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In their recent paper [1], Iakin and Sibony came very close
to constructing inner functions on the unit ball in CPa In fact,
only sone ninor modifications of their arguments are necessary to
produce bona fide inner functicns. The present paper carries out
these nodifications. <Since we need to point out sone information
not explicitly stated (but clear fromn the context) in their paper,
and to make the exrositon self-contained, we repeat rnost of the

naterial in their paner. Our lerma 1, for instance, is identical

to their Lerme 3, and our application of lemma 71 in the prooflf of

}.h

lemma 2 1is the same as theirs in the proof of Theorene 1.
. . . . P
The following notations are used: B is the unit ball in C°,

BR={Z€’CP:IZI<R}, e use the distance

= l.._. ) ALY 7 ~
5(21,u2) = /g"ZW_ZZN < V2 when Zq5%5 € B

.

When z1,z2F 8B, we get
2 ” = l - 2 = - 1 4
& (A1,22) 51z =7,1 ] Re<z1,a2>

When 2z € 3B, we let DB(z,r) denote the ball in 8P with 8-radius
r. The area of B(z,r) is denoted A(r). An exact forrula for
A(r) is given in [1]. The followins obvious estinate, however,

is sufficient for our purposes:

(1) There exist constants C1 and 02 such that
C1r2p—1 < A(r) < C?r“p-1 , O<r</2

Finally p 1is the ordinary area rneasure on 8B, normalized such

that p(dR)=1. The area A(r) refecrs to this measure.

Lerma 1. There exist positive numhers eO,C and A, depending
only on the dimension, such that: If e,a and R are positive
nunbers satisfying 0O<2e<a<i, e<eq and R<«1, and f 1is a contin-
uous function on 83, UcdB an open set such that p(U)=u(0)<

1,

with If(z)|>a for all =z €U, then there is an entire function g



and an open set V3B such that

(a) If+sh < max{ufin_,1} + 2¢
(b) g, < €
°r
(c) £ (z)+g{z)| >a - 2e on UUV
v 2p=1
0
(a) U0n7 =9 and p(V)=p(V)>C arc cos a[%%%—%é%] “ 0 (1=p(U))

Proof: Let UY={z<aR; 6(z,U)<y} and V'=ar~UY. UY 1is an open

set and lin u(UY)=u(ﬁ)=u(U), hence there exists vy, such that
v>0

n(vY¥y =1 - puY) > %(1~H(U)) whenever y<y,

Since f 1s unifornly continuous there exists Yo such that

|f(z)_f(z')j<s- when 6(z,z')<y2e Let rs0 be a nuriber such that
M
P{Min(y1,Y2)o Choose a maximal disjoint Tanily {B(z].,r)}].:1 of

balls with zjezvr. Maximal reans that any disjoint family of
balls with centers in V' and radii r will have not rnore than

1

p, Palls. Since all of these balls lie outside U, (1) gives

(2) Moo et <1 - ()

r 1

Ry

The balls R(ZT,?P) rust cover V&, hence (1) gives
(3) 10,2207 PP s LTy s L-pm)

(2) and (3) together give

¢ c
. V'3 ‘U .
(14) ;-2'5::'—(1—M(U)) < NI’ < ng_‘_’ (1*}).(()))

We now seek an estinate on how many points Zi can be at a

certain distance ffom 7z € 3B. Let

ﬁhul

v, (z) = {zj: krsé(zgzj) < (k+1)r} k=1,...,[



and Nk(z)=card Vy(z), If zj<sz(z) then P(zj,r)cB(z,(k+2)r)
hence (1) rives

-1

el 2p-
1, (2)C,reP7 < 0, (k42) 2P (2P

which implies

(5) i, (z) < G K“P!
I
. r =n(l-<z,7.>)
Let g(z)= % £ .e where Bi is defined by Bi=0 if
j:" s 2 ) !
If(zj)|>1 and if(zi)+ﬁii=lf(zi)|+!Bji=1 otherwise.
We shall show that m and r can be chosen such that g
satisfies the lemma. When 2z € 3B we get
II 2 \ .
r -né<(z,z.) ia_ .(z)
- . J n,.J -
o(z) = 1 |B.|e e =
=1
172
r- -né2(z,z,) 16, (z)
5 % ENE Je Mo
= 1 =4 <
k=0 Zjejk(“)
There is at nost one point in Vo(z). This pives, by (H)
/2
r -1 k2 p2
le(z)] < 1 + Cq[ g pep-lgmkinr ]
- k=0
Assunine nr? is larre, we get
R ) 2 2
le(z) | <1 +Cr 2 e <1 4 20T =1 4 peNT
) J k=1 2

Hence, 1f we choose n and r such that

(€6) nr? = lopg A/e
we get
(7) lm(z) ] <1 + ¢ and g(z) ] <e if =z € 2B and

z¢'ﬂ(zj,r) for any J with BT¢O

Motice that there exists e;»0 such that if e<e, condition (6)



implies that the above calculations hold.

€0

- -

is small enough to cuarantee that

be satisfied with arbitrarily small r

We

nr2:1.

and arbitrarily large

shall

also assune

Condition (&) can

n.

