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Abstract

Silver [5] proved that Con(ZFC + "there is an inaccessible
cardinal") dimplies Con(ZFC + CH + "there are no Kurepa trees").
In order to obtain this result, he generically collapses an in-
accessible cardinal to w,. Hence CH necessarily holds in his
final model. In this paper we sketch Silver's proof, and then
show how it can be modified to obtain a model in which there are

no Kurepa trees and the continuum is anything we wish.

Introduction

We work in ZFC and use the usual notation amnd conventions.
For details concerning the forcing theory we require, see Jech [31]

or Shoenfield [4]. A tree is a poset T = (T,5T> such that

x={yeT |y <T1c} is well-ordered by <p for any x € T.

The order-type of X is the height of x in T, ht(x). The
a'th level of T is the set T = {x €T | nt(x) = a}. T is
an w,-tree iff : (i) (Va < w)(T, % &) & (Tw1 =g) 3

(11) (Yo <8 < 0)(¥x € T )@yq,7p € T)(X <p Y957 & 79 F V) 3
(1i1) (Yo < 0)(Fx,y € T,)(Uim(a) - [x = §y <=> X = ¥1) ;

(iv) (Vo < w1)(lTa| < w) & ]TO] =1 . PFor further details of

w1—trees, see Jech [2].
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If T is an wq-tree, a branch of T is a maximal totally
ordered subset of T . A branch b of T is cofinal if

(Vo < w1)(Ta Nnb+ g). T is Kurepa if it has at least w,
cofinal branches. If V = L, then there is a Kurepa tree. This
result is due to Solovay. For a proof, see Devlin [1] or Jech [27.
More generally, if V = L[A], where A £ w; , then there is a
Kurepa tree, from which it follows that if there are no Kurepa
trees, then w, is inaccessible in L. (A1l of this is still

due to Solovay, and is proved in [1] and [2].). Hence, in order
to establish Con(ZFC + K) , where X denotes the statement
"there are no Kurepa trees", one must at least assume Con(ZFC +I),

where I denotes the statement "there is an inaccessible cardinal™.

Now, if M 1is any cardinal absolute extension of L , and if T
is a Kurepa tree in L , then T will clearly be a Kurepa tree

in M. Hence, if #® is any cardinal of cofinality greater than
w , we can, by standard arguments, find a generic extension of 1L,
with the same cardinals as L , such that, in the extension, there

is a Kurepa tree and 2% = x, Johnsbréten has pointed out that

the consistency of K + 2% = u  (for such %) is not so easily
obtained. Now, Silver [5] has shown that Con(ZFC+ I) =
Con(zZFC + 2% = wy + K) . (And by Solovay's result above, the
hypothesis here is as weak as possible). However, the method
Silver employs necessarily makes 2% = W, hold, so as it stands
the only hope to obtain K + 2% =« would seem to be to take
Silver's model and blow-up the continuum generically to x. In
fact this procedure does work (i.e. K 1is preserved), but the
proof thét it does is fairly delicate, as opposed to the corre-

sponding argument for = K . ©Since we shall need all of the tricks
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employed by Silver in his proof of Con(ZFC + K) , we may as well

commence by describing his argument,

Silver's Model.

We shall use M +to denote an arbitrary countable transitive
model (c.t.m.) of ZFC throughout. By poset, we mean, as
usual in forcing, a poset P , with a maximum element % , such
that every p € P has at least two incompatible extensions in P,

where p,q € P are compatible, written p ~ q , if there is

r ¢ P such that r < p,q . We say P satisfies the x chain
condition (#-c.c.), for * an uncountable cardinal, if there
is no pairwise incompatible subset of P of cardinality x.

