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§ 0. Introduction

We shall work in Zermelo-Fraenkel set theory (including the
axiom of choice) throughout, and denote this theory by ZFC.

We shall adopt the usual,'wellAKnowh, notations and conventions
of contemporary set theory ( e.g. an ordinal is defined to be
the set of all smaller ordinalé, cardinals are initial ordinals,
etc,)

The paper is entirely self-contaiped, but some familiarity with
the usual definition of the constructible universe, L , in
terms of definability, and the proof that L is a model of

ZPC + GCH + V = T , will be helpful.

The exposition is based, with permission, very strongly on a

(1

set of notes written by Ronald Jensen and entitled "The Fine

Structure of the Constructible Hierarchy". Except where other-
wise stated, the results are entirely those of Professor Jensen.
It is convenient at this point for us to express our apprecia-
tion of several illuminating discussions with Professor Jensen

on his work in general.

Previously, Jensen worked, as did most other people, with the

usual "constructible hierarchy". Thus, one defines, inductively,
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sets L ,a € OR , by setting L, =0 , L, = U L if lim(y) ,
and Ih+1 = the set of all x c gx such that for some €-formula
¢ and some &y,.s.58, €L , X = {2z EIblIak=w[z,a1,...,an]}.

One then defines the constructible universe as the class

L = UqGORLd' Now, the important facts concerning this defini-
tion which one uses when studying L, are, firstly, that the
construction is (in a strong way, to be made precise later)
21—definable, and thus has certain absoluteness. properties,
and, secondly, that I&+1 contains all and only those subsets
of Ih which are Ia—definable (and which, therefore, must be
in L if L is to be a model of ZFC). But if, indeed, these
are the only conditions which we require (and loosely speaking
they are), then it is clear that our above definition is un-
necessarily restrictive., For instance, there are many simply
definable functions or sets under which L must be closed, but
which increase rank - and these functions will lead out of the
sets I&‘ For instance, unless 1lim(a), I& will not be closed
under the formation of ordered pairs. Since this function plays
a central role in even the most elementary parts Sf set theory,
we see that this defect becomes quite important (though not un-
avoidable) when we try to study the fine structure of 1L rather
than L itself. So, following Jensen, we define a new hierarchy
of "constructible sets", which is sufficiently like the L-hier-
archy to preserve the two properties mentioned above, but which
has the extra property that each level in the hierarchy is
closed under ordered pairs, etc. More precisely, we first
define a certain class of set functions (called "rudimentary
functions"), and then define a hierarchy (Jala € OR) (the

Jensen hierarchy) such that each Ja is closed under the rudi-
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mentary functions, L = UaGOR%x , and the two properties above

hold for this hierarchy. In most cases, Jd will be a "con-

structibly inessential" extension of ya , and in fact, if

(V&]a €0R) denotes the familiar rank-hierarchy, the precise

relationship between the J- and the L-hierarchies is easily
o o)

seen to be J =1L =@ and Lw+a = Vw_l_aﬁJ1+oc for all o,

Hence we have {a = I& iff wa =a.

In § 1 we give some basic definitions. In § 2 we define the
class of rudimentary functions and develop the elementary theory
of this class. The reader may, if he wishes, safely skip all

the proofs in this section without affecting the reading of the
later parts. § 3 is devoted to a very brief discussion of the
concept of an admissible set. In § 4 the Jensen hierarchy is
defined and its elementary properties discussed. In § 5 we
investigate the fine structure of the Jensen hierarchy. A
corresponding theory may also be developed for the IL-hierarchy,
the only difference being that some akward complications arise

because of the above mentioned defects in this definition.

§ 1. Preliminaries

We shall be concerned with first-order structures of the form
M = (M,€,A) , where M is a non-empty set and A c M. In
general, we shall write (M,A, for <(M,€,A>., The (first-order)
language for such structures consists of the following:
(i) variables v. , j € w (generally denoted by V,W,X,¥,Z,

J etc.? (Vbl.
(ii) predicates = , € , A .

(iii) TDbounded qﬁantifiers (Vvi € Vj)’ ({z[vi € Vj)’ i,j€w,i$j.
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(iv)  unbounded quantifiers (Vvi), (Evi) , 1 € w.

(v) connectives A, V, 4, =, —.

Finite strings of variables (or of elements of M) are denoted
by Vv, X, etc. We write a € X for a; € X A...Aa €X,

where we have a = 8qyeeel o Similarly for WV ,'V? s, etec.

The notions of primitive formula (PFml), formula (Fml), free
variable, statement, and satisfaction are assumed known.

A formula of this language is ZO (or HO) if it contains no
‘unbounded quantifiers. Let n > 1 , and let Qn denote 7

if n is even and ¥ if n is odd. A formula is Zn(ﬂn)

if it is of the form X, v§2'3§3...Qn X, w(v§1ﬂ§2v§3...qn+1§n¢)
where o is 20.

A formula in which the predicate A does not occur is called

an €E-formula.

ky denotes the satisfaction relation for M. Thus, ky is
the set of all (,(3)) such that o is a formula of the
above language and Z €M and ¢ holds in M at the point
‘('2>. We generally write k yo [2] for <(u,{(z)) €]=M. "—'D)-/:In

denotes the set of all (g,(Z)) € k, such that o is .

M M
Let NcM, Aset RcM is z "(N). (n ~(N)) iff there is
a I, (Hn) formula o(u,v) and elements & € N such that for

all X € M, R(x) e F:N olx,a]. The set of all such R is

M M
also denoted by ZnN(N) (HHN(N)).

~

il i u I 1
Set I, (M) = Upey Zn () , a,"(W) =3, (W) n o 7(N).
I I I o
write 3" for T,7(#) and I (M) for T ~(M). Similarly

for T, A.
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"
If ¢ is a formula, ¢~ denotes the relation {x eM| by olx]}.
~

M - -
Similarly, and more generally, define ¢~[a] for a € M as

[XGMH:M v [x, al}.

Let F Ybe a class of structures of the form M = (M,A). A

relation R is uniformly = (M) for M € F iff there is a

£~ formula o(u,v) and elements a € N{M|M € F} such that
Moo

whenever M € F , R N M = ¢p=[a]l,

§ 3. Rudimentary Functions

A function f : VB =V is rudimentary (rud) iff it is generated

by the following schemata:

(i) f(x1,¢oo,xn) = xi ? 1 5 i f n.
(ii) f(X1,ooo’xn) = Xi-XjQ 1 5 i’ j S n.

(iii) f(x1,oo.,xn) = {Xi’xj} 14 1 S i’ j S n.

(iv) f(X1,...,Xn) h(g1(x1,...,Xn),...,gk(x1,...,xn)), where

g1,...,gk,h are rud.

(v) f(x1,...,xn) = Ugex h(ysXpyeesy%X ), where h is rud.

Y€1

For example, the following functions are clearly rud:

£(X) = Ux;

£(x) = x; U x5 (= Ulx;,x;})

£(x) = {3}

£(X) = (X = ({x),{xq,(Xpy000rx T,

And if f£(y,X) is rud, so is g(y,x) = (f(z,x)|z€y) ( =
Upey{<E(2,%), 221,
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We say that R c V® is rudimentary (rud) iff there is a rud

function r : V¥ = V such that R = {(X)|r(X) } 2).

For example, § is rud, since y ¢ x —{y} - x # 2.
We list some bhasic properties of rudimentary functions and
relations,
(1) If f£,R are rud, so is g(X) = Jf(X), if R(X)
g , if 7 R(X).

Proof: By definition, there is a rud r such that

R(x) ~ r(x) # 0. Then g(x) = UyEr(E)f(X)‘
(2) Let Xp be the characteristic function of R. R is

rud if Xg is rud.

Proof: By (1).
(3) R 4is rud iff =+ R is rud.
Proof: By (2), since XﬂI{X) =1 = XR(i).
(4) Tet £,-V" =V berud, i =1,...,n. Let R; © 7 e

rud and mutually disjoint, i = 1,...,m , and such that

m - -
UR, =VP Define f: V=7V by f£(x)=f(x) iff
i=1

Ri(i). Then f is rud.
Proof: Set fi(x) = {‘fi(x), if Ri(x)

g , if")Ri(i) ’ i=1y.0.,m.

By (1), . is rud; But £(%) =U %, (3).

(5) 1If R(y,x) is rud, so is f(y,X) = y n {z|R(z,X%)}
Proof: Set n(y,X) = {fy}, if R(y,X)

@ , otherwise,

Then h is rud. But f(y,x) = Uzeyh(z,i).
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Proof:

(7)

Proof:

(8)

(9)

Proof:

(10)

(11)

Proof:
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Suppose R(y,X) is rud and (V§)(Ely)R(y,§). Set

f(y,x) = [the unique 2z € y such that R(z,X),
if such a 2z exists,

@ , otherwise.

Theh f 1is rud,

£(y,%) = ulyn{z|R(z,%)]

If R(y,E) is rud, so is (@z €y)R(z,X).

Teke r rud so that R(y,X) — r(y,x) % @. Then
(32 € y)R(2,X) Uzeyr(z,§)=‘= g.

If Ri(i) are rud, i=1,...,m, then so are

m m
UR;,, N R
1=1 1=1

(Trivial).

Let (-),s(-)q, denote the inverse functions to (-,-).
Then (—)O, (—)1 are rud. More generally, let (-)g g0 00y
(-)g_1 denote the inverse functions to <X1""’Xn>‘

Then (-)2 (-)ﬁ_1 are rud.

9000y
(x)O = [the unique 2z € UXx such that
(@uy,up €Ux)(x=(uqyuy) A uy = 2)

@ 4 if no such 2z exists.
etc.
The function f(x,y) = x(y) = the unique 2z € yYux such
that (z,y) € x
!

w @, 1f no such 2z exists.

is rud (By definition.)
dom and ran are rud.

fzeuwx | (Awewx)((w,z) € x)}
{zeuux | (Eweuwx)((z,w) € x)}.

dom(x)

ran(x)



(12) f(x,y) =xx 7y = Uuexuvéy{<u’v>} is rud.

U

(13) f(x,y) =x [y x N (ran(x)xy) is rud.

(14) f(x,y) =x" 7y ran(x|y) is rud.

x'1 is rud.

(15)  £(x)

]

i

Proof: Set h(z) ((z)1,(z)o). Then h is rud. But clearly,
-1

f(x) = x7 = h"(xn(ran(x) x dom(x))).

Recalling our preliminary discussion (§ 0), we observe that though
rud functionsincrease rank, they only do so by a finite amount.
More precisely, by induction on the rud definition* of a given
rud function f , we see that there is a p€w such that for all

X1,...,xn, rank(f(x1,...,xn)) < maxfrank(x1),...,rank(xn)} + p.

* Note: In future, we shall often refer to "the rud definition
of f", or simply "the definition of f". We mean an arbitrary
such definition, the actual choice being irrelevant, and hence

assumed made once and for all.

