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1. Introduction. Infinite tensor products of c*-

algebras, and ever more specially of the complex 2x2
matrices, have been of great importance in operator theory.
For example, the perhaps most fruitful technique for
constructing different types of factors, has been to take
weak closures of infinite tensor products in different
representations. In addition, some of the Cx-algebras of
main interest, those of the commutation and the anti-commu-
tation relations, are closely related to infinite tensor
products of Cx-algebras. Adding to these applications the
possibility of applying the theory, when all factors in the
infinite tensor product are abelian Cx-algebras, to measure
theory on product spaces, we see that the theory of infinite
tensor products of C*-algebras may have great potential
importance.

In the present Seminar report we shall study the

infinite tensor product OT of a C*-algebra (3 with itself,




viz. o(,:&ﬁ«ﬁi, where B. =3, i = 1,2,..., and then
show how information on the C®-algebra (¥ leads to both
new and known results on the different subjects mentioned:
in the preceding paragraph. Our main technique will be
that of asymptotically abelian cCX-algebras as developed
in [jS] and [ﬁ4], where the associated group of automorphisms
is the one of finite permutations of the factors of C7L .
We recall some relevant terminology in operator

theory. A von Neumann algebra is a weakly closed complex

algebra Gl of operators on a Hilbert space &e. such that
A€ [ implies A*eOf . Its commutant (%' is the von
Neumann algebra consisting of all operators A' on ae
such that A'A = AA' for all Aec 0l. A C"-algebra OC
is a von Neumann algebra if and only if CJ =(". A von
Neumann algebra (j{ is a factor if Ol nQl = €I, where I
is the identity operator on &€ . By a trace on (U we mean
an additive map tr of the positive operators (?(+ in (1
into R’ u{+OO}' such that tr(A) = tr(UAU-1) whenever

AeE Of' and U is a unitary operator in O(. Let §° denote
the set of projections in 01,. 1f (JU is a factor there
exists up to a scalar multiple a unique normal trace of O,
where normal roughly means that it is order-continuous

(cf. Daniell integrals). If the trace is sufficiently
normalized we say (J{ is of type I_, 1< n<o0 if

tr(@) =$0,1,2,...,n8, of type II, if tr(P) = [0,1], of
type I, if tr(®) = [0,00), of type III if tr(®) =
So,+ o0} .

If U is a C®-algebra with identity I, then a




state of {{ is a positive linear functional e of

such that p(l) = 1. Then there is a Hilbert space a-et) ’
a xrepresentation rﬁ{é of (Y on &%, and a unit
vector x(,1 in Mf’ cyclic under (ﬁ{;(Oz) (so that vectors

of the form ’ﬂ;

(A)xf, are dense in O‘qo) such that (O =
Q) © T[To sy where wx denotes the state A 2 (Axlo,>7o).

F
P is a factor state if 'Tf;,(ﬁ()" is a factor, of type X

if r’!\l",(()l)" is a factor of type X, X =1, 1 £ n £,
II,, IIy» III.
We recall from [7_] the definition of é@ Let
- i.
631, i=1,2y00.y be a Cx-algebra with identity I = Ii.
For each integer n let ®(8.1 denote the algebraic
n
tensor product of 031""’@1' For each @i let (!\r"l be
a faithful x-representation of ‘81 on a Hilbert space 5'61-
Then their tensor product ®Ri is a representation of
n
@(Bi on the Hilbert space tensor product @&(pi of
n
61’2,,3(; In this way a norm (| I, is defined on
%
@(B.l. Let ®(Bl denote the C™-algebra which is the
n

n
completion of @031 in this norm. If m * n denote by
n |

39“{“ the canonical imbedding

* *
Spnm : C%?(Bl ? %61

m

which carries ®Ai onto (& Ai) ®(® Ii). Then

¥ “'n n i=n+1

®63i is defined as the inductive limit of this inductive
system of Cx—algebras. If @i =03 for each i,

A *
= @681, and p is a stati of (3 sy we denote by @/D
(or just @F) the state @f)l of O, where Fi =[3



for each i. Thisstate is the unique state of Jf such that
if AiG Bi and A; = I, for all but a finite number of

indices, then
*
(Qp) (@ 4;) = til (J(Ai).

