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Preface

Abstract

In 1862, substituting for professor O. J. Broch, Ludvig Sylow gives the first lectures
ever given on the field of Galois theory in Norway, at the University of Christiania.
He lectures on, amongst other things, what he calls “reciproke ligninger” (reciprocal
equations), i.e. equations of the form

f(z) = 22"+ a2 a4 F a2 4 apa”

+ap 12"t FarP+az+1=0,

see [6, p.59-60]. It turns out that there are some interesting relations between the
solutions of these equations.

About one hundred and fifty years later, the Norwegian Julie Kjennerud, who
majored in mathematics at the University of Oslo in 1938 but later worked as uni-
versity lecturer in botany, puzzles with some notes she has and tells an old colleague
about them. She is then over 100 years old, but have discovered some interesting
polynomials, which she calls “koeffisient symmetriske polynomer” (coefficient sym-
metrical polynomials) and which have roots with certain properties[1]. They turn
out to be exactly the type of polynomials Sylow lectured about.

These polynomials and their roots is exactly the theme of this thesis: we shall
look into these special types of polynomials, calling them palindromic polyno-
mials. What can a polynomial’s coefficients possibly tell us about its roots? And
can certain connections between the roots help us calculate the polynomial’s Galois
group?

We will see how symmetry of the coefficient leads to special pairwise connec-
tions between the roots. Then we will use these connections to derive formulas for
finding roots of these polynomials up to and including degree nine.



Having developed these tools we will consider the Galois groups of the palin-
dromic polynomials, before we “upper our game” and consider polynomials which
are not precisely palindromic, and which we shall call semipalindromic polynomials.
Only some of their roots have the pairwise connection of the palindromic polyno-
mials’. How can we detect that a polynomial is semipalindromic, and what do the
Galois groups of the semipalindromic polynomials look like?
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Historical note

Before we start considering polynomials and their roots, let us take a second
to shortly review the history of solving equations, starring both the Norwe-
gian mathematician Niels Henrik Abel and the French genius Evariste Galois.

Finding the zeroes of different polynomials has been studied since the
Babylonian time, about 1600 BC. The quadratic-, or abc-formula, for finding
the roots of second degree polynomials is well known to most people. It is a
quick and easy way to find the two complex roots of a quadratic equation.
A little more tricky, and not so well known, is Cardano’s formula for finding
the three complex roots of a cubic polynomial. Still it exists and even a not
very advanced calculator will use it to find the solutions of these equations.
Actually, there is also an even more complicated formula for finding the roots
of a quartic equation.

Even though these two last formulas look rather horrendous, only basic
algebraic operations such as,

+7_a><7+7\/7\?’/7\zy7\5/7“'

and the coefficients of the polynomial are used to find expressions of its roots.

Some time (maybe even a very long time) after these formulas were de-
rived, at least one mathematician asked himself for how high degrees he could
find such expressions. The mathematician was the Norwegian Niels Henrik
Abel, and he would be the one to show that it’s impossible to find a formula
for calculating the roots of a general polynomial of degree five or higher,
using only algebraic operations. But it would take him some time even just
to realize that this was the case.

As a matter of fact, while Abel was still a student at “Katedralskolen”,
he actually thought he had found a formula for calculating the five complex
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roots of any quintic polynomial, and neither Abel nor any other Norwegian
mathematician could find any flaws in it. But after some time Abel himself
realized that this formula could not be correct for all polynomial fifth degree
equations. With time his belief that no such formula existed grew stronger
and stronger, but his suspicion was hard to prove. It turned out that the
Italian mathematician Paolo Ruffini had actually given a proof of this some
years earlier, which Abel did not know about at first, but was made aware of
later. Eventually he found flaws in both Ruffini’s and his own first attempted
proof.

But Abel succeeded at last! In 1823 he presented a proof to what is now
known as the Abel-Ruffini theorem: there is no general algebraic solution,
meaning solution in radicals, to equations of degree five or higher.

Actually, Abel proved that there are some polynomials which can not
be solved using radicals. What the proof doesn’t include are conditions for
saying which of the quintic (and higher degree) equations that are unsolvable
by radicals. An example of an equation which can not be solved by radicals
is 2° —x+1 = 0, while the equation 2° — 2* —x+1 = 0, which may look more
complicated, actually can be solved by an algebraic formula using radicals.
As he became interested in other fields of mathematics, e.g. elliptic curves,
Niels Henrik Abel never solved the question of which equations of degree five
or higher could not be solved by radicals. His life ended at a young age, and
his question was still unanswered.

Niels Henrik Abel was born on Finngy in Ryfylke in Norway the 5% of
August 1802. His father, Sgren Georg Abel, was vicar and a prominent man.
In 1804 Niels Henrik’s grandfather, the vicar at Gjerstad in Aust-Agder died,
and Sgren Georg moved here with his family to fill the shoes of his dead fa-
ther. Niels Henrik grew up at Gjerstad with an older brother, three younger
brothers and one sister.

In 1815 he traveled to Christiania to attend “Katedralskolen”. As his
mathematics teacher was fired after beating a student to death, Bernt Michael
Holmboe became Abel’s new teacher. Holmboe was a different type of
teacher, giving his students independent tasks, challenging them mathemati-
cally. Holmboe and his challenging tasks were probably what triggered Abel’s
interest in mathematics. It has been said that without the influence of Bernt
Michael Holmboe, Abel would probably not have been the mathematician he
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was.

Even as a young student, Abel probably had more mathematical knowl-
edge than any other contemporary Norwegian. He had to study on his own.
After publishing an article in Magazin for Naturvidenskaberne in the spring
of 1823, some of the Norwegian professors understood that Abel needed to go
abroad to widen his knowledge, but lack of funds forced him stay in Christia-
nia. The same summer, though, he got the opportunity to go to Copenhagen.
Here he started his work on elliptic curves, which he would later become fa-
mous for. After this visit, Abel became even more eager to travel further,

and after writing a letter to the King he got funds to travel again the summer
of 1825.

In Berlin he met an engineer with
great interest in mathematics, Au-
gust Leopold Crelle. Crelle wanted
to publish a mathematical journal,
and in 1826 the first number of Jour-
nal fir die reine und angewandte
Mathematik (often called Crelle’s
Journal) was published. In his
first article for Crelle, Abel pub-
lished an expansion of the Abel-
Ruffini theorem. Abel would come
to publish most of his articles in
Crelle’s journal, which quickly gave
the magazine a reputation as the
Figure 1: Niels Henrik Abel. leading mathematical journal in Eu-

rope.

The summer of 1826 Abel finally reached the most important destination
of his trip, Paris, which was the greatest mathematical center at that time.
But his visit was a great disappointment. As he received no response on
his big Paris-thesis from the “Academy of Science” and felt more and more
unhappy in the city, Abel returned to Berlin in the beginning of 1827. In
May the same year he returned to Norway. Having caught tuberculosis in
Paris, he was already affected by the disease. Still he continued to work on
his big thesis on elliptic functions, and as he finished the paper he resumed
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his work on equations.

Being increasingly ill from his disease, Abel could not return to Christia-
nia after spending Christmas with his fiancee, Christine Kemp, at Froland
Verk in 1828. As he understood his life was coming to an end, Abel wrote
down a resumé of a proof of what is these days called “Abel’s addition theo-
rem”. The resumé was sent to Crelle. On the 6" of April 1829 Abel died in
poverty at Froland Verk, having left the world of mathematics a lot of new
and useful results and theories.

12 years after his death, in 1841 Abel’s Paris-thesis was published, and
it was also included in his collected work, which was published in 1881.

A couple of years after Abel presented the Abel-Ruffini theorem, the
young and promising student Evariste Galois wondered why the formulas
Abel had been looking for didn’t exist. His idea was to study the symmetries
of the solutions of polynomial equations. In 1846, long after his death, an
independent proof of Abel’s theorem, proved by Galois, was published. In
addition, Galois could describe which polynomials could, and which could
not, be solved using radicals.

The story about the young and promising Galois is unfortunately both
short and unsuccessful in many ways. Though Galois brought forth some
very important mathematics, most of it was never presented during his own
lifetime. There is little doubt that the loss of his potential, already at the
age of 20, was a great tragedy for the scientific world.

Evariste Galois was born in
France in 1811. As a young boy
he was home taught by his mother,
but as he was about to turn twelve,
he started the famous school Lycée
Louis-le-Grand in Paris. Being held
back by the headmaster from enter-
ing the advanced rhetoric class at
age fifteen, Galois was introduced
to mathematics - which would be-
come his life-long (although this was,
as already revealed, not long) fas-
cination. He lost interest for all
other subjects and focused almost

Figure 2: Evariste Galois at Lycée
Louis-le-Grand.
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entirely on the problems of mathe-
matics.

One of Galois’ teachers, Louis Paul Emilie Richard, published his first
paper, which was also his first sweep into what would become his new the-
ories about groups and fields. He wanted to show, by first introducing the
idea of a group, that to find the roots of certain polynomials, one would have
to create a special group for the polynomial and some of its properties would
determine whether or not the polynomial was solvable (meaning by radicals).
This group is now known as the “Galois group” of the polynomial.

As Galois continued his studies at the Lycée, Richard encouraged him to
submit two papers to the “Academy of Science”, but Galois never got recog-
nition for the work done in these papers.

Neither his academic nor his personal life treated Galois well. In 1829 his
father committed suicide, and only days after, Galois re-failed the exam to be
accepted to the Fcole Polytechnique, the greatest scientific college in France
at that time. His only option was then to attend the next best college, the
Ecole Préparatoire.

In February of 1830 the then 18 years old Galois again presented his ideas
to the “Academy of Science”, attempting to win the great mathematical honor
“the Grand Prize”. But again luck was against him, and the secretary died
before even reading his paper.

During his time at the Préparatoire Galois became interested in poli-
tics, making him involved in protests and discussions. Living in poverty and
serving time in prison due to political “battles”, made is life tough. July of
1831 was really not a good month for him. He moved into his own apart-
ment, breaking ties with his family. Again he was, due to leading a political
protest, arrested and sentenced to six months in prison. As he got ill during
his sentence, he got transferred to a hospital where he met a girl he fell head
over heels in love with. But she turned his love down, and he insulted her
somehow, which might have led to the notorious duel on the 31" of May
1832, ending his life the next day|2].

There is no historical agreement on the exact reason for the duel which



14 HISTORICAL NOTE

cost Evariste Galois his life. Some think it was a lovers” quarrel while others
believe it was political. History is not even clear on whom he fought or how
he got to the hospital, but the fact that he died from his injuries the next
day, not yet 21 years old, is certain.

Whomever Galois fought and for whatever reason, Galois seems to have
been pretty aware of and convinced of his impending death. The entire night
before the duel Galois sat up, finishing his mathematical memoirs, consist-
ing of a letter to Auguste Chevalier, outlining his ideas, and three attached
manuscripts. During the night he also wrote letters to his Republican friends.

Not until 1843 were Galois’ mathematical contributions published, we pic-
ture the first page of his memoirs on the next page. Joseph Liouville had re-
viewed the manuscripts Galois left behind, and declared them sound. Galois’
collected work turned out just some 60 pages, but it contains many important
ideas which have had consequences for nearly all branches of mathematics|3|.
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MEMOIRE
Sur les conditions de résolubilité des équations par radicaw.

——

Le Mimoire ci-joiot [*] cst extrait d'un ouvrage goe j"ai en 'honmeur
de présenter 4 I’Académie il ¥ a un an. Cet ouvrage n'ayant pas été
compris, les propositions qu'il renferme ayant &té révoquées en doute,
jai dit me contenter de donner, sous forme synthétique, les principes
généraux , et une senle application de ma théorie, Je supplie mes juges
de lire du moins avee attention ce peu de pages.