We now prove that the rud functions do in fact encompass all of
the "simply definable" functions we spoke about in § 0, Pirst,

let us call a function £ : Vn

- V simple iff whenever o(z,y)
is a Zo €-formula, there is a 20 €-formula ¢ such that
kv,m(f(ﬁ),§) — ¢(§,§)- A useful characterisation of thisconcept

is given by the following:

Proposition

A function f : V2 - V is simple iff

(i) +the predicate x € f(y) is ZX s and

(ii) whenever A(x) is ZX , so is (¥x € £(¥))A(x).
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Proof: (-) By definition.
(v) Let f wsatisfy (i) and (i), and let o(x,y) be a
Zo €-formula. An easy induction on the length of ¢ shows
that o(f(X),y) is equivalent to a Z, E-formula; so f

is simple.

Using this proposition, and easy induction on the definition of

f yields:

Lemna 1

If f is rud then f 1is simple.

Now, since there are Zg functions which increase rank by an
infinite amount, it is clear that the converse to the above lemma

is false. However, we do have:

Lemma 2

RcVv® is zg iff R is rud.

Proof: (=) ILet R Dbe Zg . By (3), (7), and (8) above, an easy

induction on the Zg definition of R shows that R 1is

rud.

(/) Let R be rud., Then Xg is rud. So by lemma 1, xg 1is
simple, Using our above proposition, an easy induction on the
rud definition of Xg shows that XR and hence R, is Eg .

We require some generalisations of these concepts,

Let A cV, We say that a function f is rud in A iff f is

generated by the schemata for rud functions and the function Xp *

Let p € V. We say that a function f 1is rud in parameter p

iff f 1is generated by the schemata for rud functions and the
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constant function h(X) = p.

Lemma 3

If f dis rud in A < V, there are rud functions 813+0s8) such
that f is expressible (in a uniform way with respect to the rud
definition of f) as a composition of 81reser8y and the function

h(x) = A N x.
Proof: By induction on the (rud) definition of f.

A set X 1is said to be rud closed if for all rud functions

£,f"x" c X,

A structure M = (M,A) is said to be rud closed if for all

functions f which are rud in A , f"M® c M.

We say a structure M = (M,A) is amenable if u €M - A N u € M.

Lemma 4

A structure M = (M,A) is rud closed iff the set M 1is rud

closed and M 1is amenable,
Proof: By lemma 3.

Lemma 5

Let AcV. If f dis rud in A, then f PN is uniformly
EO(<M,An M)) for all transitive, rud closed M = (M,ANMN).

Proof: By lemmas 2 and 3.

The next result will be of considerable use to us later on.
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Lemma 6
Every rud function is a composition of some of the following rud

functions:

{x,¥y]

FO(XQY)
Fo(x,y) = x -y

Fo(x,y) = x x ¥

F3(x,y) = {(u,z,v) | 2 € x A {u,Vv) € y)
Py(x,5) = {Ku,v,2) | 2 € x A (u,v) € y)
F5(x,y) = UX

F6(x,y) = dom(x)

F7(x,y) = en x°

Fg(x,y) = {x"{z}|z€yl}.

Proof: Let @ denote the class of all functions obtainable from

F y..+ Fg Dby composition. We must show that f rud = f € G .

For each €-formula w(x1,...,xn), set

ty(u) = {<x1,...,Xn>lx1,...,xneu/\|=<u’e> ®lxqy000,x, 13,

By induction on ¢, we show that for all o, 'tcp € 3. (The required

result will then be proved using this fact.)

(a) p(X) = x; € X,

j 1<i< j<n.

. ! - 3 s 2 -
Write Fx(y) for FB(x,y). Then t¢(u)= ut 1x Fg 1(F4(€ﬂll,un )

so0 tcp € éﬂ

(b) Let Cp.'(i),...,cp (5{’) be SuCh that t ’.D.,’t E g.

Let m(i) be any propositional combination of ¢1,...,¢p.
Since x -y, x Uy (= U{x,3}) , xny (= x =(x~y)) € &, we
clearly have tcp e 6.



- 12 =
(c)  Tet B(y,X) be such that ty ¢ G. Let o(F) = ayp(y,x)
or Tyo(y,x).
Clearly, tm(u) = dom(tw(q)) and tVyE(u) = u?- dom(u®- tﬁ(u)).

S0 in either case, tcp € é

(a) cp(i) = X, = X..

Let 08(y,X)

n

y €x; —y €x;. By (a), (b), t4 ¢ . But look,

R, ey?lE] 1f2 (Fy € Ul by opy), ey 803,%13.
Hence tcp(u) =u®n tvye(uu (uu)), so tcp € }lg, by (e).

(e) p(X) = x, € x.

i ; » 123<1ign

Let ‘i’(y’Z’i) =Yy €z Ay =X A2 = xj- By (a), (®v), (4d),
t, € §. But o(X) — gy gzv(y,z,x) , so by (c), t, € G.

Hence, for any €-formula ¢ , tcp € 6.

n_n

If £ : Ve -7V, define £ : V-V by f(u)=£"u". Using our
above result, we prove by induction on the rud definition of f ,

that f rud - f* € @. This easily implies the required result,
(a) f(x) = X
f*(u) =" =u=u- (u-u) € G.

(b) £(x) = Xy = Xj.

f*(u) = £ ut = {x-y | x,y€u}. Let o(z,x,y) = z€x-y.
Let F(u) = ’ccp(uu (uu)) N (Uux uz) = {{(2,X,y)|X,y €u A z € x=y}.
Then f*(u) = F8(F(u),u2) € g, since tcp € iﬁ

(c) £(%) = {xi,xj].

* 1

£ (u) = £ u? = {{x,y}|x,y¢€ u]v = Uu2 e B.
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(d) £(%)

h(.V1 (2): s ’gk(;{))°

L x, K x *
Let G(u) =.U1gi(u) , H(u) = h (.U1gi(u)) = h (G(u)) , and
' 1= 1=

K(u) = u® U 6(u) U H(u). By hypothesis, G, H, K € g. By

lemma 1, let o(y,X) be an €-formula equivalent to the formula
3210'- Ezk(Z»] = g1(;C)A.../\ Zk = gk(§) A y = h(Z,I,o.o,Zk)).

Clearly, £'(u) = Pg(([t (X(w))1 n [A() x w"1) , w™) € &,

(e)  £(yyx) = Upe 8(z,x).

Let G(u) = {(z,y,?c) | @v ey)lzeg(v,x)] A Xeu}., As above
ce G But £(u) = Pg(G(u), Wty e €.

Hence f rud = £ € 8, for all f,
Finally, let f be rud, We show that f € &.

Set T((z)) = £(2) , T(y) = @ 1in all other cases, Thus T is
rud. So by the above, T e G 1et P(X) = {(X)}. Thus P¢ &’.
But look, f£(X) = WI{{£(X)}} = VUIT((X)}} = UUFS(T*(P(E)).P(§))€_zi

As an immediate corollary of lemmas 3 and 6 we have:

Lémma 7
Let A c V and define F9 by Fg(x,y) = A N x. Every function
rud in A may be expressed as a composition of some of the

(rud in A) functions ~ Fo""’Fg‘

We shall make immediate use of lemma 7 in investigating the logi-
cal complexity of the predicates Fﬁn for suitable M. We assume,
once and for all, that we have a fixed arithmetisation of our

language.
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Lemma 8

z K
|=Mo is uniformly I, for transitive, rud closed M = (M,A).

Proof: Let ;3 be the language consisting of:
(i) wvariables wy o, 1 €w.

(ii) function symbols (binary) fo,...,fg.

We shall assume we have a fixed arithmetisation of Jf. We also
assume that the reader understands what is meant by a "term" of &g.
Henceforth, let M = (M,A) be arbitrary, transitive, and rud

closed.
We first define precisely how &f is to be interpreted in M.

Let Q ©be the set of functions p mapping a finite subset of
{wili €w} into M. We may clearly assume Q is rud. Let C

be the (rud) function which to each term T of L assigns the
set of all component terms of 1, including variables. Let ngﬂ
be the rud predicate defining the set {wilie(n}.

Let P be the predicate
P(u,g,v) — [dom(g) =ulA (¥x €u)[[x € VDL »x € dom(v) A g(x)= v(x)]

AR (Tt 6y € w)lx= £,(5,,) = g(x) = B, (a(b,),a(t,))10.
Thus P is rud in A,

We may now define the interpretation of a term T of &5 at a

"point" p € Q Dy:

y=7X[p] =" is an P-term"A pe CATELP(C(r),g,0)A g(1) =]

M
Hence the function f(71,p) = T~[p], if 1t is an Gﬂhterm and p€Q
M @ , otherwise
is (uniformly) E? (for transitive, rud closed M).
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Since M is rud closed we can use the above result to define
F:ﬁo as an M-predicate.

X
Let o € Fml °, By lemma 2, ¢m is rud in A. Hence the function

I defined by

y oOtherwise

T(X) = {? , if ¢M[§]
M

is rud in A. So, by lemma 7, we may assume I =T , where
is a term of Sﬁ, under the above interpretation (i.e.with Fi
interpreting fi for each 1i). In fgct, we may clearly pick a
recursive function o mapping lexO into the terms of && so
that whenever ¢ € lezo, mm[§] — [o(w)]M[x] = 1. But by our
above result, this implies that k:ﬁo is (uniformly) 2% (for

transitive, rud closed N).
As an immediate consequence of this result, we have

Lemma 9
. M
Let n > 1. Then F:M is uniformly Zn for transitive, rud

closed M = (M,A).

We conclude this section with a few miscellaneous results of use
later. The first two are technical, and will often be used with-

out mention.

Lemma 10
Let M = (M,A) be rud closed. If Rc M is 2 (M), there is a
EO(M) relation P such that R(x) «*3X1Vx23x3...annP(x,x1,...,;n).

Proof: Suppose R(x) -|=M:g§1 V?z EVB...Qn Vn w(v,?1,...,3n)[x],
where o 1is a Zo-formula. Using the rud functions

(m5ee0yg=), (-)m,...,(—)m_ y We can easily obtain, via
0 m-1
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lemma 1, a Zo-formula ¥y such that
R(x) F=M:Hv1 Vv, ooe Q) v ¢(V,V1,...,Vn)[X].
Then R(x) = xy VXp oo0 Q) Xn[% 1 w[x,x1,...,xn]],

as required.

Lemma 11
Let M = (M,A) be rud closed. If R c M is Zn(ﬂ), there is
a single element p € M such that R is E%({p}).

M
Proof: If R is E;({p1,...,pn}), then R is also

M
Z¥({{pqseeen?})s

Let M = (M,A> n > 0. Write )C(Z M iff X <M and for every
n

Zn formula ¢ and every X €X R

Clearly, if X,M are transitive and X < M, we always have
X<y M . And for n >0, we have X4, M iff X cM and for
0 n
M
every Pezz(x),P#ra-oanJf@.