P is g-closed if whenever <Ra| @ <A < w) is a decreasing

sequence from P there is p € P such that p < P, for all

@ <A . The following lemmas are standard. (See Shoenfield [4]

for example.,)

Lemma 1 (Cohen; Solovay)

Let P be a poset in M , ® an uncountable regular cardinal in

M. Let G be M-generic for P.

(i) If M E"P satisfies the x-c.c.," then )\ > % is a car-
dinal in M[G] 4iff A 1is a cardinal in MM,

(11) Tf M " P is g-closed", then for all A < w,, (M= (MUE]
so in particular, w1M = w1M[G] and M (w) =(?M[G](w) .



Lemma 2 (Lévy)
Let % be an inaccessible cardinal in M , P a poset in M
such that ME"|P| <" , If G 1is M-generic for P , then

is still inaccessible in M[G] .

Lemma 3 (Solovay)

Let P1,P2 be posets in M. If G1 is M-generic for P, and
G, 1is M[G1]-generic for P, , then G1 is M[sz—generic for
P1, G, 1s M-generic for Ps G1 X Gy 1s M-generic for

P, x Py , and M[G,][G,] = M[G,][G4] = M[G,,6,] = M[Gy X Gp] ,
where P1 X Pp 1s the cartesian product of P, and P, with
the partial ordering <(p,,pp? < €aq,05) <=> Py <4 Q4 & Py < Uy -
Conversely, if G is M-generic for P1 X Pp , then

G, = {p | {p, ") € G} is M-generic for Py Gy = fa] {1, € G}
is M[G,]-generic for P, , and G = Gy x Gy &

Let % be an uncountable cardinal. The poset P{(x) is defined

as follows. An element p of P(#) is a countable function

such that dom(p) < w; x #* and ran(p) ¢ » , and if <a,8) € dom(p),
then p(a,s) € 6 . The ordering on P(x) is defined by p < q <->
p2q. If P=P(%) and X <® , we set Px={p|‘(w1x}\)lp€P},
Px = {p-p F(w1><x)l p €P} , and regard PX,PX as posets in the l

obvious manner, Clearly, P & Pxx p* , by a canonical isomorphism.

Lemma 4 (Lévy)

Let « Dbe an inaccessible cardinal in M, , and set P = [P(K)]M,
Then, ME"P is o-closed and satisfies the #-c.c.". If G is
M-generic for P , then w1M = w1M[G] and ® = wZM[G] . Further-
more, if A <% is an uncountable regular cardinal in NM , then

M[G N Pl] #"PX is o-closed and satisfies #-c.c.".
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Proof: See Jech [3] or Silver [5]. For the last part, notice
that as P, 1is o-closed in M , M[G N PXJ has no new
countable sequences from Pk , Wwhence Pk is still
o-closed in M[G N PX] . Also, as we clearly have
Pr & [P(n)]M[GnPK] , lemma 2 will ensure that P*  has

the #-c.c. in M[G n PAJ - J
For later use, we shall give the proof of the next lemma in full.

Lemma 5 (Silver)
Let P be a poset in M such that M E"P 1is o-closed". Let
L bean w;-tree in 1M . Let G be M-generic for P. If b

is a cofinal branch of T in M[G] , then in fact b e M .

Proof: We may assume T = (w1,5T) « Suppose that, in fact b ¢M,
Working in M , we define sequences (psl s € 2@0 ’

(Xsl s€2¥%) so that Pg €P 3 t S s op,<py 5 X, €T 5

s
T Es - xp < X s ls| = |t] - ht(xs)= ht(xt) ; and
Xen( 0D & Xga(1) « The definition is by induction on |[s|.
Pick Py € P so that Py W-"ﬁ is a cofinal branch of
Ta&b ¢l . Let Xy be the minimal element of [T .
Suppose Py Xg 2are defined for all s € o1t , and that
psl%" is c " , Where pg < Py in particular. Since

Dy " b ¢ X' , we can clearly find Psn(0) * Pen(1) < Pg
(each s € 2") and points Xgn(0) * F¥er(1) 1 %y such
that ht(xsﬁ<o>) = ht(xsh<1>) and X (o) F Xgn(qy » Tor
which Dgngyy IF" ¥gnqi) € " , i=0,1. Furthermore,
we may clearly do this in such a way that for any

s,t € 2n+1 , ht(xs) = ht(xt) ., Since P 1is g¢g-closed,

for each f ¢ 2 ®  we may pick pr € P such that pe < pfrn

for a1l n < w . Also, as |2%] =w , we may pick a < w,
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@
such that ht(xs) <o for all s € 27, Since Pr < Dy

