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Abstract

In this paper combining the opinions of k experts about the reliabilities of n components
of a binary system is considered. Especially the case n = 2 is treated in detail. This
work generalizes papers by Huseby (1986, 1988) on the single component case. Since the
experts often share data, he argues that their assessments will typically be dependent
and that this difficulty cannot be handled without making judgements concerning the
underlying sources of information and to what extent these are available to each of the
experts. In the former paper the information available to the experts is modeled as a set of
observations Y, - -+, Y. These observations are then reconstructed as far as possible from
the information provided by the experts and used as a basis for the combined judgement.
This is called the retrospective approach. In the latter paper, the uncertain quantity
is modeled as a future observation, Y, from the same distribution as the Y¥;’s. This is
called the predictive approach. For the case, n > 1, where each expert is giving opinions
about more than one component, additional dependencies between the reliabilities of the
components come into play. This is for instance true if two or more components are of
similar type, are sharing a common environment or are exposed to common cause failures.
In the generalized retrospective approach the joint prior distribution of the reliabilities is
arrived at. When this is MTP, (Multivariate Totally Positive of Order 2), it is shown
that the machinary of Natvig and Eide (1987) can be applied to arrive at the posterior
distribution of system reliability, based on data both on the component and system level.
Hence a key question to be answered is the following. When does the joint prior distribution
of the reliabilities based on expert opinions in fact possess the MT P, property? A partial
answer to this question is given.

1. Introduction

Consider, for a fixed point of time, ¢, a binary system of n binary components. Let
(i=1,---,n):
1 if the ith component functions
Xi= .
0 otherwise,

i: (Xla"')Xn)a

1 if the system functions
X) =
(&) { 0 otherwise.
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Let furthermore:

E(Xi|pi) = pi = the reliability of the ith component,
E(é(X)|k) = h = the reliability of the system.

If we assume that Xj,---, X, are independent given p = (p1,-*,pn), we write:

h = E($(X)|p) = h(p)-

In Natvig and Eide (1987) it was assumed that the joint prior distribution of the reli-
abilities, before running any experiments on the component level, 7(p), can be written
as:

n
7(@) = [[ mps), (1.1)
=1
where 7;(p;) is the prior marginal distribution of p;, i.e. we assumed that the components
have independent prior reliabilities.

In this paper we assume that k experts will provide the information about the reliabilities
of the components. This work generalizes papers by Huseby (1986, 1988) on the single
component case. Since the experts often share data, he argues that their assessments
will typically be dependent and that this difficulty cannot be handled without making
judgements concerning the underlying sources of information and to what extent these
are available to each of the experts. In the former paper the information available to
the experts is modeled as a set of observations Yj,---,Y;n. These observations are then
reconstructed as far as possible from the information provided by the experts and used as a
basis for the combined judgement of a decision maker (DM). This is called the retrospective
approach. In the latter paper, the uncertain quantity is modeled as a future observation,
Y, from the same distribution as the Y;’s. This is called the predictive approach.

For the case, n > 1, where each expert is giving opinions about more than one component,
additional dependencies between the reliabilities of the components come into play. This
is for instance true if two or more components are of similar type, are sharing a common
environment or are exposed to common cause failures. In the case of X;,---,X, inde-
pendent given p, and the lifetimes being exponentially distributed with unknown failure
rates Aj,---,A,, this problem is considered by Lindley and Singpurwalla (1986). Then
obviously:
pi=exp(=At) i1=1,---,n.

