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0. Introduction.

In the theory of transformation groups a most fundamental,
but in general quite difficult problem, is the classification of
the possible orbit structures for actions of a compact Lie group G
on a given space X. The well known P.A. Smith theory (as gene-
ralized by Borel, Conner, and others) gives beautiful results
‘when X 1is of the simplest topological type (e.g. acyclic,
cohomology sphere, cohomology projective space) and G is a torus
or a p-torus, Moreover, when G is a classical group, restric-
tion of the action to the maximél torus of G combined with
structural splitting theorems on the characteristic class level
for torus actions, result in nice regularity theorems for clas-
sical group actions on spaces of such simple topological type
(tH1)D.

It is our assertion that the time is ripe for applying more
sophisticated methods now available in algebraic topology and
equivariant cohomology theory in a more serious study of trans-
formation groups on certain spaces of more complicated topological
types. The most natural spaces to consider are various homo-
geneous spaces, which accomodate a rich variety of natural aétions°
In this paper we give the full proof for one starting theorem in
the field of large transformation groups on homogeneous spaces.

Our main result is:

Theorem 1,

Tet X = W, be the complex Stiefel manifold of (n-k)-

k
9 .
frames in complex n-space Gn, k>3n, and let G = SU(n).

Then any non-trivial, smooth action of G on X is conjugate



to the linear action.
(The "linear action" is the transitive action on Wﬁ’k induced
9

from the standard linear action of G on Gn).

If k = n-1, X 1is the sphere S2n'1, and the result is well
known (it is also an eaéy coﬁsequence of the geometric weight
system for the restriction of the action to the maximal torus
of G, ([H1])) . Fore more complicated spaces X, there is in
general not much hope of obtaining such complete structural in-
formation on the cohomology of torus actions; hence it is to be
expected that one must combine the partial cohomological infor-
mation available with strong use of subtler topological construc-
tions. The rather involved proof of Theorem 1 bears this expec-

tation out for the case under study.

In section 1 we use the explicit classification of homogeneous
spaces of SU(n) whose first Pontrjagin classes vanish and "local
characteristic class theory" for the G-space X +to study the.
possible orbit types for the action. It turns out that a few
possibilities for principal orbit types, notably SU(n)/Sp(r) and
SU(n)/c0(r) cannot be eliminated solely by local characteristic
class theory, and we clear up those cases in section 2., It is
worth to note that in the dimension range k>4n+1 the desired
reduction for the above two cases is an application of the result
of Allday-Halperin on the torus rank of a‘Space. In the limiting
case 3n<k<4n+1, however, a more delicate method, involving
the equivariant cohomology of the embedding of a minimal orbit
in X with respect to the action of different subtori of G is

called for. In section 3 we rely on the (global) cohomology theory
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of torus and p-torus actions to conclude that all isotropy
groups are connected, A consequence is that the orbit projec-
tion is a fibration. In section 4 we proceed to a more detailed
study of the orbit projection. An application of Steenrod
squares is sufficient to reach our final conclusion under certain
strong restrictions on n and k, ([{H1]), this result may be
somewhat improved by applying reduced p-powers, This is in a
sense dual to the use of cohomology operations in the section
problem for standard fibrations of complex Stiefel manifolds.
The elimination of the limiting cases SU(n)/SU(n-1) and
SU(n)/SU(kx+1) as possible principal orbit types, depend, how-
ever, on higher order cohomology operations; they are obtained
by reducing to known results on the fibre homotopy types of
complex Stiefel manifolds,

We note that most of the methods of this paper are also
relevant for other homogeneous spaces., Clearly they yield much
information for Stiefel manifolds also outside the dimension
restriction ’k:>%n. This restriction is used, however, in the
proof of Theorem 1; the striking simplicity of this result and
the wide dimension range still covered, justifies it at present.

With some modifications (real Stiefel manifolds are products
of spheres in sPeéial dimensions), similar results can be proved
for real and quaternionic Stiefel manifolds. We have chosen to
work out the details of the complex case here, in particular the

orbit exclusion problem of section 2 appears only for that case,



Notations.

We let 2, §, R, €, denote the integers, rationals, reals,_
complex numbers, respectively, and k any one of these rings.

Let V be a k-module, then Ak(V) denotes the graded Grassman
k-algebra spanned by V, and Aﬁ(V) its subspace of (grading)
degree p.

The natural representations of the classical groups SU(r),
80(r), Sp(r) are denoted by M.y Pn, V, Tespectively. Inclu-
sions between these, such as 8SU(r)c<SU(n), S0(r)cSU(n),

Sp(r) c8U(2r), etc. always refer to standard inclusions.

If the cohomology algebra H'(Xsk) is isomorphic to H*(Y;k),
we denote this by X gkY'.

Let G be a compact trénsformation group on the space X,
Then X "

G
G bundle EG"’BG by G's action on X,

= EG><G)C* BG is the bundle associated to a universal
By abuse of language we call the identity component G; of

an isotropy group Gx the "connected isotropy group av x";

correspondingly G/G; represents the "connected orbit type'.

1. Local Characteristic Class Theory,.

Let X be the complex Stiefel manifold of (n-k)-frames

in €%, then X = SU(n)/SU(k) as a homogeneous space, and

X ~p8* % . x8%%71, X is stably parsllellizable (parallelli-

zable for k<mn-1), hence all its Pontrjagin- and Stiefel-Whitney
classes vanish. Let G = SU(n) act smoothly on X, If k = n-1,

2n-"1

X=2=5 , and it is known that any non-trivial G-action must be

transitive. Thus, for the remainder of this paper we assume,
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without loss of generality, that 4n<k<n-1 and n>5. The
above observation allows us to apply the computations of Pontrjagin
classes of homogeneousVSpacés of ([H2]) , combined with condi- |
tions on characteristic classes determined by the equivariant
embedding of the orbit into X, to exclude most homogeneous spaces
of G as possible orbits.

