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1. Introduction

We shall consider a linear partial differential operator in R?

with principal part

D

NN
=N

NN

P(x,D) = x

where D1 a/ax1 and D2 = 8/8x2 .
The interesting feature of this operator is that its characteristics
are simple when X, # 0 but double when Xy = 0. The characteristic

curves though the point (c,0) are the parabolae

X, = % x§/2 + c .

1
They have a common tangent at (c,0). We shall be interested in the
Cauchy problem for such operators when data are given on a curve

characteristic at the origin.

The very first published results on this problem seem to be the

following two theorems by F. Treves [18] concerning the operator

NN

1.1 PA(X,D) = x,D



where X 1is a real parameter.

Theorem 1.1 (Treves [18, Theorem II]). If X is an odd positive

integer then there exist c®-functions u in R2 such that
2
u =0, supp u = {x; X, > x2/2}

Theorem 1.2 (Treves [18, Theorem I]). Suppose that A in (1.1)

is real but not an odd positive integer. Let Q < Rz be any open
set, and F c @ a closed subset such that for some real a the
set

K=1{x; x€Q x, <al NF

1
is compact. Then there exist an integer m > 2 depending solely
on A and a neighbourhood U of K such that any functicn

u € Cm(Q), satisfying

(1.2) P = 0, supp uc F

AU
must vanish in U

Treves remarks that it seems likely that m can be chosen equal
to 2 for all A [18, footnote p. 230]. We shall prove a
stronger result.

Theorem 1.3 Let P , F and K be as in the hypothesis of

A’




of Theorem 1.2. Then there is an open set U » K such that any

u € 2'(Q) fulfilling (1.2) must vanish in U. The proof is given

in Section 2. We use Schwartz structure theorem for distributions.
This idea has been used earlier in proofs of uniqueness theorems

See J. Persson [8]. 1In [9] J. Persson conjectures that unigueness
cones can always be used to decide whether there is uniqueness in

the local Cauchy problem when the coefficients are analytic. Theorem

1.3 shows that this conjecture is false.

Theorem 1.1 gives us null solutions with support in {x; Xy 2 x§/2}
when X 1is an odd positive integer. Theorem 1.4 below shows that
in a somewhat modified solution space we have "null solutions"

for all real .

Theorem 1.4 There exist continuous functions u # 0 defined on

R with values in the space H'(C) of analytic functionals over C

such that with P,u defined in the natural way

A

Moreover for each x, > 0 the functional wu(x,) 1is carried by the

set

{x

ot Xy €C, [x,| = V2x ).

As to the definition of analytic functionals and elementary facts
about them we refer the reader to F. Treves [17 Chap. 29]. From
Theorem 1.3 we see that u in Theorem 1.4 cannot be a distribution
unless XA is an odd positive integer. We prove Theorem 1.4 in

Section 3.



The next problem which we consider is whether there exist non-trivial
solutions of PA(D)u = 0 with supports to the right of the leftmost
characteristic curve through the origin. It turns out that such.
solutions always exist at least locally. We shall prove a theorem

for a more general situation giving this result as a special case.

Il

At first we supplement our notation by letting [x| = max([x,|,|x,[),

x € R> For £ = (E,,E,)€Z%, £.>0, and D = (D,,D,) = (3/3x,,3/3%,)
TRk 32 1:D 1 2
1,72 2

we let D® = D, 'D,%. For a = (d;, d,) € R®, 4, > 1,d, > 1 we let

= - £d-1 _ -

£d = £,d, + £,d,. We also let lg| = £, + £, and &d =1, &d =

and (£d-2)%973 =1, 0 <£a - 2 < 1.

We notice that our restrictions on & and d imply that ¢ -» gdgd—1

£d~1

and d -» &d both are non-decreasing.

Now we are ready to state our last theorem.

Theorem 1.5 Let ¢ > 0 and let 0 = {x; x € R, x| < e}.
Let a, e'm (), |a]l <1 and b(x,) € ¢ ({x2;|x21<e}). Let
m, >0, |lo] <1, m>0, and r, 0 <r <1, and d, =dy, 1 <38, <2

be constants. We assume that with d = (d1,d2)

(1.3) |p%a_(x)| < mar_|€|£déd_1, la] <1, all &, x € Q,

a
and
(1.4) Ing(xz)[ < mr_|glgd£d_1, all 3 > 0, |x2[ < ¢
Let
t
¥(t) = [ min(0,b(s))ds, 0 < t < ¢,
0
and
t
¥(t) = [ max(0,b(s))ds, 0 < -t < .
0
Let

(1.5) P(x,D) = D,(b(x,)D, + D)) - £ a (x)p%, x € Q.
la|<1 o

2 2)

0,



Then there exist a neighbourhood QO of 0 and a u € Cm(QO)
such that

P(x,D)u = 0 .in 2, and 0 € supp u < {x; Xg 2 ¥(x,)} .
Remark 1. If b(0) # 0, then near the origin we may use new

coordinates with the characteristic curves as coordinate axes. We

may choose this system such that in this system

P(x,D) = D1D2 + a1D1 + a2D2 + ag-
Then we solve the Goursat problem.
P(x,D)u = 0, u(x,,0) = o(x,), u(0,x5) =0

Here we choose m(x1) = 0, X, 2 0, w(x1) > 0, X, > 0, o € Cm(R) .
The corresponding solution u, see for instance J. Persson [7] and
the proof of Theorem 2 there, has supp u c {x; X, > 0} and

0 € supp u. This is Goursat's original construction of null
solutions with data given on a characteristic line of the wave

operator. It is not hard to show that u € ¢” too. Then we trans-

form back and there we have our wanted solution.