On trouvera ici une condition générale a laquelle satisfait toute
dguation soluble par radicause, et qui réciproquement assure leur réso-
lubilité. Om en fait Papplication seulement aux équations dont le degré
est un nombre premier. Voici le théoréme donné par notre analyse :

v Ionr qunne équation de deErL premier, qui o'a pas de diviscors
» commensurables, soit solable par radicaux , ilﬁmt et il s&.'llfﬁf que
s toutes les racines soient des fonctions rationnelles de deux quelcon-
» ques d'entre elles. »

Les autres applications de la théorie sont elles-mémes autant de
théories particuliéres. Elles nécessitent d'aillenrs emploi de la théorie
des nombres, et d'nun algorithme particulier : nous les réservons pour
one autre occasion. Elles sont en partie relatives aux équations modu-
laires de la théorie des fonctions elliptiques, que nous démontrons ne
pouvoir se résoudre par radicaunx.

Ce 1 janvier 1831,

E. Garnors,

_EE N

[*! I'a!'jugé W‘E]."Fﬂ'.ﬂﬂhlﬁ de placer en hete de ce Mémoire la préfice qn'on va lire, hics
que je aie trouvée biffie dans be monuoserir, A, G

Figure 3: The first page of Galois’ memoirs.

15
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Introduction

Although they both died at a young age, Abel and Galois left the world of
mathematics a lot of new ideas and theories. Both are perhaps most famous

for their work on the solvability of polynomial equations, but using different
methods.

To study the solvability of polynomials by radicals, Galois considered
permutations of their roots leaving the coefficient field fixed. The modern
approach is to study automorphisms determined by these permutations.

As mentioned earlier Galois first created what he called groups, and then
one special group, the Galois group, associated to a polynomial. In this
master thesis we are going to look at the Galois group of different types of
polynomials. Let us first introduce some of the theory and the main result
of Galois theory.

Definition 0.0.1. Let F' be a field with algebraic closure F. Let f(z) be a
polynomial in Fz]. A field E' C F is the splitting field of f over F if it
is the smallest subfield of F' containing F' and all the zeroes of f in F.

Definition 0.0.2. A polynomial P(z) over a field K is separable if roots
are distinct in an algebraic closure of K. The number of its distinct roots is
equal to its degree.

The splitting field of a polynomial is an important part of its Galois
theory. The next definition will also be quite useful as we start considering
polynomials:

Definition 0.0.3. A finite extension K of F is a finite normal extension
of F'if K is a separable splitting field over F'. A separable extension of a

17
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field F' is an algebraic field extention K O F such that for every a € K, the
minimal polynomial of a over F' is a separable polynomial.

Having introduced the notion of a splitting field, we can “finally” reveal
what this much spoken of Galois group is.

Definition 0.0.4. Let P(x) be a polynomial in F[z], F' a field, and assume
E with F C E C F is the splitting field of P over F. Then the Ga-
lois group, Gal(E/F), of P is the group of all automorphisms of F which
leaves F fixed. If F C E C F, we also say Gal(E/F) is the Galois group of E.

Galois theory has basically one main theorem. This is stated generally
for fields, which is also how we state it here, but before we do so, we need to
introduce one more definition.

Definition 0.0.5. Let {o;|i € I} be a collection of automorphisms of the
field E. Then the field Ey,, is the fixed field of {o;]i € I}. In our theorem
below this means e.g. that Kgak/g) is the fixed field of all the automor-
phisms in Gal(K/E).

We are now ready to state the main theorem of Galois theory [4, theorem
53.6, p.451]:

Theorem 0.0.6. Let K be a finite normal extension of the field F' and let
its Galois group be Gal(K/F). For a field E, where F C E C K, let \(E)
be the subgroup of Gal(K/F) which leaves E fized. Then X is a one-to-one
map of the set of all such intermediate fields E onto the set of all subgroups
of Gal(K/F). The following properties hold for \:

1. X(E) = Gdl(K/FE)

2. E = Kgak/e) = K\

3. For HC Ga(K/F), \(Ky)=H

4. The degree of K over E, [K : E] = |\N(E)| and the degree of E over

F,[E: F] = (Gal(K/F) : AFE)), the number of left cosets of A(E) in
Gal(K/F).
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5. E is a normal extension of F' if and only if \(E) is a normal subgroup
of Gal(K/F). When A(E) is a normal subgroup of Gal(K/F), then

GalE/F) ~ Gal(K/F)/Gal(K/E).
6. The diagram of subgroups of Gal(K/F') is the inverted diagram of in-
termediate fields of K over F.

As we will use it quite often, we state 5. also for fields Q C E C F', where
F is a finite normal extension of the field Q and Gal(F'/Q) is its Galois group:

5. E is a normal extension of Q if and only if N(E) is a normal subgroup

of Gal(F/Q). When A(E) is a normal subgroup of Gal(F/Q), then

Gal(E/Q) ~ Gal(F/Q)/Gal(F/E).

We are now ready to start our work on the Galois theory of some special
types of polynomials.
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Chapter 1

Palindromic polynomials

Definition 1.0.7. A polynomial P(x) € Q|x]
P(z) = ap2™ + ap 12" '+ ...+ a1r + ag
of degree n is said to be palindromic if a,,_; = a; for e =0,1,2, ..., n.

Example 1.0.8. Examples of palindromic polynomials are:

o 2 +2r+1
e 7t +1

o 413 + 21+ 4 &

1.1 Roots of palindromic polynomials

Since we are interested in finding the zeros of palindromic polynomials, we
might as well assume that a, (and thereby also ag, since the polynomial is
palindromic) is equal to 1, because if a,, # 1 we simply divide all coefficients
by a,,.

For simplicity we shall usually denote a palindromic polynomial with
coefficients in QQ as

P(z) = 2" + a "t agr" 4 4 agx® +agx + 1.

21



22 CHAPTER 1. PALINDROMIC POLYNOMIALS

Observation 1.1.1. Assume P has roots aq, s, ..., ay,, where some of the
roots may have multiplicity greater than 1. Then

Pz)=(zr—a)(x —ag) - (z — ap).
And because every monic palindromic polynomial has constant term 1, this
means
1= (—a1)(=as) - (—an) = (=1)" - 1z - - -

1
— = (="
(="
So for palindromic polynomials the product of the roots always equals (—1)",
where n s the degree of the polynomial.

— 10Oy =

Example 1.1.2. Consider the case n = 2. Since (—1)" = (=1)*> = 1 and
every second degree polynomial has two roots (which might be the same with
multiplicity 2), the roots are each other’s inverses. In other words: if we call
the roots oy and as, for a palindromic second degree polynomial we must
have

1

g = —.

aq
Let’s see that using the well known abc-formula gives us the same result:
A second degree palindromic polynomial looks like P(x) = 2% + bz + 1, and
the abc-formula gives

b+ —4 —b— B2 —4

Qg =

0‘1 2 2

If we now consider a4 and ail, we see that

b+ VP4 1 2 /-
-

—_— = (9.

alz—b+\/b2—4: 2

Which again shows that the two roots of a second degree palindromic poly-
nomial are each other’s inverses. )

aq

Example 1.1.3. Let n = 3 then if ay, ay, s are the roots of P(z) = 23 +
ar? + ax + 1, we have

a1 Q9 - (g = (—1)3 = —1.
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Further we see that for third degree palindromic polynomials o = —1 will
always be a root:

P(-1)= (-1 +a(-1)*+a(-1)+1=-1+a—a+1=0.
If we let @y = —1 we must have as - a3 =1, or az = a% In addition we have
Plz)=2+ar’ +ar+1=(x+1)(z — )z — as)
=2% + (1 — ag — a3)2® + (g - a3 — a3 — ag)x+

Qg - (3
=2+ (1—ay—a3)z® + (1 — a3 —ag)r + 1

(where we've used the fact that «; = —1 and ay - a3 = 1), so we see that
a=1—qay— as.

&

As in the example above with n = 3 we can deduce that for all odd n,

a palindromic polynomial of degree n has a = (—1) as a root (which might
have multiplicity greater than 1).

Proposition 1.1.4. If P(x) is a palindromic polynomial of odd degree n,
then (-1) is a root of P(x).

Proof. Let

P(z)=2" 4+ a12" ' + a2 + ... + a2’ + gz + 1
be a polynomial of odd degree, n = 2m + 1. If we evaluate P at x = —1, we
have

P(—1) = (=1)" 4+ ay(=1)" "+ ay(=1)" 2 + ...+ ag(—1)* + ay(—1) + 1
=(-1)+a-1+a-(-1)+..4a-14+a-(—-1)+1
=ay— Qs+ ... +ay—a

From this it seems all terms will cancel, but let us take a look to be sure this
is the case:
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Assume first that ¢ is even, say ¢ = 2k. Since P is palindromic we know
that a,_; = a;, and we see that evaluated at x = —1 we have

CLZ<—1)1 = a; - (—1)2k = Qa; 1 = Qa;.
But we also have that
n—i=2m+1-2k=2(m—k)+1

is odd, so
an,i(—l)"_i = ai(—l)”_i = Qa; (—1) = —Q;.

This shows that if ¢ is even, then n — i is odd, so evaluated at x = —1 the
sum a;x' + a;z"" cancel.

Now if we assume ¢ is odd, ¢ = 2k + 1, evaluated at x = —1 we have

a,(—l)’ = al(—l) = —Q;.

But then
n—i=2m+1—(2k+1)=2(m— k),
is even, so '
an,i(—l)”*’ = ai(—l)”*l = Q; - 1= a;,
which shows that also if 7 is odd the sum a;z" + a;2" " evaluated at z = —1
cancel.

Lastly we make sure no terms are left uncancelled. Since n is odd, P has
n + 1, which is even, terms. This means there is no “middle term” which is
not cancelled, and we have

P(-1)=—-14a—as+a3—as+..+as—az+ay—a; +1=0.
]

The next proposition, describing on more property of palindromic poly-
nomials, will turn out to be surprisingly useful in the following.

Proposition 1.1.5. A polynomial P(x) € Q[z]| of degree n is palindromic if

and only if
1
Plx)=a2"P(—).
@ =p(})
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Proof. = Assume first that P(x) is palindromic:
P(z) = 2" + aix" " 4 apx" "’ + .+ ap2” + apz + 1.

Then we have
1 1 n 1 n—1 1 n—2
T T T T
1\? 1
—+ Qo | — —+ a| — -+ 1
T T

=1+ax+ar?+ .. +ar" ?+a 2"+ 2" = P(x)

<= Now assume P(z) = 2" P(+), which means that
er(E) = () e B) )
P "l a,| — ) +an_1|— + ap_a| — + ...
x x x x
1\* 1
taz| - | +ai| =) tao
x T

= Gy + Ay '+ Ap_ox® + ..+ agr" a2+ agr™ = P(x).

Comparing coefficients we see that we must have a,,_; = a; for all 7, which
means P(z) is palindromic. O

Lemma 1.1.6. The product of two palindromic polynomials is a palindromic
polynomial. If both P(x) and Q(x) are palindromic polynomials and @Q is a

factor in P, the quotient R(x) = ggg

Proof. Let P(x) and Q(x) be two palindromic polynomials of degrees n and
m respectively. The product, R(z), of P and @) is a polynomial of degree
n+m, and we need to check that it is palindromic. According to proposition
1.1.5 it suffices to show that R(z) = 2"™™R(2).

We know that P(z) = 2"P (1) and that Q(z) = 2™Q(2), so

15 also palindromic.
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So we have R(z) = :E”erR(%) and hence the product of two palindromic
polynomials is palindromic.

Now let

assume n > m, and that () is a factor in P. Then

R = gl
_ x(n—m)i%)

Q)

1
ol
i

which shows that R(x) = ggzg is a palindromic polynomial of degree n —
m. [

The previous lemma turns out to be quite useful as we try to characterize
the roots of a palindromic polynomial. We will first use it to prove the
following;:

Lemma 1.1.7. Let P(z) be a palindromic polynomial. If o # £1 is a root
of P, then so is L, and their multiplicity is the same.