We recall:
Let G/H Dbe a homogeneous space of G and let T be a maximal
torus of H. Then m*:H (G/H;Q)~H"(G/®;Q) is injective, and
p* :H*(G/T,Q)-‘H*(GT;Q) induced from the projection p: GP—’G/T
is an isomorphism. Here GT = EG>ﬁ3G’ and J :G-T'*BT may be
considered the fibre bundle associated to the universal T-bundle
Eé-*EG/T = By by T's éction on G by left translation. There
is an obvious map o from the representation ring of H +to the
(equivariant) KO-group of G/H. The following splitting prin-
ciple for homogeneous vector bundles over homogeneous spaces is
the basic setting of Borel-Hirzebruch ([BHI]) :
Let & be a real representation of H with weight system Q(3)
and let oa(&) be the associated G-vector bundle over G/H.
Then p*(m*(P(a(2)))) = j*(m(1+w)), where P is the total
rational Pontrjagin class ggg(z;ch weight w in Hq(T;Q) is
identified by transgression with an element of HZ(BT;Q)o In

particular, the tangent bundle 7T(G/H) = a(AdG/H-AdH); since

a(AdG/H) is trivial, we have T(G/H) = -a(AdH) in ﬁa(G/H);
hence p*(m*(P'(T(G/H)))) = J*(n(1+w)) = F*(n(1-w)),
WGA(H) W€A+(H)

where A(H) and AY(H) is the root system and a positive root

system of H respectively, and P' is the total dual rational



-6 -

Pontrjagin class. Let PHk be the homogeneous part of degree 2k

in n(ﬂ—wa) = ’I--PH2;+PH4 - oo o Then Pi(G/H) =0, i=1,2,3
weAt(H) w0 o _
if and only if PH°, PH' and PH® are zero mod ker j *, where

ker j* 1is the ideal generated by the elementary symmetric func-
tions in the weights of the complex n-dimensional representation
¢ defined by the embedding of H in G = SU(n). An explicit
computation is now possible, and gives the following classifica-

tion: ([H2]) , Theorem 1):

Theorem 2.

Let ¢ HcfSU(n) be a compact, connected Lie group with a
given almost faithful, complex representation ¢. If Pk(SU(n)/wH)=Q
for k = 1,2,3, then the possibilities for all such pairs (H,{)

modulo trivial representations are given by the following list:

(1) H is any subtorus

(ii) H is semisimple and ¢ = AdH

(iii) H = SU(r) xH, nl|30 and V¥ = ur®ur+Adﬁ
(iv) H = a) SU(r) with or 2ur,
dlmmpr =T

v
b) SO(r) with ¢ = p
U] = 2r

c) Sp(r) with dimgv

il

a) G, with ¢ =, or 29, dimgp, = 7
(v)  H=8p(D* 2>1, ¢ = ke(vg")+v,(]2)+ +v§|9“>)'; k=1,2,4
(vi) H =a) SU(3)xSU(3) with § = k(u3+u'3) +2(fzHi3),
k+4g9g =1 or 2.
D) Gy xG, with ¥ = @ +q; or 2(p,+v,).

(vii) H = a) SU(r), r = 3,4,5 with ¢ = “r'kﬁr‘

b) SU(3) with § = kug+Riiy, k+2 = 3,6.
c) Sp(2) with ¢ = v2-+A2v2
d) Spin(8) with ¢ = A%+,
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Now, let G act smoothly on a manifold M, then any orbit
‘G/GX embeds in M with homogeneous normal bundle associated to

x N
(6/G) +a(d) = -a(AdGX) +a(s ) in KNO(G/GX). Evaluation of this

the slice representation &  of G5 i: G/G ~ 11, i*(T(M)) =
equation at the characteristic class level provides strong restric-
tions on the possibilities of orbit types and slice representations.
In particular, if Gx is a principal isotropy subgroup H,&, is
trivial. Hence, for M stably parallellizable, all Pointrjagin
classes of the principal orbit typé G/H must vanish. Since
G/HC ~ G/H is a finite éovering, this implies that all Pontrjagin
classes of G/H° must also vanish. Consequently the connected
principal isotropy subgroup type must be given by one of the sub-
groups of G ;'SU(n) listed in Theorem 2.

For actions with a given principal isotropy subgroup type (H),
the same equation applied locally at an arbitrary orbit type G/QX
gives strong limitations on the possible pairs (Gx,@x), espesially
when combining with the fact that the principal orbit type of the
representation @x must be Gk/H. We quote the following results
from [H2] :

Let G = SU(n) act smoothly on a manifold M, and let the

principal isotropy subgroup type be (H).

Theorem 3,
If P,(M) =0 and H® = SU(r)<=SU(n), r>3, then all connected

isotropy subgroups G; are also of the type SU(HE)CSU(n), L>r,

Theorem 4.
If P,(M1) =0 and H° = Sp(r)cSU(n), r>2, then all connected

isotropy subgroups G?c are also of the type Sp(k)CSU(n)V, L>r,



Theorem 5. ,
If Pq(M) =0 and H° = 50(r)csSU(n), r>5, then all con-

nected isotropy subgroups G; are also of the type  80(1), &2r.

The first main step in the énalysis of the action of G on

X = SU(n»)/'SU(k), is given by the following theorem:

Theorem 6.
Let G = SU(n) act smoothly on X = SU(n)/SU(k), with
+n <k <n-1. Then the connected principal isotropy group H° is

of the type SU(r)<SU(n), k<r<n,

By Theorem 3 we then have the following:
Corollary: All connected isotropy subgroups are of the type
SU(1) €SU(n), r<%<n.

The proof of Theorem 6 is the main subject of sections 1 and 2.
We have to eliminate all other possibilities for connected princi-
pal isotropy group in Theorem 2 than (iv) with H° = sU(r), ¥ = Mo

Here dimX = n2—k2, hence dimH°>k2-’l z%n2+%n—% unless
H = SU(k). Elimination of cases (i), (ii), (diii), (v), (vii) follow
by dimension arguments. Here (i) and (ii) are straightforward,

for (iii) we have: dimy = r2+dimH§n y i.€.

dimB%= r°-1 + dimﬁf_ n-1 f_%n2 +%n-—% for n>5, contradicting the
above estimate., In (v) dim(n\),I = 2, hence 22 <n and

dimH° = 52_<_én§ j-n2+ %n—% for n>5, In (vii) a) ¢ = Mo+ ‘:r

2 4
implies 2r <n, dimH® = r2—1 :%n +%n - %. Recalling that n=>5,

(vii) b) is clearly impossible. In (vii) c) we have dimSp(2) =
10:7}n2+-;:n-% for n>6, while for n =5 we cannot accomodate

At + A~ (half

the representation ¢ = v2+A2v2. For (vii) 4) ¥

spin representations) implies n>16, ‘hence dim H° 28 < ':ITH2+ %n -% o
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In (iv) d4) we have ng?,hame<ﬁmH°=14<%n2+%n—%. In (iv)
a) the possibility ¢ = 2u, is ruled out in the same way as (vii)
a)e In (vi) b) n>14, hence dim H® = 28<z/'rn2+%n-z5f.

It remains only to rule out the cases (iv) b) and c) together
with the special case (vi) a). The method of local characteristic
classes will not suffice here (although some cases, as 8SU(n)/So(r)
with r. 0dd may be ruled out by an analogous argument with Stiefel-
Whitney classes). For example, since Sp(r) is totally non-homo-
logous to zero in SU(n), n>2r, it follows that all characteristic

classes of SU(n)/Sp(r) vanish ([BH III]). Hence more specialized

methods are required here, these are dealt with in the next section.