Remark 2. The characteristic curves of (1.5) through (c¢,0) are

the line x1 = ¢ and x1 = c + w(xz) where
)

(1.6) o(x,) = | b(t)dt.
0



They have a common tangent at (c,0) precisely when ¢'(0) = b(0) = 0.

Remark 3. After obvious modifications the theorem is also wvalid
for operators which can be transformed into (1.5) by suitable

coordinate changes. We mention two such operators:

a) The operator PA of (1.1) is transformed into (1.5) by

the coordinate shift

b) If we allow the function b in (1.5) to be of the form
b(x) = b1(x1)b2(x2) with both bj satisfying estimates
of the form (1.4) the resulting operator is transformed

back to (1.5) by

Then it can be shown that the coefficients of the lower order still

satisfy estimates of (1.4) type.

The proof of Teorem 1.5 will be given in Section 4. Some soft and

some harder auxiliary results are proved in Sections 5 and 6.

How then is Theorem 1.5 related to known results on non-uniqueness.
The first construction of a null solution seems to be the one by
Goursat already cited. In the constant coefficient case we refer

to A. Tihonov [19], S. Tacklind [16], L. HOrmander [3, Theorem 3.2]



or [4, Theorem 5.2.2, p. 1211, J. Persson [12]. 1In the case of
analytic coefficients we refer to [4, Theorem 5.2.1] when the initial
hypersurface is simply characteristic and to J. Persson [10] [11] and
[13] when the multiplicity of the initial hypersurface is arbitrary
but constant. Later M. D. BronS3tejn [2] has extended the results in
[10] to non linear problems. H. Komatsu [6] has also constructed
null solutions by another method. 1In all the literature cited above

the initial characteristic hypersurface has constant multiplicity.

If we let the data of PA(D)u = 0 be given on Xy = -x§/2 with
PA from (1.1) then the multiplicity of the initial curves is 2 at
Xx =0 and 1 for x * 0. So this case is not contained in the

results cited above. We allow the coefficients to be in non-analytic
Gevrey classes in Theorem 1.5. In [10] it is indicated how one may
weaken the hypothesis in this direction when the multiplicity of the

characteristic initial surface is constant.

If the principal part vanishes on the initial hypersurface L. HOrmander
[5, Theorem 2.2] has given some examples of null solutions when the
coefficients are analytic. We do not intend to give any complete
survey of results on uniqueness and non-unigueness in the characteris-
tic Cauchy problem but like to cite M.S. Baouendi and C. Goulaouic

[1]. They have characterized other types of characteristic Cauchy

. [+ ] .
proplems where one cannot construct C -null solutions.

Post Scriptum After this paper was completed we began to think

on the construction in the proof of Theorem 1.5. We simply looked
at it as the solution of the Cauchy problem when data are given on
X, = 0 in the proper Gevrey class. Then we learned from Zentralblatt
about V. Ja. Ivrij [E7] and his striking results on the Cauchy problem



for operators with hyperbolic principal part. He treats the case
when data are in Gevrey classes and his result covers our. result in
Theorem 1.5. We still think that our more direct construction and
our point of view motivate its publication .« Looking
at the Cauchy problem in the xz—direction we also enter into a long
range of results. Here we have found no results giving room for one
characteristic éurve to oscillate around the other one as in Theorem
1.5. However they are more general in other aspects. We have
enumerated some of these papers plus the paper by Ivrij in an extra

reference list at the end of the references.

It also happened that the author B. B. tried to compute the best
constant ¢ in Lemma 5.1. He conjectured that ¢ = 4 1is the best
one. Then Arne Strgm, Oslo, and Robert Fossum and Erik Sparre
Andersen, Copenhagen showed us how to prove this fact which goes
back to Abel. We thank.all this people. Section 5 is rewritten

'accordingly.

2. Proof of Theorem 1.3

Let K < Rz and € > 0, c¢c € R. We define

=
i

{x; dist (x,K) < ¢}
and

Q. = {x; X, < ct.

Now let the sets Q, K, F and the number a be as in Theorems 1.2
and 1.3. We look at a distribution solution u of PAu =0 in Q
with supp u € F. We want to show that u = 0 in some neighbourhood

of K.



We start by choosing n > 0 so small that

K3p = 8

It follows that the closure of the set

(Ry, - KN {x; x, = al

3n 1

is compact and disjoint from F. Thus it has a positive distance
to F. Therefore we can choose a real number ¢ such that

a < ¢ < a+ n, and such that
(2.1) K nFnQo =K NrENAQ
n c C

3n

Now we use cut off functions to split u into a sum
u.=u, +ou,,

where

(2.2) supp u, < K2n nrF,

and
supp u, N Kn = @, supp u, < F.

From (2.1) it than follows that

(2.4) supp u, N K3n na, = ?.

