
Matematisk Seminar 
Universitetet i Oslo 

"by 

.f:r1l8 st~com 

Nr. 3 
Mai 1966 



1 

In the first section of this note it is proved that 

cofibrations are homeomorphisms 9 and a characte:I'ization of closed 

cofibrations u:; g::;.-v-en. ThP ::J2C'Ol.lc'.:. decbior:. ccn~~o,,:i_ns th8 proof of a 

homotopy lifting--exten3io::n Jcheorc-:r'l gsns:cal::Lzj_ng a result on relative 

CW-complexes. 

All functions considered will be continuous. 

1. 

Definition: A (Hurew:l.cz) ,:'.4J?rat5:.2...!1: is a map p~E ~"JoB with 

the property that for any map f:X -;~o-E and any homotopy F:Xxi--.>B 

such that F(x,O) = pf(x) foT' all x~.X, there exists a homotopy 

F:X-:I-~E such that pl'1 -· F and F(x,O) = f(:x:) for all X-7~ X. 

f:X--~Y and any :;;c!'Dotopy ?;.Ai~I ---7·Y such that ]i(a,O) = fj (a) 

for all a € A, -t~J.e::CF; exists P ho~-:J.otopy F:X\I ·-.'>Y such that 

If A is a subspace cf a svace X such that the inclusion 

map A ex is a cofibration~ the p2ir (X,A) is called a 

extension pro~.r-~:t.-__i_A_£~£2." A nGcessc:J:-';)1 co:r:c1~_tion for (X,A) to be 

a cofibered paj_r is tb.e 9Yist~n.ce _ o~ a retractio~ r:Xxi -:>(X~O) u (Axi) 

If A is closed, this condition is also sufficient. 

The followi:r:g tl'leoTe:n sho7:s +;hP"t ~ essentie.11y.} the only 

cofibrations aTe cofibered pairs. 

rrheorem 1: If j~A-+X is a cofj_bration~ t:b.en j i8 a 

homeomorphism A ~~--:·.j (A). 
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Pros:_f~ Let j :A ~x l>G n cofibration and consider the 

mapping cylinde:r Z of 0, tho:;.t :i::.) -~l:e q_nottent spRee of the 

(a, o) t;..- A x I v1r~i_ -c~l Denote by q 

the quotient map (:X:\ 0) v (Ax I ,1 __ .. _,..z, There is a continuous map 

i: Z ->X xI definc;cl. ":_;y 

(x<X), 

iq(a,t) = (j(s),t) (ac:.A, tci). 

Define maps f~X ----? Z a:nd ~1 ~Axi->Z by 

Because j io a. c )fi-~ c.::·. :;3._on th?re exists a map F: X xI -?Z 

such that 

a ~- A 9 t £"_ I y an:i 

q_(e.,t) 

""'~"- "'.- .... r 
...ll. ,_ .t:.. ~ 

o:nto • ( "7' \ 
]_ .. ' I -~ 

q fAx 1 j_o a bomsomo:r:rr•_isr,: of !"' --" 

for all 

i is, therefore, a 

( ""·/~.\''("(f) X I) j\.. ,, \.,) / ·~_.} J .L:.i. ~ Also, 

onto q(A x 1), and 

consequently i(t i A.:..: 1 ts c:>, hc:::c.eomor._;:>~j SDJ. oJ A X. 1 onto 

iq(AX1) = j(A).x L Q n, T; 
!I J.~l ;, _j_• (' 

Next we she,J_j_ p:cov.s a theo:cem. vv}']j ch genel"alizes 3. 1 of [1 J. 

:Set 1~ oe ~:t. c_Loe:;ed St:Lbspace of a topological 

space X. J_3 CJ. 0-ofi bered p.sdr if e.nd only if there 

exist 

( i) a ne:i_ghl:: c-~.I~"bcocl U cf A Ylhich is deformable in X to 

A rel A ( th8.t is, there exists a horr_otopy H: U x I -->X 

su.Jh that II(:x:,O) = x, H(a,t) = a 9 s.nd H(x 5 1)E:-:A for all 

x ;::.:_ U 9 a ec_;. A, t £ I ) , and 
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(ii) a continuous function ~; :X~4I such that A= 'f -1 (0) 

and cp(x) = 1 for al.l z(=_y;:.-,u. 