(7) implies parts of (a) and (¢). Since U 1is outside all

the balls, |[f(z)+g(z)|>a~e on U. If ze€dB and z ¢ B(zjjr)

for any j with ngo, we get lf(z)+g(z)|<ufnm+s° If =z€ B(zj,r)
for sone J with Bj¢0, we get

-n(1-<z,z.>)
(8) |£(2) + g(a)|< |£(2) = £z )] + |f(z)) + Bje J

—n(1u<z,zk>)
&

+|2 I5) 2¢

k=]

| < e+ 1 + e =17+

(a).
.
r

Let W= U D(z,,r).
j=1

of W

This proves

We shall now deternmnine a certain open

subset V such that |[f(z)+r(z) |>a-2¢ in V and give an

estinate on its area. If !f(zj)|>1, then £.,=0, so (7) gives

B(str)s

\7 ° “f'

that |f(z)+g(z) |>1~2e>a~2e in so we can let the entire

ball be in

Hext, we pick out certain subsets of the bhalls B(zj,r) with

B.20.
1

v

To do this, introduce the notations a=[f(zi)|,

—n(1~<%,zj>)

~n(1-<z,7 ;>) -né2(z,z .)
e=arpg (e ) =

s=|e Y= e ¢ and

on the real

n(z)

D Im<z,zj>: = ny. If =n(z) 1is the projection of =z

o at z., vy is the component of

J’
orthogonal to the complex tangent

tangent space of

space. Since
._n('l-~-<zszj>)
If(z)+p(z) | » ]f(zi)+ﬁie |- If(z)—f(zi)|
-n(1-<z.2 .>) ~n(1w<z,zj>)
- |z Be |> |f(z . )+P e
. K dJ d
k=]

| = 2e =

9] - 2¢

!a+(1wa)se1

we get that [f(z)+g(z) |>a-2e if |a+(1-a)se19|>a§ hence if

@2 + 2a(i=a)s cos® + (I1-0)282 » a2



This holds if s»a and cosé»a. s»a holds if

2 1
né (z,zj) < loga

hence in a ball with radius p, such that
2 _ 1
(9) ne? = logz

(6) and (9) show that we may assume p<r. The condition cos ny2a.
means that we have to pick out certain strins in the hall B(zj,p)
An easy geonetric argunent shows that these strips will have a
total area which is at least 2LSF228(p). The set V obtained
satisfies p(M)=p(V) and VnT=g.

We now get by (1),(4),(6) and (9)

C

2
o 1 £
JP > 21t(ar'c cos a)p

Dy e
ep=Ty s

arc cos aA( ) -

u(v) s or

C1C3

2n

(arc cos a)(%)2p"](7-u(U)) =

c.c 2p=1
1 3 (arc cos a)[lgg—llé} 2

2m log A/e (1-p(0))

This proves (c¢) and (d). Finally, if |z]|<R, then

Re(1—<z,zj>)>1—R. Hence, since nr2:1, (4) gives

2p=1

-n(1=R) 1 e—n(]—R) < Cun 2 e—n(1~R)

ls(z) | < Nre

Choosing n 1large enough proves (Db).

Remark: Lemma 1 holds with U=@, in which case the condition
|f(z)|>a on U 1is empty and V=3B for all r. It is also
clear from the construction that nguU<e, a property we shall not

need.

Lemma 2: Let f be a continuous function on 9B with Ifil_<]

and let e>0, R<1. Then there is an entire function h and an

open set U <dB such that



(1) llf+hllm <71 + ¢
(2) Ilhi, € €
BR
(3) |[f(z)+h(z)| >1 ~ € for zeU
(4) () >1 = ¢
Proof: Let a=1 - %e and choose ey such that &4 ¢ £4<E- Apply
1=

lemma 1 to the data a*s1,R,f,U=¢ to produce an entire function

h1 and an open set U1 such that
(a) If+hyl, €7 + 2e4
(b) Hh1qu < e,
(e) |t(z)+hy(z)| > a - 2¢; on U,
_2}@_-_1
\ = (T lom 1/a
(a) o; = p(U;) > C arc cos a [lor v ] @

Suppose entire functions h]ja,.,h have been chosen, together

n

i
with open sets U1,a,o,Un such that if wizkg1Uk’ then Ui+1n¥i=¢

and H(Ui)=u(U-)=0-- The function h and the open set U .,

i i n+1
is then obtained by applying lernma 1 to the data

n
_q : ! r’“ i c ge . + 11

a “k£1€k’€n+1’R’f+(h1+°"+hn)’wn' This produces a sequence {hk}
of entire functions and a sequence {Uk} of disjoint open sets

9

such that

n n
(a) it+ T hy i < 1T+ 2% e,_<1 + ¢

k=1 — ir=1

n n n
(b) T hy l, < % Ih | < I g, < €
k=1 ¥ Pr =y KPR oo K
n n 1

(e) | £(z)+ 2 h(z)] >a-2% e >a-3 =1-¢ on W,



(d) o = u(U_ ) > C arc cos(a-2 ¢ Ey)[

> C arc cos af

-7 -

n-1
n--1 log 1/a - 2 ¢ €
=1 log A/en
.aE.:l N=1

logs 1/8, '] 2 (-l - Z Uk)