Since



- 10 -

supp P,u, < (supp u1)ﬂ (supp u2),
we also have

supp P,u, 0 Qc = @.

We extend U, by letting it be zero outside K3n to obtain
u, € D'(IR2) and

(2.5) P,u

4 = 0, x € Qc.

It follows from Schwartz' theorem on the structure of distributions
with compact support [14, Théoreme 26, p. 91] and (2.2) that there
exist a positive integer m and continuous functions £, la] < m

with supp fu < K3n such that

|a|<m

To simplify notations we choose a real number b such that

(2.6) K, < {x; x, > b, x, > b}.

4dn 1 2

For continuous functions g with supp g < {x; X, > b, X, > b} we

define

-1

D,

X -1 %
g(x) = [ g(s,x,)ds, D, g(x) = [“g(x,,t)dt
b b

It is clear that D;1g and D£1g vanish when x; £b or x, b

It is obvious that D1, D2, D;1, D;1 all commute and that
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Then we let D" = (Dg ) » n > 0. We now see that we may write

with

We also notice that (2.4), and supp f < L lo| < m, imply that
(2.7) supp £ c {x: x4 > b+ ny x, > b+ n} .

Now we regularize in the x1—direction.

Let ¢ € C:(R1) satisfy fo =1, o(t) = 0- for |t| > 1/2. Then
we let
o (x,) = & To(x,/¢)
g 1 1
and
= = * 1
v Vs u1 ma

where *' denotes convolution in the x1—variable. The coefficients

of P do not depend on X, SO we have PXV = (qu1)*'w€. Hence

A

(2.5) gives us

(2.8) P

v =0 4in Q .
c~€

A

We choose ¢ such that
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0 <e <c-a<n.

We notice that this and (2.2) gives us
supp v © K4n c {x; Xy > b, X, > b}

So we have

m

m, . yn M _
(£*'D, 0, ) D, g

_ M Mey oy, _
v(x) (D1 D2 f) ms D2

where
m
= * 1
g £X'Dy e,

is a continuous function smooth in x1

Now we rewrite (2.8) as

(2.9) p.“p.™

We notice that supp g < {x; x, > b, x, > b}

We also notice that for m > 2

2 . .
m 2 m Jj 2 m-j_ 2 _
D2 (x2 D, g) _j§0<j) D2 (x2) D, D79 =
2. m. 2 m-1_ 2 m=-2_ 2
X D2 D1 g + m2x2D2 D1 g + m(m—1)D2 D1 g.

We also have
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m~-1

2 .
J

2. 2

m-1_ 2 m-
D1 g + m(m—1)2D2 D1 g.

m2x2D2

We put these things together and get

1
2 _ m-1 Jj m-1-3j
D (2mx2D1 g) m §o<'j‘>D2 (2x2)D2 D,g

24+m _ _ m 22 m-1 2
D2 g = D2 (x2 D1 g) D2 (2mx2D1 g) +
m~2 2
D2 (m(m--'l)D1 g) D2 (AD1g)
m 2 -1 -2
D, [X2D1 g D, (2mx2D1 g) + D, (m(m—1)D1 g) -

We see that h is continuous. It is smoth in the x1—variable and

supp h < {x; X, > b, x, > b}.

2

This shows that

=2
(2.10) g = D,°h, x € Q___.

For m =1 it is still simpler. For m = 0

it is obvious.

Now

assume that m 1is the smallest integer positive or not such that

for some continuous g with supp g < {x; Xy > b, X,

m .
v o= D2 g 1in Qc-e ’

g being smooth in Xy

> b}
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The calculation above for m > 0 and an obvious argument for
m < 0 shows that (2.10) is true for some h fulfilling the same

regularity condition as g. So m was not minimal and v restricted

to Q. is in Cw(QC_s). Now v, satisfies all the conditions
of Theorem 1.2 in Q.. SO Vv, = 0 in Q__, That means that
uy = 0 1in Qc since Ve Uy there when ¢ -» 0. Then (2.4) implies
0 0
that u, = u in K neg. Let U=K N @ . The theorem is
1 3n e 3n C
proved.

3. Proof of Theorem 1.4

In this proof we prefer to abandon the multi-index notation and

denote points in IR2 by by (x,y) instead of (x1,x2) We also

use DX = 3/9x and DV = 3/3y. Our equation Pku = 0 then reads

22 2 —
(3.1 (y'b,~ - Dy ~ Ap Ju(x,y) = 0

The Pourier-Borel transform with respect to y transforms this into

(3.2) (DZZD 2 _ .20 AD,)w(x,2) = 0.