Proof. We first show that if a # 0 is a root of P, then so is é Since P is
palindromic P(z) = z"P(1), which means that if a # 0 is a root of P, then
Pla)=0 = a" P(é) =0 = P(é) =0,

£0

so < is a root of P as well®.
Now assume « # +1 is a root of multiplicity r, larger than the multiplic-
ity, s, of é Then

P(z) = (x — a)r(:c — i)s(az — o))" (1 — )™ (2 — )" (2= 1) (2 4-1)" T,

Note that since all palindromic polynomials hava constant term equal to 1, 0 is never
a root.
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where ay, ..., 1, (—1) are the rest of the roots of P with multiplicities
N1, .oy M, t,m_q respectively (where ¢ and n_; could be zero). Observing
that
(z—a)(z—1) =% - (a+ D)z +1
— (z—a)(z -1 = (a+ 1)z +1),

by lemma 1.1.6 (z — a)"(z — é)s is palindromic and hence so is

=(z—a) "(x —a)" (x — )™ -

(z — )" (x — ) (z + 1)" .

But now R(z) is a palindromic polynomial where o is a root even though X
isn’t. As we saw in the start of the proof, this can not be the case. Hence if
a # +1 is a root of P, then é is a root with the same multiplicity. O]

Before we state our theorem, we benefit from first stating, and proving,
one more lemma.

Lemma 1.1.8. If a =1 is a root of a palindromic polynomial, then it is of
even multiplicity.

Proof. We know from the lemma above that if o; # 41 is a root of P, then

5 is a root as well and it has the same multiplicity, n,. If we denote the

multiplicity of the root (—1) as n_; (might be 0) and the multiplicity of the
root 1 as r, we can rewrite P as

P(x)=(x—-1)"(z+1)"" <x2 — (al + ail)a: + 1)

<x2 — (am + ﬁ)x + 1) "

If we now assume the multiplicity of 1 is odd, say » = 2k + 1, k > 0, and note
that (z — 1) = 22 — 2z + 1 is palindromic, we see that

P(z) = (z — 1)*M (@ + 1) (a:2 — (oq + a%)x + 1>n1 _—_
(o 2o )
(z —1)

k n_
z—1)(2" =2z +1) (z+1) 1(1:2—<041+0%1>x+1>

(:L‘2 — (am + i)m + 1) m,

ni

ni
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where both (z? — 2z + 1)k, (x+1)"" and (x2 - (ozi + a%)x + 1>m are palin-
dromic for ¢ = 1, ..., m. This means the product of them is also palindromic,
so their product has 1 as constant term. But when multiplied with the last
factor (r — 1), of P, we see that the constant term changes to —1. Hence
P(z) can not be palindromic, which contradicts our assumption that the root
1 is of odd multiplicity. O

We are now ready to state and prove the following result:

Theorem 1.1.9. A polynomial P(x) € Q[z] is palindromic if and only if the
following two conditions are satisfied:

(1) 1 is a root of even multiplicity (possibly zero)
(2) if a # £1 is a root, then é is a root with the same multiplicity.

Also, if (—1) is a oot of a palindromic polynomial, the multiplicity is always
odd if the polynomial is of odd degree, and always even if the polynomial is
of even degree.

Proof. We start by proving our “if and only if” statement:
= (1) is lemma 1.1.8, and (2) is lemma 1.1.7.
<= We want to prove that if all roots not equal to £1 of a polynomial
P(z) € Q[z] come in inverse pairs, i.e. the fact that o; # £1 is a root
of multiplicity n; implies that also ai is a root of multiplicity n;, and the
multiplicity of the root 1 is even, then P is palindromic. If we let r and
s be the multiplicities of the roots 1 and —1 respectively (they might be
0) and ay, aLl,OZQ, a%, coey Qs % be the rest of the roots with multiplicities
N1, N1, No, Na, ..., N, Ny, Tespectively, we have
P) = (- 1) (z+1)° <x2 - <ozi + i):c + 1)’“
i=1

r_

By assumtion r is even, say r = 2k, k > 0, so the polynomial (z — 1)
(x—1)* = (22 — 2z + 1)k is palindromic by lemma 1.1.6. Both (z + 1)” and
the product [[", <x2 — (ai + a%)x + 1)ni are palindromic as well, which
means P(x) is a product of palindromic polynomial, so by lemma 1.1.6, P
must be palindromic as well.
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So we have proved our first statement and continue by proving the next;
that if (—1) is a root the multiplicity is always odd if the polynomial is of
odd degree, and always even if the polynomial is of even degree.

We know from the fundamental theorem of algebra (see e.g. [5, theorem
3.5.1]) that every polynomial of degree n has n complex roots, counted with
multiplicity. So if n is odd, any polynomial of degree n has an odd number
of roots. But from the result above we know that every other root than
(—1) comes in inverse pairs {c, £} with even multiplicity (the pair, since the
multiplicity of o and + is the same).

From the first statement we know that if 1 is a root it is of even multi-
plicity 2k where k could be 0. Now let 2n; be the multiplicity of the pair
of roots {ay, ail}, 2n5 be the multiplicity of the pair of roots {ao, aiz} and so
on, until the “last” roots {a,, ==} (r < n). Let the multiplicity of (—1) be

_1. Then the number of roots are

i=1 i=1

And since n is odd and both (23", n;) and 2k are even, we must have n_,

odd.

Now, in the case of an even degree polynomial, n would be even, so since
(2>77_, n;) and 2k are even, so must n_;.

]

Remark 1.1.10. Note that if o; and _- don t have the same multiplicity,
even though P(a;) = 0 — P<a—1> = O, P(z) need not be palindromic.

Just consider the example P(z) = (z —2)*(z — 3) = 2% — J2? + 62— 2. P(x)

is not palindromic, but if P(«a) = 0, then P(é) = 0 also.

1.1.1 Finding the roots

Knowing that all roots (other than possibly a = —1) of a palindromic poly-
nomial come in inverse pairs {cy;, = -}, where a; and L have the same mul-
tiplicity, will turn out to be very handy as we try to calculate the roots of



30 CHAPTER 1. PALINDROMIC POLYNOMIALS

palindromic polynomials of different degrees.

Let P(x) € Q[x] be a monic polynomial of degree n. As mentioned earlier
P has exactly n complex roots, counted with multiplicity. Let aq,as, ..., o,
be the roots of P. If we assume that all the roots are different, and that they
are the minimal number of elements we need to be able to express all the
roots of P(z) and that none of them are in @Q, then the splitting field of P
would be

Qaqy .y )
and the Galois group of P would be

Gal(Q(ay, ..., ) /Q)

which has order (at most) n!

As mentioned in the historical note, Niels Henrik Abel proved that one
can not find a formula for calculating roots of general polynomials of degree
five or higher. In fact, Galois showed that the solvability of its Galois group
determines whether or not a polynomial can be solved using radicals, as is
the case for 2", 3'4 and 4" degree “normal” polynomials. As we just saw,
these polynomials have Galois groups of order at most 2! = 4, 3! = 6 and
4! = 24 respectively. More importantly we have Gal(Q(aq, ..., a,,)/Q) ~ S,
and S, is solvable for all n < 4, but unsolvable for n > 5. Which means
we can find the roots of 2", 3" and 4" degree “normal” polynomials using
radicals.

But we’ve just seen that for palindromic polynomials, every root is the
inverse of another root. So if we need to extend Q with the root ay to have the
splitting field of a palindromic polynomial P(x) € Q[z], then this extension
also contains the root aik, so we get this root “for free”. This means that for a
palindromic polynomial of degree n with coefficients in Q, the splitting field
is an extension of Q with at most § elements if n is even, or "T’l if n is odd,

n—1

because (—1) is already in Q. If we assume that & or "5= of these roots are

different and algebraically independent, we see that the Galois group is

Gal(Q(a, ...an/2)/Q) or Gal(Q(av, ...apn-1)2)/Q)

which has order (at most) 4! or "T_ll, in the even and odd cases respectively.
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This means that there should be formulas for finding the roots of palin-
dromic polynomials of up to and including degree nine! Let’s figure out how
to do this:

We first consider the easiest case, n = 5. Since we know that (-1) is a
root, we simply divide our 5" degree polynomial by (z + 1) to find a 4%
degree polynomial of which we can find the roots, using the formula for roots
of a polynomial of degree 4.

We now consider the cases n = 6 and n = 7. In the case n = 7, (—1)
is a root, so we simply divide the polynomial by (z + 1). Since (z + 1)
is a palindromic polynomial, according to lemma 1.1.6 the quotient of a
palindromic polynomial of degree 7 and (x + 1) is a palindromic polynomial
of degree 6. Hence we only need to consider polynomials of degree 6.
Let
P(z) = 25 + a12° + aox* + as2® 4+ ap2® + ajx + 1

be our palindromic 6™ degree polynomials, where a;, as, as € Q.
This polynomial has six roots, which we denote ay, s, as, ail,
Then

1

and .
a9 as

If we define
1 1 1
fi=a1+—, Po=as+— and [3=a3+ —,
o1 &%) asg

we can rewrite our polynomial as

P(z) = (2* — fro + 1)(2? — Box + 1)(2* — Byz + 1)
= (2" — (B1 + B2)a® + (24 B1B2)a” — (B1 + fo)x + 1)(a” — Bzz + 1)
= 2% — (BL+ Ba + Bs)a° + (34 B1f2 + Bufs + Pafs)x’
— (261 4 282 + 283 + P1B2B3)2” + (3 + B1B2 + 5183 + P283)”
- (ﬁl + fo + B3)r + 1.
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Let

S1 = B+ B2 + s,
Sy = 182 + B1P3 + B233,
Sz = (15233

be the elementary symmetric polynomials in the three “variables” 31, £ and
[3. Then we have

51:—(11
522(12—3

53 = —das —231 = 2&1 — a3

This is a set of equations which we can solve; 31, B> and (3 are the three
solutions of the equation

1‘3—Sl$2+521'—8320
= 2% + a12% + (az — 3)x — (2a; — az) = 0.

And once we find (1, 52 and 33, we easily find «aq, as and ag by solving

1
fi=a;+ —

=4 Oélﬁl:Oéf‘i‘l
o? — Bia; +1 =0,

which is easy using the abc-formula.

The last case we consider is n = 8 and n = 9. It suffices to find the roots
of a 8 degree polynomial, since we know that (—1) is a root of every 91
degree palindromic polynomial. So let us consider the polynomial

P(x) = 2® + a10” + apa® 4 az2® + agr* + azz® + ao2® + a1w + 1.

Again we let the roots be aq, as, as, ay, ail, a%, ai?) and a%; If we now define
1 1 1 1
fr=a1+—, f=at+—, BB=az+—, [fi=a+—,
a7 (6] a3 [87)
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we have

P(z) = (2* = pro + 1) (27 — fox + 1) (2® — Bz + 1) (2* — Baz + 1)

=2 — (B1+ B2+ b5 + Ba)x”
+ (4+ B1B2 + BiBs + BrBa + BoPs + BoBa + B3P4)x°
— (361 + 3B2 + 303 + 384+ 515283 + 15284 + BrBsBa + B28564) 2
+ (6 + 28182 + 26185 + 26181 + 28285 + 28284 + 2854 + B1BofsBa)z?
— (381 + 3B2 + 383 + 384 + 518285 + P1B381 + B1BsBa + Ba3384)
+ (44 B1B2 4 BifBs + B1Bs + Pofls + Bofa + B3S4)a”
—(Br+ B2+ B+ Ba)r+1

e e e e N

In the same manner as above we now define

Sy = b1+ Ba+ B3+ B,

Sy = P1P2 + B1P3 + B1Ps + B2f3 + B2fa + B3bh,
Sz = B1233 + 15284 + 818364 + B25354,

Sy = P1525304,

and see that we then have

S1=—m

Sy =ay — 4

S3 = —35] —asz = 3a; — az

Si=a;—6—25 =a;—6—2(az —4) = a4 — 2ay + 2

Then By, B9, B3 and B4 are the solutions to the equation

xt — 812 + Sox? — Ssx + 5, =0
= 1' + a12® + (ay — 4)2® — (3ay — a3)x + (ag — 2a +2) = 0,

which can be solved, using radicals. Again we can easily solve
o — Bia; +1=0

to find aq, g, az and ay.
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Result 1.1.11.

