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In the first section of this note it is proved that
cofibrations are homeomorphisms, and & characterization of closed
cofibrations is given. The second section centains the proof of a

homotopy lifting-extenzion thecrem gensralizing a result on relative

CW-complexes,
All functions consi ed will be continuous.
1.

Definition: A (Hurewicz) fibration is a map p:E ->B with

the property that for zny map f:X-—-»E and any homotopy F:XxI—>B
such that F(x,0) = pf(x) for all =x <X, there exists a homotopy

s

P:X<I->E such that pif=F and F(x,0) = f(x) for all x=X.

A cofibration is a mep J:A->X such that for any map

f:X—»Y and any hcmotopy #3AxI —=Y such that F(a,0) = f£j(a)
for all a &€ A, tlhere aszists 2 homotopy F:X»I —=Y such that

F(jx1-) = F and ¥{x,0) = £{x) for all =x=X,
ol

If A is a subsrvace c¢f a space X sucn that the inclusion

map A <X is a cofibration, the pair (X,A) is called a

cofibered pair or is said to possess the ahsclute homotopy
extension property (AHEP). A necezssary cordition for (X,A) to be

a cofibered pair is *the existence .or a retraction r:iXxI >(XX0) i1 (AxI),

If A is closed, this condition is also sufficient.
The following thecrem shows +that, essentially, the only

cofibrations are cofiber=d pairs,

Theorem 1: If J:A-=>X 1is a cofibration, them J is a

homeomorphism Azx-j(A).
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Proofs 1et j:A-—>X Te a cofibration and consider the
mapping cylinder Z of 3, that iz, the guotient space of the
topological sum (¥ wiA #i, <obhitainsd Hr identiiving
(a,0) & AXTI with (j{a) 0)aoX <o fo» each aeh., Denote by g
the quotient map (Xx0)wv (AxI)-—=Z. There is a continuous map

i:Z —>XxI defined Ty

iQ(X:-O) = (7:70> (XE’X),
j.‘lj_(&t,'t) = (J<r-")9t) (a:,A, ‘t:_:[),

Define maps f:X -— Z and MAxI-—=2 by

f(X) = QL.(XDO)S F(aﬂt) = Q(aat>-

Because j dio a cofinrzticn there exists a map TF:X xI —>Z
such that F(j(2),t) = gq{a,t) and F(x,0) = q(x,0) for all

. and 1 1is, therefore, a
homeomorphism of 7 onto (7, = (¥+»0) v (j(L) x I), Also,
glAx1 is a nomsomerpiism of LAx1 onto g(Ax1), and
consequently iglAx 1 dis a homeomorphism of Ax 1 onto
ig(AX1) = j(a) =1, Q.I.I.

Next we shell prove a theorem which generalizes 3.1 of [1].

Thecrem 2: Let L voe a cliosed subspace of a topological
space X. Then (X,A) 13 a coifibered pair if and only if there
exist

(i) a neightcuchcod U cf A which ie deformable in X to
A rel A (that is, there exiets a homotopy H:Ux I —X
such that HI(x,0) = x, H(a,t) = a, and H(x,1)& A Tor all

x=U, ae¢hd, t=I), and
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(ii) a continuous function ¢ :X->I such that A =@ (0)
and @ (x) =1 for all =xz&X-U,
Proofs Suppose that (.4, 4s a cofibered vair., Then

there exists a wetracticn w4 <l -=x/(Xx«C)uv{ixI), and U,H

and ¢ may be chosen as follows.
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Conversely, suppose that U, H and <? are given and
satisfy the conditions of the theorem. ©Since A 1is closed it
suffices to prove the existence of a retraction r:XxI-—>(Xx0)U(AxI)

The required rctraction may be constiructed as follows.

= (x.0).

~—r

(1) If  @(x) =1, let r(x,t

(ii) If £ = 9 (x)<1, let r(x,t) = (H(x,2(1- ¢(x))t),0).

(iii) If O<zi(x) €% and 0% t= 2 F(X>9 let
r{z,t) = {(H{x, »—=37—1),0).
N
(iv) If 0< @(x) % and 24(x) =t %1, let

r(z,t) = (Alx,"), tm2<?(x)),
(v) If CP(X) =0, let r(x.t) = (x,t),

(This construction is that of {2] .) The proof of continuity is

straightrorward and wilil be omitted. Q.E.D.

2. It was remarked in section 1 that if (X,A) is a cofibered

pair, then (Xx0) w3 (AxI) dis a retract of XxI, In fact, we

have the following stronger result.



Lemma: If (X,A) is a cofibered pair, then (X x0) L (AxI)

is a strong deformation retract of XNI.

Proof: Let 1:(Xx0) v {Axi) < XXI be the inclusion
map, and let r:XXxI-—=(Xx0)wiL vI) %te a retraction. A

homotopy D:i:ir<==1 rel (Xx0)yu(AxI) is given by

Xx1I
D(x,t,t') = (pr1r(x,(1~t')t), (1—t‘)pr2r(x,t) + t't). Q.E.D.
Theorem 3: Suppose that p:E~>B 1is a fibration, that A

is a strong deformation retract of X, and that there exists a map

¥):X~f>1 such that A = §71(O). Then any commutative diagram

1
AT %
- |
if) Ip
\;/
X — f 1 ”""} B

may be filled in with a2 map f:X~>E such that pf = f' and
fi = f", £ 1is unique up to homotopy rel A,

Proof: By hypothesis there exists a retraction r:X-—>A
and a homotopy D:ir &= 7 rel A, If f:X—=»E 1is such that

fi = f", then fZ= fir = f"r rel A, which proves the last assertion

of the theorem. Define D:XxI —=X by

{ - t
é D(A;7:r§7) t=<4?(x)

D is easily shown to be continuous, Because p 1is a fibration
there exists a homotopy F:XxI—>E such that pF = f'D and

F(x,0) = f'r(x) for each x&X. f is given by f(x) = F(X,<P(X)).
Q.E.D.




We are now in a position to prove
Theorem 4: Suppose that p:E->B is a fibration, that
(X,A) is a cofibered pair, and +that A is closed. Then any

commutative diagram

(Xx 0) u(Ax1I)
]

Xx1I T —— 3

|
£ ]

may be filled in with a homotopy F:Xx I -»E such that pF

and F | (Xx0) u(AxI) = f.

Proof: According to the Lemma (XxO0) L(AXI) is a
strong deformation retract of XxI, and by Theorem 2 there exists a
function q;:X->I such that A = ﬂp-1(0). Define ¢ :XxI-—>I
by @ (x,t) = tP(x). Then (Xx0)u(axI) = ¢~"(0), and the

theorem follows from Theorem 3. Q.E.D.

The condition that A be closed is not very restrictive,.
For instance, A will always be closed if X dis Hausdorff.
Not all cofibrations are closed, however. The most trivial
example of a non-closed cofibration is the pair (X,a) where X

is the two-point space iia,b} with the trivial topology.
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