We are interested in solutions w(x,z) which are continuous functions
of (x,2) € RxXC, analytic in =2z for fixed x and vanishing for

Xx < 0. We seek solutions of the form

(3.3) wi(x,z) =T @ (x)z3/5
=0 J

where the . are in CZ(EQ vanishing for x < 0. Formal substitution

of (3.3) into (3.2) gives us the following differential equations for



and

We notice that wj:E C”(R), wj(x)

- 15 -

2

0, x < 0 implies that

@.'(0) = 0. We define

X

fg(t)dt.
0

Qo

W
"

I

All this implies that

and

B -1 B -1
0, = AD 0y s 05 = AD Dy

= a0 g, + 305 - 1)D‘2wj_2, j > 2.

q)j+2 J

Thus all mj can be expressed in terms of the two first ones as

follows

where

and

with

0y5 = 8(0,2,3)D V0,
549 = 001D Joy, 3 > 1,

8(i,N,3) are complex numbers fulfilling the recursive formulas

8(0,A,3+1) = X0(0,X,3) +23(2i-1e6(o,x,3-1), 7 > 0,

6(1,2,3+1) A (1, A, 3) + (23 +1)236(1,X,3-1) § > 0,

6(i,x,0) =1, 6(i,Ar,3) =0, J < 0.
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It follows by induction that

1

I =w.

e (0,2,3)] < 2351 2k + 1) + D2k + 27T
k=1
Since
R X .
D oy (x) = (=17 [ ety (x-t)3 7 Nae , 521,
0

a simple computation shows that the series

converges in RxC , uniformly on compact sets, and that for fixed

x 2 0 the function 2z - wo(x,z) is entire and that

IA

|wy (x,2) | Ceexp(|z|(/§§+e))

for every e > 0 and
wO(x,z) =0, x <0

It is also seen that wo(xhz) solves (3.2). Quite similar state-

ments hold for

3 223*1 /2541y 1

We see that for any choice of 9, and ®, vanishing for x = 0

we obtain a solution w(x,z) = wo(x,z) + w1(x,z) of (3.2) in
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C2(Rxc) , entire of exponential growth in 2z for each fixed x .

When we take the inverse Fourier-Borel transform of w(x,z) in

the z-variable, see [17, Theorem 9.1, p. 474], then we obtain a

function u € CZ(R,H'(C)) solving (3.1). We also have that u % 0

and that for fixed x > 0
{y; vy €¢C, |yl £ V2x}

is a carrier of u(x) . The theorem is proved.

4, Proof of Theorem 1.5

The starting point for the proof is the observation that the

differential operator

(4.1) P (x,D) = D2(b(x2)D1 + D

2 2 ) N

has a right inverse T which is given explicitly as the integral

operator
*2 t
(4.2) Tg(x) = [ [ g(x; - @o(x,) + o(t),s)ds dt
0 0
where ¢' = Db and ¢{(0) = 0 . We shall use this fact when we

construct null solutions of the full equation P(x,D)u = 0 by
successive approximations. In order to prove the convergence of
these approximations we need some inequalities. They will be
proved in Sections 4 and 5. But we shall state them and use them

in this section.



- 18 =~

Lemma 4.1 Let o c Rz be open and let £,g € c”(Q) . Let
m, m', r, d1 2 1, d2 2 1 be positive constants and let g(x) 2 0

in © be such that with d = (d1,d2)

mr_lg|gd£d'1, x € , all ¢ ,

1A

(4.3)  |D%f]

and

[ —|€|

m'r gdgd_1

in

(4.4) |Dp%g]| exp[ (1+£d)gq(x)], x € @, all ¢ ..

Then there exists a constant c¢ , independent of all quantities

mentioned above, such that
(4.5)  |pt(£g)| = emm'r 1l g8 T axpt (146d) q(x) ] , x € @, all & .

Corollary 4.2 Let £ Dbe as above, and let k be a positive

integer. Then

k+1,

)| £ mme)Xx™ Bl ggtdt

(4.6) |D(f

Proof. Let g = 0 in the lemma and use induction in k .

Lemma 4.3 Let = {x; x € Rz, |x2|< o} for some o > 0 . Then

(4.2) defines a function Tg € C (g) if g € C(Q) and @ € C (R) .

Let g satisfy (4.4) with r, 0 < ¥ =1 , and @ as above, and

-2
(4.7) g(x) = e2|x2|/r, o X re ,
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Let ¢ € C ({t, |t] < p}) fulfil

_ : . id,~1
(4.8) Do) | s mrTIGay) T 2, Jtl <0, 3 =0, 1,...,

where 0 < r/R < 1/4 , and mc < 1/4 . Here ¢ is taken from

Lemma 4.1. Then with T defined in (4.2) we have

am 2718 (£a-2) 89 3expl (za-1)q() 1, x € 2, |¢

IA

(4.9) IDETg|
and

(4.10) |pbrg| = 4m', x € @, |&| <1 .

We like to work with an operator defined in Q = {x; x € R2,

|x,| < p} such that (4.8) is fulfilled and such that (1.3) and

" (1.4) are fulfilled with this 9 and with e = p .

In addiﬁion we want to have

(4.11) < (80)71, faf =1 .

Here ¢ was introduced in Lemma 4.1. The constants mu come

from (1.3). We also require that

. -3 jd,~1
(4.12)  [DIb(x,) | < mR J(jd,) ;32 0, [x,f <0,

where

(4.13) 0 < r/R < 1/4, mc < 1/4
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We begin the proof by showing how the general case can be reduced
to this one. We may assume that we have adjusted r and R such
that the first inequality of (4.13) is satisfied and such that
(1.3) is true with the new r and that (1.4) is true with r

replaced by R .

We define gq by (4.7) and choose ¢ such that 0 < p < min(re_z,e)

Then we choose a cut-off function h € Cw(R) such that
0 £ h(xq) =1, hixg) =1, |x,| £ p/2, h(x,) =0, |x,1 > 0,
also fulfilling
jd,

IDjhl < m'r'j(jd1) » X, €ER .