\
(each f e 2%) , we can find Py < Py such that for some

1 " v oMt ! L J. v
xg € T, 5 DPg | Xp € b . But, clearly, pf]}-.xfh1<T X
for all n < w , so by our construction, f # g - X; + Xy

(There are just two remarks called for here, Firstly,
. ! nwv v .

since T e M, if pglF Xehp <7 xf" then in fact

Xp <p Xppg o Secondly, if f # g +then for some n < w ,

fMPn4 g .). Thus {xp| £ € 2%} is an uncountable

subset of Ta , which is absurd. (J

6 (Silver)
be an inaccessible cardinal in M. Let P = [P(x)]M .

be M-generic for P . Then M[G] E" 2Y = wy + K" .

By lemmas 4 end 1, M[E]E" 2% = w," ana wML®) -,

-
MLG] _ w1M s 80 the notion of an "w1-tree" is

Also, w,
absolute here, Let T ©be an w1-tree in M[G] . We may
assume T = (w1,5T> . By the truth lemma, we can find an
uncounfable regular cardinal X\ < n of M such that

T € M[G n PA] . By lemma 2, T has fewer than #« cofinal
branches in M[G n PXJ . But by lemma 4, PA g o-closed
in M[¢ NP ], and by lemma 3, G N P is M[G n P, 1-
generic for PA, so by lemma 5, T has no cofinal branches
in M[G n B, (¢ n PM] other than those in M[G n P .
Again by lemma 3, M[G 0 B, 1[G n PM = M[G] , so we see
that T has fewer than x cofinal branches in M[G] .

Q.E.D.



The New Model

We shall require the following well-known result, proved in

Jech [3].

Lemma 7 (Marczewski)
Let A Ybe a limit ordinal, cf(r) = w; » Let J De a collection
of w, finite subsets of )\ . There is a finite subset X of

and an uncountable subfamily J' of J such that Y,Z(;J'~'YnZejL

Let ® ©be an ordinal. The poset C(#) is defined as follows.

An element of C(%x) 1is a finite function p such that dom(p)cu
and ran(p) € 2 . The partial ordering on C(x) is defined by
p<4d<->p2q. Thus, if #x 1is an uncountable regular cardinal
in M, [C(n)]M is the usual poset for adding # Cohen generic
subsets of w to M. DNote that in this case, [C(u)]M = Cc(n) ,
both of these being defined by the same, absolute formula of set

theory.

It is well known that if % 1is an uncountable regular cardinal

in M and G is M-generic for C = [C(u)]M , then M and M[G]
have the same cardinals, by virtue of the fact that M|="C satis-
fies the countable chain condition", and M[G]|= 2% > » . Por our
purposes, however, it will be useful to regard the procedure of
forcing with C over M here as an iteration of length =« .

Accordingly, we make the following definitions.

Let U Ybe the poset consisting of all maps p such that dan(p)=n
for some n € w and ran(p) €2 , ordered by p < q <=>p 24 »
Thus U € M and U is the usual poset for adding one Cohen

generic subset of w to M .
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Let % € On . Set C*(K)'= {olp:® = U & for some finite set
Xcx, ola) ¥+ 4 <>a¢€X (wecall X the support of o ,
supp(y))} , and partially order C*(x) by o© < ¢ <>

(Vo € #)(pla) 2 ¥(a)) o It is easily seen that forcing with
C*(K) is equivalent to forQing with C(x) . In fact, the complete
boolean algebra associated with both of these posets is the Borel
algebra on 2" factored by the ideal of all meager Borel subsets
of 2% s, Where ¥ is given the product topology for the dis-
crete topology on 2. Note also that the definition of C (x)
is, like C(x) , absolute for transitive models of ZFC contain-
ing % . The point of all of this is that forcing with C*(n)
can be regarded as a process of forcing with U x +times, suc-

cessively, using lemma 3,

Lemma 8.

