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An excision map is an inclusion of pairs of spaces (¥X,A)e (Y,B) such
] L]

that X-A = ¥-B, As is well known, an excision map needs not induce iso=
morphisms in homolgy unless fairly strict condifions (depending on the
homology theory) are placed on the pairs. Even less it is true that general
relative homeomorphisms f3 (X,A) > (X',A') give rise to isomorphisms. The

purpose of this note is to prove the following.

Theorem 1, fny map Ti(X,A) » (X',A') between closed cofibered pairs

that induce an isomorphism (F/A), ¢ H.(X/A) & H (X'/A') induce en

isomorphism fei He(X,4) = He(X',A') and conversely,

Corollary. Let f: (X,A) = (X",A'") be a local homeomcrphism between

closed cofibered pairs which maps neighbourhoods of A to neighbourhcods

of A' (cege £ mey be closed). Then f induces an isomorphism

o Ho(X,A) 22 Ho(X",A7), Here H. stands for an arbitzary generalized homology
theory, not necessarily satisfying the dimension axiom, defined on a suitable
category of topologicel spaces and maps. TFor convenlence, though, we assume
in the proof that H., is actually defined on the category of all topological
spaces and (continuous' maps, The argumcnt also works for cohomology. We are
particulerly interested in the case where H, is the singular homology
functor and f is a relative homeomorphism (as in the coroilary). One might
be tampted to conjecture thet in this case (£/A). is always an isomorphism.
There are simple counterexamples, however, to disprove the conjecture. We

return briefly to this question in the end of the paper.

In this paper a cofibered pair (X,4) is a pair of spaces having the
absolute homotopy extension property with respect to any space, Thus given
a homotopy G: AxXI +~ Z and 2 map h: X -+ Z such that G{x,0) = h(x) for
% & A, there is a homotopy U: ¥xI -~ Z such that H{x,0) = h(x) for x & X

which 1s an cxtension of G,



Clearly a closed pair (X,A) is cofibered if and onlv if every may
(¥x0) u (AxI) +Z has an extension to XxI. Cofibered pairs (X,A) ars
usually closed, For instance if X is Hausdorff, this is automatically
true. (For this and other interestirg poini~set topological properties

of cofibrations, see (3)).

If (X,A) is a closed cofibered pair, then (X/A,*) is a closed
cofibered pair {where #* is the collapsed subset A), and the collapsing
map k; (X;AS » (X/A,*) is a relative homeomorphism, This follows from

the commutativity of the diagrem

kxid
XIxT > X/AxI

b U

(xx0)u (AxI) -+ (X/Ax0)u ( xI)
and the fact thet (because I ie compact) kxid is an identification
usps Therefore a map £: (X,A)> (X',A') between closed cofibered pairs

splits up into a commutative rectangle

f
(X,8) > (X',A%)
k¢ V!

~/

f

(X/Ay‘*) - (X'/.ﬂ_’ ,'*')

of closed cofibered pairs and maps., Clecrly the theorem follows if we
show that collapsings (X,A) - (X/A,») elways induce isomorphisms in
homology, Ho(X,A)H.(X/i,%), Conversely this is a trivial consequence

of the theorem itself.

The foilowing property of closed cofibered pairs is actually cha=

racteristic, but we don't need that (¢f,(1) p.111, and (2) exc,1.E.5),
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Proof, The identity map on (Xx0)c¢ (AxI) extends to a retraction

r: XxI + (Xx0)v (AxI). Let ¢n¢r;: X - I %be the functions d,:r'l(x) =
pr,(r(x,1/n)), ¢n(x) =n inf(¢£(x),l/n) for n = 1,24.52 « Then