In this box we summarize the methods derived above:
We let a; be the roots of P(z), and §; = «a; + ai If n is odd, di-
vide P by (z+1) to find a palindromic polynomial of even degree n—1.

n==6 (and 7):
P(z) = 2° + a12° + agz* + az2® + apz® + ayz + 1

to find By, fa, B3, solve

z? + a12° + (a — 3)x — (2a; — a3) = 0.
then solve a? — Bia;+1=0 to find the roots.
n =38 (and 9):

P(z) = 28 + 012" + agx® + asz® + ayz* + asz® + apr® + a1z + 1

to find Sy, Bs, B3, B4 solve

o+ a12° + (ap — 4)2® — (3a; — a3)z + (ag — 2a5 +2) = 0.

then solve a? — Bia; +1=0 to find the roots.

Example 1.1.12. As an example, let us consider the polynomial
P(z) = 2% — 92° + 82" — 92% + 82 — Ju + 1,

and find its zeroes, using the method derived above.
We see that in our example

a, = —%, as = 8 and az = —9,
which means that
S1=—a = %,
So=ay—3=5H

53:2611—(13:().
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So to find S, B2 and (3, we need to solve the equation
22— St 4+ Sox — S5 =0 = x3—gx2+5x:0

This gives us
51:0, ﬁ2:2andﬁgzg,

which means we have

=00 +1=0 = a; =i
a§—2a2+1:0 == ap =1
o —Sa3+1=0 = a3 =2

We can now conclude that

P = (o= i)a = Do —2) (= 1) (o= -}
=(z—i)(z—1)7°x— 2)(z+1i)(z —3).
s

Example 1.1.13. Let P(z) = 25— 22°+1. Again we use the method derived

above to find its zeroes.
We observe that a; = as = 0 and a3 = —g, which means

Slz—alzo
52:a2_3:_3

5’3:2(11—&3:—

DOt

This leads us to solving the equation
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1 3 3
&12\/§, 0422\3/5<—§—£Z>; 043—\3/5<——+£Z>7
N 1 o 1 1
4= 5= 5= ) g = —
V2 V2(-3- %) V24 + i)



Chapter 2

(zalois theory of palindromic
polynomials

As seen, the fact that a polynomial is palindromic at least halves the number
of elements of which we have to extend Q to have the splitting field of the
polynomial. Letting F' be the splitting field of the palindromic polynomial
P(z), we know that the Galois group of P(z), Gal(F'/Q), is the group of all
automorphisms ¢ : F' — F which leave QQ fixed. In fact, it turns out that
these are all the automorphisms which permutes the roots of P(x) which are
not in Q.

Now, we know that all the roots of P(z) come in “inverse pairs” (except for
possibly @ = —1, which is already in Q). Since all the elements of Gal(F/Q)
are group isomorphisms, we see that if ap = a% and ¢ € Gal(F/Q) is such
that ¢(c) = ag, we must also have ¢(asz) = ay, because

1>:¢<1>_1_

— = —=m
aq

oo =0() = o = o

In the calculations and discussions of this chapter, the following result
will turn out quite handy.

Lemma 2.0.14. The expression x™ + - can be written as a polynomial in

xn

T+ %, with coefficients in Q, for all n € N.

Proof. We prove the result using induction on n.

37
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For n =1 this is trivially true, since

()
r+-—=\(xz+—) .
T T

Assume now that the claim holds for all n up to n = k. In particular this
means that vi can find polynomials P_1(z + 1) and Py(z + 1) in Q [:U + i}

such that
Pk,1 $+E =X +,I‘k_1
and
1 1
P]C(Zt—i——) :l'k—f——k
T

Now, we have

which gives

1 1 1 1
4 =|lz+—-|P\lo+—-) —FPlo+—),
xk+1 x T x

which is a polynomial in x + % and coefficients in Q. n

With this in mind, let us now consider the Galois group of palindromic
polynomials. Since every palindromic polynomial of odd degree has (-1) as
a root, and (-1) is a rational number (which means it doesn’t add anything
to the Galois group), it suffices'to consider palindromic polynomials of even
degree 2n, where n is a natural number. Hence we explore the palindromic
polynomial

P(z) = 2* + a12®™ " + apr®™ % + .+ agr® +arw + 1,

by prop. 1.1.4 and lemma 1.1.6 it follows that a palindromic polynomial of odd degree
2n + 1 divided by (z + 1) is a palindromic polynomial of even degree 2n.
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and assume it has 2n distinct roots; aq, o%’ s, 6%2, ceey QU ai, none of which
n
belongs to Q. This means that

F= Q(alv Q, ..., an)

is the splitting field of P(z) over Q.
Consider the rational function
P(z) 2™+ a2 P+ a2 2+ .+ ax® +az + 1
" "

_ _ ag aq 1
="+ ax" Va4 .+

33"72 + xnfl xn

n 1 n—1 1 n—2 1
=v + —+a|x +—— ) talx +t =]t
x T x

1
+ An—1 (.CE + —) + a,.
x
P(x)

According to lemma 2.0.14 this means that we can write —=* as a polynomial
Qp (:U + %) with all coefficients in Q.
More general; if P(x) is a polynomial with coefficients in a field F, the

rational function Il(f ) has coefficients in E , and then by the construction in

lemma 2.0.14, we must also have Qp(x + %) € E[x + %]

Definition 2.0.15. If P(x) is a palindromic polynomial of degree 2n in E[z],
E a field, with roots oy, ai Qa, a%, ..., 0, 2=, we define the the x"-derived

1) ) !

polynomial of P, Qp (X + i), to be the polynomial obtained by dividing P

by 2" and rewriting it as a polynomial in F [x + %]

Proposition 2.0.16. « # 0 is a root of P(x) if and only if o + i is a root

Proof. = First assume P(a) = 0, where o # 0. Then we have
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<= Now assume Q) p (a + é) = 0, where e # 0. This means

P(z) = Qp(x+ i) -z

_ p<a>:QP(a+é)-an=o-a"=o.

2.1 The Galois group

It is now clear that if o is a root of a palindromic polynomial P(x), then
o+ é is a root of Qp (x + %) Continuing to consider

P(z) = 2" 4+ a12® '+ agx®™ 2 + . 4 ag2® + a1w + 1,

this means the splitting field of Qp is

1 1 1
E:@(a1+a—,a2+—,...,an+—).
1

&%) Qp

And since the coefficients of Qp lie in Q, E is a splitting field over Q. Ac-
cording to Galois theory, since E is a splitting field over Q, E is a finite
normal extension of Q. Furthermore, according to point 5. in the main

theorem of Galois theory, since E' is a normal extension of Q, Gal(F/F) is a
normal subgroup of Gal(F'/Q). Thus

Gal(E/Q) ~ Gal(F/Q)/Gal(F/E),
or equivalently the exactness of the short sequence
1 = Gal(F/E) — Gal(F/Q) — Gal(E/Q) — 1.

It’s trivial to see that £ C F', but we can even say something about the
degree of F' over E:

Proposition 2.1.1. F is of order 2™ over E, with m < n.
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Proof. Assume «; + a% is a root of @)p, such that

1
ﬁi:aiﬁ——‘EE

Q;

:af—ﬁiai—l—lzo.

This shows that a; € F' is the solution of a second degree equation with
coefficients in F, which means «; is quadratic over E. This holds for every
it =1,2,...,n. So each time we extend E by an element of F', we extend it
with an element of degree 2. We see that

1 1
E(ay) = Q(Oéh% + P ey Qi+ —)

2 Qp

1 1
E<061,062):@<O(1,0427053—|— 7'-'704n+ )
Q3 (6 7%

E(aq,...,a,) = Qag, e, ...,a) = F

Each time we extend E by an «;, as seen this element is quadratic over F, so
the degree increases by a factor 2, or it doesn’t increase at all since we can
not be sure that for example

1 1
E(ala"'7ail7ai7ai+l+ g ooy O+ — 7é
®it1 Qn

1 1
E al?"'7ai717%7a’i+l+ yoeey Oy + —

Q1 (079

(which means that F(ay, ..., ;) = F(a, ..., a;_1)). Hence we only know that
[F: E] =2™ where m < n. O

How many elements there are in Gal(F#/Q) is not that easy to “spot”. As
we have seen, not all automorphisms of F' which leaves Q fixed are included

in Gal(F/Q).

So to find out more about the number of elements in F', we try to consider
the Galois groups of the z"-derived polynomial Qp and Gal(F'/E). Hence,
by considering the two other Galois groups in our exact sequence

1 = Gal(F/E) — Gal(F/Q) — Gal(E/Q) — 1,



42 CHAPTER 2. GALOIS THEORY

we can find out more about the Galois group of F.
Let us first consider Gal(E/Q):

Gal(E/Q) is the group of all automorphisms of E which keeps Q fixed.
As we have seen these are all the automorphisms of F which permutes the
roots of @p. Since there are n roots, we have generically

Gal(E/Q) ~ S,.
So since |S,| = n!, we get

Gal(B/Q)| = n!

Next we consider Gal(F/E):

This is the group of all automorphisms of F' leaving F fixed, meaning
that for all 7 only the automorphisms of F' which send «; either to «; or ai

7

can be in Gal(F/E), because if it sends a; to either o; or -, j % i, then it
J
sends oy + ai to a; + ai not leaving F fixed.

)
J

When the “destination of” «; by an element ¢ € Gal(F'/E) is decided, so
is the destination of ail So there are n different o’s which can be sent to two
different values by ¢ € Gal(F'/E). Hence we must have

Gal(F/E)| = 2",

This provides us with enough information to say something about how
many elements are in Gal(F'/Q). As we have seen, due to Galois theory

we know that Gal(F/Q) is the quotient of Gal(F'/Q) with Gal(F/E), which
means that

|Gal(E/Q)| = |Gal(F/Q)|/|Gal(F/ E)]

= [Gal(F/Q)| = |Gal(F/E)| - |Gal(E/Q)]
— |Gal(F/Q)| = 2" - nl
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Assuming we need to extend Q with all the n different roots of P (not
including the inverse roots because they come “for free”) to have the splitting
field of P, we have now used Galois theory and appropriate splitting fields
to find a formula for the order of the Galois group of F' over Q. To see how
this actually looks for a general polynomial, we include an example.

Example 2.1.2. Let us consider these groups for a palindromic polynomial
of degree 4, meaning we let n = 2, so 2n = 4, and
P(x) = 2* + ax® + b2® + ax + 1.
Now suppose aq, all, s and a% are the roots of P, and that its splitting
field is
F = Q(Oél, C(Q).

We know from our arguments above that if F' is a maximal extension,
then
|Gal(F/Q)| =2"-n! =221 =4.2=38.

But what kind of elements are these?

For simplicity, let us rename our roots such that {a, ail, g, a%} =1{1,2,3,4}.
We see that if we e.g. send 1 +— 3 then we must send 2 — 4, so for example
the permutation (1,3,4,2) € S, is not in Gal(F/Q). We're left with these
elements:

e Order 0: {e}
e Order 2: {(12), (34), (12)(34), (13)(24), (14)(23)}
e Order 3: none

e Order 4: {(1324), (1423)}

This is a non-commutative group, just note that if A = (34) and k =
(13)(24), both in Gal(F/Q), then

hk = (34) - (13)(24) = (1423)

while
kh = (13)(24) - (34) = (1324),
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so hk # kh.