1f O is a Cx—algebra with identity and G a

group, we say O( is asymptotically abelian with respect to

-~

G if there is a representation g ->Z§ of G as x-
automorphisms of (J{ and a sequence 9, in G such that

if A, B e O then

linl[[Tg_(a),B](l = o,

n>«w
where [ ’ J denotes the Lie commutator. We refer the
reader to (_13] and [14] for references to other definitions
of asymptotically abelian C*-algebras. A state F of o1
is G-invariant if eoz-g = (—7 for all g € G. Then

there is a unitary representation g Ur,(g) of G on C"f’(a

such that
“(A>uf<g)‘1 = fp(%a)

for all A€(], and Up(g)xr; = %p for all g €G.

Denote by I(M) the G-invariant states of Qf . Denote by
73((0) the center of the von Neumann algebra rﬂ?,(OZ)", and
by 03((7) the von Neumann subalgebra of @(()) of operators
A ffg((—?) such that UF(g)AUP(g)'1 = A for all g¢€& G.




Denote by_QQ(e) the group of all Uf(g), g € G. By [}31

there exists a unique normal G-invariant positive linear

map @r of WF(OI)" onto (B(f), such that @r‘(ﬁ(f) is

the identity map. Furthermore I(J]) is a simplex. If F

is G-invariant P is said to be strongly clustering if

0N

Lin p(Zg,(A)B) = p(a)p(B) ?
n--& n f 6
whenever A, BE€ O . A G-invariant state E is then

strongly clustering if and only if (D is an extreme point
of I(0) and coxf)( 'ITP(A))I = g(ﬂ’() (A)) = week i;mw
UC(gn) T;(A)Uﬁ(gn)'1 for all self-adjoint A & QT
[jB, Thm.5.4]. If e is a G-invariant factor state then
e is strongly clustering [13, Cor.5.§]. Furthermore

[14, Thm.3.1], p is of type III if and only if

Qg | ’ﬁ%«ﬂ)' is not a trace, P is of type ‘II1, or I,
DTQOQ s, 1if and only if fJ is a trace, and {O is of type
Io or II,, if and only if CC&FIFW%&W)' is a trace, but
P is not a trace.

We shall not include complete proofs in this Seminar
report, as they will appear elsewhere. Only rough
indications will usually be given. For the theory of c*-
algebras and von Neumann algebras we refer the reader to
the two books of Dixmier [3] and E4]. For the theory of

infinite tensor products of Cx-algebras the reader is

refered to the paper of Guichardet [7j.



2. Symmetric states: Let (3 be a Cx-algebra with
3
identity. Let B, =(B, i = 1,2,...y and let Ol= ®63i.

Let G denote the group of fidite permutations of the
positive integers N, 4i.e. an element g € G 1is a one-
to-one map of N onto itself which leaves all but a finite
number of integers fixed. Then g defines a ¥~-automor-

phism, also denoted by g, of U by

9(Z_® Ai) =2 _® Ag(i)’

where A, =1 for all but a finite number of indices.
Following the terminology of Hewitt and Savage L9] we say

a state Q of O is symmetric if P is G-invariant, i.e,
if P eg-= P for all g ¢ G. For each integer n we

denote by 9, the permutation

N1 if 1 £k € o0
1) g (k) = {k 20T g T g e on
k if 2" <k

Lemma 2.1, With the notation introduced above let

A, B € O(. Then
Lim || (g (a),8] [= o,
n

hence C% is asymptotically abelian with respect to G.



Proof. In order to show the techniques we give a complete
proof. We may assume |[[All£ 1, |Bl£ 1. Let &3>0 be
given. Then we can choose a finite integer m and
operators A', B' € O such that A' = D @Ai., B' =

. - j i J
Z C)Bkl, where Aij =1 for i,j 2m, and By = 1
for k 1 ®m, and such that || A-A'||< ¥4, IB-B'|l< /4.

Choose n so that 27~ QLN m. Then [gn A'),B'] = 0, hence

| G, (A)5B1 =0 (g, (A)-g, (A"))B+g (A")(B-B')+(B'-B)g_(A")
+B(g,(A")-g_(a)) |]
£llg, (A)-g (Al Bl + g (A"} I} B-B" ]
+1B'-B | g (A3 +h B Ng, (a")-g_(A)]]
£ &,

since 9, is an isometry.