In the latter paper the jth expert, j = 1,---, k, expresses his opinion about A; and hence
of p; in terms of a normal distribution for 8; = In);,7 = 1,---,n. He provides its mean
mj; and standard deviation s;; but also pjir being the personal correlation between 6; and
0r,j =1,---,k; i,r =1,---,n, ¢ # r. In addition the DM has to provide his personal
correlations between the mj;’s for fixed expert j and different components, for fixed com-
ponent ¢ and different experts and finally for both different experts and components. The
great drawback of this approach is the difficulty of assessing these correlations directly
without having an underlying model as in Huseby (1986, 1988).
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Lindley and Singpurwalla (1986) use an approximation technique suggested by Laplace,
which has been pointed out to be quite good by Tierney and Kadane (1984), to arrive at
the corresponding uncertainty in h(p) for a parallell system of independent components.
They claim that the results may easily be generalized to cover any coherent system of inde-
pendent components. This is not true since representing a coherent system of independent
components by a series-parallel structure introduces replicated components which of course
are dependent. For details see the excellent textbook Barlow and Proschan (1975).

In Section 2 and 3 of the present paper the case n = 2 is treated in detail. The generalized
predictive approach is treated in the former section. Here the uncertain quantities (Z;, Z;)
are the lifetimes of the two components. These are assumed to have a bivariate exponential
distribution. In the latter section the generalized retrospective approach is considered. For
the fixed point of time, t, let:

ri = Plonly the ith component functions],i = 1,2

r3 = P[both component functions).

Then obviously:
pp=ri+r3 ,p2=r2+r3. (1.2)

Based on expert opinions the joint prior distribution #(p;,p2) is arrived at.

In Section 4 it is shown, for general n, that when #(p) is MTP, (Multivariate Totally
Positive of Order 2), then the machinary of Natvig and Eide (1987) can be applied to arrive
at the posterior distribution of system reliability, based on data both an the component
and system level. Hence a key question to be answered is the following. When does 7(p)
based on expert opinions in fact possess the MTP; property? For the case treated in
Section 3 this is shown to be true for the non trivial case where either r; =0 or r, = 0.

2. The predictive approach

The deductions in this section follow the main lines of the example given in Section 3
of Huseby (1988). The jump from the univariate to the bivariate case, however, gives
sufficient obstacles to overcome. Let (Z;, Z;) be the lifetimes of the two components. The
DM specifies a set of vectors of nonnegative numbers:

Zs = (2110)2210: 2128, 2229, 2130’223l)$3. = 11' c,T.

He then asks the jth expert to describe his uncertainty about (Z;, Z;) by specifying a set
of vectors of probabilities:

Tjs = (lei’rj28a7rj3l)a3 =1,--,r

such that:
P(Z;1 > z1vsy 22 > 22vs) = Tjus,v =1,2,3;8=1,--- 1. (2.1)
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The DM then faces the problem of computing his posterior distribution for (Z;, Z;) given
ijuj =1,--,ks=1,--,r.

We assume that the DM assesses that given the hyperparameters 6,,6,,0s,(Z;, Z;) and the
imaginary observations (Z;;, Z2i),% = 1,---,m are mutually independent with a bivariate
exponential distribution of the Marshall-Olkin type, i.e.

P(21 > 21,27 > 22|01,02,03) = exp(—Olzl — 0329 — 9323),

where 23 = max(z;, z;). For details on the properties of this distribution we refer to Barlow
and Proschan (1975). Furthermore, we assume that the prior distributions of 6;,1 =1,2,3
both for the DM and the jth expert are independent gamma distributions with shape
parameter and scale parameter respectively equal to (ay, ) for the DM and (aji,bji) for
the jth expert, j = 1,---,k;1=1,2,3. In Huseby (1988) just a vague gamma distribution
with parameters close to zero is used as a prior for the single parameter 6.

As in the latter paper let By, B,---,Bx be disjoint subsets of the index set {1,---,m}
such that:

B°U31U"'UB"={1""””}'

It is then assessed that the jth expert has access to information on the (Z,;, Z;;)’s with
indices in the set A; = (BoJ B;j),j = 1,---,k. Thus By is the set of common information,
while the Bj’s are the sets of individual informations. As opposed to Huseby (1988) we
express the information as survivals of the two components beyond specific time points;
ie.

{Zyi > 215y 22i > z2i}, i=1,---,m,

instead of just observed lifetimes. This turns out to be at least mathematically advanta-
geous.

