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In [1] Arveson assoclates a norm closed irreducible triangular
operator algebra to each ergodic, invertible and measure preserving
transformation of the unit interval with Lebesgue measure. He then
proves that two such transformations are conjugate if and only if the
assoclated operator algebras are unitarily equivalent. The purpose
of this note 1s to describe the situation in which the associlated
operator algebras are merely assumed to be isometric. It turns out

in this case that either one of the transformations or its inverse 1is

conjugate to the other.

Let 3? be the Hilbert space Lz[O,l] with respect to normalized
Lebesgue measure m. Let M. be the maximal abelian von Neumann sub-
algebra of 5% (?f) consistirg of all multiplications by bounded measurable
functions. Since the projections in ?7L correspond to the characteris-
tic functions of measurable subsets of [0,1], we may 1ift the measure
m to a measure on the Boolean algebra of projections in 77L. We may

then define a #*-automorphism o of YL to be measure preserving if

m(a(P)) = m(P) for each projection P 1in ML and to be ergodic if

a(P) = P only for the projections 0 and I. Two ergodic measure

preserving *-automorphisms o and B are conjugate if there 1s a



¥-automorphism T such that Ttoo = Bo1. There are other
essentlally equivalent settings for ergodic theory, but for the

purposes of operator theory this one is particularly convenient.

Since M7 can be identified with LwLO,lj, a measure preserving
ergodic *-automorphism o of M glves rise to a multiplicative
and L2-norm isometric linear mapping of Lw[O,I] onto itself.
This mepping has a unique extension to a unitary operator Uu in
QB(Q%) and Ua has the property that a(A) = UaAU: for all
A €. Any other unitary operator V with the property a(A) =
VAV* for all A€ML is of the form V = UaM, where M 1s a

unitary in M. . See [1] for more detalls.

In [M] Kadlison and Singer proved that the algebra of operators
P(a) generated by M and U, 1s an irreducible trlangular algebra.
(By irreducible we mean that the only closed subspaces of H left
invariant by the algebra are 3{ and (0). An operator algebra 7v
Tn T*

In [i] Arveson proved further that the norm closed algebra QT?Q)

is triangular if is a maximal abelian subalgebra of QB(éfzj
generated by M and Ua is also triangular. He then obtained the

following theorem :

Let a and B be ergodic measure preserving *-automorphisms
of M. Then o and B are conjugate if and only if there 1s a

unitary operator W such that f??a) = W@FZB)W*

We should also remark that the relation o(A) = U AU_*
implies that the algebra 5”(&) consists of all elements of the

form AnUn, where Ads‘hQ.
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Lemma. Suppose V 1s a unitary operator in 87F&) such
that m and V generate 0'/"(&) as a norm closed algebra. Suppose
further that VAV*Q’ZQ for each AEW.. Then there exlsts a unitary
operator Me®l such that V = UaM.

Proof. Let o be the automorphism of YL into itself defilned
by o(A) = vav*. (That o 1s surjective follows from the fact
that V*AVE® whenever A€®%. And this in turn is shown by
observing that both V*AV and 1ts adjoint commute with every
element of Q?Z, which is maximal abellan.) To prove the lemma
it will suffice to prove that o 1s freely acting in the sense
that for each non-zero prcjection P 1in ML there exists a pro-
Jection Q in /M, O # Q < P, such that o(Q) 1s orthogonal
to Q. This is suffcient because the corollary to lemma 1.7 in [1]

applies in exactly these circumstances to gilve our lemma.

Suppose o 1s not freely acting. Then there exlsts a pro-
jection P # 0 in M such that for each non-zero sub-projection
Q of P, the projections @Q and VQV* are not orthogonal. Since
any sub-projection of P retains this property we may also assume
P#I. Now P and VPV* are a palr of commuting projections ’
(both 1ie in M), so we may write VPV: = PVPV*+ (I-P)VPV*, where
both summands are projections. Let R = (I-P)VPV® and let S = V'RV.
Then S 1s a sub-projection of P wilth the property that S 1is
orthogonal to VSV*. Therefore we must have S = 0 and hence
R = 0. So we obtaln VPV® = PVPV* and, after multiplying on the
right by V, we filnally get VP = PVP. Thus P 1is left invariant

by V. Since P is left invariant by each operator of M and V




and M generate ff?a), P is left invariant by each element of
7 (a) and, in particular, by U,» Therefore a(P) = UaPUa*<i P.
But o 1s measure preserving so we must have a(P) = P. This
contradicts the ergodicity of o, and thus ¢ must be freely

acting.

Theorem. Let ¢: (a) ~ T(B) be a linear isometry of
5r(a) onto 3728) such that ¢(I) = I. Then either o 1is

conjugate tc B or o 1s conjugate to B'l.