2. Exclusion of Orbit Types.

In this section G = SU(n) operates smoothly on X = SU(n)/SU(k),
%r1<kr<n-1, with H® as principal isotropy group. We start by

eliminating the case (vi) a) of Theorem 2.

2<17, i.e.

Since dimH° = dim(SU(3) x SU(3)) = 16, we have k
k<4; since dimq;tlx =6 or 12 it follows that n>6; hence the

only possibilities are n =6, k =4 and n =7, k =4,

Proposition 1. The cases X = SU(6)/SU(4), H° = SU(3) xSU(3)
and X = SU(7)/(SU(4), H° = 8U(3)xSU(3) cannot ocecur.

Proof: The principal orbit would have codimension one, hence the
only possibilities for the path-connected, compact orbit space
X/G are S (corresponding to one or no singular orbits) or a
closed interval (corresponding to two singular orbits). Let o=l
be the maximal torus of G = SU(n) consisting of diagonal matrices

(exp 2nieq,°..,exp2nien), 84+ eee+8 =0, n=6 or n=7
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Lemma 1. The fixed point set of 21 i empty.
Proof: Since rkH= 4<n-1 = ran‘q, there are obviously no fixed
points.on principal orbits. If G/K 1is a singular orbit containing
fixed points, it follows that K is of maximal rank in G and
hence the Euler characteristic X(G/K) = x(F(Tn"q;G/K))>>O. Since
there are at most two singular orbits, this contradicts
x(F(M™ %)) = x(X) = 03 this proves the lemma.
Now consider the case n =6. Let T =
{(e}{pzﬂi eq,.oo,e}{pzni 96)l91 + 92+ 95 = 94+ 65+ 96 = O} be the
standard maximal torus of SU(3)xSU(3); then T has fixed points,
and is then by definition a geometric weight of the T5—action.
Denote T by (91+62+65)L. By Weyl group invariance of the geo-
metric weight system for the T5—action on X it follows that
1
5 . . . S
( 0(1)*'90(2)*'90(3)) is a geometric weight for all o€ Sg
(the Weyl group of 8SU(6)). In the Leray-Serre spectral sequence
. . _ . 3
for the fibration X55 ET5><T5X7 BT5 the generators Xg an
X419 of H*(X;Q) are transgressive, by the lemma their transgressions
&40 and 8,5 cannot both wvanish. By restriction all ten differ-
ent weight vectors eo(q)+-60(2>+ 90(3) (as elements of
H2(B ,Q)) must then divide a and a (Corollary 1, p. 45
T5 10 12
in [H1]). This is a contradiction, since both a,, and a,,
have dimension less than 20,
In the remaining case n = 7 we have H*(X;Q)==AQ(X9,X14,X15).
Obviously T2 = {eXp 2mi 8,,c0e,eXp 2T 8.,1)3. 0. + 8, + aoa+ 8, =0}
. 1 6’ 1 2 6
has no fixed points on principal orbits for the SU(7)-action on X,
By the lemma a singular isotropy group K cannot have rank 6,

assume it has rank 5 with SU(3)x8U(3)cKcSU(7). Recalling
that the slice representation of K has 8SU(3) xSU(3) as principal
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orbit type, it follows quickly that the only possibility is
K° = S(U(3)xU(3)). In this case Xg, X4q @nd X5 are again
transgressive in the spectral sequence of XT6-°BT6 for dimension
reasons, hence a non-empty fixed point set of any torus in T6
must be a cohomology product of three odd spheres. However,
F(T5,G/K) has dimension one; it follows that F(T5;X) is empty.
The same argument as in the case n=6 applied to the T5—action,,
now gives a contradiction, since we again have: dim 'r(x,la) =14 <20,
d.e.d.
Proposition 2. Let G = SU(n) operate smoothly on X=SU(n)/SU(k),
%n +1 <k < n-1, with connected principal isotropy group of type

(E°). Then H® = Sp(&) and H® = 80(&) are not possible.

Proof: Assume H° = Sp(2)cSU(n). We may assume & >2, by Theorem
4 all other connected isotropy groups are of the type Sp(t),
zf_tj%n . Let ™7 be the standard maximal torus of G, and

let Sp(r) be the maximal connected isotropy type; then the maxi-

mal connected isotropy type of the -

-action on X is of type T,
where T is the standard maximal r-torus of Sp(r). The minimal
model of X is AQ(X2k+’I’°“’X2n-’|) with deg X3 =3, the homo-
topy Euler characteristic is k-n, so the torus rank is n-k;j

n-1 of corank n-k with fixed

hence there must be subtori of T
points ([AH]). Eénce n—’l-rjn—k<%n-’l , 1.« 2r>n, which contra-
dicts Sp(r)cSU(n),

Similarly, if H° = S0(2), we have dimH® = % ¢(1-1)>din8U(3)=8,
i.e. 2 >5, and we may apply Theorem 5 to conclude that all con-
nected isotropy subgroups are standardly embedded SO0(t), gf_tjn.

Let S0(s) of rank r be the maximal connected isotropy type,

by the above argument we conclude that 2r>n. Since s is 2r
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or 2r+1, we have: s2>2r>n, which contradicts 8S0(s)c<SU(n).

do€ede

Thus, for most dimensions the desired elimination of (iv)
b) and c) of Theorem 2 is a simple consequence of the torus rank
theorem. The moi-e complicated limit cases %n<k_<_ -g-n+’l remain;
we give the details of the argument for one of those cases and

mention the necessary modifications for the others;

Theorem 7. Let G = SU(n) act smoothly on X = SU(n)/SU(k),
%n <k =< %n+’| . Then the connected principel iéotropy group H°

cannot be of type Sp(r)cSU(n) or S0(g)<SU(n).