Introduce:

z3i = max(21i, 22i)

tii=> zi ,j=1,---,k1=1,2,3
i€A;
m

t1 = Zzu 1=1,2,3

=1




We now have by standard calculations involving Bayes theorem:

P((Zy > 21,22 > z)| n(zu > 214y Z2i > 22i)]

=1

c© o0 o0
/ / / P(Zl > Z],Z2 > 22191,92,03)
1=0 8,=0 63=0

3 u. a,-l

P[ﬂ(zn > 218, Z2i > 22-)|91,92,93]H )
=1

fI( b+t e
h+h+n

The constant k is determined by noting that z; = z; = 0 gives a joint survival probability
of 1. Similarly we get:

(2.2)

exp(—bi6:)d6,d6,d0;

P(Zy > 21,22 > 22)| [ | (Z1i > 216y Zai > 22:)]
1€A;j
(2.3)
=TI« bit +tit a0
bjt+tj+a

=1

Introducing z3,, = max(z1ys, 220s),v = 1,2,3;8 = 1,---,r, we get by combining (2.1) and
(2.3) the following r sets of 3 equations to determine, for fixed j = 1,-- -, k, the information
tj,1=1,23:

J’+tjl aji
” = Tjve, v=12,3;8=1,...,r 24
le+tJl + Zlva) ave ’ ( )

Note that for fixed s there is no guarantee that we end up by a unique solution to these 3
equations satisfying the obvious claim:

tj3 > max(tji,tj2) > min(tj1,t52) > 0 (2.5)

Furthermore, even if all of the r sets of equations give a unique, acceptable solution these
will in general be different. Ideally we should calculate a posterior distribution for t;;,1 =
1,2,3 based on the assessments 7;j,,,v = 1,2,3;8 = 1,---,r. However, as an approximation
we will at the present stage of research suggest as Huseby (1988) that one should base the
subsequent calculations for fixed j = 1,---,k and fixed | = 1,2,3 on the averages of t;i,
for the sets of equations having a unique, acceptable solution.

A general investigation into the set of equations (2.4), for instance by a computer program
performing algebraic manupulations, is outside the scope of the present paper. However,

5




the DM can design his experiment in a clever way leading both to easier assessments for
the experts and simpler calculations. For instance he can specify:

2, = (z.,Z., Z‘,O, 0’ Z,),S = 1,' *tyT (26)

leading to rather easy assessments in (2.1). Let us furthermore for simplicity assume that

the jth expert assesses:
a_,-;=a,-1, ,j=1,'-°,k;l=2,3 (2-7)

By introducing
zj=bji+tj

-1 .
Yjvs = (ija)a“ J=1,-- 'ak;v = 1,2,3;8 =1,.--,r,
and then suppressing the indices j and s, (2.4) reduces to:

212223 = y1(Z1 + 2)(z2 + 2)(z3 + 2)
T1T2T3 = y2($1 + 2)1‘2(23 + Z) (2.8)
717273 = y3zT1(Z2 + 2)(z3 + 2)

Disregarding unacceptable solutions involving either z; = 0,z; = 0 or both, the system
above is easily solved for the variables z;/(z; + z),! = 1,2,3. This leads to the following

solution:
I = ylz/(yS - yx)

T2 =Y Z/(yz -) (2.9)
z3 = y2y32/(y1 — Y2y3)

Hence we get (j =1,---,k;s=1,---,r):
-1 -1 -1

a.
o j1 - .
tj1 =71, Za/(”,sa 7";1: bjr

-l —1

tjz = “Jlo z'/("na - ,1. ) bjz (2.10)

..1 -1 -1
it _ %1 %1y _ g
tjz = 7rJ20 130 z‘( Ti1s — Tj24 753, ) bJ3

Let us give some comments on when (2.10) satisfies the claim (2.5) of being a set of
acceptable solutions.