Let % Dbe an uncountable cardinal in M , CfM(it) >w . Let

C = [C(K)]M . If G is M-generic for C , then M[G]|= 2" > x ,

M and M[G] have the same cardinals and cofinality function,

and if M|= 2¥ <, then M[G)|= 2¥ = » . Furthermore, if
(w1 <p is an w;-tree in M , and b is a cofinal branch

of T in M[G] , themn Db € M .

Proof: The last part of the lemma is the only non-standard part.
Let ¢ = [C*(n)]M . We may assume, by virtue of our
above remarks, tﬁat G is M-generic for c* rather
than ¢ . TLet T = Cw,', <> be an w,-tree in M . We
w1M[G]=u$€

may assume that v Sp TV T . Note that as

T is still an w,-tree in M{G]

*
If y < , then clearly C (y) = {oPy|@ € C} . Set
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G, = {oPMyY|p € G} . By lemma 3, G, is M-generic for

Y Y
C*(y) and M[G] is a generic extension of MY = M[GY] .
Clearly, Mn = M[{G] , so it suffices to prove, by induc-

tion on y < » , that if ‘b 1is a cofinal branch of T

in My, then b e M .

For y = 0 there is nothing to prove. Suppose the result holds
for y<un . If H= {oly)| o € G} , then by lemma 3, H is MY-

generic for U and M = MY[H] », Let b Dbe a cofinal branch

v+ 1
of T in MY+1 . It suffices, by virtue of the induction hypo-

thesis, to show that b € MY . This will be so if, whenever

peU and p ]k"b is a cofinal branch of é" s there is q < p
) v

such that q l-"be V" . We work in M, . Tet sucha p be

given., For each q < p , let a(q) Dbe the supremum of all ordi-

n v

v €Db

1
" for some Vv on level E

nals g < wq such that a |-
of T . Set a = sup{a(a)]| a < p} . By the truth lemma for for-
cing with U over MY y a = w, . Hence, as U] = 0w, a(q) = Wy
for some g <p . Set b = {veT]| q]k"Q;eg'B . Then b ¢ M,
and clearly q ﬂ-" b = E'" sy So we are done. Finally, suppose

Yy <% , lim(y) , and the result holds for all & <y . There are

three cases to consider.
Case 1 ch(y) = W .

Let b Dbe a cofinal branch of T in MY . In M, let (yn|n1<w>

be cofinal in y . Work in MY « By +the truth lemma for forcing

with C*(y) over M , for each v € b we can find D, € GY such
v o .

that p, |F" v € b . TLet X, = supp(pv) . Since each X, is

finite, and cf(w;) > w , we can find an uncountable set b cb

[}
such that v ¢ b ~ leg Y for some fixed n < @ . But clearly,
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. X .
b=1{veT| (dp € Gy ) [pF" Vv eb 1} € M, . Hence, by induc-
n n

tion hypothesis, b € M ,
Case 2 ciM(y) = w1M .

Let b Dbe a cofinal branch of T in MY . Suppose, by way of
contradiction, that b ¢ M . By induction hypothesis, therefore,

5§ <y =D éMé , also. Work in M, . TFor each Vv € b, pick

ot

p, € &, such that p |k, )6 € b , and let X = supp(p,) .
C (v
If sup{max(X,)|v € b} <y ,

y( then arguing as in case 1 we see
that b ¢ M6 for § = sup{max(Xv) |v € b} , and we are done,

Hence we may assume sup{max(Xv) |lve b} =y . It follows, by
lemma 6, that we can find an uncountable set b' < b and a finite
set X<y such that v,7 ¢ b' and v < ¢ implies X, nX_ =X
and such that v € b' implies X, # X . Since |U| = w0 , we can
find an uncountable set b < b  such that v,T € b implies

D, PX = D, MX =p, say. TFrom now on |- refers to the forcing

relation for C*(y) over M ,

*
Claim. There is q € C (y) , supp(a) N X = ¢, and v < wqy such
v n
that v ¢ bbut puU ql-" v €D , where pU q € C (y) is de-

fined from p and q in the obvious manner.