1o ~
log A/en

<1, (d) shows that there is a constant Ce

o_ 2 C6

2p=1

(1o A/e 1 °

This is clearly inpossible if

be achieved by

2
(55

= Atn
€n

TR

] 2n=1
o)
[log A/en]

n

o]
for sorie small 1. Fence we nay assune that T

sufficiently large, U=Wn3 we get

n
p(u)y = = o, >1 - ¢
k=1 &
n
which is (4) in the lerma. Letting h= ¢ hy,
k=1 *

just (a),(b) and (c)

Renmark: We shall apnly

= 4o

such that

which can

(1),(2) and (3) are

lermma 2 repeatedly with the hypothesis

Ifh_<a for sone a, in which case the conclusions of the lermma

hold with 1 replaced by

T,a,e,R as data for the

a

in (1) and (3). We shall refer to

L ]

lennma.

Theorem: There exist inner functions in B

Proof: Tet ta;},le,}

strictly to 1, ai+s.<a

-

data fO=O, a1,a1,R]=ﬁ

be

i+l

sequences such that a,

o
:

€ .<
3
-l -

&
PO —

and

i}

i

get an entire function

f

increases

1

. Apply lerma 2 to the

and an open



set U.| cdB such that

(1 If0, € ay + ey < 2,
(2) nf1uB < g
R
]
(4) w(@y) > 1 - e

Since f is continuous, there existes an R2> such that RT<Ré<1

and such that

(5) lt,(Ry2) | > a; - 2e; for z €U,

Suppose that we have inductively found entire functlons f1"“"fn’

open sets U ,ﬁﬂ.Un and real numnbers R1”"’Rn+1’ such that, 1if

]
n

we let hn=.§ fi, then
i=1

(1) tht, < a4

(2) "fi"nﬂ < e, , Ry < Ri+1_< 1 for i=1,...,n

i

(3) lh,(z)| >a - e, for z€U,

() u(Un) >1 - e

(5) lhn(Rn+1Z)l > a, - 2, for z€ U,

We then apply lemna 2 to the data hn’an+1f€n+1 and Rn+1 to

" : P 3
produce a new function fn+1 and an open set Un+1° Properties
(1) to (4) follow irnediately for hn+1’ and (5) is just a

consequence of its continuity. We assume lin R =1. By (2),

h

il
)__)
.
3
D
]
™8
=

exists and satisfies Ibig <32-° By (1), bl _<1. Let
3

V.= NU
oy B



Then V}.CV.

‘ 347 and by (4) u(Vj)>1_ T o€

hence 1lin H(Vj)=1 and
nsj

n,
U:= U V, has full measure. If =z €1, then there exists J such
that ZGZUn for all n»j. For such n (2) and (5) imply

- 2g -
lh(Rn+1z)l >a, - 2e, Vinek > 1 when ns=

Hence, if 1im h(tz) exists, which it does alnost everywhere in
£t

U, its absolute value rust be 1. This concludes the proof of the

theoren.

Renark: Ve can, without any additional effort, prove a nore
general version of this theorem. To do'this, replace the number 1
by a strictly positive, continucus function H on 3B. vHence, in
lenma 1, we now assume that | £(z)|>aH(z) on U. Ve can carry out
exactly the same construction, assuming that r 1is small enough to
guarantee that |H(z)-H(z')|<e when 6&(z,2z')<r. This will just
add one € to our inequalities. Bj is now defined by 8.,=0 if
f(zj)|>H(zj) and If(zj)+ﬁj|=|f(zj)|+|ﬁjI=H(zj) otherwise. This
tinme |f(z)+g(z)|>ali(z)=3e in a ball with B=0 if
la+(H(zj)—a)sei9|>aH(zj), vhich is also satisfied if s>a and

cos@ra. llence, the conclusion holds with (b) and (d) unchanred and
(a) I£(z)+g(z)] < max{|f(z)]|,H(z)} + 3e

(e) |t(z)+3(z)] > all(z) ~ 3e on ULV

From this lerma 2 can be immediately generalized. The assunption

is now that |f(z)|<"(z) and the conclusion holds with (2) and

(4) unchanged and
(1) | £(z)+h(z)| < H(z) + ¢

(3) | £(z)+h(z)| > "(z) - ¢ for =z €U



- 10 =

Finally, the theorem also generalizes irmediately. The Sequences
{ai} and {ei} nmust now be chosen such that aiH(z)+si<ai+1H(z)

for all =z and Rn+1 rmust be chosen such that

o) T _
anH(z) + 2e, > hn(Rn+1Z) > anu(z) Een for z€ Un

which is clearly possible by uniform continuity. This proves:

Theoren: Let I be a strictly positive, continuous functlon on

30%. Then there exists fe€H (B) such that | 1im f(tz)i=H(z)
t+1

alriogt everywhere on ©9B.
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