A necessary condition for ¢j; to be nonnegative is that:
Tj3s = P(Z1 > 0,22 > 2,) 2 P(2y > 25,22 > 2,) = Tj1a,

which is always true. The same argument applies to tj;. Hence a necessary and sufficient
condition for min(t;;,%;2) to be nonnegative is that

-1 —1

;18 z‘/(wﬂ s — Jll ) 2> le)l = 1 2.
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A necessary condition for tj3 to be nonnegative is that:

Mj1e = P(Zl > 2.,22 > Z.) > P(Zl > Z.,Zz > O)P(Zl > 0, Zg > Z.)

= Ty20Ty3,

This is again always true if the expert’s assessments are consistent with the bivariate
exponential distribution. Sufficient conditions for having t;3 > max(tj,,t;;) are:

bj3 < min(b;ji, bj2) (2.11)
"";2‘1. < 7247534 MIn(7j2,, Xj3s)

Due to (2.7) the first of the conditions in (2.11) means that the jth expert assesses the prior
mean of 83 not less than the prior means of 6; and 6;. The latter condition is true if the
expert’s assessments of the 7;,,’s are consistent with the bivariate exponential distribution
having 63 < min(6,,6;), which in a way is the opposite condition. This makes sense since
if the first condition is true the expert is allowed to be consistent by breaking the second
one. If on the other hand the first one is not true, the expert is forced to be consistent by
satisfying the second one.

Assume now that we have found tj;,j = 1,---,k;1 = 1,2,3 for instance by taking averages
of the acceptable solutions to (2.10). Remember for the bivariate exponential distribution
that:

Zy; = min(V, Vi)

Z3; = min(V;, Vai),

where the Vj;’s are mutually independent and exponentially distributed with failure rates
0,,1=1,2,3;: =1,---,m. The final aim of the DM is to compute his posterior distribution
for (Z,,2,) given the information tj;,j = 1,:--,k;l = 1,2,3. When By = &, i.e. when
the experts share no common information, this information is sufficient. Let Tj;,; =
1,---,k;1 = 1,2,3 be mutually independent and exponentially distributed with failure
rates 6;. Then the DM calculates similar to (2.2):

E 3
P(Zy > 21,23 > z| n ﬂ(Tﬂ > t;1)]

J=1l=1

k
b+ Y ti

= H( kj=l )*

=1 b+ Y ti+a
/=1

k
This is nothing else than (2.2) since ) t;; are the calculations of t;,! = 1,2,3 based on
J=1

(2.10).




When By # D,tj,j = 1,--+,k;1 = 1,2,3 is not sufficient information to perform our
calculations. Let Tor,! = 1,2,3 be mutually independent and exponentially distributed
with failure rates 6;,! = 1,2,3 and also independent of the Tj’s. Let us now assume that
the k experts agree to specify their common information as:

3
n(TO’ > ¢1), where 0 < ¢ < tji,j =1,---,k1=1,2,3
=1

The DM now has to calculate:

k 3 3
P(Zy > 21,22 > A ﬂ n(Tol + T > tjz)n n(Tm > c:)]
=1

J=1l=1

co 0o
=k1 / / P(Zl >21,Zz >22|01,02,03)
0= =

2=0 63=0
o0 k 3 3
/ P[ﬂ n(TN + Tji > t1) ﬂ(Tol = v1), 61,62,63]
Jj=1l=1

€1 v2=C3 v3=cC3 =1

3 a;par—1
114 exp(—v,Gl)dvldvgdv;;Hb'I_,a' ) exp(—b:0;)d6,df;d6
=1 =1 (al

oo oo oo 3

=k17 7 / 7 / / ﬁHGzexp(—(vl+max(tﬂ—vz,O))Bl)dvldvgdm

6,=0 8,;=0 83=0 v1=cC, V2=C3 V3=Cs )=11=1

3 b;ne;n-l
11 T(ar) exp(—(bi + 21)8:)d61d62db;