The existence of such a function follows from [4, Lemma 5.7.1,

‘p. 146]. Now we define

jo}]
]
Il

“hixga (x), x| S0, %, <0,
a'(x)=0 ’ IX1[>DI lle < p .

Then Lemma 4.1 with qg(x) ; 0 shows that the estimates of (1.3)
are still true if we replace a, by a& . The only change is

that we may have to change the values of the constants m, - If
we replace the coefficients a, in P(x,D) by a& then we get
a new operator P'(x,D) defined in Q = {x; ile < p, X € Rz} .

In a neighbourhood of x = 0 the equations P(x,D)u = 0 and
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P'(x,D)u = 0 have the same solutions. From now on we work with

P'(x,D) and delete the primes.

If in our original coordinate system (4.11) or the last inequality

of (4.13) are not true then we choose

with some constant t 2 1 . So we have
= toqt 1
D2u(x) t(D2u )y (x')

where u(x) = u'(x') . Now P(x,D)u =0 1is transformed into the

equivalent equation

Dé(t—1b(x2)D,{ + Dyut -

PI(XI’DI)uI

On=2

- r ot 2 a (x)D'OLu1 = D! (b'(x!)D! + Dl)u' -
|a|$1 a 2 2771 2
- by a'D'au1 =0 .
laf<1 @
We have
oA—2=E _ _
]D'Ea&(x')| < mat 2 2 r IE|Ed£d 1’ ixél < tp,

x! € R, all ¢ ,

and
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. s s Fdo=1 (.,
]Déjb'(xé)| < mt” 73R 7 (34,) 2, ]xy]

It is now clear that with a proper choice of t 2 1 and after
deleting the primes we may assume that both (4.11) and the last
inequality of (4.13) are fulfilled. So we assume that this is

true from the beginning.

We notice that with T from (4.2)
(4.14) D, (bD, + D,)Tg = g, g € c”(a) ,
and that

(4.15) Tg(x1,0) = 0, Xy ER .

Let g € c”(2) be such that g(x) =0 in M = {x; x € Q,

'x1 < w(xz)} with ¢ defined in the hypothesis of Theorem 1.5.

Then we assert that Tg(x) = 0 in M . Let x € M, x2 < 0 . 1In

X, <t 20, t2s =20 . We notice that d/dt(y - o)
2

0, £t < 0 , and that

T we have

max(0,b) - b

Xy - w(xz) + @(t) - ¥(s) < W(xz) - 0(x,) + o(t) - p(t)

< Plxy) = Y(t) + o(t) - olx,) <0 .

The case x2 > 0 is now also obvious.

Now we construct a solution u of P(x,D)u =0 . We start by

choosing a function uo(x) of the form

< tp, X' €ER, j 20
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. e jd
D23t (x) | < me” IR (3a,)

2-1,|Xé| < tp, X' €R, 7 20
2

It is now clear that with a proper choice of t 2 1 and after
deleting the primes we may assume that both (4.11) and the last
inequality of (4.13) are fulfilled. So we assume that this is

true from the beginning.

We notice that with T from (4.2)

(4.14) D, (bD, + D,)Tg =g, g € c(R) ,

and that

(4.15) Tg(x1,0) =0, X, € R

Let g € c”(9) be such that g(x) =0 in M = {x; x € @,

‘x1 < w(xz)} with ¢ defined in the hypothesis of Theorem 1.5.
Then we'assert that Tg(x) = 0 din M . Let x € M, X, <0 . In

T we have X, <t 20, t<s 20 . We notice that d/dt(y - @) =
2

max(0,b) - b 0, £t < 0 , and that
X, - 0(xy) + 0(t) - ¥(s) < ¥(x)) - 0(xy) + 0(t) - w(t) £

< p(xy) = p(t) + o(t) - o(x,) <0 .

The case x2 > 0 is now also obvious.

Now we construct a solution u of P(x,D)u =0 . We start by

choosing a function uo(x) of the form
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(4.16) u'(x) = h(x,), x € Q .
We choose h(x1) such that

(4.17) h(x1)= 0, X <0, h(x1) > 0, Xy > o,

and such that for some m" > 0

. d, -1
(4.18)  |pIn| £ m"R7I3 |, x, €R, all j 20 .

Here d1 is chosen from the hypothesis. The number R is the

constant chosen below formula (4.13). We again refer to [4,

Lemma 5.7.1, p. 146]. Then we define
0 _ 0

(4.19) f'(x) = - P(x,D)u, x € a ,

~and recursively for p 2 1

(4.20) uwPx) =1eP T (x), x € o,

and

(4.21) fP(x)

X aaDaup,'x €0
We are going to prove that for every Q the series

(4.22) r pEuP converges absolutely uniformly on @ for all ¢& .
p
p

This means that u = I u is a well defined function in
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c®(2) . Now (4.16) and (4.17) tell us that uo(x,I,O) > 0, x, >

while (4.15) tells us that up(x1,0) = 0, X, > 0 , for all p 2

That shows us that
u(x1,0) > 0, Xy > 0
We have
supp u® {x; X, 2 0} < {x; Xy 2 w(xz)} .