Suppose the claim is false. In M, set d={veT|(dae C*(Y))
"o "

[supp(a) N X =@ & p U alF v e€eb I} . Since the claim fails,
i

d<b. But for each ved , if q=pv[‘(XV-X),then

" oo o

supp(q) N X = ¢ and pUaq=p, and p - vedb , so bca.

Hence b =d € M , a contradiction, This proves the claim.

and
Pick q € C*(Y) as in the claim and let v <w; be such that v ¢ v /

1 on '
P U QH- V €b . Pick T € b‘ y T >V , such that X,r N supp(a)= 2.

(This is clearly possible). Clearly, P, UQ=DpU QU l'_p,l.l‘(X,r -X)]e C*(y).
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look, "o on
But/ p, Ua<p; 5 80 pUal- Feb , and P.U Q<P Q80

v o Ut L} )]
p, U ql v ebdb . Hence, as v < T , p. U alr M <p T, which

n
means v <p T, of course. Thus, as T€b , veb, a contradiction.

Case 3 ch(y) > w1M .

truth %
This case is trivial by the/lemma for forcing with C (y) over M.
The lemma is proved. [

The following is an analogue of lemma 5.

Lemma 9

Let C, P be posets in M such that M F C satisfies c.c.c.
and P is o-closed". Let G be M-generic for CxP . (Thus
o = 0 M) et o = (peCi<p, 1) €6}, Cp={aeP | (Mq) €G],

(Thus G, is M-generic for C , Gp 1is M[Gy]-generic for P ,

c
and M[G4][Gp) = M[G].) TLet T be an w,-tree in M[G,] . If b

is a cofinal branch of T in M[G] , then b € M[GC] .

Proof: Notice that as P 1is not necessarily o¢-closed in the
sense of M[GC] y We cannot argue exactly as in lemma 5.
However, with a little extra work, we can carry through an
argument parallel to that of lemma 5. We shall assume
that T = {wqy<p? , as before. In M[G,] , for each

N v o v 1
© <w ,let D ={aePlallp xebn Tv for some
x € 1} , where |-, denotes P-forcing over nlagd .
Clearly each Da is a dense open subset of P .
Suppose that b ¢ M[G,] . To cut down on notation, let
" o
us suppose that, in fact ﬁ[}P b is a cofinal branch of
v ° SN .
T and b ¢ MGyl . (In the general case, we simply work

*
beneath some Ag in P , of course.). Pick p € GC so
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that P*”‘C"[i is an w,-tree with domain w,] and
o ] : v © "
[¢|F§" b is a cofinal branch of T mnot in M[G4] ] and
° v v N
[(qal a < w1) is a sequence of dense open subsets of P] .

1
Claim. Let o < ®wq 5 Q € P, There is q <p g and x €T

n

ﬂT&" .

oo

* v
such that <{p ,q >iFCxP X €

By induction, we define in M a sequence ((pv,qv>| v < 8
some & < w; , 80 that v <6 - p, 2¢ p* & Q, p L s V< T< 6 -
p, b b, & a, <pa, ,and p |k &, € Dy . The ordinal & will
be determined by the failure of the definition., ©Since C satis-
fies c.c.c. , the incompatibility condition on the pv's will
ensure that 6§ < Wy 3 and in fact, the defirition will stop pre-
cisely when {pvl V < 8§} 1is a maximal pairwise incompatible sub-
set of {p e C| p <¢ p*} . Let (po,qo> be chosen so that