Pro:Jf: Suppose that (X~~) js a cofibered ~qir. Then 

there exists a ~etrncticrr i" , y / ·; ----'-'• I y / ,-: ', < ' I I~ v T ·; 
-. - .• - • -· ' .~ . ' '-' / ,__ \. -- ,.., ..L ~ and U,H 

and q; may be chosen as follor,,IS, 

' I .l 
Tf I -~ - · 'f f r; ~ ,_, ( -r 1 ) . - ' I 
l = 7 -"·· '::_ - ~ ' J.._) .L 'I J.. .L. ~ .;-_ j ~ I. 

~ . - j 

H = pr ~ :r J U x I 
I I 

Conversely, suppose that U, H and ~ are given and 

satisfy the conditions of the theorem. Since A is closed it 

suffices to prove the exj_stence of a retraction r: Xxi ----~(X x 0) u(A)(I 

The req_uirorl l.~otraotiu-c. "Tq,y bR constructed as follows. 

(i) 

(ii) 

(iii) 

(iv) 

If 

If 

If 

· -, ( -,r ) - 1 l r-. -'-'Y \ _,_ -- . :) "' lJ 

0 . -- ( ) ..;: :L <I~_..tX =2 

let 

If 0 < cp (x) ? ~- e.r1d 

r(x~t) = (H(x,2(1-y(x))t),O). 

0 -~ t ~ 2 'f (x) ~ let 

( ' ,/ / 

2 -~r:' , :_7;_ ) 2· t =- 1 , l e t 
i 

(v) If l)(:x:) = 0, l8t r(x.t) = (x,t). 

(This construction is that of !'27 .) The proof of continuity is 

straightfonv-ard a11d will be omitted. QoE.TI. 

2. It was remark8d in section 1 that if (X, A) is a cofibered 

pair, then (XX 0) u (Ax I) is a retract of X xi. In fact, we 

have the following stronger result. 
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Lemma: If (X,A) is a cofibered pair, then (X XO) u(Axi) 

is a strong deformation retract c_1f X xI. 

Proof: Let . • ( X ), 0 ) ! .' ( A \:' j' \ l 0 •'... ....- \ ~ • \ -- .' 
be tne inclusion 

map, and let r:XXI~(Xx.O) !._;\.!'.~~I) t;e .·1 retraction. A 

homotopy D: ir ~~- 1 X x I rel (X X 0) u (A.X I) is given by 

D(x,t,t') = (pr1r(x,(1·-t')t), (1-t')pr2r(x,t) + t't). Q.E.D .. 

Jheorem 3: Suppose that p:E--7B is a fibration, that A 

is a strong deformation retract of X, and that there exists a map 

l' :X ~I such that A = ~:- 1 (0). Then any commutative diagram 

if I 

X-

i 
jp ..,, 

f' --+B 

may be filled in with a map f:X--7-E such that pf = f' and 

fi = f". f is unique up to homotopy rel A. 

Proof: By hypothesis there exists a retraction r: X-~ A 

and a homotopy D: ir:::::::::: 1 X rel A. If f: X --7E is such that 

fi = f", then f:::.:::::. fir = f 11 r rel AJ which proves the last assertion 

of the theorem.. Define n~ Xx I ~X by 

:D(x, t) = 1 
D(x, 1) 

t < (p(x) 

t ~ tp(x). 

D is easily shown to be continuous, Because p is a fibration 

there exists a homotopy F: X\" I~ E such that pF = f' D and 

F(x,O) = f"r(x) for each xt:X. f is given by f(x) = F(x, cp(x)). 

Q.E.D. 
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We are now in a position to prove 

Theorem 4: Suppose that p~E--7B is a fibration, that 

(X, A) is a cofibered pair~ and -r.Jiat A is closed" Then an;v 

commutative diagram 

(XX 0) u (A X I) __ f_ ~> E 

~--~ lp 
XXI --- -p------ >- B 

may be filled in with a homotopy F:X xI --:>E such that pF = F 

and F ! (X X 0 ) !J (A X I ) = f. 

Proof: According to the Lemma (Xx 0) t.:(AXI) is a 

strong deformation retract of 

function -~r :X ~I such that 

by q.l (x, t) = t 1{1 (x). Then 

X X I, and by Theorem 2 there exists a 

A = ~,f- 1 (0). Define cp :X.x I -?I 

(X X 0) u (A X I ) = Cf - 1 ( 0) , and the 

theorem follows from Theorem 3. Q.E.D. 

The condition that A be closed is not very restrictive. 

For instance, A will always be closed if X is Hausdorff. 

Not all cofibrations are closed, however, The most trivial 

example of a non-closed cofibration is the pair (X,a) where X 

is the two-point space { a, b} with the trivial topology. 
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