This lemma makes the results in [ﬂ&] and [34'
applicable to O{ and G. It is 1mmed1ate that if P is
a state of () then the product state @Df on O 1s
symmetric., Our first result describes the type of C)F in
terms of €> if 63 is a factor state.

Theorem 2. 2. Let B, =03 be a C™-algebra with identity.

Let o= 6543 , and let fo be a factor state of 63 . Then

Cﬁf> is a factor state of O(. Moreover

1) GDF is of type Iy if and only if @ is a homomorphism.
éép is of type I,, if and only if (3 is pure and not

a homomorphism.




%
3) Qb? is of type II1 if and only if e is a trace and
not a homomorphism.
* ~.
4) @F if of type 1II,, if and only if OOXPI 'ﬂ;@(@)‘ is a

trace, and © is neither pure nor a trace.
%
5) C)F is of type III if and only if CA&P"Tg(EQ' is

not a trace.

In the proof one has to make use of the theory of

infinite tensor products in order to show that if

£

or II. Having this the rest of the proof is an easy

C%P |92 ' is a trace, then (@f) is either of type I

consequence of [}4, Thm.3.1], which is referred to in the

introduction.

It should be noted that GQP is never of type IF’

1L P.<;co.

An important special case occurs when Qgi = Mn - the

complex nXn matrices. If P is a state of Mn then

there exist n orthogonal unit vectors YiseeeaYg in ¢"

and real numbers ‘ﬂj’ 0 é,zj £1, j=1,.0.9n, such that
S Aj =1, and P:E Ajcdy-" Moreover, we can

J .
choose the numbering so that O é’gn £ ... £UA1 £ 1. Even

though the yj's are not necessarily unique, the numbers

A

J
Theorem 2.2 has the following immediate

are. They are called the eigenvalues for (D .« Then

Corollary 2.3. Let d}i =M, i=1,2,.00,n > 2. Let
*
Ol = C)QBi. Let @ be a state of M with eigenvalues

*
21 = ., E?\n. Then @(:3 is a factor state of OZ sy and




x
@(7 15 of type Ion if and only if ?\1 = 1.
i

. . . 1
(X)F is of type II‘70 if and only if 21 = e =Ak =0
1< k< n.
x . . . 1
3) ®(3 is of type II, if and only if ﬂ1 = e =%n = =

4) éap is of type III if and only if for some j,
0< D <A <1,

With n = 2 this result has been shown by Glimm
[6, pp.587-589] by quite different methods. We remark that
all type I,y (resp. ITgy IIy) factors obtained in this
way are isomorphic. However, -nhen n = 2, Powers [j1,
Thm.4. 8:]has shown that the type III factors obtained are
all - putually non isomorphic.

We now investigate the simplex I() of symmetric
states, and use the notation from the introduction. Let(b
be a symmetric state. If A €(){ then by a simple argument,
see (13, Lem.5.3], every weak limit point D of the

sequence

belongs to the center fZ(P) of A¢ On". Furthermore, if

$r To(a)). with g

D happens to be in @(e) then

as in 1) this happens, hence
@r(‘ﬂ}(;\)) = weak limit Uf(gn)rh’f(A)UP(gn)'1,

b
for all A€ (L = @(Bi. Using this and EB, Thm.5.4l
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mentioned in the introduction, we see that every extremal
symmetric state is strongly clustering. With the aid of this

and similar techniques we have,

Theorem 2.4. Let {3, = be a C*-algebra with
3
identity, i = 1,2,... . Let Ol= @R, and let e be

a symmetric state. Then the following three conditions are

equivalent.

*
1) rD is a product state W with €V a state of 63.
2) f) is an extremal symmetric state.

3) f) is strongly clustering.

It is straightforward to show that the map
X
P > @P of the state space of 6> into I(GZ) is a homeo-

morphisme into. Hence an application of Theorem 2.4 gives

Theorem 2.5. Let O5i =R e a C*—algebra with identity,
i=1,2,0e. « Let Ol= é(Bi. Let @I(00) denote the

extreme boundary of the simplex I(0l) of symmetric states
of 1. Then the map P% ép is a homeomorphism of the
state space of Ud onto JI(). Hence QJI(]) is a closed

set.