Proof: If n is even, X is of the type 8SU(2r)/SU(r+1), if n
is odd, X = SU(2r+1)/SU(r+1). We now consider X =

SU(2r) /SU(r+1) ~ 82T+ x 82T*0 . x 8%, Let HC=sSp(z)cSU(2r).
By the proof of Proposition 2 we have G;)c = Sp(r) cSU(2r) for
some point x, so there is an SU(2r)-equivariant map p:

Y = SU(2r)/Sp(rc) -'G/Gx —i-> X, where i is inclusion bf the orbit

21—~

through X¥. Let TT~ ={(exp2mi 0,,000,0Xp 2L 05 )50, tueat O, = O)

be the standard maximal torus of SU(2r). We have

Yr~a 8° ng X ooo ><S4r_3, i.e. Y is a cohomology product of r-1

er-1 on Y is by left translations;

odd spheres, The action of T
its invariants are easily computable: The fibration YSU(zr)-'BSU(er

is equivalent to BSp(r) _'B'SU(Er); hence the transgressions of the

generators of H*(Y;Q) may be identified with the odd universal

Chern classes CB’CS’”"CZI‘-—’]’ i.e. with odd elementary symmetric
polynomials in {9,',.",921,}, Let m Dbe the corresponding fibra-
tion Y Sr_1 - B

T T
ned by the odd universal Chern classes; its variety in the Lie

op_q+ then ker nt o= <°5’°“’C2r—’l>’ the ideal span-
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2r--1

algebra of T consists of all (r-1)-codimensional linear

subspaces defined by equations of the form:

6‘3(’1)+90(2) = cae = 60<2r_,')+8-0(2r) = 0, where o is in the

symmetric group S2r (the Weyl group Wy of su(2r)). By
Theorem IV.6 in [H1] the corresponding corank -1 subtori of

2r-1

T are precisely the maximal subtori with fixed points in Y.

Here the identity permutatioh corresponds to the standard maximal
torus T of Sp(r)csSu(2r), and the others are its _Q_?_I_'_)% = 3,5...
(2r-1) Wo- conjugates in T2r-’l° Let m; be the regi.:rizction

of ezi_,] to Tr, i="1,06e,Ta The coxﬁplimentary root system

of Sp(r) in 8U(2r) is {(ny-nj); 1#3IU {Z(n 4 ); i<j},\ it
is then easy to see that the isotropy representation of Sp(r)

on Y is a real form of szr' 6, and the fixed péint set of Tr,

F(TT3Y) = F =‘1‘2r'/|/Tr is an (r-1)-torus., (Here 6 is the

Y
one-dimensional trivial representation).

Proposition 3., Let G = SU(2r) act smbothly on X = SU(2r)/SU(r+’I)
with H° = 8p(k), k>2. Then r = 2%.1 for a positive integer & .

2r+3 N g2r+5 41

Tgr"/' XoooX S .

Proof: Consider now the -action on X~ 8
The generators of H*(X; Q) are transgressive in the fibration
XT2r—’I ABTEI'-’I" this time by dimension. Since all connected iso-
tropy groups of the SU(2r)-action are of the type Sp(t) with

er-1 of corank less than r-1 has fixed

t <r, no subtorus of T
points., This is precisely the situation dealt with by Theorem VII.Y
of [H1]. The point is now that the corank (r-1) subtori with
fixed points are the same 3.5...(2r-1) subtori which we have
already computed for Y; since if x€F(T) for a corank (r-1)

subtorus T, then G; is conjugate to Sp(r)cSU(2r). Since
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those subtori are all WG-conjugate, their fixed point sets are

all diffeomorphic to F _ = F(Tr;X), which is a cohomology product

of r-1 o044 spheres. Theorem VII 7 gives: e(X) = (2r+4)(2r+6) .. .47 =
2%V (242) (243)0u2r = 3.5...(2r-1)e(F,). Hence e, = 3.5...(2r-1)
divides f_ = 2r'q(r+2)(r+3)..°2r. Proposition 3, which is already

a strong indication for Theorem 7, now follows from the next lemma.

Lemma 2, e, = 205000 (2r-1) divides f. = 2r’q(r+2)(r+5)...2r
if and only if r is of the form 22-1. The quotient is then

2+1
02" =43

f

f
Itk | 22k r££11 o= hence, when the lemma

Proof: Here

s

r+k .
is true for T =2%4, it cannot hold again until r+k+1 = 22+1,

etc,

Proposition 4., The equivariant map p: Y- X induces a non-trivial
homomorphism p* : H (X;Q) = H*(Y;®).

Proof: We prove that p* 1is non-trivial in degree 4r-3, The
observation'that X and Y have the same set of distinguished

2r-1

corank (r-1) subtori of T with fixed points implies that

the radical of the ideal in H (B , @) spanned by the trans-
gressions of the generators X2r+§’ Xppp5reee s Xyp g in H*(XjQ)
must again be <05’°5’°°°’°2r-1>’ (by Theorem IV.6 in [H1] , this
radical is again the ideal of the variety spanned by the Lie alge-
bras of those'subtori). This is possible only if the transgression
T(Xﬁr_B) = Copn_q = T(y4r_5) (modulo lower universél Chern classes).
Here p induces a bundle homomoprhism from Y 2r—1.'BT2r-1 to

T

X&2r-1-'BT2r-1 and a corresponding homomorphism of spectral

sequences. On the E2-level this is defined by p*;‘since
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T(Xur-B) = Con_qs 1.€o 1S not generated by lower Chern classes;

it is clear that p*(x4r_5) cannot be zero in qu—B(Y;Q).

Corollary. The restriction q of p to FY: q: FY'*FX induces |
a non-trivial homomorphism gq*: H*(FX;Q)"H*(FY;Q).

Proof: We consider the restriction to the Tr-action; then X
and Y are both totally non~homologous to zero in the fibrations
, . .
X&r BTr and YTr BTr respectively. Hence H (X&r,Q) and
H*(YTr;Q) are both free H*(BTr;Q)-modules, with H(X;Q) =
* * *
(the H'(B I.;Q)--module structure on ® is defined by augmenta-
T
tion). Let p Dbe the induced bundle homomorphism from Y 7B .

T T

to X _~B _, then P*:H'(X ;Q)~H (Y ;Q) is compatible
T T

T Tr’
with p*: H*(X;Q)"H*(Y;Q). Hence it follows from Proposition 4
that p* remains non-trivial after localizing at the zero ideal

of H'(B r;Q). By the basic localization theorem of equivariant
T

i . * *
cohomology (see [H1], p.45), we obtain then q*: H (FX’Q)®IfYB r;Q)RO
T
- H*(FY;Q)@bH*(B r;Q)Ro’ where RO is the quotient field of

H*(BTr;Q). It follows that q": H*(FX;Q)"H*(Fi;Q) is non-trivial.
g.€.d.

The Weyl group W of Sp(r) operates on Fy and FY; and q*

is an W-homomorphism. Here W is the subgroup of WG which

keeps TT invariant; i.e. the set of 2Tr! permutations of

{645.02,85.) keeping the set of pairs {8,,05},¢00,{85. 4,85}

invariant; or, equivalently, all permutations and sign changes of

{nyyeceyn.}e Let W, Dbe the normal subgroup of W consisting

of all sign chaﬁges of {nq,,,.,nr}, then W/W_ = S_, the symmetric
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group on {fH,...,ﬁr}o Let E De the standard (r-1)-dimensional
iffedﬁcﬂﬂﬁ representation of Sr with Young diagram corresponding
to the partition (r-1,1). The corresponding representation of W

with kernel ws is also denoted by E.