P, ¢ p* y 9, <p 2, and po}kc" 50 € ﬁ;" . This clearly causes
no problems. Suppose ((pT,qT)I T <v) is defined. Thus v < W,
so we can find qv' €eP, qv' <p 4y forall r <v , Dby the

o-closed nature of P . (Remember that we are working in M herel)

Pick (if possible) p,, e C, P, <g p* , and q, € P, q,, SP qv' ’

so that T <v - p_ 4 p, and pvlkb"av € ia o Clearly, if we
can find p, such that P, <¢ p and T <V - p, * p, s then
the choice of q, causes no trouble., That completes the defini-
tion. Some P is o-closed, let 4 € P be such that q' <p
for all v < § . Then q' is as required. It suffices to show
that p*n-c"ﬁ' ¢ 5&" , and for this it is enough to show that
{p € Cl‘p”—C" a'éiﬁa "} is dense below p* in C . So let
P <g p* . Then for some a <68 , p ~ Py * Pick p' Zc Ps Py

" o1 o

v o
Thus ' [o §, € Dv . But q' g q, . Hence Dp'|bg g eD&",

as required. The claim is proved.
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Using the claim, we can now argue as in lemma 5. By induction,

w
pick sequences (qsl s e¢2%) , (xsls c2d g0 that, in particu-
" v on

lar, <(p*,ay) |Fop %5 € b
° w_© ]
along branches in 2%, etc. Since (p*,¢>\FCxP" b ¢ M[GC]' ,

, and so that (g |sc¢ 28y decreases

this follows from the claim just as it followed in lemma 5. Since
all of this is done in M, where P 1is o0-closed, we obtain a

contradiction exactly as before., The lemma is proved., U}

Theorem 10

Let # be an inaccessible cardinal in M , and let A Dbe an
arbitrary cardinal in M such that A > x and ch(x) > W .

Tet P= [P, ¢ = (c(A) . Tet G be M-generic for P x C.

M M[G] ,

Then Wy = g no= ng[G] » A and all other cardinals of M

above # are cardinals in M[G] (so if X = w M tnen

Aty
YM[G]) ’ CfM[G]O\-) > w0, MIG] ":" 2 ¥

]

1" " n
A= wy A ,and M[G]E K .

+

Proof: TLet G,, G, be as above. Let T = (w1,gT> be an w,-tree

P’ °C
in M[G] . By the truth lemma, pick vy < % an uncount-

able regular cardinal of M such that T ¢ M[GwaPyj[GC].

Let N =MG,nEJ . Notice that by lemma 4, P’ is

g-closed in the sense of M . Also, by absoluteness,
C = [C(x)]N , so C satisfies c.c.c. in N . DNow, by

lemma 3, GC is N-generic for C , so by the truth lemma

for C-forcing over N we can find, in N , a set X S A,
x| = wy , such that T € NLG, ncX] , where Cy={p PX|p €C}l.

Now, X € N, so in N there is a canonical isomorphism

X

G20, x 05, where ¢X = {p-pMX |pe C} . Thus, by

XX
lemma 3 (applied to N) , Gy N Cy is N-generic for Cy,

X . X
G, n C° is N[G, n Cgl-generic for oX, and e, CIMG,n ¢

N[Gc] . By lemma 2, % 1is inaccessible in N[Gcr\CX] =
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M[GPrwIQ][GCn CX] . Hence T has fewer than # cofinal

branches in N[Gcn CX] . In N[Gc(wcxj, there is a cano-

N[GCOC

nical isomcrphism X o [c(x)l x3 . Hence, by lemma

8 applied to N[GCr‘CX] , E. has no extra cofinal branches

in N[GC]
M[Gp10G, ]

QP N pY is N[Gc]-generio for PY ., So, applying lemma 9

N[Ggn CyxI[GeN CX. But by lemma 3 again, M[G)
MLGp NP, IL6,N PY]l6,] = N[G,1lGp N PY] and

1

to N and the posets C, pY sy Wwe see that T has no
extra cofinal branches in M[G] . Hence T is not Kurepa

in M[G] . Q.E.D.
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