¢, meps X into the unit intervel and takes the vaiue 1 on A for
all n. DMoreover, if x€X-i, then pr;(r(x,0))€X-4 and by continuity
pr) (r(x,1/n)) € Y-\ for n sufficiently large. Therefore eventually

r(x,1/n) €Xx0 end ¢n(x) = ¢I{(x) = 0, It fcllows that the funciion

2 ¢n/2n: X > I tekes the value 1 exactly on A and so does the
n=1

function ¢ = inf(¢, ) q’;r/Zn). Let D: XxI - X be defined by D(x,t) =
n=1 ~

pri(r(x,t))s Then D is a deformation relative to 4, and if o(x)> 0

for some x, so is ¢,(x) and ¢{(x) and therefore r(x,1) €AxI, showing

that D(x,1) € A.

v

iven a pair ) a neighbourhood retraction in Y is a
G D (Y,B) eighbourt traction to B 1 s a

map 03 Y > Y which retracts some neighbourhood of B onto 3B,

If C<Co™'B, let o, (Y,0) » (Y,B) be the map of pairs defined

By O

Corollary 1., et (X.i) De a closed cofibered pair, Then there is a

neighbourhood retraction p: X *X to A 1in X witk the property: For
. . . - . =1
eny neighbourhocd V c¢f A there 1g a neighbourhood W<EVrp A sguch

(X,W) < (X,V) is homotopic relative te A 1o _the

-

that the inclusion

i s
WV
composite ilw&pwz (X,W) » (X,48) e(x,v)

Proof. With the notetions of lemme 1 let U = cfl(o,fj' and et p De

the map D(+,1)s Given V>A, for each x¢A there is a neighbourhood

W e}
X

Fy

X, in X, contained in VN U, such that D(WXXI)CV. et W =Uw}éo
Then W 1is a neighbourhood of A in X :ontained in Vno™A  and

D(WxI)« V., Therefore D defines a houctupy ig™igpe, veld Ao



Remark. Corollary 2 and the proof of lemma 2 are not well adapted to
Lheoryy

the case of an arbitrary generalized homologyYéefined on some admissible

category. The neighbourhoods V can be considered open and then a pair

(X,V) may not be an admissible pair in the category. Even so the excision

map (X-A,V-A) < (X,V) may not be an admissible map. This can be fixed

in several ways. Perhaps the easiest way is to consider the commutative

diagram
iAF" pF.
H.(X,A) — H.{X,F) — H.(X,A)
Yk. Vi Yk.
lep/n® YN

Ho(X/A,%) —  H.(X/A,F/A) — H.(X/A,%)

where F = Q_lCt,lj for some t in (0,1). Then F is a closed
neighbourhood of A, and if U' = ¢71(+/2,I), then (X-U,F-U)< (X,F)

is an admissible map in any reasonable category. Since Ure 5, it foilows
now from the excision aciom like in lemma 2 that kF . 1s an isomorphisn.
Since the composites of the horizontal maps are the identity maps, k.

is monic on the left and epic on-the right, hence an isomorphism.

This method avoids the limiting process. On the other hand it does not

give the extra information of corollary 2.



Finally, consider the case where H. is the singular homology functox
(any coefficients) and fi (X,A) +(X',A') is an arbitrary relative
homeomorphism, We should like to conclude that f.: Ho(X,A) »{H,(X',A")
is an isomorphism., If (X,A) and (X*,A') are compact pairs, then this
conclusion follows from the corollary of theorem 1, The compactness cons=
dition is much too restrictive though. On the other hand, if (X;A) and
(X'3A') are any two closed cofibered pairs, then the conclusion may fail.
Let I be the sum {0} v (I~{0}). Then (510) is & closed cofibered pair,
and there is a canonical relative homecmcrphism (?,O)-*(I,O). However,
Ho(}})% Z® Z and H,(I)® 7, An even better counterexample one gets by
considering the closed unit disk in the plane and the space included which
is the open unit disk :together with two points on the bcundary., Collapsing
the boundary gives two based spaces (X %), (Sﬂ*) and a relative homeomor=
phism i (X,*)~ (S%%) induced from the inclusion mep. Since (Srﬁ) may
be considered contained in and a strong deformation retract of (X,*),
i's is not an isomorphism, Notice that in this example the spaces are both

connected and locally path connected.
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