Proposition 5. As a graded W—algebra H*(FY,Q) is isomorphic
to AQ(E), (The elements of E have degree . 1).

Proof: W operates by automorphisms on H*(FY,Q) = AQ(Hq(Fy,Q));

so we only have to show that the W-module Hq(FY;Q) is isomor-
phic to E. Let t = (exp(2ni.61),..., exp(2ni e2r))’ (61-+...+ 92r==o)
be in Tgr-q, then t = (exp(2ni(61+e2)),1, exp(2ni(65+e4)), 1,000,
exp(2ni(62r_1+62r)),1) modulo TF, i.e, ZyyeessZ, With

z; = ezi_1+-e2i are homogeneous coordinates for T2r"1/Tr = FY'

Here elements of WS, corresponding to permutations of the type
(65._4+85;) act trivially, and W/W, acts by permutations of

1 T g
{Z1’°“"Zr}° We have: H (Fy,Q) = {izqai.zi’ aiEEQ,,Z = 0}.

a.
1=’] 1
The representation of Sr induced on this vector space by the
action through permutations of {zq,...,zr} is precisely the

standard irreducible representation of Sr‘ g.c.d.

Corollary. H*(FY;Q) is an irreducible W-module in each dimension.

Proof: By proposition 5 this is true in dimension 1. The corol-
lary follows once we confirm that APE is the irreducible S~
module with Young diagram corresponding to the partition

(r-p, 1,000,1)e TFor lack of a reference and for later use, we note
how this can be seen by computing characters., Let Eq =E®6,
where 8 1is the trivial one-dimensional representation., Then

APE, = APE® AP~'E, The character of APE, evaluated at a permu-

tation o with s; cycles of length p;, i=7,000,Qy SqPqtece+ S D =T,

aPq
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is easily seen to be the p-th elementary symmetric function in
the roots of the polynomial (kpq-1)sq...(qu-1)sq. Collecting
the A" P_terms from this product is easily seen to correspond

to some of the permissible decompositions of the Young diagram

of (r-p,1,e.es,1) 1in the Murnaghan-Nakayama rule for computing the
value of the character of the corresponding representation on a.
To show that the difference is accounted for by the term Ap—qE

is an easy combinatorial exercise,

Proof of Theorem.7:

Sp(2)cSU(2r). Then

Let X = SU(2r)/su(r+1) and assume H°

1]

HY(Fy3@) < Aq(uqyees,uy ), with degu; = d;>0. Let uy be the
smallest possible dimension.such that q*(uj) is non-zero in
H*(FY;Q). By the Corollary to Proposition 5 it follows that
Hdk(FY;Q) is in the image of q*. Since dinLHdk(FY;Q):>r-1

unless 4, =1, r-2, r-1, no other values are possible. If 4, =1,
it follows that H"(FY;Q)Cimq*, ice. dy=e..=4d, =1 and
H*(FX;Q) = H*(FY;Q), which contradicts the fact that e(X) #£ e(Y),
(by the proof of Proposition 3). We may assume r =2% by
Proposition 3., Since d, is o0dd, dk = r-1 is impossible, If

q = r-2,

4, = r-2, we have didek(FY;Q) =r-1, and 4, =...=4_
i.e. FX""Sr_2><..°><Sr—2, Hence e(FX) = (r_q)r-ﬂ:=2r—1(2£—1_1)r-1
and e(X) = 3.5...(2r-1)e(Fy) = 2" (r42)...(20). If & >2, e(Fy)
is then not a power of 2, contradicting lemma 2, if & = 2,
(r= 3), e(FX) = 4 which also céntradicts lemma 2.

This finishes the proof of Theorem 7 for the case
X = SU(2r)/su(r+1), H° = Sp(t).

There are some modifications of the above argument in the

case X = SU(2r+1)/Su0(r+1), H° = Sp(t). We have
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p:Y = SU(2r+1)/Sp(r) ~ X, and there are now 3.5...(2r+1) distin-
guished corank 1r subtori of the standard maximal torus T2r
of 8U(2r+1)., Lemma 2 and Proposition 3 applies as before (the
extra factor 2r+1 cancels against the extra sphere dimension).

In Proposition % however, we now observe that p*(x4r_5), p*(xqr*q)
and P*(X4r-3LJX4f—1) are all non-zero in H*(Y;Q). Now

FY = T2r/Tr is an r-torus; the representation of W on Hq(FY;Q)
is isomorphic to the full permutation representation Eq, and
H*(FY;Q) is isomorphic to AQ(Eq) as an W-algebra, i.e.

HP(FY,Q) = APE@AP""E° By the above version of Proposition 4
there must now be a generator quEqu(FX;Q) such that q*(uq)

is not in any 1-dimensional submodule of H*(FY;Q); it follows

as before that dimlLL=f°°f=@?muT_q‘5ﬂ.f°r r-2 for generators
UjsooesU, qe Then e(FX) = 2r;1(qr+1) = 222+1’2’2 by Lemma 2,
where T = 2%-1, i.e. 4 = 222“‘-1>2“2-3 = 4741 for g >2,
which is impossible, 4r + 1 being the largest dimension of the
generators for H*(X;Q). For & =2 we have

1

X = 8U(7)/su(#) ~8? x5 1 x8"0 ana w ~sTxsTxs?, Let a2-sp(3),

X
then the slice at x has dimension 6 and it follows that the
slice representation of 8Sp(3) is trivial. Hence BSp(3) 1is the
connected principal isotropy subgroup type, and the orbit space
has dimension 6. Since the fixed point set of T5EESp(5) has
dimension % on each fibre SU(2r)/Sp(3), the dimension of Fy
would be 9, This contradicts FX'“Sq><Sq><Sa.

In the second case dimu, = r-2 = 21-5. Lemma 2 gives
e(Fyp) = (e-1)T(a_+1) = (2%-2)"(a_+1) = 221022 unicn is
impossible for & # 2. For & =2 we have r-2 = 1, which is

the case ruled out above,
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Finally, for H° = SO(t) there are the following cases:

a) X = 8U(2r+1)/SU(r+1) with H® = 80(t) end GJ = S0(2r+1) for
some X. Then Y = SU(2r+’1)/SO(2r+’I)~Q S5><89>< oo ><S4r+"

~g SU(2r+1)/Sp(r). The maximal torﬁs T of Sp(r) is also a

maximal torus of SO(2r) amd S0(2r+1), Fy = 1°°/1%, and the

Weyl groups wSp(r) = WSO(2I'+’|)° In rational cohomology there is

no difference from the previous Sp-case, so the above proof applies.