The argument after (4.15) then implies that

P

supp u*® < {x; X, > w(xz)} .

So the same is true for u itself. Finally we have by (4.22),

(4.20), (4.14) and (4.21) that

!
g
2
U
o

o
+
b1 8
o

N
o
®

—
+
o

N
c

o
!
™
Q
Q
o
Q
[«
e
n

P(x,D)u

It remains to prove (4.22).

It follows from (4.16) and (4.18) that
|D£u0| < m"r_lalgdgd_1, Xx € 9, all ¢

A short calculation based on (4.18), Lemma 4.1, (1.3) and (4.12)
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shows that

(4.23) |00 < mrrlEleatdY w e g, a11 &,
for som constant m' . We want to prove that
(4.24) |D%£P| < 2 P 18l e q8 8T ool (eeay g () 1,

p=20, x€ @, all ¢

where g(x) is still given by (4.7). Now (4.23) shows that
(4.24) is true for p =0 . So we assume that (4.24) has been
established for some p 2 0 . Then (4.20), (4.24) and Lemma 4.3

shows that

(4.25)  [DEuPHT| < 227 Ppi27lE] (pqop)8a73

x exp[(ed-1)q(x)], x € 2, |g] 2 2,
and
(4.26) |D€up+1| < 22—pm', le] <1

If |g+a] 2 2 and |a| £ 1 then (4.25) gives us

ng(DOCup+1) < 22_pm|r2"‘ialr"[€[(gd+ad_2)€d+ad—3 o

x exp((£d+ad-1)q(x)) < 22_pm'r_|€lgdgd—1exp[(£d+1)q(x)],
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since r =1, od £ 2 .

For |g+a| s 1 we use (4.26) and get
|p& (D%uP) | = 22_pm'r—|glgdgd_1exp[(gd+1)q(x)] .
Then we use Lemma 4.1 and get

IDE(auDuup+1)[

IA

22_pmum'cr_|€igdgd_1 x

X

exp[ (1+ed)g(x) ] .
This and (4.21) tell wus that
IDEfp+1| < (c s mm)22_pm'r'—]‘zlgdgd—1 x
x exp[ (1+ed)qg(x)] .

Then a look at (4.11) completes the proof of (4.24). So (4.25)
and (4.26) are true for all p too. That implies (4.22) and

completes the proof of Theorem 1.5.

5. Estimates of derivatives

As we mentioned in the introduction this section is rewritten.
We then also take the opportunity to trace the ideas lying behind
Lemma 5.1 below and our use of it. The first example of a problem

leading to non-analytical estimates of Gevrey type seems to be a
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counter-example by S. Kovalevskij [E8] showing that the Cauchy

problem for the heat equation 3u/3t - azu/ax2

= Q 1is not always
solvable in the class of analytic solutions when the initial
datum is given at time t = 0 . Le Roux [E12] and Holmgren

[E6] showed that with data in Gevrey classes 2 on x = 0 there

exists a solution analytic in the x-variable.

Then M. Gevrey in [E5] introduced the classes nowadays called
Gevrey classes. He also solved the Cauchy problem with data on

Xx = 0 for the heat equation with added "lower" order terms with
coefficients in proper Gevrey classes. There he uses his version
of Lemma 5.1. So we may say that he is the one behind it. But

he solves the Cauchy problem using an explicit form of the solu-
tion of the inhomogeneous heat equation with zero initial data;
The first one to use the corresponding idea on successive approxi-
mations was C: Pucci [14] when he solved a general linear Cauchy
‘problem for equations with coefficients in proper Gevrey classes.
More trénsparent versions have been used by P. Lax [E11] and

A. Friedman [E4] in the proof of different versions of the Cauchy-
Kovaleskij theorem. They show that formal power series solutions
in the time variable are convergent using estimates of the same
type as that in Lemma 5.1. See also J. Persson [E13], [10]1, [11]
and M. Shinbrot and R.R. Welland [E16]. Now we give the "canonical"

proof of the lemma.

Lemma 5.1 Let d = (dg,...,d.) € R", d; 21,153 Sn. Let v
and ¢ be multi-indices with non-negative components. Then there

exists a constant ¢ independent of n, d, and & such that
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(5.1) z (E)(g—v)(E_V)d_1vdvd-1gd1_€d <c .
v3E

Here we have used the natural extension to R® of the notation

for Rz in the Introduction. We have let

Remark. The proof will show that ¢ = 4 1is the best constant

in (5.1).

Proof. Let x,y € R" . The "binomial" formula gives
(X+y)€ = v (E) X\)yE—\) .
g€

Let x, = ... = x_ =t and let Y9 = «+0 =Y, = 1 . We get

L)

lgl (lgl>tj St el o

) L
4=0 J <

Y

This implies that

We also notice that for v = ¢, 0 % v # ¢ ,

(5.3) (va/ed) V! (]v!/l&l)'vl-1 ,

IA

Let |¢| =k . Now (5.2) and (5.3)

IA
o]

since dj 21,1273
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show that the left member of (5.1) is smaller than

A=2 4 3 <?>(k_j)k-j—1jj—1k—k+1 )

k-2 . .
L (k52>(1+j)3—1(k—j—1)k-j_3 = kK3

This is equivalent to

or
k-1 . .
(k(k-1))"1 3 (3) 337 (k=) K737 o k3

In other words

k-1 . .
L (k) T I e L
j=1 )

for all k 2 2 . The lemma is proved.