Recgll that if (X,€) satisfies the axiom of extensionality, there
is a unique isomorphism m : (X,€) = (W,€) , where W is a unique
transitive set. PFurthermore, if Z < X is transitive, then

nM = id]Z. In fact, w is defined by €-induction thus:

m(x) = {n(y)|ly € x n X} for each x € X. The next result is of

considerable importance,

Lemma 12

Let M be transitive and rud closed. Let X<y, M. Then (X,AMK
satisfies the axiom of extensionality and is rud closed. Let

m i (X,AnX) = (w,B) , where W is transitive. TLet f : M = M
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be rud in A. Then for all z € X, =(£(z)) = f(n(z)).

Proof: Since M is transitive, M satisfies the axiom of exten-
sionality. Hence as X<§21 M , so does (X,ANX). Similarly, by
lemma 5, (X,ANX) is rud closed. Hence, in particular,

Z € X~ f(z) €X for £ :M~-M rud in A. By induction on the
(rud in A) definition of f , n(£(2)) = £(=(2)) for each 1z € X.

§ 3, Admissible Sets.

Let M = (M,A) Dbe non-empty and transitive. We say M is admiss-

ible iff M dis rud closed and satisfies the Z -Replacement Axiom:

for all Zo formulas ¢ and all 2 €M ’
l= ul¥x &y ¢ = Yu Ev(¥x €u)@ye el [a].

In case A = @ in the above, we call M an admissible set.

More generally, M is gr—admissible iff M is rud closed and

satisfies the (analogous) gr-Replacement Axiom. Likewise a

£ -admissible set. We prove below that M is admissible iff N

is 21-admissible. A11 our results extend trivially from admissi-
bility to Zn-admissibility, with "Zn" everywhere replacing

21 , etc.

Roughly speaking, an admissible set (or structure) behaves like
the universe as far as 21 concepts are concerned., We give a

few elementary results which set the tone for the rest of this

exposition.

Convention: For the whole of this paper, we shall adopt the

following abuse of notation. Suppose M is a structure, o (7)
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is a formula, and X € M. We shall write k:M ©(X) rather than

F:M o(v) [X]. Clearly, this is purely a notational convenience.

Firstly, we give the promised "stronger" form of the admissibility

definition.

Lemma 13 (21—Rep1acement)
Let M ©be admissible, and let ¢ be a 21—formula, a € M, Then

Fy 7% 8y (x,¥,8) ~ Yu @v(Vx € uldy € v)o(x,y,3).

~

Proof: TLet ¢ Dbe a Zo—formula such that

'=M CP(XyY:g) - sz(x,y:g)o

Then |= M ¥x gyo(x,7,8) = ¥x Ty Gzt (X,7,2,8)

~

- ¥x gwy (x, (W), (w);,8)

- Yu Zv(¥x €u)(@w € v)y(x, (W)os (W)1 93) ’
by ZO—Replacement
Vu @v(¥x €u) @y € v)o(x,y,a).

L

Convention: The essentially superfluous role played by a in

the above theorem leads us to extend our previous convention
slightly by allowing formulas to contain members of M as para-

meters, Again, this is clearly an avoidable convenience.

Lemma 14

Let M be admissible, If R(X,y) is 21(M), so is (¥y€ z)R(X,y).

Proof: Let o ©be a Eo—formula with parameters from ("w.p.f.")M

such that R(X,y) — [=M qw o (X,5).

~

Then (Vy€ z)R(X,y) — |=M (¥ye Z)EWCP(.JE;Y)

— ky Wyawl(yezan(X,y)) v (yE2)].
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So by Zo- Replacement,

(¥y € 2)R(X,y) — E N Tv(Vyez)@we o (X,y),
which is £,(M).

Lemma 15 (A1—comprehension)

Let 1M be admissible, P € A, (M). Then u €M~-PNTUEMNM

Proof: Let o, § Dbe Zo—formulas Wep.foe M such that
P(z) =k Vxo (x,2) — k= Eyo(y,2).

Then,
|=M Yw, ng[[w1 € uA (_HY(‘J! AWy=YF) V X (= @A W= x))]
v [w1 ¢ uA w2=(25]]

So by 21—Rep1acement there is v € M such that
{:M (Yw, € u)(gw2€ v)[Ey(y A w2=y) v aAx(~ A Wy =x)].

So,

PNou={zlky, Vxo(x,2)Inu = {zlky @yev)i(y,z)} 0 u

But M is rud closed (so satisfies what might be called the

Zo—comprehension axiom), and therefore we conclude that

Pnu={z EuH:M(Eyév)w(y,z)} € M.

The next result has nothing specifically to do with admissibility,
but is of considerable value. Let f : €¢M - M mean that

f:X-M for some X c M,

Lemma 16
Let M be arbitrary, f :cM-M be £,(M). If dom(f) is
I,(M), then in fact f and dom(f) are &8,(M).
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Proof: (a) f(x) = — x € dom(f) A ¥z(z + vy - £f(x) 4 z)
— T, T, (D)

(b) x € dom(f) = (f
iy (1) z

X
(1
It was necessary to state the above result explicitly because we
shall frequently have to deal with functions which, though defin-
able, are not total functions. A particular case of the above
theorem would of course occur when dom(f) € M,(when dom(f) is
£,()).

As usual, we shall use the notation g(x) ~ y(x) for partial
functions, with its usual meaning (i.e. f(x) is defined iff

g(x) 1is defined, in which case f(x) = g(x).).

Lemma 17
Let M be admissible, f: €M~ M be 21(M). If w€M and

u c dom(f), then f"u € M,

Proof: Since M 1is rud closed and f'u = ran(flu), it suffices
to pfove that flu € M.
Now, as u € M; ffu is 5,(M) by lemma 16,
Let o(x,y) be a Z,-formula w.p.f. M such that

f(X) =y & ‘:M CP(X’Y)-

Then |=M ¥x gayl(x€unp(x,y))v(xdu)l, so by Z,-Replacement
there is v € M such that ‘=M (YVx€u)(@y € v)o(x,y). Hence
ffucvxu So, by A,-Comprehension, fPu = (ffu)n(vxu) € M .

Theorem 18 (Recursion Theorem)

Let Y be admissible., Let h : M™' =M bea Z,(M) function
such that for all X € M, {<(z,y)|z€ h(y,X)} is well-founded.
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Let G = Mn+2 - M be 21(M). Then there is a unique 21(M)

function F such that

(1)  (y,%X) € dom(F) ~ {(z,%) |z € h(y,X)} < dom(F)

(i1) P(y,%) = 6(y,X , (P(z,%)|z € h(y,x))).

Proof: Let % be the predicate
8(f,X) — "f is a function" A (¥ye€ dom(f))(¥z € h(y,%))(z € dom(£))
A (¥y €dom(£)) (£My) = &(y,%, £Iu(y,X)).

By lemma 16, h,G are A1(M), so & is 5,(M).
Let ¢ be a I, -formula w.p.f. M such that 5(f,%) -F=M¢(f,§).

Define a 21(%) predicate F by (using notation which will later

be justified)

F(Y9§) =u ""gf[@(fr}) A f(y) = ul

We verify (i) for this F. Suppose first that (7,%) € dom(F).
Then, by definition,*<@f[§(f,§)/\y'€dom(f)]. By definition of 3,
for such an f we must have (Vz¢€ h(y,x))(z €dom(f)). Hence
zeh(y,x) = (z,xy €dom(F). Now suppose that z €h(y,x)=(z,x)yEdon(F).
Note that as M is transitive, h(y,x) < M.

By our supposition,

FM ¥z Tfl(z¢€ h(y,X) Az €dom(f)Ao(f,X))V (zdn(y,x)A £ = 0)].

so by 21-Replacement,

F oy @v(¥z €h(y,X)) (£ € v)[z€ dom(£) A o(f,X)].

pick such a v. As % is A1(ﬂ), by b&,-Comprehension we see

that w = v N {flé(f,i)} € M, Hence Uw € M, It is easily seen
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that &(uw,x). Noting that h(y,x) c dom(Uw), note that

vwha(y,x) € M. Set f = uwlh(y,X) U {K&(y,%, Uwh(y,%)),y>}.
Clearly, &(f,%X), so (y,x) € dom(F). Hence (i) holds for this F.

We now show that F is a function and is unique. By (i), dom(F)
is already uniquely determined, so for both of these it suffices

to prove the following:
8(£,X) A a(£',X) A y€don(£)n dom(£') = £(y) = £'(y)

To this end, suppose not. Then P = f{y|y€ dom(f)n dom(f') A £(y)

+ £'(y)} $£ . Let Yo be an h-minimal element of P. Since

Vo, € By £(y,) =2 £'(y,). But 5(f,x) , 3(f',x), so clearly
f(yo) = f'(yo) by the h-minimality of y, € P. This contradic-

tion suffices (and thus justifies our notation somewhat).

Finally, it is trivial to note that (ii) must hold, virtually by

definition.

In view of the many set theoretic concepts defined by a recursion
of the above type, it is clear that admissible sets play an im-

portant role in set theory.

Say M 1is strongly admissible iff M is non-empty, transitive,

rud closed, and satisfies the Strong ¥ -Replacement Axiom : for

all I, formulas ¢ w.p.f. M, |=MVu gv(Vxéﬁ)[.gycp(x,y)
- (gy €ew)o(x,y)]. (Clearly, such an M will also satisfy the

"Strong £,-Replacement Axiom".)

Strongly admissible structures M are (for reasons to be indi-

cated later) also called non-projectible admissible structures.

The difference between admissibility and strong admissibility is
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closely connected with the difference between En predicates and
An predicates, which is in turn closely connected with the differ-
ence between a function being partial and total. We shall have

more to say on this matter later,

§ 4, The Jensen Hierarchy

Let X Dbe a set. The rudimentary closure of X is the smallest

set Y > X such that Y is rud closed.

Lemma 19

If U 4is transitive, so is its rud closure.

Proof: Let W Dbe the rud closure of U. Since rud functions are
closed under composition, we clearly have
W= {f(X)|X€ UA £ 1is rud}. An easy induction on the rud
definition of any rud f shows that XEU-TC (£(X)) c W.

Hence W is transitive.

For U +transitive, let rud(U) = the rud closure of U U {U}.

0f crucial importance is:

Lemma 20

Let U be transitive. Then (J(U) N rud(U) = £,(0).