b) X

SU(2r)/Su(r+1) with Gjoc = S0(2r) for some point =x. Then

Su(2r)/so(2r) "'QS5><89>< oo xS 548%T. i e, Y is the

i

Y
cohomology product of one even and r-1 odd spheres, the homotoﬁy
Euler characteristic of Y is -r+1. Here the Weyl group wSO(2r)
is generated by all permutations and an even number of sign
changes of {n,l,...,'nr}, wSp(r)/wSO(Br) = Zy. Let w in wSp(r)
represent the non-trivial element of wSp(r)/wSO(Er)’ then FY =
F(Tr;Y_) = F, UwF,l , where F,‘ = T2r-’l/Tr° The WSO<2r)-module
H*(F,},Q) is isomorphic to AQ(E) as before, and translation by

w induces an Wso(er)-algebra equivalence from H*(WF,];Q) to
H*(F,l;Q), Proposition 3, Lemma 2, and Proposition 4 are as before.
Proposition 5 is modified to H*(FY;Q) 1~ I\Q(E)@AQ(E) as an
Sr-module, The rest of the proof goes as the case

= SU(2r)/su(r+1), G; = Sp(r).

c) X = 8U(2r+1)/SU(r+1) with G; = S0(2r) as the connected isotropy
group type of maximal dimension., Then Y = SU(2r+1)/S0(2r)
~Q S5x89x ose ><S4I'+/l X SZr This goes as the previous case with
F, = /0, H (FY,Q) T 1g(B,) @ hg(E), and we compare with the

case G; = Sp(r). In odd degrees there are now two one-dlmens:l.onal

WSO(2r)-mddules in H' (Fy3@) and in H"(Fy3Q). Since
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P*(x4r+1)LJp*(X4r—1) is non-zero in H'(Y;®), it follows as before
that the image of g* must contain an (r-1)-dimensional wSO(2r)'
submodule of H*(FY;Q). The rest of the proof follows the

G; = Sp(r) case, with the following modification for ¢ = 2,

r = 3: dim SU(7)/SU(4) = dimSU(7)/S0(6) = 33, hence G; = 80(6)

is impossible,

Theorem 2, the estimatés at the end of Section 1, Proposition 1,

Proposition 2, and Theorem 7/ now prove Theorem 6.

%2, Reduction of the Orbit Projection to a Fibration.

In this section X is any simply connected, closed, differ-

entisble manifold with X~y 8°5F x87K*3, g1 In<k<n,

Theorem 8, Let X be as above and let G = SU(n) act smoothly
on X. If all connected isotropy groups are of type SU(2>C:SUCH),
then all isotropy groups are in fact connected. Moreover, only
one orbit type occurs, and the orbit projection is a fibration

of X with SU(n)/SU(r) as fidbre, k<r<n.

The following lemma is essential for the proof of Theorem 8.

Lemma 3., If SU(m) acts smoothly on XNZ’ gok+7  g2K+5 X ooo X gen-1

with non-empty fixed point set and all connected isotropy sub-
groups of type SU(x)cSU(m), ¢ > 2, then all isotropy subgroups

are connected.

Proof: Let x€X be a fixed point. Then the isotropy represen-
tation of SU(m) at x has connected principal isotropy subgroup of

type SU(r) €SU(m), r>2., The classification of linear SU(m)-actions
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with non-trivial principal isotropy group is well knownj; we refer
to [H1, p.83] to conclude that for r>2, the isotropy representa-
tion at x must be the underlying real representation of (m-T)u
modulo trivial representations. For r = 2 the only other possi-
bilities are: (a) m = 3 with isotropy represéntation [A2p3]m=
[“3]]R (the contragradient representation of p.5 is Aeua),

(b) m =4 with isotropy representation [u4]]R+ ¢, where ¢ is
a real form of A2u4, (A11 equations modulo trivial representa-—
tions). The prinéipal isotropy subgroup in (b) is of type SU(2),
howevér, the principal isotropy subgroup Sp(2) of @ occurs as
a non-principal isotropy subgroup in [“41}{* ¢, hence (b) cannot
occur under the conditions of Lemma 2. By local linearity it now
follows that all isotropy groups in a neighbourhood of x are of
type SU(%), & > 2, Suppose that Gy is a disconnected isotropy
subgroup; by conjugation we may assume G; = SU(z)SGy. Here
Gy/G; is finite, and we may choose an element 2z in Gy\ G?r
such that zP € G; for a prime p (it is actually easy to choose
z such that zP = e). Let K be the subgroup generated by G2

Y
Zp. Let V be a subspace of €T such that

n

and gz, then K/G;
KcsU(V), but K is not contained in SU(W) for any subspace W
of €% with dimW<dimV=m'. Let T and T' be maximal tori of
G; and SU(V) respectively, with T_C_T". By considering the
representation of T defined by the inclusion of T in G;=SU(£),
it is easy to see that T cannot be maximal torus in SU(W)ESU(V)
for any other subspace W of V than (B’_‘ - By the conditions

of the lemma it is now clear that F(G;;X) = F(T;X)'= Z,, similarly
F(SU(V),X) = F(T' 3X), = Z,5. By the dimension restriction kz%n

the generators of H*(X,Z’) are transgressive in the Serre spectral
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sequence of the fibr':a bundle IP-'BT. From the existence of fixed
points it follows that the transgressions of those generators are
all zero, and Z,I is again of the integral cohomology of a pro-
duct of n-k o044 spheres., In particular it is connected, simi-
larly for 22. Now K is in the normalizer of Ggr, hence

K/G; = Z’p acts on Z, = F(G?,X). Obviously T' also acts on

Z, = F(T;X) with fixed point set Z,. By the known orbit struc-
ture around x and the choice of V it follows that F(SU(V);X)
has full dimension in F(Zp) locally around xEchzq. Hence
22 must be a connected component of F(ZP;Z,‘)° Since

yGF(Z' 3240\ 25, it follows that F(Z Z,) has more than one
connected component, hence dimH" (F(Z’ Y/ ),Z )>dimH* (Ze,Z' ) = on-k

= dimH" (Z’l’ p)’ in contradiction to a well known theorem of Borel.

Remark: The proof of Lemma 3 is essentially given in Theorem VII,
2' of [H1]. The argument may be applied to k-multiaxial actions

in more general situations than the one considered here,

Proof of Theorem 8: We reduce the first part of the theorem
to Lemma ? as follows: Let H° = SU(m) be a connected isotropy
subgroup of G = SU(n) of maximal rank. Then (Ho)X = H°nag <
for x€X. Let G = SU(V) with dimV =g, If & =k, the
orbit G/Gx is of full dimension in X, i.e., it is all of X,
and G must be connected. Thus we may assume k<2< m. Then
50N 60 = SU(m) N SU(Y) = SUCC(E™)™ +V)"); hence @)° = HON G2
= SU(W) with dimW> n- (n-m+n-g) = m+2-n>2k+2-n>2, It
follows that the action of H° on X satsifies the conditions
of Lemma 3., It is then sufficient to prove that if Gy is dis-

connected for some y€ X, then some isotropy subgroup of the
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Ho-actidn is also disconnected. Let now Gy be disconnected and

let €qreeesCp be the standard basis of €7 = L(e,l,...,en); i.e.