Proof. Let C*(ﬁr(a)) denote the C*-algebra generated
by 7 (a). Then C*(ﬁr(a)) is the norm closure of the linear subspace
ﬁrka) +-giu)*. (This 1s seen immediately by observing that the
algebra generated by 0715 Ua’ and Ua* is contained 1in
zrka) + @’Ya)* and 1is dense in the C*-algebra.) We may therefore
apply proposition 1.2.8 of [2] to conclude that ¢ has a unique
extension to a positive linear map ¢ from C*(gf(a)) into
c*(ﬁ’(e)>. In the same fashion ¢-l has a unique extension to a
positive linear map 6 of c*(T(R)) 1into C*(ﬂrka)). Since
8 oy 1s a bounded self-adjoint linear map of C*(grka)) into
itself which agrees with the identity mapping on ffJ(oa) +.,f/7a)*,
6oy 1s the identity mapping. Likewise Yo 6 1s the identity
on c*(ﬁ’(s)). Therefore 6 = w'l and ¢ 1is an order isomorphism
of C*(gﬁ(a)) onto the irreducible C*-algebra C*(ﬁf(B)). By a
theorem of Stgrmer, [5, Theorem 6.4], it follows that ¢ is edther

a ¥-l1somorphlsm or a *-anti-isomorphism.

In either case ¢(®) = M., 1Indeed, since ¢ preserves
adjoints, ¢(M) 1s a self-adjoint sub-algebra of 3FEB). But




then the triangularity of J(8) dimplies that ¢(M) c Pl. By

the same argument ¢"1(’m) <M also, and hence ¢(M) =M.

We also have, regardless of whether ¢ 1is a *%-isomorphism
or a %-anti-isomorphism, that cb(Ua) is a unitary element in
f(s) with the property that M ana ¢‘(Ua) generate W'(B) as
a norm closed algebra. We may apply the lemma as socn as we observe
that ¢(U)A ¢(U)* 1ies in M rfor each A 1nM. But
Umcb"l(ﬁ.)UG:IE = oc(q;_l(A)) is in M for each A inM, and
hence  ¢(U)AO(U)™ = $(U DW(o™ ANV )™ = y(U o™ (AU )
= ¢(Ua¢'l(A)Ua*) is inML. So, applying the lemma, we obtain

o(U,) = Ul for some unitary M in .

We now treat separately the lisomorphism and anti-lsomorphism

cases.

Case 1. Y 1s an isomorphism. Then ¢|’m/ implements the

conjugacy of o and B. Indeed, for any AeMm,

60 o(h) ¢(UaAUa*) = q)(UaAUa*)

* *
P(U WA )*= ¢(U )6(A)(U )

* ok *
UBMcb(A)M UB = UB¢(A)UB = Bo ¢(A)

Thus ¢ oo = Bo¢ on "M and o is conjugate to B.

Case 2. ¥ 1s an anti-isomorphism. Then ¢|TF implements

the conjugacy of o and gL, Again, for any A€M,

*

6 oalh) = ¢(UAU®) = w(U AU ®) = w(U )*(A)w(U )

% N T
$(UN*o(A)0(U ) = WU oAU M




Since UB*¢(A)UB belongs to ML it commutes with M, hence
6 oa(n) = UMe(A)U, = 8"1 0 ¢(A). Thus ¢oa = 8 1oo on ML and

o 1s conjugate to gL,

Remark 1. gfta) is always 1sometric and anti-iscmorphic
to T(a™!). 1Indeed, if for each £ in L7[0,I] we let L,
denote the operator "multiplication by £" then /M= {Lflfe Lw[b,l]}.
Transfer o to an LZ%-norm isometry of Lw[O,ll onto itself by

letting o(f) be the unique element of Lm[O,lj such that

La(f) = a(Lf). Then a(f) = a(f) and Ua(f) = a(f) for eagh

fELQEO,l]. Consequently we have Ua(f) = Uaif) and, by

N,=y _ 0
iteration, Ua(f) = Ua(

f) for each positive integer n.

k

- n s - o
Now suppose T'hfo Lo, U, with g €L [p,i]. We claim that

has the same norm as T. It will suffice to prove

X
that RT = : »* u°

has the same norm as T. But for any vector
n=0 on o

£ in 12[0,1] & routine calculation shows that ||T(f)| = IR*(E) ||,

and hence [T| = |R*

Define a linear mapplng ¢ from the algebra ‘3%&) onto the

algebra Fa™h) by the formula

k k
$( T Ly U = I aT(Lg U,
=0 R n=0 o
Since (U )'1 = U and U LUY = a'l(L ) we see that
o o~t B g”! g
k n kK n
o( = Lg U)= I U Lg - Therefore ¢ 1is an isometry and
n=0 noo n=0 ¢ n
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consequently has an extension to a linear isometry of fT?a) onto
ﬁ”(u-l). To prove that the extension is an anti-isomorphism we
need merely show that ¢ 1s an anti-isomorphism and this follows
easily once we show that ¢(AUZBUY) = ¢(BUT)¢(AUT) for any

A, BEN), and m,n positive integers. But

n,.m n n+m, _ ,-n-m, h _ =M =N N =N
¢(AUSBUL) = ¢(Aa"(B)U, ™) = UZ" "Aa(B) = UamUa UBU. A

=M=t _ m n
Ua BUq A = ¢(BUa)¢(AUa)

Remark 2. Anzai [3] has constructed an example of an ergodic
measure preserving *-automorphism o with the property that a 1s
not conjugate to a_l. As a consequence of this and the remark
above the possibility that o might be conjugate to B—l but not

conjuygate to B cannot be eliminated.
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