A face of the simplex I() 1is a convex subset F
such that if WEF, W € I(O[), and for some real 270,
() €AW, then Q' EF.
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Lemma 2.6. Witlh, Lhe notation in Theorem 2.5, if X
denotes any one of I, IIy, II , III, let 1(07)X =
§G>€JJGD : TQ«ﬂ)" is a von Neumann algebra of type X}.
Then I(ODX is a face of I().

The proof follows from [j3, Thm.3.1], from which it
follows that if @' £7p, and p's @ € 10D then there is
a unique positive operator BECB(€) such that 9 1=
C*?Bxf;d [ﬂ} . Since Q9 I(E) is closed, by a theorem of

Alfsen l}, Thm.1], the closure I(O‘,')X of I«W)X is a
face of I(Q). Now all weakly continuous state of a factor
are factor states. Since they are also w®-dense in the
state space, the following result now follows from

Theorem 2.2.

Theorem 2.7. Let d3i==d5 be a factor different from the

%
scalars. Let (fl= C@CE%. Then I«ﬂ)III is dense in
(0. |

We remark that if ¥% is a factor of type II or
III then the pure states are dense in the state space of

® [5, Thm.&]. Hence also I«R)I is in this case dense
1(1).
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3. Symmetric measures on Cartesian products. In the

present section we show how the theory in section 2 applies
to measure theory. Let X be a compact Hausdorff space,

X;i = Xy i=1,2,..0, and X = ﬁ X; with the product
topology. Let P denote the set of probability measures on
X (i.e. positive regular Borel measures of total mass 1),
and let S be the set of corresponding product measures

on ;{ (see e.g. [?, p.15j]L Let G denote the group of
finite permutations of the positive integers, and as before
identify G with the group of finite permutations of i:

A probability measure is symmetric if it is G-invariant.
Let g/ denote the set of symmetric probability measures

on X. We can now state and prove a theorem which together
with the results on simplexes with closed extreme boundaries
due to Bauer [?], is a restatement of a theorem of Hewitt
and Savage [? , Thms.5.3, 7.2, and 9.4].

~
Theorem 3.1. In the notation introduced above S 1is a

simplex with closed extreme boundary equal to P.

Proof. Let Ol= éc(xi). Then O is x-isomorphic to
C(i) [}5, Thm.6], the isomorphism being implemented by the
iomeomorphism ®fxi-—-—> (Xi) of the pure states. of O onto
Xy where fx- denotes the evaluation at the point Xy in
X3 E?, p.1?].llf Y is a compact Hausdorff space then the
probability measures can be identified with the state space
of C(Y) [8, pp.247-248]. Thus the theorem is a direct

corollary to Theorems 2.4 and 2.5.
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4. The anti-commutation relations. We say the elements

b1,b2,... in an algebra with involution and identity I
satisfy the anti-commutation relations if b, b3+bjbi = 0,
bib3f+bjbi = lJI for all 1i,j. Guichardet [7, Prop.3. 3]
has shown that the study of the anti-commutation relations
is equivalent to that of (3051, where 68& = M,. Hence
the results in section 2 may be applied. Since Corollary
2.3 is well known for n = 2 we shall rather consentrate
on applications of Theorems 2.4 and 2.5, and show how a
theorem of Shale and Stinespring 12, Thm.4 can be
recovered.

Let € be a separable real Hilbert space with
orthonormal basis Q}%,Gﬁ,...xn{gﬁi,...). Let S?j denote

the canonical imbedding of (Bj into éégl Let

1 0 _ 0 1
e=993((0 _1))’ fJ-TJ((*I ’gJ ?J 7

N &

1425e¢« « By [7, Prop.3.7] we may identify o€

for j
*
with a subspace of Ul = (}051, éﬁ = My, by writing

W

h = €1 *** Sh-1ttp
)' = P °
Ckn € ®h-1 gn

Then (N and CL% are self-adjoint unitary operators in

(T( satisfying the spin relations
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W+ QR =W+ W = 2§jkl

! | —_
A0y = 05

and the operators %(Uﬁ+i&%) satisfy the anti-
commutation relations. Let K denote the Hilbert space
spanned by C%,CE,... . If U is a unitary operator on
_tK; say U¢ =2 __ u_ ., then we can extend U to a

n 3 nj J
unitary operator on the complex Hilbert space generated by
&{2 by Ua% = 2. unj“ﬁ' U has then a unique extension to
: J
ap  automorphism o of O1 satisfying

X (2T W) o= Uy, U’
U Z ?hjmjwnj mj Z Anjmj C‘Plj an

for polynomials in the O)J. and COJ' A state (@ of ot

is said to be universally invariant if @ = §3 o °<U for

all unitary operators U on X, We can now restate the
quoted theorem of Shale and Stinespring. The proof is
omitted because it follows from the way the theorem is
stated by somewhat tedious computations together with

obvious applications of Theorems 2.4 and 2.5.