HO = SU(L(e,‘,..,.,en)). By conjugation we may assume that
o _ - . S . . o
Gy = »‘E‘:U(.'L(en__“_,l secey en)) , with & >k. Since Gy normalizes Gy,

we have GyCS(U(L(e,l,...,en_E)xU(L(en_“,],...,en))). Let
g = (g,l,gg) be in Gy-Ggr with g,\EU(L(e,],...,en_z)),

g, € U(L(e yeeese ), and let g; be defined by ga(en_“,,)

n-2+1

= (det gyle .49 SB(ei> =e;, for n-g+1<i<n. Then

(1,83g51)eG;, hence (gq,gB)EGy-G‘;. Since n-9.+’1_<_n-k:%n<m,

we also have (84’83) eH® = SU(L(e,],...,em)).‘ §o <g’l’83) 61-1;,
| but (g, ,85)¢(H§,)°EG§,, hence H; is.disconnec}:ted in contra-
diction to Lemma 3. This finishes the proof of the first part
of Theorem 8,

Our next observation is that X is a multiaxial (regular)
SU(n)-manifold. The only additional requirement to check is that
the slice representation of an isotropy subgroup. SU(&) is always
a multiple of the standard representation modulo trivial represen-
tations. This is obvious for k>2, since, for the non-transitive
case, the principal isotropy subgroup of the slice representation
would then again be of the type SU(r) with r>3. The case
(n,kx) =(,1) has either trivial or transitive G-action. ZFor a
multiaxial G-manifold it is ‘known that the orbit space X/G is
a topological manifold with boundary (modelled on the Space of
positive semi-definite Hermitian matrices, and not in general a
differentiable manifold with boundary [D]). Let SU(r) be a
principal isotropy subgroup. If r = k, the action is transitive,
and Theorem 8‘ is trivial. If r>k, we have: dimX/G =

dim X - dim SU(n)/SU(r) = r2—k2. Let m:X~-X/G be the orbit
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projection, then the singular orbits project down to the boundary
points of X/G. The fibers of m are of the type SU(n)/SU(2)
with 2>r; hence Hi(n'q(ir);Z) =0 for i =1,...,2r for gll
y€X/G. From the Vietoris-Begle mapping theorem it' now follows
that =¥ : HJ(X/G;Z”) -'HJ(X;Z) is an isomorphism for 0<j<Z2r.
Choose cohomology classes i23‘+’l €H23+1(X/G;Z) such that

Xp441 = n*(:'czj_l_,]) form part of the generators of H'(X:%),
k<j<r-1. Then ”*(}—Cgkm Uooo Uizr_ ) = Xo 4 Ueoo Ux2r-—’l is
nog-zero in HT "K"(X:;7); hence 0 # x2k 4Vl UXZr- in

BT -k (X/G3%). Then the cohomology group of X/G is non-zero
in the top dimensionj; hence the boundary of X/G must be empty,

and there are no singular orbits,
Remark: Let X = 551y ... x8%T 1 xSu(n)/SU(r) and let G=5SU(n)
act by left translations on the last factor and trivially on the

others. This example shows that any orbit type 8SU(n)/SU(r) with

k<r<n can occur in Theorem 8,

4, Cohomology Operations and the Reduction to Linear Action.

In this section we let G = SU(n) ’act smoothly on X = wn,k
= SU(n)/SU(k) with %n<k <n-1. Applying Theorem 6, its
corollary, and Theorem 8 it follows that there is only one orbit
type SU(n)/SU(r); with k<r<n., It is then clear that the only
unsettled part of Theorem 1 is to prove that for X = wn X this
is only possible with r =k or r =n, i.e. the transitive or
the trivial actions, respectively. In view of the last remark of
Section 3, it is obvious that this can be proved only by applying

more subtle topological methods which detect the difference
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between X and 82]“/l X aao X Szn'q

. The most obvious example of
such cohomology operators are Steenrod squares, which distinguish
those spaces for k<n-1. It is therefore interesting to observe
how much information Steenrod squares yield for the G-space X;
we prove that they can always be applied to eliminate the orbit
type SU(n)/SU(r) with k+1<r<n-1, The’method has been used
in [HS] for the study of a related problem. Although this result
can be somewhat strengthened by applying reduced p-powers, the
elimination of the remaining limit cases SU(n)/SU(r) with r=Xk+1
or n-1 in general requires the deeper knowledge on the fibre
héméféb} type of Stiefel manifolds obtained by secondary cohomology
operations,

Let Zfral = 0(1) X eee X0(1)c0O(n) be the standard maximal

2-torus of 0(n); the inclusions chro(n)C:U(n) induce standard

fibrations of classifying spaces: an-*BO(n) and BO(n)-*BU(n)’

. > * ey * . - * [
and induced homomorphisms : H <BU(n)’Zé> H (Bo<n),Zé) H (an,zz)
2
= Zy[t,, .00yt ], where t EH"(BZn;z( ) may be identified with

2
the Zé—linear functional on Zg defined by the i-th coordinate.

Then H*(BO(n);ZZ)==Z2Cw1,...,wn],where the i-th universal Stiefel-
Whitney class Wy is identified with the i-th symmetric poly-

. * . _
nomial 0,(t, .00, ), and H (BU(n)’Zé) = Ze[cq,.,.,CHW where

2 2
c; =Wy = ci(t1’°°°’t§) (mod 2). It follows that

H <BSU(n);Zz) = Z72[02s05a°°°’cn]°

Proposition 6., a) The Steenrod square operations in H*(BSU(n);Zé)

21+1C: 2ic.

J

are given by 8q j = O for i,j and Bq =

% j-i+a-1
aso( )

. < 3
a i-acj+a for 1i=<j.
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b) H*(X;g) ; AZ‘2(X2k+1,o-o,X2n-,]) With degxi = i, aIld

2i 3 i s
Sq (x23+1) = (i>x23+2i+1 for 1jia, j+i <n-1, and zero other-
wise. Here (g) is the mod 2 binomial coefficient, and
XopqreeesXon 1 is a simple, universally transgressive system
of generators for H (X3Z,).