Proof: Clearly, (P(U) n ZO(UU{U}) = Zw(U), so it suffices to show
that @(U) n £,(0u{u}) = @(U) n rud(v).
Let X € @(U) n £,(UU{U}. Then, exactly as in the proof
of lemma 2, X € rud(U) (by induction on the Zo definition
of X). Now let X € B(U) n rud(U). Then X is a
Eo(rud(U)) subset of U. By lemma 1, we may in fact
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assume that X is Zorud(U)(UU{U}). But X < UU{U} ¢ rud(uU) and
Uu{U}, rud(U) are transitive, so X is actually ZOUU{U}(UU{U})

= £,(0u{u}).
Also very relevant is:

Lemma 21

There is a rud function § such that whenever U 1is transitive,
S(U) 1is transitive, UU{U} = §(U) and U . gn(U) = rud(U).

8 n 2
Proof: Set $(U) = (Vu{U}) U (.U Py (w{u})9). The result follows

i=o
by lemma 6,

Lemma 22
There is a rud function Wo such that whenever r is a well-
ordering of u , Wo(r,u) is an end-extension of r which well-

orders S(u).

Proof: Define iY, j?, jg by: -
i%(x) = the least i < 8 such that (HX1,X2€ u)[Fi(x1,x2) = xJ
i3 (x)

i5(x)

i

the r-least x,€u such that (sze u)[%u(x)(x1,x2)=x]

U _
the r-least x,€u such that Fiu(x)(31(x),x2) = X.

Clearly, iu, j1, j2 are rud functions of " u, x.

Define Wo(r,u) = {(x,y>|x,y€u A xry)}
U {Kx,ydlx€u Ay & ul
U (K lxduny §un i%x) <i%(y) v
i%(x) = 1%y) A ST %) v R=) =
3T A 35 35(y)) 103, |

The Jensen hierarchy, (J&Ia:é OR) , is defined as follows:

I, =9
J&+1 = rud(J&)
I = U %, ir 1im(r).
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Lemma 2%
(i) Each {a is transitive.
(i1) a < B - Jd c:JB

(iii) rank({z) = OR N {a = .

Proof: (i) By lemma 19,
(ii) Immediate.
(1ii) By induction: rank(J&+1) = rank(rud(%x))= rank(Jd)+w

(by an earlier remark, this last step is easily verified.)

Toiaéilitate our handling of the hierarchy, we "stratify" the

J&'s by defining an auxiliary hierarchy (Sala:GOR> as follows:

S . =0

(92}
|

Sy = Uy)Sp ¢ if lim()).

Clearly, the qa's are just the limit points of this sequence.

In fact:

Lemma 24
(1) Each §a is transitive

(ii) a < B =8 <8y

(111) Ja = Uv<wa Sv = Swa’

Proof: (i) By lemma 21.
(ii) Immediate.
. . . _ _ n _
(III) By induction: Jy41 = rud({l) = Upew S ({a) =

n _ —
Unew S (Swa) - UnEw Swa,+n - Swa+w = Sw(a+1)’

Lemma 25

Jd
(s,lv < wa) is uniformly £,* for all a.
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Proof: Set 3(f) = "f is a function" A dom(f) € OR A £(0) = @ A
(fv €dom(f))[succ(v) = £(v) = S(£(v=-1))) A

[1im(v) = f(v) = U v fla)ll.

a

Clearly, & is uniformly zix. And by definition,

y =8, — If(8(f) Ay = £(v)). Thus it suffices to show that for
any o , v < wa , the existential quantifier here can be restricted
to Jd. In other words, we must show that whenever T < wq, then
(Svlv <7T) € Jd. This is proved by induction om a. For a = O

it is trivial, For limit a the induction step is immediate,

So assume a« = B8 + 1 and that T < @ = <Sv|v <7ty €J Then,

B.
J

by our above remarks, it is clear that (Svlv < wg) is 215 .

So by lemma 20, <sv|v <wp) € J_ . Thus for all n<u ,

(S\)lv < wB + n) = ( Svlv < wB) U {<’§m(JB),mB«1-m)|m<n}EJOC as

J& is rud closed.).

Lemma 26

dJ
(I, lv <a) 1is uniformly x,* for all a.

J
Proof: By an easy induction, <(awv|v <a) is uniformly 21a for

all a. Since Jv = S5 the result follows by lemma 25,

wv?

Lemma 27

There are well-orderings <v of the Sv such that:

(1) \)1<\)2"< C <

vy Vo
(ii) <,+1 1s an end-extension of <  ;
(iii) (<vlv < wg) 1is uniformly Zja for all «a.
Proof: We use lemma 22. Set <5 = @ , and by induction:
<v+1 = Wo (<v’ Sv) |
G = Uy Sy 0 if lim(A).

(i) and (ii) are immediate and (iii) is proved like lemma 25.
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Lemma 28

There we well-orderings <7 of the J& such that:
a A

(1) ogy<ap =< =<5 3

Cl1 a2
(ii) < is an end-extension of < 5
J J
a+1 a
J
(iii) (<JB|B <a) 1is uniformly 21"‘ ;
J
(iv) <; is uniformly I,%
a

J
(v) the function pra(x) = {z]lz < I x} dis uniformly 21a .
n

("pr" stands for "predecessors" of course,)

Proof: Set <; = <wa (i)=(iii) are immediate by lemma 27.
a
For (iv), note simply that x <3 yedv(x <, y)e. PFinally,
o
for (v), note that y = pra(x) - gvlixe SvAy={ZIZ<\)X}]

(and that <ve Ja) , and use lemma 27,

Lemmas 12 and 26 enable us to prove the following extremely power-
ful result(due in its original form to G8del, the present version

being Jensen's,):

Theorem 29 (Condensation Lemma)

Let X4y Joc‘ Then for some B < a , Xi‘_—'JB .
“1

Proof: Let X'<Z1 J,- Then by lemma 12, let m : X Z W , where
W 1is transitive. We prove by induction on « that

W = JB for 8 = n"(Xna).

Assume, therefore, that whenever v <a and XV<E1 J, » the

unique isomorphism nv of XY onto a transitive set WY yields
Vo
WE = o (xvaw) *
d
Note that, as <Jv[v< @ is T,f, v eEXna ~J, €X
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Claim 1: PFor all v € XNa , W(JV) = Jﬂ(\')).

To see this, note first that for v € Xna , XN I, %5 9. [For,
J . T 1

let A € 21V(XHJV). Since J € X, A €T, (X). So, if A &4 g,

then as X4 J,» ANXito. But AcJ , so AN(XNJ) 0.
=1

Hence by induction hypothesis, mn':XnN Jv = Jﬂ'"(XﬂJVﬂv) for some
unique n', But look, {a is an €-end extension of Jv’ so T
maps Xf\Jv isomorphically onto a transitive set also. In other
WOI‘dS, TT' = Tern J\), and TT" X ﬂJ\) = JTT"(X”\)). SO’ TT(J\)) =

" _ _ s .
7" (XN JV) = Jn"(Xﬂv) = Jn(v)’ by the definition of m , as claimed.

For v <a, define rudX(JV) = the rud closure of Xf\(JV U{Jv})'

Claim 2: X = Uy exne rudX(JV).

To establish this claim, note that as X<{21{1, X is rud closed,
so O 1is obvious. For the converse, let x € X. Then x € J& =
rud(JV), so for some rud function f , #J-@IV)(HPS~JvXX=f(p”&»

Uv<a L
so (@v€Xna)(@p€d NX)(x=f(p, 9 )). In other

But X< :, I

words, x € U,exng rudX(Jv). Hence claim 2,
3 ° n —
Claim 3: For v € XNa, " rudy(J ) = rud(Jn(v))-

To see this, let v € XNa. Suppose first that x € rudX(Jv).
Then for some rud function f and some p € Jvr\X, X = f(p,JV).
By lemma 12 and claim 1, mn(x) = f(n(p), Jn(v))’ But p € Jvn X
so m(p) € Jﬂ(v)' Hence m(x) € rud(Jn(v)). This proves < .
Conversely, suppose y € rud(Jn(v)). Then y € rud(n(Jv)), by |

claim 1, so for some rud function f and some p € n(Jv),

y = f(p, ”(Jv>)‘ Now, ”(Jv) = n"(Jver), so for some q¢€ J, nx,

p = n(q) and we have y = f(n(q), n(Jv)) = ﬁ(f(q,Jv))E-n"rudX(Jv).

Hence > , and claim 3 is proved.
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By claims 2 and 3, we have W = n"X = n"(UVGXﬂa rudX(Jv)) =

4] — —_ —
U,exnn ™ rudX(Jv) = Uyexng rud(Jn(v)) = Un<B rud(Jn) = JB ,
where B8 = n"(XNg).

Note. It is easily seen that we may regard the following as part

of the statement of theorem 29: If Y < X is transitive, then
n]Y =idM. And for v € Xflg , m(v) <v , and for all x € X ,

m(x) £ ToX*

By an argument well known to all set theorists, it is easily shown
that J = anOR Ja is a model of ZFC. (In fact, setting
<

<5 is a J-definable well-ordering of the entire

3 = Yyeor S5
class J, so J satisfies the axiom of choice in a strong way.).
Using the condensation lemma, an equally well-known argument shows
that J |- GCH. However, in the next section we will prove (and
have already indicated this fact in our preamble) that J =1L ,

so all that the above says is that we can use the Jensen hierarchy

in place of the L-hierarchy in order to establish the classical

results on the constructible universe.

§ 5, On The Fine Structure of the Jensen Hierarchy.

As mentioned in the introduction, a theory similar to the one

following can be developed for the usual IL-hierarchy, if desired.

Central in our discussion will be the concept of a "uniformising
function" for a relation, which is a sort of "choice function" for
a given relation, Specifically, a function r is said to uni-
formise a relation R iff dom(r) = dom(R) and for all X ,

TyR(y,%x) = R(r(X),X).
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Let M = (M,A), n> 1. We say M 1is zr—uniformisable iff every -

Zn(ﬂ) relation on M is uniformised by a Zn(M) function.

A few moments reflection will reveal that Zn—uniformisability is
a very strong condition to demand of an arbitrary structure M ,
since in the more obvious cases, the definition of a uniformisary
function for a given relation would appear to increase the logical
complexity by one or more quantifier switches. waever, it will
turn out that for all a , all n2>1, J_ is T -uniformisable.
For n =1, this will be easy to prove, but for n > 1, the corre-:

sponding argument will only work when. Jn is X -admissible,

n-1
so a more indirect approach will be necessary. We shall outline
the approach required éfter we dispose of some of the more easy
results. First, I,-uniformisability. The 21(Ja) well—ordinapy
of each Ja gives us this with little effort., 1In fact, we have a

much stronger result, of importance in applications of 21-uni—

formisability.