Up to isomorphism there are only two non-commutative groups of order
8, the dihedral group of 8 elements, D4, and the quaternion group, Qs. It
should not be too hard to see that we have

Gal(F/Q) ~ Dy,
but we include a geometrical explanation:

Dy, the dihedral group of eight elements, is often associated with the
symmetries of the square. If we let our roots {1, 2, 3,4} represent the corners
of a square like this,

we can represent each of our automorphism with a symmetry of the
square. Let us first consider rotating the square to the right:

D "N " " W Y'Y

(1324) (12)(34) (1423)

Figure 2.1: Rotating once, twice and three times to the right. The automor-
phism the rotations corresponds to is written inside the squares.
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Next the square can be reflectet around one of the diagonals, and then

first reflected and then rotated:

<

4

2

B

™
™
~
~

(13)(24)"

Figure 2.2: Again the permutation corresponding to the symmetry is written

inside the squares.

The last two symmetries consist of (the first) reflecting around the other
diagonal, then (the second) first reflecting then rotating:

S

£

L=
s
e
s
/
/
s (14)(23) .
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The last automorphism is the identity, simply leaving the edges fixed:

1 3

Hopefully this gives, for those who were doubtfull, greater consensus that we
in fact have

Gal(F/Q) ~ Dy.

We also want to consider the Galois group of the z2-derived polynomial
of P, Qp(x + %) Let us first compute Qp(x + %)

9 a 1
— =T tar+b+ -+
r T

= (x2+%>+a(a¢+1)+b
T T
2
= (x+l) —2+a(x+l>+b
xz T
2
:>Qp($—l—l) = (ZB—Fl) —l—a<x+l>—l—(b—2).
T x T

We know that the roots of QQp are oy + a% and ag + 0%2, so let us assume? the
splitting field of Qp is

1 1
p=a(a+ Lawe ),
a1

&%)

which we have seen is a splitting field over @ (in this example it is easy to
see that the coefficients of Q)p (x + %) are in Q).

2The reason we need to, time and time again, assume something about the splitting
fields of these polynomials is because even though there is no relation between «; and

ay (since the splitting field of P is Q(aq,a2)), we could have (@(al + a%,ozg + a%) =
Q(oq + a%), and by assuming the splitting field is (@(m + a%, s + a%) we avoid this.
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Now we can consider both Gal(F/E) and Gal(E/Q):
Gal(E/Q) is the group of all automorphisms of E that leaves Q fixed. This
means that the only automorphisms we can have in Gal(E /Q) are the iden-

tity map and the automorphism which sends a1 + =~ to az + - and vice
versa. Hence the order of Gal(F/Q), |Gal(£/Q)], is 2 as we have already
seen, in the previous theory, that it should be.

Gal(F'/E) is the set of automorphisms of ' which leaves F fixed, so this
means we can either send «; to «; or a— for + = 1,2. This leaves us, as we
have already discussed, with |Gal(F/FE)| = 2% = 4.

We have the exact sequence

1 — Gal(F/E) — Gal(F/Q) — Gal(E/Q) — 1,

and as we have seen, this means that Gal(F/FE) is a normal subgroup of
Gal(F/Q) ~ D,. If we note that

Gal(F/E) = {e, (12), (34), (12)(34)}.
it is easy® to see that we must have
Gal(F/E) ~ Zg X ZQ - D4.

The elements of the Galois group of F' is simply a composition of one
clement from Gal(E£/Q) and one element from Gal(F/E). Let us look at an
example. Let the permutation (1423) € Gal(F/Q), which means

1 1
o = — = — = O — 7.
(6] aq
If we first lift this to Gal(E/Q) it is equal to sending oy + a% to as + a%,
and since we see no difference in o + a% and a% + ay, this is equal to (1324),

which means . )
a1 Qg = — S — o
651 (%)

On the other hand, in Gal(F/E), Where we need to keep ag + O%l and

@y + - fixed, this equals the map a; — - and az — —-, i.e. the permuta-
tion (12)(34)

3Let one of the Zy’s be {e, (12)} and the other one {e, (34)}



48 CHAPTER 2. GALOIS THEORY

Hence the permutation (1423) in Gal(F/Q) is equal to the product
(1423) = (12)(34) - (1324).
[ )

We can exploit the fact that any palindromic polynomial can be “turned
into” a polynomial of half the degree in x + % to find formulas for the roots
of palindromic polynomials of low degrees. Let’s have a look.

Example 2.1.3. We want to find a formula for calculating the roots of a
palindromic polynomial of degree 4.

Assume P(x) = 2% + az® + ba? + az + 1. As we have seen we can find
a polynomial @, (ac + %) such that if o + & is a root of (),, then « is a root
of P. In the case P(r) = z* + az® + bx® + ax + 1, we find (as we've already
seen in example 2.1.2)

P 1
Qz) = =w2+ax+b+g+—2
x T

= Qp(eri) = (x+é)2—2+a<x+i>+b
= (x+§)2+a<x+i>+(b—2)

For simplicity we let y = x + 91?7 and see that we can solve

Qpr(y) =y +ay+(b—-2)=0 = 3> = —ay —b+2

by using the abc-formula:

—a++va2—4b+8

Y= 5

So

1
rT+—=y = 2*—yr+1=0
x
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and hence
y£Vy?—4
=Y
2

—a:l:\/a2—4b+8:|:\/a2¢a\/a2—4b+8—2b+4—8
2 2

xr =
2
a  va*—4b+38 1
r=——= + a? F vVa* — 4a2b + 8a% — 2b — 4
4 4 WoAARi
We have now found a formula for the four roots of P(x). L]

Remark 2.1.4. As we saw in the last example we have

—a £ +va?—4b+8
2
IR —at+va®—4b+38
x - =
v 2
— oz1+ail:—%+%\/a2—4b—|—8anda2+aiz:—%—%\/a2—4b—|—8.

y:
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Chapter 3

Characterization of a
polynomial’s roots

We are interested in using the roots of polynomials to consider the properties
of their Galois groups. But finding roots of polynomials can be both hard
and time consuming. Luckily, to find the Galois group of a polynomial we
can be satisfied just knowing certain connections between its roots. We both
have and can construct tools for finding different kind of connections, which
is exactly the aim of this chapter.

3.1 The usual discriminant of polynomials

The discriminant of a polynomial is one tool for giving us some information
about the roots of the polynomial.

Definition 3.1.1. If we have a polynomial
P(z) = ap2™ + ap12™ '+ ...+ a1r + ag

the discriminant of P is given by

A =qg?? H(ai — ;)%

i<j
where a1, ao, ..., a, are the n roots of P.

ol
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It’s not difficult to see that the discriminant of a polynomial is 0 if and
only if at least one of the roots has multiplicity more than 1. This, as men-
tioned, gives us at least some kind of information about the roots. Could
it perhaps be useful for us to create other types of discriminants to tell us
something different about the relations of some of the roots? We will look
into this question a bit later, but let us first have a closer look at our current
discriminant.

The formula for the discriminant actually gives us a homogeneous poly-
nomial of degree 2(n — 1) in the coeflicients of P. Let us have a look at the
two easiest examples to illustrate this:

Example 3.1.2. Let n = 2, so P(z) = ax?® 4+ bx + ¢, and assume «; and ay
are its roots. This gives us

A =a**?(a; — ay)?

=a*(af — 20105 + Ad).
Now we also know that

P(z) = a(z — a1)(x — ap) = az? — a(ay + ag)x + acya
— b= —a(ag + az) and ¢ = acjay
= b? = a*(a? + 20100 + 03).

This means that

A= CLQCY% —2d%a a9 + azag =b? — 4alaqa = b — 4dac.
Note that this is a polynomial of degree 2(n — 1) = 2(2 — 1) = 2 in the
coefficients of P, like stated above. We recognize this expression from the
abc-formula, as the term under the square root sign. This means that P has

two different real roots if A > 0, one real root of multiplicity 2 if A =0 and
two complex roots if A < 0. &

Example 3.1.3. Doing similar calculation we find that letting n = 3, the
discriminant of P(z) = az® + bx? + cx + d is

A = b?? — dac® — 4b3d — 27a*d* + 18abcd.
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We note that this is a polynomial of degree 2(n — 1) = 2(3 — 1) = 4 in the
coefficients of P. &

As seen, the discriminant of a polynomial is 0 if and only if at least one
of the roots has multiplicity more than 1. But could we somehow use the
discriminant to see if, for example, a polynomial has a root of multiplicity at
least three?

Let us first have a look at the easiest case. We let n = 3 such that

P(z) =2 +b2® + cx +d

and assume A = 0. Can we tell, using the coefficients of P if the root a has
multiplicity 2 or 37

Let us assume P only has one root, «, of multiplicity 3. Then we know

P(z) = (z — a)® = 2* — 3ax® + 3o’z — o®
— b= -3a, c=30% d=-d
— =90 =3¢, b’ =-27a=27d, & =270%=27d

If we now define three subdiscriminants,

A = b*— 3¢
AQ = b3 — 27d
Ay = —27d,

for P we have
A1:O, AQZO, A3:O

We can now rewrite the discriminant using these subdiscriminants (recall
that we assume a = 1).

A =bc® — 4c® — 4b*d — 27°d? + 18bed
02(b2 3¢) — ¢ —4b’d + d(b* — 27d) — b°d + 18bcd
= (b* —3¢) — & +d(b* — 27d) — 5b°d — 6bd(b* — 3¢) + 6b°d
= (¢ = 6bd) (b* — 3¢) + d(b* — 27d) + b*d — ¢*
= (¢ = 6bd) Ay + dAy + bPd — &
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Recognizing that
b'd - =d(b* —27d) — (¢* — 27d*) = dAy — As,
we have
A = (2 = 6bd) Ay + dAy + b*d — &
= (02 — 6bd)A1 + dAQ + dAQ — Ag
= (¢ = 6bd) Ay + 2dAy — Ay

We have now found a new expression for the discriminant, using the subdis-
criminants A, Ay and Az. And we know that if and only if all these three
are 0, then P has one root of multiplicity 3.

3.2 The palindromic discriminant

To obtain more information about various polynomials we can create different
types of discriminants. Let us consider one discriminant which will be zero
for all palindromic polynomials.

Definition 3.2.1. We define the palindromic discriminant, A,, of a polyno-

mial as .
A = 2n—n = — .
P H (a Q; )

i#]

Let us see what this discriminant looks like for a 2°¢ degree polynomial:

Example 3.2.2. Let P(x) = az? 4+ bz + ¢ have roots oy and ap. Then
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where Sy is the second symmetric elementary polynomial in the two “vari-
ables” o and aw, i.e. S5 = ajas = <, which means
a

A — a2(c_cz_1)2 _ a(c—a)Q.

p =

ISHISY

c

&

Clearly A, is zero for all palindromic polynomials, but it’s important to
note that there are other polynomials also satisfying this. Recall e.g. the
non-palindromic polynomial P(z) = (z — 2)(z — 2)(z — 3), which gives

A= (- HE-He-H=o

Remark 3.2.3. We could of course also create different discriminants for
detecting other pairwise connections of roots. If we e.g. are looking for

. . o aa;+b _ az+tb
connections like a; = card where ¢(2) = #1, we could construct the
discriminant
A = 22 aoj; +b
¢ = Qp Q; — )
coj +d

i#]
for detecting this.

3.3 Changing bases

The following may seem misplaced, but we will soon make use of it.

A basis for a vector space, V', of dimension n is a sequence of n vectors
(v1, ..., V) such that every vector in V' can be uniquely expressed as a linear
combination of these vectors. If we express our vector space using another

basis, (v, ...,v)), we can always create a transformation which transforms the

74
representation of a vector with respect to the first basis to a representation
with respect to the other. A transformation like this is called a change of

basis.