=1

W] ] i

v1=cC; v2=C3 V3=C3 l=10,=0

k
exp(—(kvl + Z ma‘x(tﬂ - vy, 0) + bl + 21)94)d91dv1 dvzdv;;
Jj=1
3 ©°° k
=k H / [kvi + Z max(tji — v1,0) + b1 + zl]-(°‘+1)dv1
=1, =, Jj=1

Now for fixed | = 1,2,3 let tfj) be the ordered version of tji,j = 1,---,k. By letting
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tso) = c,,tsk“) = 00, the probability above equals:
(5)
3 kb1

k
=k][2. / (560 4+ b+ 21+ (i = Do~y

I=1i=1 ; y=1
In=lf'-‘) )

3 k
= ks [T tit + b+ 205 - e0)

=1 ;=1
w1 culimD) L R 40
s i-1 J -a;
+ ; -2+ ,-2.-:.1" +bi+ 2]
3 k 3
G-+ Y b+ ™)
j=i
3 k
=k [[{D _ta+b+ )@Y - a)
=1 j=1
1 k k+1 1 (i=l) k ()
+—=[[) tp+bi+z]""- _— -2t + 8 + b+ )"
al[)z___:l J ] ;(!—1)(1—2)[( )l jg;l { ] ]}

Hence we have shown that the DM’s final assessment now is given by:

P[Z1 > 21,27 > 22

E 3 3
n n(Toz + Tji > tji) n n(Tol > )=
j=1l=1

=1

3 k
H { z tii+ b+ 21]-(“'+1)(t§1) -a)

=1 =1
1 u —a 3 1 . i-1) : () —ay
+ 2tk bl - Y g 62T+ 3 W b 1}/

J=1
k+1
1

k k
: —(ai+1)(4(1) 1 : —ar _ i —o)l-D
{[,Z:; £+ b~ @D — ) + ” [[?=1 ti1 + bl .§=3: T 2)[( 2)li-1

k .
+ E ts")-}-b:]-“]}

Jj=i-—-1

3. The retrospective approach

The deductions in this section follow the main lines of the example given in Section 5 of
Huseby (1986). The jump from the univariate to the bivariate case is much easier than for
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the predictive approach treated in the previous section. Let r;,l = 1,2,3 and p;,i = 1,2
3

be defined as in (1.2). Alsolet r, =1— Y r;. As in Huseby (1986) we let the number of
=1

experts k be equal to 3.

Assume that the information on the two components is given by the imaginary observa-
tions:

(yihin’inl), t= 1’2,3'
The DM assesses that:

(Yi1, iz, yislri, 1 = 1,2,3) ~ Multinomial (ny;ry,r2,73), (3.1)
and mutually independent, ¢ = 1,2,3. The jth expert has access to the observations:
(yila Yi2, yi3),i5Aj = {1$21 3} - {J}$J = 1a2’3'

However, their assessments are noisy, so instead of observing the “correct” values of the
Yit's, the jth expert observes:

(zjilyzjiZ,zjiS)’ieAjaj = 1,2a 3.
The DM assumes that the jth expert assesses that:
(zji12ji2, zjis|ri, 1 = 1,2,3) ~ Multinomial (n;;ry,r2,73), (3.2)

and mutually independent, ieAj,j = 1,2,3. Finally, the DM assesses that the common
prior of the experts, go(r1,72,73), is a density function of a Dirichlet-distribution with
parameters close to zero.