Let F Dbe a class of structures M = (M,A), n> 1, Say F is

uniformly Zr-uniformisable if, whenever ¢ is a Zn—formula

M
w.p.f. ﬂ{Ml% € F} such that o~ is a relation on M for each
M € F , there is a £ -formula ¢ (wep.f. N{M|MEF}) such that

M
for each M € F , §~ 1is a function uniformising o~,

Theorem 30

(Jq,A) is I, -uniformisable. In fact, the class of all <Ja’A>

is uniformly 21—uniformisable.
Proof: Let o be a 21-formula w.p.f. Jd such that
IR C ALY,
Lo(y,x)] a’ is a I, relation on J_ . By contraction

of quantifiers, we can, in a uniform way, find a 20 formu-
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la ¢ (w.p.f. Jd) such that |=<J A>¢(Y’§)““,EZ-W(27Y9§)~
- a’
Define g Dby: g(x) ~ the <j-least w such that
|=<JG,A>¢((W)O,(W)1,§). Then g is (uniformly) £,({J_,A>),
since if
w o= g(x) H‘?Ja,Aw((X)O’(W)']’X)
AN Etlt= prq(W) A (Fw'€e t) -wlr,((W')o,(W')1,§)]

Set r(E):(g(E))1, Then r is (uniformly) I,(J _,A)).

and clearly uniformises [m(y,§)]<a1’A>.

Remark. We call the above construction the canonical ¥,-uni-
formisation procedure. Observe that if R(y,X) us a 21((J&,A>)

predicate, then the canonical 21-uniformisation of R 1is a func-

tion whose 21((JQ,A>) definition involves only those parameters

which occur in the definition of R.

Let us take a little time off to examine the above construction
more closely. Suppose R(y,X) is a given Zi relation, say

R(y,x) ~ 4zP(z,y,Xx), where P is Z,. To obtain the I, uni-

formisation of R, we first obtain a 21 uniformisation of the

'20 relation {(w,i)[P((w)o,(w)1,§)}, and then simply pick out

the requisite component of the result as our required function.
And since <5 is a 21 welllorder of Ja the result is also 21.
However, returning now to the notation of theorem %0, we see that,
if we try to extend this procedure to the case n > 1, we cannot

conclude that the function g 1is Z the problem being the last

n’
conjunct in the explicit definition of g. Let Y(w,i) denote

the predicate [= w((w)o,(w)1,§)]<gﬁ'A>. For n = 1, there was

no problem, since Y¥(w,Xx) is T , so is (Vw € t)¥(w,X). However,

o’
for n> 1, Y¥(w,x) is Z_qs and we can only conclude that

(Ywe t)¥(w,x) is T

n—1 if <JaA> is Zn_1-admis51ble. Otherwise |
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it is merely Hn of course, and so the resulting uniformisation

of the original Zn relation turns out to be I So, in order

n+1°
to establish the general Zn-uniformisation lemma, it is not
altogether unreasonable to try and "reduce" all Zn relations on
an arbitrary Ja to ¥, relations on some I _,-admissible JB’
for which we have a Zn-uniformisation procedure, In practice,

it will turn out that this hint is slightly off target, but in its
general tone it is worth bearing in mind.

Closely connected with Zn;uniformisability is the notion of a

"Zn skolem function".

Let M = (M,A) be transitive and rud closed. By a X skolem

function for M we mean a Zn(M) function h with dom(h)cw xM,

such that for some p € M, h is Z%({p}), and whenever

P € Zf({x,p}) for some x € M, then dyP(y) - (Fi€ w)P(h(i,x)).
(With h,p as above, we say that p 1is a good parameter for h.).
Note that Zn skolem functions need not be (and in general are not)
total! As far as existence of Zn skolem functions is concerned,
we can get away with slightly less than might first appear,

In fact:

Lemma 31

Let M = (M,A) ©be transitive and rud closed. Let h be a
2%({p}) function with dom(h) < w x M. Suppose that whenever
P € Z%({x}) for some x € M, then FyP(y) - (gie w)P(h(i,x)).

Then M has a Zn skolem function.

Proof: Set h(i,x) ~ h(i,(x,p)). It is easily seen that h is

a Zn skolem function for M.
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M ~
Note that in the above, if h is actually Z;, then h = h, This

is used in establishing the following result:

Lemmg 32

If <Ja’A> is amenable, then it has a Zy skolem function. In
fact, there is a 21 skolem function hd,A for <Ja’A> which is
uniformly 21<Jd’A> for all amenable <Ja’A>'

2 .
Proof: Let (wi|i<rm) be a recursive enumeration of Fml ..

Let (J_ ,A) be amenable. By lemma 9, F?J A is (uniformly)
Z1<Jd’A>. Let h = h A be the canonical 21—un1formlsat10n of
the 21<JG’A> relation {(y,i, x)]L_<J A>¢l[y,x]} (By lemma 30
and the ensuing remark, h 1is thus unlformly Z<J1’A> for amen-
able <Ja’A>')' By the remark following lemma 31, it is clear
that h is a 21 skolem function for <qa,A>.

We refer to hq»A as the canonical 21 skolem function for
9

(amenable) <Ja’A>'
By a similar argument, we have:

Lemma 3%

If (JQ,A) is amenable and Zn—uniformisable, it has a Zn skolem

function.

The following lemmasindicate our reason for using the word "skolem"

here,

TLemma %4

Let ﬂ be transitive and rud closed, and let h be a X  skolem

function for M. Then whenever x € M, x € h"(w x {x})< s M.
n
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Proof: Set X = h"(wx {x}). Clearly, x € X. Let P € zlvgl(x),

P+ @. We must show that P N X 4+ ¢. Let p Dbe a good parameter
for h, end pick y4,...,y, €X with P € 2%({y1,...,ym'}). By
definition of X, there are j1,...,jn1€w such that

yq = h(j,',x),...,ym = h(jm,x). Since h is E%({p}), it follows
that P € zlf({p,x}). Hence, P # @ = dyP(y) » (&i€ w)P(h(i,x))~

@y €X)P(y).

Lemma 35
Let M Dbe transitive and rud closed, and let h be a Zn skolem

function for M., If X c M is closed under ordered pairs, then

X c h"(w XX)4 Zn M-

Proof: Set Y = h"(wx X). By lemma 34, X c Y, Let P € Z%(Y),
P4 0. We must show that PNY $@. Let p be a good
parameter for h, and pick y1,...,ym'€Y' with
P € Z%({y1,...,ym}). Pick Jyyeeeydp€w and X,,...,%x €X
such that y, = h(j1,x1),...,ym = h(jm,xm). Let X==Cﬁ’"w3ﬁ9-
By assumption, x € X. But clearly, as h is Z%({p}),

P is then Z‘IMl({p,X}), so P4 0-ayP(y)~ ("i€ w)P(h(i,x))
- (Fy€ Y)P(y).

Corollary %6

Let M, h ©be as above, Let X c M and suppose h"(wxX) is

closed under ordered pairs. Then X < h"(wxX)'%Z M.
n~

Proof: Let Y = h"(wxX). Clearly, Y = h"(wx Y), so the result

follows by the lemma.

Lemma 37 (Gddel)

There is a bijection 3§ : OR2 —~OR such that 3(q,B) >a,8 for

- d
all qa,8, and &  Pwa is uniformly £, * for all a.



- 35 -

Proof: Define a well—order <* of OR®

by
(as8) <*(y,8) —[max(q,p) < max(y,56)] v [max(a,B) = max(y,8)

A(la<yvie=yAB<S))]l.

R

- )
Let & : <~ OR. By induction on a, & 1 Poa is .0

(uniformly).

Lemma %8

There is a Zl(Ja) map of wa onto (wa.)2 for all a.

Proof: Let Q = {a]|8(0,0) =al}. Thus % is closed and unbounded
in OR., Clearly, Q = {m|§:q2~a}, S0 waeQ_-‘wcx=a.
We prove the lemma by induction on «. Assume it is true .

for all v <a.
Case 1: wo € Q. Then §'1Pa suffices.

Case 2: a =B + 1. If B =0, then wa=w € Q, so we are done
by Case 1. Hence we may assume B8 > 1. Then clearly, there is
a 21(Ja) map j : we ~=wB. By hypothesis, there is a 21(JB)
map of wB onto (wB)z, so there is certainly a 21(JB) map g
of (w5)2 one-one into wB. Then g € rud(JB) = Ja’ so for

V,Y € wa , define

f(vym) = g(3(v),3(7))).

Then f 1is Z1(Ja) and f maps (wa)2 one-one into wB. Now

ran(f) = ran(y) € J» 80 if we define h by (for v€ oa)

h(v) = f_1(v) if v € ran(f)
(0,0 , otherwise

we gee that h is 21(Ja) and h : on 2BEOS (wa)2

Case 3: 1lim(a) A wa ¢ Q. In this case let (v,T) = 6'1(wa).
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Thus v,T < wa. Set c = {z]lz <*(v,7>} (€ J, ). Thus 3 Nc maps
¢ one-one onto wa, and is Z1(Ja)'. Pick v <a with v,T<uwy.
Then & P is a 21(Ja) map of wa one-one into wy. And
by assumption, there is a map g € J_ mapping (wy)2 one-one
into wy. So, setting £((t,8)) = g((g(3” (1)), &3 (8)))),
1,0 < wa, we see that f is a 21(Ja) map of (wa)2 one-one
into 4 = g"(g"c)z. But d € Ja’ so we can define a 21(Ja) map
h on wa by

n(g) = [£~'(8) , if 6 € a

(0,0 , otherwise.

onto

Clearly, h = wa B0 (wq)?

The lemma is proved.

Using this lemma, we may now establish the following important

result:

Theorem 39

There is a 21(J0) map of wa onto Ja for all «qa.

d
Proof: Let f : mo 25O (wa)2 be Z1a({p}), where p € Ja is

the <J-1east element of Ja for which such an f exists.

' by demanding that f£(v) = (£°(v),£1(v))

for all v € wa. By induction, define f : @a onto, (wa

thus: £ = id Poa 3 fn+1(\)) = (£%v), £, of1(\))>. Hence

Define fo,f
)n

J
each f  is T, %({p}). Let h =h , the canonical I,

skolem function for Ja' Set X = h"(wx (wax{p})).

Claim 1: X 1is closed under ordered pairs,
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To see this, let Y952 € X, say yq = h(j19<V1’P>), Y2'=h(jQ,<V29P>)o
Let (\)1,\)2> = fg('r). Then {<y1,y2)} is a 2’111({7,p}) predi-

cate, so by definition of h , (y.],yz) € X , as claimed,

So by corollary 36, X<Z1Ja' By the condensation lemma, let

me: Xxd B <ag. Since wo < X, we clearly have B = qa here,

B’

Claim 2: For all i €w , x € X , n(h(i,x)) = h(i,n(x)).

To see this, observe first that as h is Z?z, there is a rud
function H such that y = h(i,x) h»(mﬁ;EJd)[H(t,i,x,y) =17].

Now let i € w, x € X. Since X<§Z1Ja, vy = h(i,x) € X (if
defined). Thus, by the above, since X,y € X<(E1Ja R

(gt €X)(H(t,1i,x,y) = 1]. By lemma 12, therefore,
(gteZX)[H(n(t),i,n(X),n(y)) = 1], Since "X = Ja’ this can be
rewritten as (_L'r{tEJa)[H(t,i,n(x),n(y)) = 1]. Thus n(y)= h(i,n(x))—,

as claimed,

Now, f c (wa)B, S0 as n'rwa = id Two, n"f = f., And by isomor-
phism, n"f is Zia({n(p)]). So as m(p) < ypy the choice of p
shows that m(p) = p.