Proof of Lemma 4.1. Let f and g satisfy (4.3) and (4.4),

respectively. We use Leibniz' formula on Dg(fq) , then the

estimates (4.3) and (4.4), and at last Lemma 5 gives

D% (£g) | < EE <E>]DE'“g||DVf| <
v=
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< 3 (5) mem L8V (poyy (859D @=1 va=1 = [v] (| 4y vd-1
VS E

lg] g&d-1

expl (1+vd)g(x)] < mm'cr £ exp[(1+gd)q(x)] .

We have also noticed that et is increasing. The lemma is proved.

The special case with q = 0 shows us that the Gevrey classes with
dz2 (1,...,1) are closed under multiplication. An easy argument
shows that they are also closed under differentiation. Here we
must adjust the r of the estimate,not only choose a new constant

m in our estimate. We have used these two facts when we derived

(4.24).

6. The hard part

We shall now prove Lemma 4.3. The first statement of the lemma

is easy to verify so we concentrate upon the second one. In this

section we write ¢ = (i,j) , instead of ¢ = (£1,52) . We also
define
_ k-1 _
and
(6.2)  E(k,t) = expl(1+k)e?|t|/r]l, k 2 0 .

We shall let d denote a number here. More speéifically we let

d = d2 2 1 . The number k in (6.1) and (6.2) will be of the
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form k = jd , with j 2 0 an integer. In these numbers k
both A(k) and E(k,t) are non-decreasing. In this notation

Lemma 5.1 takes the form

(6.3)

I o1/

(3) A((k=3)d)A(3d) < ¢ A(kd), all k .
j=0 \

We also notice that

(6.4) A(k) s A(k-p)kPeP, p = x ,

and if e2!t|/r < 1 then

(6.5) E(k,t) < E(k-p,t)e’ .

We leave the proofs to the reader.

Proof of Lemma 4.3. The first step in the proof is to perform

all differentiations in the expression of the left member of (4.9)
and (4.10). To facilitate the book-keeping of the arising terms

we write the resulting expression in the following form

X, t

(6.6) DiDd [ [ g(x, - @(x,) + @(t),s)ds dt =
172 0 0 1 2
=8 . +8%,+383,,
1,] i,] i,]

where Bl . denotes the sum of all terms that contains a double
integral, Bi 5 the sum of those containing a single integral,

[

3

and Bi .  the sum of those without integral signs.
4
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We define

(6.7) 0y 5 = bI, 520,
(6~8) QJIO = OI J > 0 ’
and
(6-9) QJ+1 ,k = bQJ,k"1 + DZQJ,k' 0 < k -<— j -
We remember that ¢' = b . A straightforward calculation shows
that
6.10) B . = 1 T2 ; (DX gy (x, = 0(x,) + o(t),s)ds 4
. i,i " o Qj'k bl 1 9) (%, wix, e(t),s)ds dt ,
X

-1 2 2 - . a4

6.1 B . ="5 x ( (0] kg)(x1,s)ds)ng =g, .
rJ =0 k=0 O '

and

=1 p=1 2 1 - .
(6.12) Bf,j =" 'z @ b Py kg)(x1,x2)D§ 1 Yo, L]

r

p=1 2=0 k=0

Remark. If j 2 1 the sum in (6.10) actually starts at k =1

since Qj,O = 0 then. Similarly if Jj 2 2 the sums in (6.11)
start at k =1, & =1 since D%_1-KQ2k =0 if (2,k) = (0,0)
or (#,k) = (1,0) . For Jj =1 there is just one term in (6.11)
and none for j = 0. . The expression of Bi,j in (6.12) is empty
if j <1 . For j 2 2 it contains just one term with ¢= k = 0

namely D%Dgnzg . If that term is taken out the rest of the sum
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can be taken from k =1 and 2 =1 too and the first summation

starts at p = 2 .

We now assert that

(6.13)  [DS0, .| < m(mc)k-1<i:1)R_(s+2-k)A((s+2—k)d),

0 <k <=1, 820, !X2|<p,
where ¢ 1is defined in Lemma 4.1, and p, m and R in Lemma

If k = 2 then we conclude from (6.7), (4.8) and
Corollary 4.2 that (6.13) is true for s 2 0 . Notice that d = d2
here. Finally assume that (6.13) is true for a certain &, 0 < k 3 2
and all s . This is certainly the case for ¢ =1 . Now take
0 <k £ 2 . We use (6.9), Leibniz' formula, (6.13), and (4.8).
For k > 1 we get

s+1

S S
D30 4q x| = D3O, o)+ [Dy7 70, ] S

S
s s—t t s+1
s 1 (3)Im57mlInge, ol + 10570, <

S
< 3 <S>m2(mc)k_2Rf(S+2_k+1)(i—1)A((S—t)d)A(t+2—k+1)d) .
t=o\*t -2

+ m(mc)k'1<ﬁ:])R"S+1+“‘k)A((s+1+z-k)d) .