Example 3.3.1. We’re not interested in complicated changes of bases. Ac-
tually all we need is to understand what a change of basis over Q is. The
easiest is the map

o) =2—n neQ.
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If we e.g. consider the polynomial P(x) = 22? — 3z + 5 in Q[z], we see that

P(¢(z)) = 2(x —n)*> = 3(x —n) +5
:2(x2—2nx+n2) —3r+3n+5
= 22" — (2n+ 3)z + (2n* + 3n +5)

which is also a polynomial in Q[z]. &

How can we say something more about the Galois group of a polynomial
if we don’t know what its roots are? As we have seen we may sometimes
exploit the properties of the coefficients (if the polynomial is palindromic)
and we can use discriminants to identify if at least two of our roots satisfy
a given “connection”. But we may also say something in general about the
Galois group of a polynomial if it can be written as another polynomial just
by using a change of basis over Q. If we know more about the Galois group
of the polynomial we can “turn” our original polynomial into, we know more
about the Galois group of the original polynomial as well, due to the following
lemma:

Lemma 3.3.2. If R(z) € Q[z] is a polynomial of degree n which we can
rewrite as the polynomial P(x) € Qx| of degree n, using a change of basis
over Q, then R and P have the same splitting field.

Proof. Let ¢(z) be a function making a change of basis over Q, such that we
may assume R(z) = P(¢(x)). We know that

Plx)=(z—a)(z—ag) ... (x — ap)

where aq, g, ..., a,, are the n roots of P. If not all, or none, of these are in
Q, the splitting field, F', of P is larger than Q;

F= @(ﬁl?ﬁ% "'767“)7

where the (;’s are the elements of which we need to extend Q.
Now we have

R(z) = P(o(x)) = (¢(x) — ar)(d(x) — az) - .. (d(2) — )

and since ¢ is a change of basis over Q, we see that the splitting field of R
must be the same as the splitting field of P. m
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Let us have a look at two simple examples:

Example 3.3.3. Let P(x) = 2° 4+ 22+ 5 and let ¢,(x) = x —n with n € Q.
If we now denote R, (z) = P(¢(x)) = P(x —n) we see that

Ru(z) = (x —n)*+2(x—n)+5
=2+ (2-2n)z+ (n® +5 — 2n),

which gives us:

R 5(z) = 2° + 6z + 13
R_(z) =2 + 4z + 8
Ry= P(x) =2 +22+5
Ry(z) = 2% +4
Ro(z) =2 — 22 +5
Ry(r) = 2° — 4z + 8
Ry(x) = 2° — 62 + 13

We can easily find the roots of these polynomials, and if we do, we see that
the splitting field in any case is

F =Q().
&
Example 3.3.4. Let P(x) = ® — 3%+ 122 — 10 and let again ¢,(z) =x—n
with n € Q. Then if R, (x) = P(¢(x)) = P(x — n) we see that
Ru(z) = (x —n)® = 3(x —n)* + 12(x — n) — 10
= 2° — 3na® + 3n’x — n® — 32® + 6nz — 3n® + 122 — 12n — 10
= 2% — (3n +3)z” + (3n® + 6n + 12)x — (n® + 3n® + 12n + 10),
which gives
Ry(z)=2"—(=3+4+3)2+ (3 -6+ 12)z — (=143 — 12+ 10)
=2’ +9
Ro(7) = P(z) = 2* — 32° 4+ 120 — 10
Ri(z) =2 — (3+3)2* + 3+ 6+ 12)x — (1 + 3+ 12+ 10)
= 2* — 62 + 21z — 26.
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Further calculations give us:

Pz)=(r—1+4+3i)(z—1-3i)(x—1)
R_i(x) = (x — 3i)(z + 3i)
Ri(z) = (z — 24 3i)(z — 2 — 3i)(z — 2)

so all these polynomials have splitting field F' = Q(4), just as in the example
above. &

This technique could actually be quite useful if we can use it to “turn”
a non-palindromic polynomial in to a palindromic one. This would for ex-
ample make it a lot easier to compute the Galois group of non-palindromic
polynomials of degrees 5, 6, 7, 8 and 9. We include an example showing how
this can be useful:

Example 3.3.5. We consider the polynomial
P(z) = 2° 4 62° + & + 142° + $2° — 3z — 1.
Using the map ¢(x) = x — 1 we have

R(z) = P(¢(z)) = (x = 1)° +6(x — 1)° + F(x — 1)* + 14(z — 1)°+
(w )?=3(z—1)—1
2% — 62° — 202° + 1527 — 6z + 1 4 62° — 302" + 602°—
602 + 30z — 6 + Za* — 54a° + 81a” — bdw + & + 142’
420 + 42z — 14+ 22* =9z + 2 -3z +3 -1

_ .6 3.4 3.2
= 5T sr° + 1,

which is a palindromic polynomial. This means we can use the techniques
we developed earlier to find the roots of R and hence the splitting field of
(both R and) P.

Using the notation of result 1.1.11 we now have
a1:0,a3:—%anda3:(),
which means

Slz—CLl:O
SQZCLQ_B:_%_B:_
53:2a1—a3:().

N[©
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Hence (1, 2 and (5 are the three solutions of the equation

x3—0x2—gx—0:0

— x3—%x:0,

which gives us
Bi=0, 0y =5 and 3 = — 7.

So solving for the roots aq, as and ag, we find
o —Bar+1=a] -0 +1=0 = a; =i
03—52042+1=a§—%a2+1:0 = m =
a§—52013+1=a§—|—\/%a3+1:0 — agz—\/%.
So the roots of R are
0z1=i,ozgz\/Li,agz—%,a4:—i,a5:\/§anda6:—\/§
Writing

R(z) = (v =)z +3) (2 = v2) (2= &) (¢ + v2) (2 + &),
doing the same backwards gives us
P() = R(¢7' (@) = (r+ ) =)@ + 1) + ) (@ +1) = V2) (@ +1) = F5)
(@+1)+v2) (e + 1)+ %)
—(@—(i-)—(=i-D) (- (vV2-1)) (e~ (& 1))
(= (2 )= (1)

Showing that the splitting field of both P and R is Q(v/2,7). And knowing
this, we could say more about the Galois groups of these polynomials. &

Before we leave the topic of changing bases to find the splitting field of
polynomials, the next question could be useful:

Question 3.3.6. Given a monic polynomial of degree two, P(z) = x*+bx +
¢ € Q[z], with roots oy and aw, we know that the discriminant of P is

Ap@) = (o1 — a2)”.
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Can we then find a palindromic polynomial of degree 2 with coefficients in
Q and discriminant equal to Ap,)?

Let’s try to find out what this palindromic polynomial would have to look
like. We know that a palindromic polynomial has constant term 1, so we can
assume

Q(z) =2* +Vx +1,

with roots o and é, so its discriminant is

This means that if we have Ag,) = Ap) =: A, we must have

1\ 2
A= (a — —) :
o
Let us have a closer look at it:

1\? ) 1
A=la—=] = A=a"-2+—
«

«
— o' = 2+ A)*+1=0

Solving this equation gives us

s 24+Ax\/(-2-A)2—4 2+AjE A2 + 4A
o = fr
2 2 4

It’s not easy to decide whether or not this gives an « such that we have
(a + é) € Q, which is what we need to have for the polynomial

Q(x)z(x—oz)(x—é) e (a—i—é)x—i—l

to have coefficients in Q. It is certainly not trivial to see that this is true for
all such a. If we can find one counter example, we're done.
Let us consider the polynomial

P(z) =2 — 102 + 16 = (z — 8)(z — 2).
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Then Ap(y) = (8 — 2)2 = 62 = 36. For a palindromic polynomial to have the
same discriminant, we have to have

2+ 36 /362 44 - 36
2 4

V144
=19+~ 0:19i6\/ﬁ.

This means

a:ivwi6/mzd4h0i23¢m+9
:iM<JEi3Y::HJEi3)

No matter which of these a’s we choose, we have
1
a+ — = +2v10,
o

which is an irrational number. So we conclude that there is no palindromic
polynomial with coefficients in Q and discriminant A = 36.

Hence we can not for every 2"¢ degree polynomial with coefficients in
Q, find a palindromic polynomial which has coefficients in Q and the same
discriminant.

3.4 The derived polynomials P® and P*

Let us now, before we explore more complicated Galois groups, consider one
way of detecting how many inverse pairs of roots a polynomial has.

Let P(z) = >." ja;x" € Q[z] be a monic polynomial of even degree
n = 2m, with roots aq, as, ..., a,,. Then we have

n

P(z) = H(x — ;)

=1

where the coefficients of P are the elementary symmetric polynomials, i.e.
a; = Sn—z’- Let

P¥(z) = H(:v — a;a;).

1<j



62 CHAPTER 3. CHARACTERIZATION OF ROOTS

Then the coefficients of P (z) are symmetrical polynomials in o, ..., a,, and
thereby polynomial functions in the coefficients of P(z).

Example 3.4.1. If n = 2, P®)(x) is a polynomial of degree 1, given by
PA(z) =2 — ajay = = — ay.

If n =4, P®(z) is a polynomial of degree 6, given by
P (z) = 2% — apa® + (aya3 — ag)z* — (af 4 ajao — 2asa0) 2+

(araz — ag)apr® — azair + ag.
For example, calculation of the coefficient of z* shows that it’s given by
Z (0718 718771878
{i<jt<{k<l}

where {i < j} < {k <1} means {i,j} # {k,l} ori = k and j < [. We can
split the index set

{i<jt<{k<l}}={i<j<k<liU{i<k<j<lPUli<k<l<ij}
Uli=k<j<liuli<j=k<liUuli<k<j=I}.
Meanwhile
4
ajaz — ag = (ZOIZ Z CYjOsz[j) — (X1 (g(X30¢y.
i=1 j<k<l

Those terms in the product which do not contain four different «;’s will be
indexed by

li=j<k<l}{j<i=k<l},{j<k<i=I}

while there will be 4 — 3 = 1 terms of the type {i < j < k < [}, and the
result follows. &

For degrees higher than n = 4, it may be both hard and time consuming
to calculate the polynomial P (z) in terms of the coefficients of P by hand,
but using a computer we would (more quickly) be able to find P®(z) for
polynomials of degree higher than 4 as well.
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What use can we then have of this “new” polynomial?
If we assume P has one inverse pair amongst its roots, which we could
detect by calculating A,, we must have

PP(1)=0.

But P® (1) = 0 means that 1 is a root of P?)(z), so dividing by = — 1 gives
a new polynomial. We now check again if 1 is a root in this new polynomial
and if it is, there is at least two inverse pairs amongst the roots of P. If we
keep on like this, we will eventually end up with

Result 3.4.2.
P(Q)(a:) =(zx—-1)" P (x)

where P*(x) is a polynomial in Q[z] with P*(1) # 0. Then the polynomial
we started out with, P(x), has m inverse pairs amongst its roots.

Remark 3.4.3. We note that the result holds because we have P®) (1) = 0

if and only if there is at least one i and j € {1,2,...,n} such that o; = ai

Finding the number m such that P®(z) = (x — 1)™ - P*(z) tells us nothing
about whether or not some of these m pairs are equal.
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Chapter 4

Semipalindromic polynomials

We have just found a way of calculating how many inverse pairs of roots a
given polynomial has. The higher the degree, the more difficult and time
consuming the calculations become, and the method only gives us informa-
tion about how many such pairs there are amongst the roots, it doesn’t tell
us anything about whether or not any of them are equal to each other or
whether or not they are in Q.

But if we could somehow find a way to know all these properties about
the roots of a general polynomial, P in Q[z] of degree n, what could we then
say about its Galois group?