Introduce the following notation (i = 1,2,3;; = 1,2,3;1=1,2,3,4):

3 3
Yia =14 — Eyl'l Zji4g = Nn§ — Z Zjil
=1 =1

my; = ng
i€A;j

th=) va/mj  zi= ) z/m;
ieA; i€A;j

Then it is a standard result that the updated distribution for the jth expert is given by:

gi(r1,r2,m3lzj1, 1= 1,2,3) (33)
~ Dirichlet (ry,72,73;mjzj1,mjzj2,mjzj3,m;zj4s)

The Bayes sufficient statistic of the data (yii),! =1,2,3;: = 1,2,3 is obviously:
S$= (31732733),
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3
where we define s; = ) yir,! = 1,2,3,4. Moreover, assume that the DM’s prior distri-
=1
bution for ry,r;, r3 is Dirichlet (ry,r2,73; @1, a2, a3, a4). It then follows that his updated
distribution is given by:
g(r1,72,73]8) ~ Dirichlet (r1,r2,73;0a1 + 81,02 + 52,03 + 33,4 + 34) (3.4)

It remains to compute the DM’s uncertainty about g after having observed the g;’s from
the experts given by (3.3), i.e. f(s|z) where:

z = (211, 212, 213, 221, 222, 223, 231, 232, 233)

To do this the DM must specify the distribution of z given:

y= (v11, Y12, Y13, Y21, Y22, Y23, Y31, Y32, ¥33)

and r,l = 1,2,3. We assume that the DM assesses that
z2; = (zjlazj2azj3) ] = 1,213

are mutually independent given y,r;,I = 1,2,3 and that in particular

fj(ijlﬂ; r,l= 1,2’3) (3 5)
~ Dinchlet (Zj1,2j2,2j3; /\jtjl + €, /\J‘tjg + e,/\jtja + €, /\jtj4 + E)

where €, A1, A2, A3 are positive numbers specified by the DM. As in Huseby (1986) to get
a better impression of this model, we set up the means, variances and covariances of this
distribution. For j = 1,2, 3 these are given by:

tii+e€/);
E(zjllz; T‘],l =1, 2a 3) = I‘ﬁﬁ’
1=1,2,3

(tji+€/2;)(A = tji + 3e/A;)
Ai(1+4€/7)2(1 + (4 +1)/X;)’

Va‘r(zjlly; r,l= 1’2’3) =

1=1,2,3

e ] — _ (it e/A)(tiv +€/A))
Covlein el 1= 1209 = SR S0 + et D7)
1=1,2,3;v=1,2,3,l#v

We observe that if Aj — oo, then

E(zjily;ri,1=1,2,3) = t
Var(zjly;r,1=1,2,3) = 0
Cov(zji, zjuly; 11,1 = 1,2,3) = 0.
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Hence the 2ji’s are consistent and asymptotically unbiased estimators for the tji’s as the
Aj’s increase. Especially, if € << Aj,j = 1,2,3 the bias is negligible. The term e is included
to ensure that the distribution f;(z;|y;ri,! = 1,2,3) exists for all possible values of the
t;i’s. Note that the distributions are independent of r,! = 1,2, 3.

In order to derive f(s|z), we first have to find f(y|z). This follows from Bayes’ theorem:
f(ylz) « f(zly)f(y) (3.6)

The first factor follows easily, since from (3.5):

f(zlz) = f(zlyir 1= 1,2,3)
4 A tiite—-1
i (3.7)
= Hr(,\, +4e)H F(A rp

J=1

Concerning the second factor, we obtain from (3.1):

1 1 1
f(y)=/ / /f(}il"x,"z,ra)f(rl,rz,ra)drxdrzd"a

ry=0r3=0r3=0

1 1 1 a1 is
/ / / I=In. 11 —l"(a1+ag +aa+a4)Hr( ‘)drldrgdr;, (3.8)
— l"(a, +az+a3+ 014) H F(sl + 0!) I'I
F(ni+ny+ns+antazt+astaq); .l T(a) v
By combining (3.7) and (3.8) we get from (3.6):
D(ay + az + a3 + ay) 2N (s + i)
) > R T metar tas st ) H T+ de )H 1 T(Aitat + e (an)yaa!
(3.8)
By denoting;:
Y, = {yls(y) = 2},
we get:
flslz) =) f(ylz) (3.9)
yeY,
Introducing
S = {s|0 < 83 + 52 + 83 < 0y + nz +n3},
from (3.4), (3.8) and (3.9) we finally end up with: -
g(rla r2, 7'3'5) = Z g(rl’ r2, Tslg)f(ng)
s (3.10)

x ZAA Dirichlet(ry,rz,r3;a1 + 81,02 + 82,03 + 83, a4 + 34),
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where
4

(a1 + a2 + a3 + a4) tate=1pcg, 4 a)
A, = PG+ 4
‘;‘ F(ny+na+ns+a1+az+az+ay )Hn (i + C)Hl‘(z\ it + )T (ar)yar!