*
Theorem 4.1. Let Ol= ®&,, Q% = M, be the c*-algebra

of the anti-commutation relations. Let %Zi denote the

%
diagonal matrices in M2, and let 52== CDdzi be
considered as a subalgebra of (. Then the map e > Pl %

is an affine isomorphism of the universally invariant
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states of (3 onto the symmetric states of ;a . Hence F
is an extreme universally invariant state of Cﬂ' if and

%
only if (J= ®f)?\, where 0 € A4 €1, and

a b _
P(e ) = Aar(1-A)a.
In particular, the universally invariant states of (J{ are

affinely isomorphic to the probability measures on the

closed unit interval.

5. The commutation relations. We shall in this section

indicate how the results in section 2 can be used to

study the commutation relations, and shall do it for the
simplest case with infinite degrees of freedom, namely the
situation studied by Garding and Wightman to obtain similar
results, see [}Q]. For simplicity we use the same notation
as used by Glimm [@]. Let :}( be a separable Hilbert space
with orthonormal basis eyse,ses. . Let g€ denote the
real linear span of eyjepyees o Let 9{5 = E%L. We assume
there are two linear maps p and q from Ef; and afg
respectively to respective commutative families of
(unbounded) self-adjoint operators on a complex Hilbert

space (the representation space) such that
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2) eif‘:(x)eiq(){') - eiB(X,X')e.lq(X')eip(X)

for arbitrary x = }:aiei Gb‘fo,x' = i}:bjeje -bf(;,
where B(x,x') = 2 a.b

A bounded linear operator T (on the representation
space) is said to depend on submanifolds of(Tfo and
MW of ¢ in case T is in the von Neumann algebra

' range

generated by eip(x) and eiq(x') as x and X
over M and W' respectively. The von Neumann algebra so
obtained is denoted by d(M,M'). The C¥*-algebra Of
generated by all O{(M,M') with WM and W' finite

dimensional is called the representation algebra of field

observables, also the Weyl algebra. If WYL$resp.7hA)

denotes the linear span of e j-+sje  in &(O (reSp.Qfé)
it is clear from the definition of &eo that O equals the
c*-algebra CYO generated by the Ol( ?), N=1y29000 &
From a theorem of von Neumann (;10] (ﬂ(ﬂ.I ,m1 Y B d(q with
3q a separable Hilbert space, hence an application of
2) shows (X(mM mn ®0?>d€) —ﬁ?)(@) d€ with ¢)€i
separable, the tensor product being the von Neumann algebra
tensor product. Thus CYO # (§ﬂg&%), but is close enough
to it in order to make the techniques in section 2 appli-
cable. It should be remarked that in the more general case
Glimm studied, OﬂﬁCﬂg, but he succeeded in extending
results from Cﬂo to 01 (6, Thm.8).

Let €O be a normal state of 68(9(1). Then by
continuity ¢ defines a product state éica) of

i=1
O1ﬁnn;M%). Hence it defines a unique product state, denoted




- 17 -

by @w, of Ol

Theorem 5.1. With the notation introduced above (R0

is a factor state of O('o' Furthermore
1) (W) is of type Ioo if and only if Cu) 1is a vector

state.
k
2) @y is of type II,, if and only if co= 3 Gy ,
j=1 73
1< koo , with x, orthogonal unit vectors in .

J
3) ®W is of type III 1if and only if €& is not of the
k
form -}122 cux., k 2 1, xj orthogonal unit vectors in

x j=1 J
1°

. The proof is a trivial modification of the similar
one giw'ren by Glimm {_@, p‘.60'83 .together with an ~
applieation of Corollary 2.3.
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