Definition 4.0.4. Let P(z) be a polynomial of degree n in Q[z], with roots
a1, Qa, ..., . If P has at least one inverse pair of roots, i.e. for at least on

¢ there is one j such that o; = f, we say that P is a semipalindromic
J

polynomial of degree n in Q[x].

Let P(x) € Q[x] be a polynomial of degree n and let F' be its splitting
field. If we need to expand Q with all the n roots, ay, as, ..., a,, the splitting
field will be

F=Q(ayg,q,...,ay).

If we don’t have any dependencies amongst the roots, then
Gal(F/Q)| = n!
But what happens to the order of the group if some of the roots come in

65
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“inverse pairs”?

4.1 The Galois groups of semipalindromic poly-
nomials

Let P(z) be a semipalindromic polynomial of order n in Q[z]. First assume
it has exactly one “inverse pair” amongst its roots, and that the splitting
field is Q(ay, as, ay, ..., ;) (we order the roots such that ay = a%) Since

all the elements of Gal(F'/Q) are automorphisms, if we have an element ¢ €
Gal(F/Q) such that ¢(a;) = a; then we must also have ¢(as) = ¢(o%) = ai,
But ai is a root of P if and only if ¢ = 1 or 2. This means that all elements
of the Galois group must map «; to either a; or ap. And which of these two,
aq and am, a7 is sent to, determines which root as is sent to.

This means we only have two options for which roots the automorphisms
of Gal(F/Q) can send o to; namely a; and as. And then oy must be sent
to the inverse root. Further we have n — 2 options for which roots a3 can be

sent to, which leaves n — 3 options for a4 and so on. This means
|Gal(F/Q)|=2-1-(n—2)-(n—=3)-...-(n—(n—2))- (n—(n—1)) =2-(n—2)!

Realizing the fact that a root which is one part of an “inverse pair” can
only be sent to another root which is also a part of such a pair can help us
say something more general about the order of the Galois group of semipalin-
dromic polynomials:

Proposition 4.1.1. Assume P(x) € Q[z] is of degree n and that we can
detect exactly m inverse pairs amongst its roots. Assume also that if we

1 1
order the roots as oy, = o (8,0 = oo Qo Qo = , omat,

212, -y Qn, the splitting field of P(x) is

A2m—1

F = @(Oél, A3, ..., Xom—1, Xomt1, Xom42,y -+, Oén).

Then we have

|Gal(F/Q)| = 2™ - m! (n — 2m)!
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Proof. Since there are 2m roots which are one part of an inverse pair of roots,
we can send the root a; to 2m different roots (including itself). Then the
“destination” of g = ail is already decided, so we only have one option for
the “destination” of this root. Now one pair of inverse roots is “used”, so as
can be sent to 2m — 2 different roots. This leaves 2m — 4 options for as, and
so on. The first root which is not a part of such a pair can then be sent to
n — 2m different roots, the next n — (2m + 1) and so on. This gives

|Gal(F/Q)| = 2m(2m — 2)(2m — 4)(2m — 6)...(2m — (2m — 2))-
(n—2m)(n — (2m+1))...1
=2m-2(m—1)-2(m—2)-2(m—3)-...- (n —2m)!

=2-2-2-...-2-ml(n—2m)!
—_—

=2".m! (n—2m)!

Let P(zx) be an irreducible polynomial of degree n in Q[x], with m pairs
of inverse roots. Then we know that

P(x):(w_&l)(x_o%)(m_%)(m_a%)"'(":_O‘m)(x—i>

(T — am1) (T — Qpg2) -+ (T — Q)

1 1 1
where aq, 2=, 2, o=, o, Qm, 55 Qs Cnt2, oo, O are the n roots of P.

This means we can write

P(z) = (2*" + a2 4+ az® 7 + L+ aer® + agz + 1) Ry_on(2),

S/

-~

=Q(x)

where the first part is a palindromic polynomial, Q(x), of degree 2m and the
rest is a polynomial of degree n — 2m. Note that since P was irreducible in
Q, these polynomials are not (at least not both) in Q[z].
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We want to consider the rational function

=Q(x)

A\

-~

ﬁ( ) P(x) (xgm + a2 b a0 4+ asx? + agr + 1)
) = = :

™ rm
}%n—in(x)
a9 1 aq 1

_ m m—1 m—2 — -
= <a: + a1z + asx + ...+ g + a:m) Ry _om(x)

1 1 1
= <x"b+—;;;-+»a1(x”%+l+—;;glf> +—a2<x”HQ-+»;;;I§> + ...

+ am) - Ryy_om ().

As we have seen earlier this means that P can be written as the product
of the x™-derived polynomial of @) (the palindromic part of P), by obuse of
notation we shall call it Qp (oc + %), of degree m in x + % and the polynomial
R, o, in z, ie.

P(m, x + %) = Qp(:v + i)Rn_gm(x).
So the roots of P are O‘1+o%v 042+O%, e am+$, Qi 1y +es Qn—m, Which gives
P the splitting field
M= Q(Oﬂ + QLI,O@ + o+ ﬁ)am—l—l: "~7an—m>-

ag’

But as we have seen, the coefficients of P are not (at least not all) rational
numbers. To have an exact sequence as we have seen earlier we need to detect
which field M is a splitting field over.

We start by considering an example:

Example 4.1.2. Let P(z) = 25 + a;2° + agz® + azz® + a42® + aszz +
ag be a polynomial with roots aq, 0%,062, %2,043,044 and splitting field F' =
Q(ai, g, a3, ) (n = 6,m = 2). We have

x —a1)<x - a%)(:c— 042)(:6— a%)(x—ag)(x — y)

P(z) = (
:<x —<a1+0%1+0z2+0%2>x3+<a1a2+g—f+g—;+;+2>x2

ajan

- (oq + ail+a2+aig>:c+1> - (? = (a3 + aa)z + aso)
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W=
1

=a:2+—2—(a1+ai+a2+ai)(x+§)+a1a2+al+a2+ +2,
T 1 2

Q12

where Ry(x) = 2% — (a3 + a4)x+ azay. Recalling that 513'2—1-90—12 = (:L' + %)2—2,
gives us

Qpr(z+1) = (a:+%)2—<ozl~l—c%l~l—a1+a%>(w+ )+041042—|—a1+0‘2+

ajag”

By proposition 2.0.16, Qp has roots o + ail, Qg + a%
We want to consider the “polynomial”

P(:); T+ l) = ZEQQP(ZL‘ + 2)Ry(z),
which has roots z —|— = = + N and T = a3, 0y.

This means the sphttmg field of P(z,x + 1) is @(al + a—l, Qo + 0%2, as, a4>,
but in which field does the coefficients of this polynomial lie?

We know that for all polynomials the coefficients are elementary symmet-
ric polynomials of the roots. So since the coefficients of Ry(z) are 1, a3 + ay
and asay, we must have Ry(z) € Q(as,q). But are the coefficients of
Qp (x + %) also in Q(as, ay)? It turns out they are! Let’s have a look:

Recalling that we have P(x) = 2° + a12° + asx? + azx® + a42® + asx + ag
with roots oy, ail, s, aiz, as, ay, we can calculate the first two (excluding the
coefficient 1 of ) coefficients of P to be

m=o+ - +a+ L taztay
a9 = 2 + ajay + 103 + oy + [0 DYO R} —f- Qo + 043(1/4+
062 + 063 + Oé4 + 061 + 063 + Oé4 + alaQ

And as we have already seen the coefficient of (3: + 5) and the constant term
of Qp(z + 1) are (note that the coefficient of (z + %)2 is 1):
b= (14 +ar+ L)

andc-a1a2+°‘2+°‘1+ala2—2

I'Note that the new expression for P shows that asas € Q.
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We want to show that both b and ¢ are in Q(as, ay).
As we saw

— 1 1
ap =y + -+ ae+ -+ a3+ ay,
a9 = 2+ a10ig + 0rpog + ey oy + Qiaiy + iy + i3y +

Q2 | Q3 | Q4 4 Q1 | Q3 | Q4 1
a1+a1+a1+a2+a2+a2+a1a2’

which means these expressions are both in Q. Hence

a1:b+a3+a4
=54 b:al—&g—()é4€@(063,064)

az:c—l—a1a3+a1a4+a2—l—a3+a2a4+a3a4+Z_f_|_Z_411_|_Z_2_|_Z_;1_|_4
= c:a2—4—a30z4—(Oq-i—ag—i‘a%-l-a%)oq—<a1+a2+a%—|-a%>oz3

=ay — 4 —azay — (a1 — az — ay)(az + ay)
2 2
=ay —4 — agoy — ajoiz — a1y + 3oy + ag + ooy + azay + oy

2 2

=ay —4 —agoy + 20304 — a3 — aaq + a3+ o
N — 7/ N’ N =’ N ="
eQ € Q(a37a4) S Q(a37a4) € Q(ag,oc4) € Q(Oc3,oz4)

— C & Q(ag,()é4)

This result shows that P(x, x+ %) has coefficients in Q(as, ay), which means
M = Q(cxl + O%,ozg + 0%27063,054) is a splitting field over L := Q(ag, ay).
Then we know that M is a finite normal extension of L, and using Galois
theory again, this means Gal(F /M) is a normal subgroup of Gal(F/L), and

then
Gal(M/L) ~ Gal(F/L)/Gal(F/M),

which gives us an exact sequence
1 — Gal(F'/M) — Gal(F/L) — Gal(M/L) — 1.
)

Lemma 4.1.3. Let P(z) be an irreducible, monic polynomial of degree n in
Q[z]. Assume we can factor P as

P(z) = F(z) - G(x)
with G(z) € E[z] where E is a field E O Q. Then we also have F(z) € E[z].
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Proof. Assume P(x) = Y " ja;x', F(x) = >, _ biz" and G(x) = Y7, cia’,
where r + s = n and a, = b, = ¢5 = 1 (we could of course have b, = cs_l,
but this doesn’t change anything later) . If we let m be a rational number,
the element P(m) = F(m) - G(m) is also a rational number. Further, G(m)
is an element of £ O Q, which means that also F(m) = % isin E. We
want to show that for every i € {1,...,7},b; € F and we do it by induction.
We note first that

F(z) -Gz) = (2" + bz + o+ bix 4 by) (2° + o2 + o+ iz + )
= xr+s -+ (br,1 + 6871)1‘7“#»571 + ...+ bOCO
=2+ a, 12"+ ... +ag = P(x). (4.1.1)

From this we find
k+1

Qg1 = E bi - Cry1-i-
i=0

We are now ready to start our induction, wanting to show that for every
ke {0,1,..,r}, by isin E.

Consider the case k = 0. We know from equation (4.1.1) that bycy € Q,
say bpcog = t. Since F is a field, we have cal € F, and hence by =1 - cgl is in
E as well.

Now assume that the claim that by, by, bs, ..., by are in E holds. Then we
need to show that also by is in . But as we saw

k+1 k
Afy1 = g b+ Chg1—i = E bi + Cry1-i + bry1 - Co
=0 =0
k
= b1 = arp1 — g bi + Cry1-i
~~ i=0
€Q = €FE —
€E

= bpy1 € F,

where Zf:o b; - cxy1—; is in E because we assumed by, by, bo, ..., b are in E
and already know that all ¢; are in E. ]
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Proposition 4.1.4. Both polynomials Qp (.21: + %) and Ry, _om(x) have coef-
ficients in Q(mi1, Va2 vy On_m), which means the field

_ 1 1 1
M = Q(Oél + o’ o + a0 Oy + am? Qg 1y -0y Oén,m>
is a splitting field over Q(m11, Qmi2y <oy ).