The formula in a) follows from the Cartan formula for Steenrod
squares and a computation of certain symmetric functions, this is

done in [B 3] for the real case BSO(n); the same type of compu-

tation works here., The transgression maps a universally trans-

gressive generator of dimension 2&+1 into H2&+2(BSU(n)’Zé)/D22+2
= Q22+2, where D29v+2 is the subspace generated by decomposable
elements in H22+2(BSU(n>,:Zé). Steenrod squares take decompos-

able clements into decomposable elements, so there are well defined

Q22+2-°Q22+2+i, and in this sense trans-

"Steenrod Squares"” Sql:
gression commutes with Steenrod squares. With this observation
it is then easy to see that only one entry from the sum in a)

survives modulo decomposable elements to give b).

Let m:X~X/G be the orbit projection. It follows from the
proof of Theorem 8 that m* :HJ(X/G;Zé)-*Hj(X;Zé) is an isomor-
phism for 0<j<r. ILet Xy  4yece;Xp,_ 4 De in H*(X/G3Z,) with

n*(ij) = xj for j

i

2k+1, 2k+3,0004,27-1,

Theorem 9. When G = SU(n) acts smoothly on X = SU(n)/SU(k)

with k>gn, the orbit type SU(n)/SU(r) with k+1<r<n-1 cannot

occur,.

Proof: Assume that the orbit type is SU(n)/SU(r) with k+1<r<n-1,

By Proposition 6 we have:



2 4 1

80Ky g = (PNkop g0 58 %0, 4 = H(E-1(E-DEpp, 50 80X, 5

= %(r-2)(r—5)x2r+1. If r is eveh, r-1 £ 0 (mod 2), if r = 4j+1,
%(r—2)(r-5) # 0 mod 2, and if T = 4j+3, %(r~1)(r—2) £ 0 mod 2.
Honoe  84°(Xppq) = Fpppqs 54'(Rppg) = Fopyqy oF 54 (Hpp o)

= i2r+5 for those cases respectively, where ﬂ*(i2r+1) = X501

or Tr*(3-‘221:%5) = Xopyze Since Tr*(i21«:+’l u 5.c2k+3 U°°°Ui2r-’l v i2r+i)

Ux '

2k+5LJ...U x2r-1“1X2r+i which is non-zero in

= X041
2 .
HT ‘k2+2r+l(X;Zé) with 1 =1 or 3, respectively, we have

2 .2 .
= -k +2r+l(X/G;Z ) #0 for i =1 or 3, contradicting

dimX/G’= I‘2-k2., ‘ q_oeoda
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Remark: It is furthermore clear that for k odd, we have
Sq2(x2k+1) = Xpp .3 (mod 2), hence r = k+1 1is not possible in
this case by the same argument; similarly, for n od4d,

2 . s . .
Sq (Xén_B) = X5, q SO T = n-1 is impossible., By applying re-
duced p-powers, better results are available. For example, from
the computations in [BS] one can deduce for the reduced 3-power

1 . . .
that PB(X2k+1> = (k+5)x23.+5° Combining this with the a2bove re-
2 4 . .

sults for Sg <x2k+1) and Sgq (X2k+1)’ it follows easily that
for k<n-2, r = k+1 is impossible unless k is divisible by 12,
similarly, r = n-1 is impossible unless n is divisible by 12.
This is analogous to the situation for the section problem for
complex Stiefel manifolds before higher cohomology operations
were introduced into this problem (see [BS], where the same
divisibility condition by 12 appears). Although such operations have
not had significant applications to transformation group theory

so far, it is reasonable to expect them to play a decisive role

for settling certain types of problems, Here we apply the stronger
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results on fibre homotopy types of Stiefel manifolds which can
thus be obtained to finally settle the remaining part of Theorem 1

for the general case,

Proposition 7. Let ™ be the orbit fibration from X to X/G
with fiber F = 8U(n)/SU(r), k<r<n. Then X/G is homotopy
equivalent to SU(r)/SU(k).

Proof: In the spectral sequence of T we have again that all
generators of H*(F3;Z) are transgressive for dimension reasons.
It follows easily that all transgressions are zero, and conse-
quently that E, = E,, and H'(X;%) T H*(X/G;Z) ®H'(F;7) as a

module; hence H*(X/G;Z) = Az(i From the homotopy

2k+/l,eaa,X2r_4|)o
sequence of m it follows that X/G is simply connected. Con-
sider the inclusion i :K = SU(r)/SU(k)-SU(n)/SU(k) = X. Then
To(k+3)-1 = i*(x2(k+j)-1)’ J = 1,6ee,r=k form a system of genera-
* . o \ X =

tors for H'(K3%), with (mei) <x2(k+j)—1) = Yo(k+3)-1 for

J = TyeeoyT=Ka Hence the map mei induces an isomorphism in
cohomology and is a homotopy equivalence by the Whitehead theorem.

qeeodn

Theorem 10. When G = SU(n) acts smoothly on X = SU(n)/SU(k)
with k>%n, the orbit type SU(n)/SU(r) with T = k+1 or

r = n-1 cannot occur.

Proof: Let i be the inclusion of the fibre F = SU(n)/SU(r) in
the orbit fibration mw:X-X/G. We now compare thié with the
standard fibration p: X = SU(n)/SU(k) = SU(n)/SU(r) = Y with
fibre P = SU(r)/SU(k). We have the commutative square:

x {22y o X/G
U IPo

/6 19> x/6
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where 1id is the identity map and Ps is projection on the second
factor. Now (p,m) is a fibre map from the orbit fibration to

the trivial fibration Poe Let ZopniqreeesZon_1 be a simple
system of universally transgressive generators for H (Y:;Z) with
p*(z2(r+j)—1) = Xo(pyj)-1° j =1,00e,(n-r). Then it follows from
the proof of Proposition 7 that (idp)*(zg(r+j)_4) = Y2(r+3)-1"
(i°p) is an isomorphism in cohomology and a homotopy equivalence
by the Whitehead theorem. Hence the restriction of (p,m) to a
fibre is a homotopy equivalence, and by a theorem of Dold ([Do],
(p,m) is a fibre homotopy equivalence from T to p, In particu-
lar X = SU(n)/SU(k) is homotopy equivalent to

SU(n)/SU(r) xSU(r)/SU(k), i.e. the standard fibration p is decom-
posable, For r = n-1 we have Y = gen-1 and for r = k+1 we
have P = 52k+1; i.e, the base space or the fibre is a sphere.

By corollaries 4.5 and 4.8 in [J], it would then follow that the

standard fibration p of X would be fibre homotopically trivial,

which is known to be false (e.g. [J], p. 154). Q.€.d.

By Theorem 9 and 10 together with the results of the earlier sec-
tions, it follows that if G = SU(n) acts smoothly on X =
SU(n)/SU(k) with k:>%41, there is one orbit type SU(n)/SU(r)
with r» =k or n, corresponding to the linear or the trivial
action respectively. This completes the proof of our main

Theorem 1,
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