Hence g(r1,r2,73|2z) is a weighted average of Dirichlet distributions.

The joint distribution of the DM’s assessment of the reliabilities of the two components,
given the opinions of the experts, is then from (1.2) and (3.10):

min(p1,p3)
7l’(p11P2I£) = / g(pl —Tr3,p2 — r3$r3l£)d7'3
rz3=0
min(p1,p3) (3.11)
(o ¢ Z B, / (Pl — r3)ax+u—-l(p2 _ ra)az+az-1rga+.a-1
r,=o - .

(1 =p1 —pz + 13)** T4~ 1dr3,

where
B,=AT(ni+n2+n3+a; +az+a +a)H—1—-——
s = Aal 2T N3 1 2 3 4 1 I‘(31+az)'
Introducing S =a;+ s — 1,1 =1,2,3,4, the integral above, I, can be written as:

min(py,p3)
I= / (P — )P (p2 — 2)P32P*(1 = p1 — po + 2)P4d
0
min(pl)pﬁ)ﬁl

5 (B )sic-arr 3 (5 )perproien

=0 =0

Ba

( )(1 1 — pg)"zﬂ""‘d:c
0

k=
- ﬁjj‘_jiﬁ () (%) (5 )steta - - par¥e- pypistneics

mn(Pl .Pz)
ghrHBatBs+Ba—(i+j+k) g,

0
Hence we have:

ﬂl 2 ﬁq
Ba
"(Plap li) X B
wgaEEE ()0 N
P1P2(1 —p1—p2) (_1)/31+ﬂ:-- J(mm(pl,pz))m+ﬂz+ﬂa+ﬂ4+1-(i+,‘+k)

[(Bi+ P2+ B3+ Ps+1—(i+5+k))
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4. The link to the paper Natvig and Eide (1987)

In this section we will try to link our work on using expert opinions to the approach
of Natvig and Eide (1987). We then start out with the joint prior distribution of the
reliabilities, 7(p), arrived at as in the previous section. Let us first consider the case of
independent components given p. Suppose that we run experiments on the component
level and get the data D = (D,,---,D,) where D; is the data from the experiment on the
ith component. Let 7(D|p) be the corresponding likelihood function. Hence the posterior
distribution of the reliabilities, (p|D), is given by:

_ _~(2lp)(p)
@) = T Dlpre)dp (1)

The corresponding distribution of system reliability = {h(p)|D} can in principle be arrived
at by using the transformation formula for joint probability distributions. The prior de-
pendencies between p;,- - -, p, are not creating too much extra trouble here. By now using
expert opinion on the system level, in the spirit of Huseby (1986), w{h(p)|2} may be
updated to the prior distribution of system reliability o {h(p)|2}. If we now finally run
an experiment on the system level and get the data D, we end up with the posterior
distribution of system reliability ={k(p|D, D}.

Let us next consider the case of associated components given p. Then from (4.1) the
marginal posterior distribution of p;, #(pi|D), is given by:

1o - LT 2Ip)n(R)d(i,p)

where (+;,p) = (P1,:**,Pi-1,"Pi+1,** *»Pn). This leads to the moments up till order m(: =
1""’n;j=1a""m): .
; J pl7(Dlp)7(p)dp
E(pl|D) = ~————"—="= 4.3
(p:1D) J =(Dlp)x(p)dp (4.3)

by for instance applying the mentioned approximation technique suggested by Laplace.
From (4.3) by applying results of Natvig and Eide (1987) we arrive at bounds on:

E(hJIQ) J=1,---,m, (44)
of =(h|D).