So, by claim 2, if i € w, v € wa, m(h(i,{v,p>)) = h(i,{v,p)),
which is to say wPX = id ['X, Thus X = g

Now define h : (wa)3 = J, by setting
h(i,v,r) = (y, 1if (Ht GST)[H(t;io<V:P>9Y) = 1]
J. otherwise.

Then h is 21(Ja), and clearly E"(wa)3 =h"(wx (wa x {p})):X:Ja.

Therefore, h of3 is as required by the theoremn.

Observe that in lemmas 38, 39, the maps constructed generally have
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parameters in their definitions. Note also that, being total,

these maps are in fact A1(Ja)'

Recalling the results of § 3, we now investigate those ordinals

a for which Ja is an admissible set.

Let us call an ordinal o admissible iff o = wB and JB is

an admissible set.

Theorem 40

wa is admissible iff there is no Z1(Ja) map of any vy = wa
cofinally into wa. (Note that such a map, having domain yE'Ja,

would in fact be A1(Jn)')

Proof: (=), ILet vy < wa and suppose f : y = wg is 21(Ja).
Then (VE€vy)(HC €wa)(f(E) = ¢). If J, is admissible,
then by I,-Replacement, (Zn €wa)(VE € V(AL en)(f(g) = ¢),

so f dis not cofinal in wn.

(«) Assume we is not admissible. If o = B + 1, then the
21(Ja) map f{<wp+n,n)|n€w} map w cofinally into wa, SO we
are done., Assume then that 1lim(x). Since Ja is not admissible,
there must be a Z1(Ja) relation R and a u € JG' such that
(Vx €u)(@yR(x,y) but for all =z € PR (Vxeu)@y € 2)R(x,y).
Take y <a with u € Jy. By Theorem 39, let f Ybe a 21(J§)
map of wy onto Jy. Thus f € J”, and u c f"ovy.
Define g : wy = wa by

g(v) = [ the least 1 such that (gyEST)R(f(v),y),

if f(v) € u
0 if f(v) ¢ u.

Then g 1is a 21(Ja) map of wy cofinally into wa.
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Recalling our discussion at the end of § 3, let us call an

ordinal o strongly admissible (or non-projectible admissible)

iff o = wp and JB is strongly admissible, Imitating the

proof of Theorem 40, we have:

Theorem 41

wa 1is strongly admissible iff there is no Z1(Ja) map of a

bounded subset of wa oofinally into wa.

The above two results illustrate our earlier remark concerning

the difference between a function being partial and being total,
and the corresponding difference between a predicate being En and
being An. The next two results, which strangthen the last two,

and are also due to Kripke and Platek, also highlight this

distinction.

Theorem 42

The following are equivalent:

(1) wa 1is admissible.

(ii) (JdA) is amenable for all A € A1(Ja)'

(iii) There is no 21(Ja) function mapping 2 y < we onto Ja‘

(0f course, any such function would in fact be A1({Z).)

Proof: (i) = (ii). By lemma 15 (A1—Comprehension)
(ii) = (iii). Assume (ii) A < (iii). Let vy < wq, and
let f : y 2mto, g, be T,(J). Then f is 8,(J),
so d = {v|lvELf(v)} is A1(Ja)' Thus by (ii),
d=4ny € Ja' So, 4 = f(v) for some v <y, so
v € f(v) ey € d =»y ¢ f(v), a contradiction,
(iii) = (i). Assume (iii) A 5 (i) If a =8 + 1, we

cgn easily construct a 21(Jd) map of wB onto wa, SO
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Theorem 39 yields the required contradiction. Assume lim(q).

By Theorem 40, there must be a T < wa and a 21(Ja) map f of
v cofinally into wa. Let f be 21J°‘({p})- Pick y <a with
T,p € Jy. Let h =Iha be the canonical 21 skolem function for

Jq. Set X = h"(w><JY). As J_, 1is closed under ordered pairs,

Y

lemma 35 tells us that X<1E Ja' Let m:: X = JB' Thus
1
n'rJy = idI‘Jy, By an argument as in Theorem 39, n‘fXﬁ: idTX ’
’ d,
so X = JB' Now, f is Z1a({p}) and p € X-<(2 Ja’ so X is

1
closed under f., But Tt c X and so f"rcX, which means, since

f"t dis cofinal in wa and X = J is transitive, that wa < J

B B*
Thus B =a, and X = Ja' ?eflne a 21(Ja) map hs oxTx Jy_'Ja
as follows. Let H Dbe a Zax relation such that

y = h(i,x) — (HteJa JH(t,1,%,7).

set h(i,v,x) ={y, if (@t €8, ))H(t,1,x,y)

@ , otherwise.

Then h is total on o X T X Jy, and E"(wx'rx {x}) = h"(wx {x})
for any x, as f"t 1is cofinal in wa. Hence ﬁ"(wxwrx JY)z X==%{
By Theorem 39 there is g eJoc’ g : wy onto, WxT ny. Then ﬂog

is a Z1(Ja) map of wy onto Jm’ contrary to (iii).

Theorem 43

The following are equivalent:

(i) wo 1is strongly admissible.

(ii) <Ja’A> is amenable for all A € 21(Jq).

(iii) There is no E1(Ja) function mapping a bounded subset of

w onto J .
0.

Proof: (i) - (ii) = (iii). Similar to the above,
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(iii) = (i). Assume (iii) N 4 (i) and proceed much as
before. So, we assume 1lim(n), f is (by Theorem 41) a
21(Jd) map of some &a c 1 < wa cofinally into wa ,

f € Eid({p}), and T < wy , p € JY’ vy <a. As before,

if h = ha and X = h"(w><JY), then X = Ja' Now, since
we do not need to bother about functions being total, we
can easily contradict (iii). By Theorem 39, let g € Iy
g : wy onto, w><JY. Set T(v) = h(g(v)). Then T is a

21({1) map of a subset of wy onto {a
Note that an immediate corollary of Theorem 42 is:

Theorem 44

If a is a cardinal, then # is an admissible ordinal.

Using admissibility theory, we can give a quick proof that

L =Uyeor 9y

Theorem 45

If wa is admissible, then Jd = Lwn'

Proof: If o =1, then J, = L, = the hereditarily finite sets.
Assume o > 1. Thus w € Jd. Since Ja is admissible,
the recursion theorem tells us that rud(x) = Un<e §n(x)
is 21({1). But if u is transitive, then Zw(u) =
P(u) n rud(u). Hence the map LYF+ Zw(LY) = LY+1 is

21(Jd) (y <wa). So, by the recursion theorem again, we

see that (I |v <wa) is =,(J ). Hence D = Yy<un B S 9 *

For the converse inclusion, it suffices to show that Lwa

is admissible, (For then, by the recursion theorem,

(Svlv < wa) is 21(Lwa), 50 Jy = Ujcyy S, € Lwa')
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Let R be Zo(Lwa) y X €L, and assume (Vz€ x)gyR(y,z2).
Since (Lv|v<:wa> is 21(Jd), we may define a 21(J&)
predicate R' by R'(v,z) — 2z € x A (HyWELv)R(y,Z).

Since Jd is admissible, there is T < wa with

(¥z €x)(@v<71)R'(v,2). Hence (VzEx)(EyELT)R(y,z).

So as LT € qu, Lwa satisfies the Zo—Replacement axiom,

Since lim(wa), it follows easily that Ly, 1Is admissible.

Let o,n =2 0. The gr-projecttmL of a, p;', is the largest

p Sa such that (J ,A) is amenable for all A € I (J )N @(Jp).

Roughly speaking, our reason for introducing the En projectum

is this. We have seen that, for example, we can reasonably handle
En(JG) predicates when Ja is I -admissible. This is because
Zn-admissibility is a sort of "hardness" condition on Ja for

Zn predicates., TFor, if we take an arbitrary Jd, it may be “softﬂ
for En({a) predicates; we may, for instance, find Zn(Jd) sub-
sets of members of JOL which are not themselves members of Jd,
or even Zan) functions which project a subset of a member of

Ja onto all of Ja' But if Ja is Zn—admissible, none of these
situations can arise. Thus, we try to isolate that part of Ja
which is "hard" for ana) predicates, a sort of "I -admissible
core" of Ja’ One natural way of formalising these ideas is
provided by the Zn projectun, Clearly, Jhg_ is a reasonable
interpretation of the notion of a "Zn-hard core" of Ja‘ We
shall eventually give two characterisations of the Zn-projectum
which make it appear even more reasonable - if not inevitable.

One of these is that p§' is the smallest p S a for which there
is a Zn(Ja) map of a subset of wp onto Ja' Then, since we

clearly have, for wa admissible, that wgq 1is strongly admissible
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iff p; =a , we obtain some justification for our alternative

name of "non-projectible admissible" for strong admisibility.

It is convenient, at this point, for us to define an obvious

generalisation of the notion of the Zn-projectum of an ordinal,

. n
Let (Jd,A) be amenable. The §n—prggectum of (qa,A), pa,A ’

is the largest p £ a such that (Jp,B) is amenable for all

B ¢ Zn(<Ja’A>)'
Note that by Theorem 43, wpg'A is always strongly admissible.
?

We shall make strong use of the Zn—projectum in proving that
every Ja is Zn-uniformisable, all n =21, Since most of the
following lemmas are directed towards this goal, it is worth

indicating briefly our strategy.

We already know that (J5,A) is 21-uniformisab1e for all
(Jé,A). What we shall do is attempt to "reduce" Zn(Ja) predi-

cates to 21((Jpn,A)) predicates for some A c Jpn which is
a a
itself Zn(Ja). To carry out this reduction, we need to have at

our disposal a Zn(Ja) map of a subset (at least) of Jpn onto
o
{a‘ Thus, what we shall do is to simultaneously prove, by induc-

tion on n,x, the following two propositions:

(P 1) I, is I 4-uniformisable

(P 2) There is a Zn(Jd) map of a subset of wp? onto Jd.
The proof of (P 1) goes roughly as follows. Let R be a

. . n onto
En+1(Ja) predicate on J . Let f : < wp ==>J  be Zn(Ja).
1 isa En(Ja) relation, so by assuming I -uniformis-
-1

Now, f~
ability, f can be "shrunk" to a En({a) map of J_ into

n ) .
wp, - This reduces R toa =, ,(J ) predicate R' on pr"
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Now find a Zn(Ja) predicate A < pr such that R' is in fact
21((Jp£,A)). Uniformise R' Dby a 21((Jpn,A>) function, and
then reverse the procedure to recover a Zn+1(Jd) uniformising
function for R. There is one doubtful point in the above out-
line. Can we in fact find a set A as required., That we dan

has to be proved as we proceed, so we shall in fact simultaneously
prove three propositions, (P 1), (P 2), and a proposition (P 3)

to be formulated precisely later.