Proof. This follows almost immediately from the lemma above.
To make notation easier we rename the roots of P as

1
a1’ Aoma1y X2ma2y --ey Oy

aq, g = 0%170637064 = 0%3, vy Qo 1, Qi =
Recalling that the coefficients of all polynomials are symmetric polynomi-
als in its roots, since the roots of R, o, are qomii,...,n, Ry om(z) €
Q(a2m+1> ) O_/n)[{lj] ) @
Now, constructing the x™-derived polynomial ()p (x + %), we first split
P into two polynomials, the palindromic part, Q(x), and the “rest polyno-
mial”, R, o, (), see page 67. It follows from lemma 4.1.3 that the coeffi-
cients of Q(z) are also in Q(agm41, ..., ay)[z]. Further we know that when
dividing Q(z) by ™ and “turning it into” Qp(z+ 1) we do not change
the coefficients other than possibly by elements of Q. This means that
Qr(z+2) € Q(azms1, .., an)[x + 2]. Which means that the field M is a
splitting field over Q(aun+1, Mmt2y -y Mnim)-
O

The results above may at first eyesight seem a bit weird. Let us com-
pare? the first two coefficients (not including the ones of the highest terms,
since they’re 1) of the polynomials Qp (x + %) and P(z), which have roots
a1 + Q9,3 + ay, ..., Qa1 + Qo and aq, g, ..., oy, Tespectively, to see how
it can actually be true that we have Qp(x + %) € Q(aamity ) [x + i]
Computing the coefficients of P(x) using elementary symmetric polynomials

2using the notation from proposition 4.1.4
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in its roots, we have:

a1 = Z o =Qq +ag + ...+ ay

1<i<n
ay = Z ;0 = g + aqaz + ..+ aqay + aeag + .+ ooy, + azag +
1+<i<j<n
+ azo, + s + ..+ oy, + a5y, + asas .+ g,
+ ogoy + ...+ g0y, + .o+ 0y L+ oy,
+ Q201 + Q20 + Q100

ag = E (07107187”

1<i<j<k<n

ap = Qg - - - Oy

Since the roots of Qp(x—i- %) are 01 = a3 + Q9,0 = az + ayg, ..., B =
Qom_1 + Qi,,, denoting its coefficients b; for ¢« = 1, ..., m, the first coefficient
is given by

5122@22%2\0’5— Z Q5

1<i<m 1<i<2m <0 2m+1<i<n
———

€Q(2m+1,02m+2;--+,0n)

= b € @(a2m+1; Oom+t2, --.,Oén)
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And for the second

by = E BiB; = E (o + Oéz'+1)(04j + Oéj+1)
1+<i<j<2m 1<i<j<2m
,j odd

= ay — g —aq (Qmi1 + Qomgs + o + Q) —
——
=1
Q2(Qamy1 + Qomya + ... + Q) — Q30
~——
=1
— az(Qomi1 + Qomya + o+ ) —

a4(a2m+1 + Aom4-2 + ...+ Oén) — . E 7187
2m~+1<i<j<n

-~

€Q(2m+1,---an)

= a2 —M— ap (062m+1—|—062m+2+...+06n>+ Z Oé,L2 +
—— =~

J/

€Q €Q 2m+1<1<n
N _ N——’
NV
— 6@(0&2m+1,---0én) e@(a2m+17~--an)
E (07187
om1<i<j<n
-

~~
GQ(a2m+1 7~~~an)

— by € Q(agmi1, --.an).

Proposition 4.1.4 has great interest for us as we are going to consider the
Galois group of P. It shows that the field?

— 1 1
M = Q(al + ar’? ey Oy + am’ Omt-15 --‘aan—m>;

which is not (necessarily) a splitting field over Q, actually is a splitting field
over the field L = Q(n1, -..0n—m). And since F' is a splitting field over Q,
it is also a splitting field over M, which according to Galois theory gives us
the exact sequence

1 — Gal(F/M) — Gal(F/L) — Gal(M/L) — 1.

Let us consider what these groups look like and their orders:

3We’re back to our “usual” notation
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Gal(F'/M) is the group of all automorphisms of F' which leaves a; +
ar e QO $7 Qi1 ey O fixed. This means an element ¢ € Gal(F/M)
must send «; to either o; or ai for the first m i’s, and then keep the rest of

the roots fixed. Counting our (L)ptions this leaves us with
|Gal(F/M)| =2™.

Next we look at Gal(F'/L). These automorphisms need to keep all the
1

T00tS Qipy1, ..., Op—py fixed, but can, for i = 1,...,m, send «; to all a; or @
for j = 1,...,m (also j = 7). This gives 2m options for where to send ay,
and then 2m — 2 options for where to send s (remember it can’t be sent
to neither the same root as a; or that root’s inverse). This leaves 2m — 4
options for the image of a3, and so on, up to and including ¢ = m. This gives

us

|Gal(F/L)|=2m-(2m —2)-(2m —4)---2
mfac‘:(;“son

=2"-m(m—-1)(m—-2)---1

Since we have our exact sequence, we can now calculate the order of
Gal(M/L) to be

|Gal(M/L)| = |Gal(F/L)|/|Gal(F/M)| = 2™ - m!/2™ = ml,
but let us also check this by “counting” the automorphisms.

Gal(M/L) is the group of all automorphisms of F' which the permutes
o+ i’s fori =1,2,...,m, but leaves the n — 2m other roots of P fixed. This

means an element ¢ € Gal(M/L) can send o + O% to a; + - for m different
i’s (1,2,...,m). This leaves m — 1 options for qb(ozg + a%), m — 2 options for
gb(ozg + a%’), and so on, until there is only one option for gb(am + i) The

rest of the roots, the ones not part of an inverse pair, must be kept fixed,
which leaves us with

Gal(M/L)| =m-(m—1)---(m—2)---2-1-1---1=m,

m
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which is the same as we just saw.

Finally, let us consider an example, which turns out to be quite special,
using the theory just developed.

Example 4.1.5. Let P(z) = 25+a,2° +asz? +azr®+asx’+asr+ag with roots
oy, ail, Qa, a%v a3, o be as in example 4.1.2, where we saw that () p (x + %) had

coefficients in Q(as, ay). Hence M = Q(oq + ail, as + 0%2, as, a4> is a split-
ting field over L = Q(as, ay).

Then we have
P(z) = (r — aq) (x - a%) (x — a2)<a: - a%)(m —az)(x — ay)

- <$2— <a1+ail)x+1> <:172— (a2+§2>x+1)

(12 — (a3 + aq)x + a3a4).

If we assume that the polynomial P(x) is not palindromic, we must have
agay = ag # 1 € Q, because if agay = 1 then ag = a% and then all roots of
P are inverse pairs, so P would be palindromic. If we now define

. 1 - 1 o
=+, =+, vT=ata

and note that ag = azay,

we have

P(z) = ($2 - Bz + 1) (332 — Pox + 1) (332 — v+ a3a4)
= 2% — (B + Bo + a3 + au)2® + (ag + 2 + f1 + Paas + (b1 + B2)7)z*
— (B1B2y + (B1 + Ba)ag + 27)x* + (2a6 + 1 + B152a6 + (81 + B2)y)2?
— ((B1 + B2)as + )z + as,

which means

ay = —(Br + B2+ ), ag =2+ ag(1 + f152) + (61 + B2)7,
as = =2+ B1f2)y — (b1 + B2)as,  as =1+ as(2+ f152) + (51 + B2)7,
as = ag(B1 + B2) + .
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We know from our assumption that ag # 1 and that all the a;’s are in Q,
which means

—as + a1as = ag(B1 + B2) +v — ag(B1 + B2) — agy
= —a5+ ajas = (1 — ag)y
—as + a1a
— = T THT6 o Q.
1-— ag
And since ag = azay is rational as well, we must have
R(z) = 2° 4+ vz + a¢ € Qz],

which again means that Q(as, ay) = Q(a3)* is a splitting field over Q, so the
relation:

Q € Q(a3) € F = Q(ay, g, a3, ),
gives rise to the exact sequence

1 — Gal(F/Q(as)) — Gal(F/Q) — Gal(Q(a3)/Q) — 1.

Let’s see what the field Gal(Q(«3)/Q) looks like. This is the group of au-
tomorphisms permuting the roots a3 and ay, but keeping Q fixed. The only
possible automorphisms are then the identity map, and the map ¢, sending
a3 to ay, and vice versa, which shows that Gal(Q(«a3)/Q) ~ Z,.

Further we note that

Br+pPo=—ar—v = Bi+BcQ
and (2 + (162)y = —az — (B1 + Ba)as = —az + (a1 +7)ae

_a3+(a1—l—'y)a6_2 N /81/626@

= Bife =

which shows that also

Q(z) = (2* — Bro + 1) (2 — fox + 1)
=z — (B + Bo)2® + (24 BiBe)r” — (Br + Bo)z + 1

is an irreducible® polynomial in Qz].

4because oz +ou € Q
Srecall that we assumed neither root of P was in Q
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We see that taking in account our assumptions about the roots and coef-
ficients of P(z), it must be a reducible polynomial in Q[z]. But this means
that also Q(f1,32) = Q(1) and that this is actually also a splitting field
over Q. Hence we have an exact sequence

1 - Gal(F/Q(81)) — Cal(F/Q) — Gal(Q(8:)/Q) — 1.

And for the same reasons as for Gal(Q(as)/Q) we have Gal(Q(51)/Q) ~
L.
We now claim that:

Claim 4.1.6. Gal(F/@(Bl)) ~ ZQ X Z2 X ZQ.

Proof. This claim is not hard to prove. We first note that this is the set of
all automorphisms which permutes the roots of P, a, 0%7 s, a%, as, oy, but

keeps o + a% and oy + a% fixed. This means we can only send «; to itself or
its inverse. The same holds for ay. This means a3 can only be sent to itself
or ay, which determines the image of ay leaving only the option of the root
ag is not sent to (either a3 or ay). This means

Gal(F/Q(B)| =2-2-2-1=8,

which is the same as |Zy X Zg X Zs|.
If we rename our roots again, just like we did in example 2.1.2, as
{ai, O%,OZQ, O%,ozg,oq} ={1,2,3,4,5,6}, and let

ZV ={e,(12)}, ZY ={e.(34)}, ZY ={e, (56)}

we have

701 x 78 x 78 = {(e, e, €), (e, e, (56)), (e, (34), €), (e, (34), (56)),
((12),e,€), ((12), (34), ), ((12), ¢, (56)), ((12), (34), (56)) }

So we have Gal(F'/Q(f1)) =~ Zo X Zg X Zy. Our last claim is:

Claim 4.1.7. Gal(F/Q) ~ D4 X ZQ.
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Proof. We let the Zo be the set {e, (56)}. We know that when permuting the
roots of P while keeping Q fixed, we can not send a3 and ay to any other
roots than each other or themselves.

So we're basically left with Gal(Q(au, az)/Q) which by example 2.1.2 is
isomorphic to Dy. [

After detecting which groups our Galois groups are isomorphic to, we can
now rewrite the exact sequence as

1—>Z2XZQXZQ—>D4XZ2—>ZQ—>1.

To illustrate the elements of Gal(F/Q) we list them according to order:
e Order 0: {e}

o Order 2: {(12),(34),(56),(12)(34),(12)(34)(56),(13)(24),
(13)(24)(56),(14)(23),(14)(23)(56),(12)(56),(34)(56) }

o Order 4: {(1423), (1423)(56),(1324),(1324)(56)}
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If we consider these elements a bit further, we find that
Gal(F/Q) = (a,z,y | a = (1324),2 = (12),y = (56)),

which is just another way of showing that Gal(F'/Q) ~ D4 x Z,. To illustrate
the structure of the group we also include a figure of the cycle graph of
D4 X ZQ :

(12)(34)
_— /N T
(1423)(56)  (1423)  (1324) (1324)(56)

\\ //
(e)
T
. 7O~ (34)(56)
(12)(34)(5<§;)/®® W(M)(??))(%)
(13)(24) (13)(24)(56) (1) (3)

Figure 4.1: The cycle graph of Dy x Zs
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