However, the best bounds in the latter paper are based on the assumption that p;,---,pn
are independent given D. Sufficient conditions for this are that the components have
independent prior reliabilities, which is unrealistic when the opinions of experts are used,
and that D,,---, D, are independent given p, which is reasonable if for instance different
laboratories are used for different components. From (4.4) one may adjust a proper 7(h|D),
which may be further updated to mo(h|D) and w(k|D, D) as in the case of independent

components.
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The rather good lower bounds of Theorem 2.7 of Natvig and Eide (1987) are valid also
under the weaker assumption that p;,---,p, are associated given D. From (4.1) and
a fundamental inequality given in Corollary 4.1 of Karlin and Rinott (1980) a sufficient
condition for this to be true is that x(D|p) and =(p) both are MT P, (Multivariate Totally

Positive of order 2) in p.

Note that a random vector (Z;,--,2,) is MTP; if and only if its density, f(z), is MTP,,
i.e. if:

fevy)fzAay) 2 f(z)f(),

where forz:(z;,---,zn),z= (yl,"',yn)

zVy = (max(z1,y1), -, max(zn, Yn))
z Ay = (min(z1,y),- -, min(zn, Ya)).

For the time being we have no idea of how the MTP, property can be converted into as-
sumptions on observable random quantities. In the case where Dy,---, D, are independent

given p, we have:

n
=(Dip) = [] =(Dilpi), (4.5)
=1
and it follows from Proposition 3.3 of Karlin and Rinott (1980) that x(D|p) is MTP;.
Hence a key question to be answered is the following. When does =(p) established by
using expert opinions in fact possess the MTP, property? According to Theorem 4.2 of
Karlin and Rinott (1980) this property is stronger than the property of association.

* For the case treated in Section 3 one may ask more specifically whether #(p;,p2|z) given
by (3.11) is MTP;. According to Proposition 3.2 and 3.3 of Karlin and Rinott (1980) a

sufficient condition for this to be true is that each of the functions (p; —r3),(p2 — r3) and
(1 =p1 —p2 +13) is MTP,. 1t is easy to check that the first two functions in fact are

MTP,, but, alas, the last one is not.

The best we can do at the present stage of research is to consider the non trivial, but
strongly dependent case, where r; = 0 with probability 1. Then it is rather easy to check

that (3.11) reduces to:
7(pr,p2lz) & ) Balpr — p2)p3° (1~ p1)*,
s

where a; = 0 in the expression for B,. It now follows from the latter proposition that
7((p1,p2|z) is MTP,. Of course the same holds when r; = 0 with probability 1.

Consider now a parallel system of the two components in the case r, = 0 with probability
1. Then: 2
h=E[1 - [ - X)) = EX, + EX; - EX; X,

=1

=p1r+p2—r3=p1
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Hence:
P1

x(hlz) = 7(p1z) = / *(p1, palz)dpz
0

1
o ZB_pp‘+p’+l(1 —p1)Ps /(1 — z)PrzPrdz
°

_ F(ﬂl + l)r(ﬁa + 1) ﬁx+ﬁ:+l B4
=2 B TR +Ps+2) T (-p)

Correspondingly for a series system in this case:

1

x(hlz) = n(palz) = / x(p1, p2l2)dp:

= ZBJ» / Z( )p,*"( ~P2 )'f} (’i‘)(—pl)"dpx

J)=0

< Br (B i+ 1 Bati _ _Bi+Pa+i+l
=ZB‘Z. (i)(z‘)(-l) Bitj—irifr P )

8. Conclusions

It seems that generalizing Sections 2 and 3 to the case n > 3 is more a matter of stamina
than of new ideas. Concerning the MTP, connection things are less obvious and new
ideas seem very welcome. A paper at least worth mentioning is Fahmy et al. (1982) being
interested in the influence of the sample on the posterior distribution.
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