Lemma 46
Let n 21, and assume Ja is Zn-uniformisable. Let vy £a be
the least ordinal such that (P (wy) N Zn({m) ¢ {1. Then there is

a Zn(Ja) map of a subset of wy onto J_ .

Proof: By lemma'33, J, has a X = skolem function, h. Let h
be Z%’({p]), We may assume p is the <;-least element
of Jd for which such an h exists.

Let acuwy , a € Zn(Jq) , a ¢ J,- Let a Dbe the < -
least element of J  such that a ¢ qu({Q})' Define

h by ﬁ(i,x) ~ n(i,(x,p,q)). It is easily seen that h
is a Zn skolem function for {1 and that <(p,q) is a
good parameter for h.

Set X = ﬂ"(w><JY). Now, there is a 21(JY) map

g : wy onto, JY’ so hoeg is a Zn(Ja) map of a subset
of wy onto X. Hence it suffices to show that X = Jd.
. ~ < — 4

dJd
so in particular, n"a = a. Also n"a is ZnB({n(q)}). But

look, this implies that a = n"a € J Hence we must have

B+1°
B =a (and here we have used our hypothesis that

@(wy) N En(Ja) ¢ Ja!). Thus, in particular, a = n"a is
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Zgﬁ({n(q)}), so by the choice of q, we see that m(q) = q. Again,
it is easy to see that h' =moeh o =1 is a Zi?({n(p)}) 2,
skolem function for Jd, so by choice of p , m(p) = p. But then

h, h' are both defined by the same Zn formula (with parameter p)
1

in J, so h=h'. It follows immediately that m o hoen ! =4,
of course. So for i € w, X € JY’ me h(i,x) = Rom(i,x) = H(4,x).

Thus ntX = idMX, and X = J .

Lemma 46 plays a direct part in the proof of (P 1)-(P 3). The
next lemma, however, is only used during the proof of the lemma
which follows it, and may, on first sight, appear somewhat un-

inspiring.

Lemma 47

- o :
Let (Jﬁ,A) be amenable, p = Py A If Bc Jp is 21((Jd,A)),
then 21((Jp,B>) c 22((Ja sAY ).

Proof: Case 1. There is a 21(<J&,A>) map of some y < wp

cofinally into wa.

Let g be such a map, and let B be Zo(<Jd’A>) such that
B(x) ~ #d2zB(z,x) for each x € Jp. Define B' by B'((v,x))
(gz € S
And since B(x) « (@v € y)B'({v,x)), 21((Jp,B>) c 21((Jp,B'>).
Thus, we need only prove that 21(<Jp,B') c 22(<Ja’A>)’ It clearly

))F(z,x), for v €y, x € J . Thus B' 1is 8,3, A)).

suffices to prove that ZO((Jp,B'>) c 22(<JQ,A>).

Let R Dbe EO(<Jp,B'>). Thus R is rud in B' and some para-
meter p € Jp. By choice of p , (Jp,B') is amenable, so by
lemmas 3 and 4, there is a Eo(Jp) predicate P and functions
fiseaesfy . » rud in parameter p, such that R(x) e~

P(Sé,f1(5c'),...,fm(§), B'nf, ,(X)...,B'n £ . (X)). Hence
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R(X) = _@yqyee @y [y =B' N L (KA. Ay, =B"' N, (X) A
P(i,f1(§),u..,fm(§),y1,...,yk)]. Now P is certainly E_(J ),
and f1""fm+k are rud in parameter py so it suffices to show
that the function b(u) = B'Au is =,(¢J ,A)). It is in fact
n1(<Ja ,AY), because: y = b(u) — ¥x[xey —x€uA B'(x)], and

B' is A1((JQ,A>).

Case 2. Otherwvise,

As before, we must show that ZO((Jp,B>) c 22(<Ja,A)). Again as
before, this reduces, by the amenability of (Jp,B), to proving
that the function b(u) =B N u is 22(<Jd,A>) on Jp. Now,

we clearly have
vy = b(u) —(¥x€y)(x€uA B(x)) A (Fx€ u)(B(x)= x€y).

Now, the second conjunct here is H1(({a,A>). We show that the
first conjunct is 21(<Jd,A>), which is sufficient., It reduces
to showing that (¥x€ y)B(x) is 21(<J0’A>)' But look, we know

that Case 1 fails to hold, so this is proved just as in lemma 14.

The next lemma is the key step involved in proving, by induction,

the as yet unformulated (P 3).

Lemma 48
Let (Jq,A> be amenable, p = p; A+ Suppose there is a
- ?
21(<JG,A>) map of a subset of wp onto %x' Then there is a
B c Jp, B € 21(<Jd,A>), such that Zn((Jp,B>)=%P(Jp)ﬂ zn+1(<qm,A>)

for all n=>1.

Proof: Let uc wp, and let f : u onto, J, e 21((JQ,A)).
—_— .
Pick p € J  such that f is 21<JG’A’({p}). Let

. bX
(mi\i~<w> be a recursive enumeration of Fml~ T,
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%
B = {¢i,x)|i€wAx€d A l=<'}a y®3 (%013,

Now, <Jq,A) is amenable, and hence rud closed, so by lemma 9,

B € 21((Ja yA>). And of course B c Jp e

Commencing with lemma 47, an easy induction shows that for all

n=1, Zn(<Jp,B>) c zn+1(<Ja,A>).

For the converse, let R(X) be a En+1(<Jd’A>) relation on Jp,
n 21, Assume, for the sake of argument, that n is even. Let
P be a £,(¢(J ,A>) relation such that, for X € J

R(X) =&y Vy,...Vy P(¥,X). Define ¥ by 3B(z,Xx) — ['z',i'er A
P(f(z),X)]. By choice of f , any x € J, 1is E1<J”’A>({p,v})
for some v < wp , so by definition of B , 5 is rud in B and
some parameter v < wp. In particular, P is A1(<Jp,B>).
Again, D = dom(f) dis rud in B and some parameter T < wp, SO
D is also A1((Jp,B>).

But for X € Ty s R(X) = (T2, €D)(¥z,€ D) ... (Vz, € D)B(Z,X),
which is thus Zn((Jp,B>).

We are now ready to formulate (P 3) and prove our promised uni-

formisation theorem.,

Let a4, n20, A Er master code for Ja is a set A c Jpn ’

A € En(qx) , such that whenever m 2 1 , Zm((Jpn,A>) =

o
@(Jpél) N Zn+m(Joc)'
Theorem 49
Let o, n 2 0. Then:
(P 1) Jq is Zn+1—uniformisable.
(P 2) There is a Zn(Ja) map of a subset of wps onto J_.

(P 3) J& has a % master code.
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Proof: We prove the theorem (for all n) by induction on a.
For o = 0, it is trivial., ©So assume a > O and that
(P 1)-(P 2) hold (for all n) for all B <a. We prove

(P 1)=(P 3) at a Dby induction on n.

Case 1: n =0, (P 1) is already proved (Theorem 30)

(P2) p°2 =0 , so (P 2) is already proved (Theorem

* o | 39)
(P 3) Since pp =0, A=0 isa I master

code for Ja'

Case 2: n=m+ 1 ,m=20, Let p = ps' for convenience.

We first prove that p is the least ordinal such that some Zn(Ja)
function maps a subset of wp onto Jé.

To this end, let & ©be the least such ordinal, Suppose first
that 6 < p. Then B = {E€¢ws| EEFf(E)}) idis a Zn(Ja) subset of

J so by definition of p , (Jp,B) is amenable, Thus, as & < p,

0?
B=3BnN ws € Jp c {1' So B = f(g) for some £ € wbd, whence

£ € f(E) « € € B +— & ¢ f(€), which is absurd, Hence p < 5.
Suppose p < 8., By definition of p, this means that for some
Zn(Jq) set Bc:JG,(Jsﬁﬁ. is not amenable. Since (J,,B) must be
amenable, & > 1, If & =y + 1, then since there is a 21(Jd)

map of wy onto wd, there is a Zn(Jq) map of a subset of wy
onto Jd, contrary to the choice of 6. Hence 1im(8). It follows,
since <J5,B> is not amenable, that there is T < § with

BN JT ¢ J&' By induction hypothesis, Ja is Zn-uniformisable.

So as T < 6, lemma 46 implies that (P(wr) N £,(3,) = J,. But

there is h € J , h : ot 20 7, 5o this implies PE Nz, (I )ed,.
In particular, B N JT € Jd. Hence for some B8 <a , B n'JT “is
Jd,-definable, Let B Dbe the least such, and let r Dbe least

B

such that B N J_ is x.(J.). By definition, (J r, BNJ_) is
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amenable, so if 1 < p; , then B N J, =(BNnJ.) nJ_ ¢ Jpg S
contrary to the choice of 8. Hence 1t 2 pg. By induction
hypothesis, there is a Zr(JB) map g from a subset of wpg onto
dJd

And since BN J_ €7 and BN J_ ¢ s, B+1>8, or

B* B+1
B 2 8, Hence there is a Zr(JB) map g' from a subset of wpg
onto wd. Then fog' 1is a Zn({z) map of a subset of wpg
onto Ja' But we have established that pg <7t <8, so this

contradicts the choice of &6, Hence 8 = p.
(P 2) follows immediately from the above result of course.

We turn now to (P 3). By induction hypothesis, let A be a I
master code for qz‘ Set n = p? for convenience.

By the above, let f ©be a Zn({a) map of a subset of wp onto
J,. By choice of A, ' = ff(f-1"Jn) is a Z1(<Jﬂ’A>) map of

a subset of wo onto Jﬂ' By. choice of A, it is clear that

p = ps = p;’A. Finally, of cource, (Jn,A> is amenable. So,
we may apply lemma 48 to <Jﬂ’A> to obtain a 21(<Jn,A>) set

B cJ, such that Z.(¢J ,B)) =<?(Jp) N £,.,9((3,,4)) for all

r > 1, By choice of A, B € Zn(Ja) and Er((Jp,B)) =

GKJP) nes

code for Jd.

- . > .
n+I,(aa) for all = 2 1. Hence B is a I, master

Finally we prove (P 1), Let B Dbe, as above, a Zn master code

for J . Let R(y,x) Dbe a Zn+1(Ja) relation on J . Define,

with f as above, a relation R on Jp by R(y,x) = [y,X¢€ Jp,A

R(f(y),f(X))]. Then R 1is £n41(9, ), and hence 21(<Jp,B>).

Let T be a 21(<Jp,B>) function uniformising R. Since f is
1

Zn(J”), so is f . But Ja is Zn—uniformisable, by induction

hypothesis, so we can let f be a Zn(Ja) function uniformising
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f', Set r =feTe f '. It is clear that r is a Zn+1(Jd)

function which uniformises R, The proof is complete.

