitable

reference, we prove (A.24). Put
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By definition, we have
(A + BDB')C =1,

which is equivalent to

¢ +a'mm'c =2, (r.26)

Premultiply in (A.26) by B' to get

B'C + B'A"!BDB'C = B'A

~ ~ ~ ~ ~ ~

or, equivalently,

B'Cc = (I + B'A‘lgg)'lg'é'l. (A.27)

~ O~

Substituting (A.27) back into (A.26), we arrive at (A.24). To

complete the proof, it remains to establish that the matrix

I+ B'A_1§Q is invertible if and only if A + BDB' 1is, which is

~ ~ ~~~

equivalent to asserting that their determinants vanish simultaneous-
ly. This follows by use of the identity |I + MN| = |I + NM| (see

e.g. Zellner, 1971, p.231), which gives |A + BDB'|

~~~

= |allz + a7 "BDB'| = |a||T + B'A”'BD

~~~