" The above results give us two (intuitive) equivalent formulations

of the Zn—projectum:

Theorem 50

Let a,n 2 0. Let & be the least ordinal such that some Zn(J§)
function maps a subset of wd onto Ja. Let ¥ Dbe the least

ordinal such that (P(wy) nZ,(3 ) ¢ J . Then & =y = o .

Proof: That 6 = p§ was actually proved during the proof of
Theorem 49, Since we now know that {a is I -uniformis-
able, lemma 46 tells us that 8 <y, Assume & < vy, Nowby

definition, let uc wd, and let f : u onto, Ja be
Zn(Ja). Let %2 ={€}) € & f(€)}. Then Z c wé and

Z € }",n(Ja), so by definition of y , Z2 € J . Thus 2 = f(E)
for some €, so E € f(E) — E ¢ f(E), which is absurd,

Hence 6§ = v.

There is, of course, a concept which, for b, predicates, plays
the role that the Zn projectum plays for T predicates. And,
as might be expected, there is a corresponding "total function"

or An equivalent of Theorem 50 for this concept.

Let a,n 2 0. The A -projectum of n (sometimes called the

weak Zr—projectum), qf, is the largest n <o such that

<Jﬂ,A) is amenable for all An(Jq) sets A c Jﬂ'

Thus the An—projectum of n represent the "hard core" of Jd

with regards to B, predicates on Ja'

Clearly, q? > p?. We do not, however, necessarily have equality



here. TFor example, let o be the first admissible ordinal > w.

Then it is easily seen that n; = a, wWhereas p; = Q.

Corresponding to lemma 46, we have:

Lemma 51

Let n =21, and let vy be the least ordinal such that
Plwy) n An(Ja) ¢ {m. Then there is a Zn(Jq) (and hence

An(Ja)) map of wy onto Ja'
> .
Proof: Let n=m+1, n=0. Since Zm({x%c An(Ja) c Zn(JJ’ Theorem

50 implies that p~ <y £ p®. Theorem 50 also implies

a o
that there is a Zm(Jq) map of a subset of wp™ onto I,

Q

So, we can clearly define a Zn(Ja) map of wpg itself

onto qa' This reduces our problem to showing that there
is a Zn(Jd) map of wy onto wp?. As a first step, we

have the:
Claim: There is a Zn(J@) map g from wy cofinally into wp?.
Let A De a Zm master code for Ja' By hypothesis, let
b cwy , b € An(Ja) , b ¢ J,+ By choice of A, b is Aﬁ(&bm,A))

o
Suppose b is 1in fact defined by:

v €D ‘-*E;VBO(:Y,V) 9 \Y ¢ b e EyB1(y9\))9
where B_,B, are 20((Jp3,A)). Then

(Vv € wy)aylB (y,v) v By(y,v)].

But (me,A) is amenable, and hence rud closed, so as b ¥ me ’
a

there can be no r < wpg such that

(Yv € wy)(dy € ST)[iBo(y’\)> v B1(y,\))].
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Define g : wy - wpgl by
g(v) = the least T such that (Zye€ ST)[BO(y,v)\/B1(y,vﬂ.

Clearly, g is Zn<Jd) and cofinal in wpg, proving the claim,

We now prove the lemma, Since p: < vy, there must be a Zn(Jd)
map f from a subset of wy onto wpg'(f wr ), and of course
such an f will then be 21(<Jp£,A>). Define T: (wy)2—9£555wp2
as follows., Let f be given by f(v) = 1 —3yF(y,T,v), where

F is £_({(J msA)>). Set
pOL

T(v,7) = Jo , if @y € S, )F(y,8,v)

0O , otherwise,

Then T 1is 21((me,A)), and hence Zn(ql). And T clearly
X ,
maps (wy)2 onto wpg, as g is ccfinal in wp?.

Since we have (by lemma 3%8) a 21(Jq) map of wy onto (wy)z,

the lemma follows.
Corresponding to Theorem 50, we have:

Theorem 52

Let a,n > 0., Let & Dbe the least ordinal such that some ‘Zn(Jd)
(and hence An(Jd)) function maps w8 onto Ja‘ Let y be

the least ordinal such that (P(wv) N 8,(3,) & J_. Then 6= y=m.

Proof: Suppose vy < q?. Let Bcwy , B € An(ql), B ¢ {T. Then

W? , contrary to <Jn?,B> being amenable.

Suppose now that W? < y. Then there is A c Jy, A € An({a),

wy N B =3B ¢ J

such that (JQ,A) is not amenable. In particular, vy > 1.

Suppose y = € + 1, There is then a 21(Jy) map of wE€ onto wy,
so by lemma 51 there is a Zn(JG) map, £ , of wg onto J_ .
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Then Z = {1 €wE)1d (1)} is a An(qm) subset of wg. Clearly,
z ¢ J,» 8o this contradicts the choice of vy. Hence lim(y).
Thus as <Jy,A) is not amenable, there must be 1 <y with
And, ¢ J,. But by choice of vy, T <vy=~ANJ €J ,; so for
some 6 <a, AN J,r is Je—definable. Let 6 ©Dbe the least
such. Then A N J. E(?(JT) N Am(Je) for some m € w, and
ANd, ¢ Jg. Thus by lemma 51 there is a Zm(Je) map f of owrT

onto J (Actually the hypotheses of lemma 51 require that we

X
have a Am(Je)subset of wr mnot in J,, whereas we have only
exhibited a subset of J,r with these properties. However, since
there is available a 21(JT) map of wr onto J_, this point
causes no problem.) Since 6 <a, f € Ja‘ But A,n J. ¢ Jy,

and ANJ_ €7 so 6 2 vy, and there is thus a map f' € g,

6+1?
of wr onto wy. By lemma 51, again, this gives us a Zn({a)
mep k of wr onto J . Then, clearly, K = {1]:1 £ K(1)} is a

An({a) subset of wr mnot lying in J_, contrary to T < y.

Hence vy = ﬂ$° Now, by lemma 51, we have & < vy, Suppose & < v,

Tet f : ps 2850 g, be I (I ). Tet Z=({v|v & £(v)}. Then
7z € P(wd) N An(Ja) F—Jd. But this contradicts the choice of wv.

Hence 6 = v.

Remark: Lemmas 46 and 51 can be regarded as much sharper versions
of the following, much earlier theorem of Putman:
Suppose P(y) n Qx+1 ¢ L,- Then I, ,, contains a
well-ordering of y of order type a. (For vy = w.)
Putman actually proved this result for the case p = w, but his

proof works in the general case.

The methods described above have, of course, many uses., We give

just one, very general, example, showing that (in certain cirum-
stances) it is possible to carry out Ldowenheim-Skolem arguments
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for non-regular ordinals o which can generally only be done

when a 1is actually a regular cardinal.

More precisely, the following theorem, is well-known:

Theorem 53

Let # be a regular cardinal., Let vy < # £ w8, and suppose that
Y c JB ’ !YI < %, Then there is X< JB such that YUy y ¢ X
and % N X € #«.

To prove this, one simply forms an w-chain XO< Xﬁ-(..;{Xﬁ{...<JB
of elementary submodels of JB’ taking XO as the skolem hull
of YU vy in JB' and X ., as the skolem hull of )gﬂJsup(anXh)
in JB’ and then X = Un<an is the required submodel of JB'

By construction, x N X 1s transitive, and hence an ordinal, and

since u is regular, |X| <ux, so x N X € «.

It should be observed that u being regular is a necessary con-
dition for the above procedure to work (in general).

However, providing we can, in some way, ensure that for each n,
sup(x NX ) < », then we can, of course, get by with just cf(x)>w.
The theorem below shows that, in certain cases we can do just

this, providing we relax our demands somewhat,

Let n21, o £ wB. We say that o 1is I, -regular at B iff
there is no Zn(JB) map of a bounded subset of a cofinally

into a.

For example, by Theorem 4%, wyr 1is strongly admissible iff e

is 21-regular at a.

Theorem 54

Let n21, w8 2a 2 1., Suppose a 1is Zn—regular at B. Let

Yecf w S |Y| < ef(a), and let y < a. Then there is an

B’
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X<42 JB such that YUy <X and a N X € a.
n

Proof: Since cf(a) > w, it clearly suffices to prove that, under

the stated hypotheses, there is X*(Z JB such that
n
YU vy<c X and supla N X) <n.

Let h be a X skolem function for JB (by Theorem 49 and

lemma 33)., Since w £ |Y| <cf(a), we may, without loss of gene-
rality, assume that Y is closed under ordered pairs., Further-
more, let & ©be the function defined in lemma 37, Since @ 1is

Zn—regular at B, a 1is certainly strongly admissible. Hence,

by lemma 37, {EEcx|§"§2 c €} is unbounded in a. It follows

that we may also, without loss of generality, assume that

3"v2 < y. Recall that 3lv® is 3,78,

Let X =h"(wx (Yxy)). Then we claim that X is closed under
ordered pairs. To see this, let X19%5 € X, say

xq = h(i,{yq,vq2)s %5 = hisy(¥psvpd). Tet y = (yq,y,) €Y
and v = §(<v1,v2))€ vy. Clearly {<x1,x2>} is Z1JB({p,(y,v>}),
where p 1is a good parameter for h, Thus for some 1 € w,
(xq,%5> = h(i,(y,v)) € X, as required. So, by corollary 36,

XL, d And of course, we clearly have Y U v < X. We show

¥n 8°
that sup(anNX) <a.

For ye€Y , i€ w, define h : Cy =a by

i,y
hi,y(v) ~ h(i,(y,v>). Thus hi,y is Zn(JB), and so as a is
) ¥ v(i,y9)< a. Since |Y! < ef(a),

]
T -regular at 8 sup(hi’y Y

it follows that SUPy ey v(i,y) = v(i) <a. Since cf(a) > w,
we eonclude finally that sup i€ o v(1) <a. But clearly,

sup. vy(i) = sup(a NX), so we are done.

icw
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The above lemma may be used to prove that if V =L and « is
a regular uncountable, non-weakly compact cardinal, then there is

a Souslin #x-tree. (Jensen.)
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Footnote for Page 1

Since we wrote this paper, a slightly revised version of
these notes has been published as & research paper. See
R.B. Jensen, "The Fine Structure of the Constructible
Hierarchy", Annals of Mathematical Logic, Vol 4 [1972],
p 227. The present paper represents a lengthy discourse
on an expansion of the earlier parts of Jensen's paper,
and it is hoped that the somewhat more leisurely pace
adopt here (as opposed to Jensen's paper) will be of
benefit to those not predominantly interested in the set
theoretical consequences of the Fine Structure Theory.
For those who are so inclined, the notation we use is
almost identical to that of Jensen, so this paper should

provide a good introduction to Jensen's.,