Now we notice that
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1 1

A((t+e-k+1)d) (A((s+2-k+1)d)) ' = A(td) (A(sd)) ' .

. 2=1 =1y _ %
We use this, (6.3), and (k—2> + (k—1) = (k—1) . We get

D30 < m(me)*”

1 -(s+2+1--k) [ 2
R (k—1

041 k| )A((s+2—k+1)d) i

By that we have proved that (6.13) is true when & is replaced
. < . S _
by 2 + 1 and if 1 < k £ ¢ . We notice that D2Q2+1,1

s+1

D,y 'Q So (6.13) is also true when k =1 and ¢ is replaced

2,1

by & + 1 . The case Q is treated earlier. So (6.13)

2+1, 2+1

is always true.

We can now deduce estimates for the terms B? 5 k=1, 2, 3,
r

using (6.13) and the assumption (4.4) which in our present nota-

tion reads

(6.14)  |piplg] = nr” a5y a)E((i+9) a X,), X €9 .

However, it is a rather complicated task to reduce the resulting

estimates into a manageable form so we have to present the compu-
1

tations in detail. We look at By 5 first, (6.10). Let 3j 2 1 .

’

O

J —{- 174
IBl,jI < ki1 m'r KA ((14K) Q) m (me) ¥ 1<£_1) X
ek X t
x R-VITA((3-x)A) |[ [ E((i+j)d,s)ds dt] .
0 0

We have used E((itk)d,s) = E((i+j)d,s) here. From (4.13) we

get mec < 1/2, r < R . We notice that (6.3) gives
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3 r5-1Y, . .
z (k_1)A((1+k)d)A((j—k)d) <
k=1

3 e
< 3 (MIA((E+K) DA((5-k)A) < cA((i+3)d) .
k=1 i+k

This together with integration of the double integral gives us

(6.15) 3] N e TIA((1+9) Q) (14 (i+)a) T2r2ed
7
x E((i+j)d,X2)
It is clear that (6.15) is also true for j = 0 . Now we use

(6.4) and (6.5) with p = 2 for the case i + j =2 2 . We get

(6.16)  |B]

bsl= m'r_l_]+2A((i+j)d—2)E((i+j)d—2),x2), i+ dz2.
4

When i + j £ 1 a short computation gives

1

(6.17)  [By 5| <m', i+ 3 <1,

since d £ 2

The estimate of B2 is obtained in much the same way. We esti-

i,3
mate the right member of (6.11) using (6.13) and (6.14). Then we
replace E((i+k)d,s) by E((i+j-1)d,s) before we integrate.

For j 2 2 we get

-1 g 1
< 3 s m'm{1+(i+j-1)d]

. re_zE((i+j—1)d,x2) y
ted 2=1 k=1

r—(i+k)(mc)k—1(£:1>R_(j—1—k)A((i+k)d)A((j'k“1)d)
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We interchange the summations. We use mc < 1/2, r < R and get

|2 51 s mt ™ D 2E ((145-1)a,x) e 2114 (143-1) a1 T
14
-1 -1
x I A((it+k)d)(A((j-k-1)d) =z (k-1) .
k=1 L=k
We notice that
=1 .. .o
(6.18) =z (i_]) = <3k1) .
2=k
We then argue as in the last step in the estimation of Bl i -
’
We get
| B2 51 s me” I ((a3-1)a,x) e 2 (1 (145-1 @) T X
x A((i+j=1)4a)
This estimate also holds for j =1 . For i j 2 2 we use
(6.4) and (6.5) with p =1 . We notice that d 2 1 . We get
(6.19) |Bi 1= m'r_(l+3)+2E((i+j)d—2,x2)A((i+j)d-—2) .

For i+ j £ 1 we only have

2
(6.20) IBO'1[ < m'
The estimation of Bi i is more complicated.
7

shall use that 4r £ R not just that r £ R

In our estimate we
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As mentioned before B? . =0 for j < 2 and B; = Dlg which
l'j l,2 1
we can estimate by (6.14). We also recall that D%D%—Zg is the

only non-vanishing term in (6.12) with ¢ =0 or k =0 . We

use this and Leibniz' formula to rewrite (6.12) as

— j=1 p-1 & J3-1-p,._,_ .
Bi .- D%D% 29 =71 1 1 ) (3 2 p)(D%+kDgg) x
j=-2-2-g .
* D3 Qp xr 323

We use (6.13) and (6.14). Since q + k £ j - 2 we may replace

E((i+k+q)d,x2) by E((i+j—2)d,x2) in the estimate of each term.

For j 2 3 we get
3 i

Bi,5 7 P

D37 %g| < mn'r T IR ((145-2)d,x,)

. Amp e ) o
%1 5 1 : (J ; p)(i—l)(mc)k 1 ryd—2-k-a

x A((i+k+q)d)A((j-2~k-q)d)

Just as in the derivation of (6.19) we interchange the £ and k

summations, and get

(6.21) |Bi . pipd =2 < mmry” (1372
’

1P5 E((i+j—2)d,x2) x

j=1 p=1 3-1-p ,/._4_ _ _ SR
x 3 3 5 <3 1 p><pk1>(m0)k T(e/ry3=27%"a
p=2 k=1 g=0 d

x A((it+k+q)d)A((5-2-k-q)d) .
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We shall need the following lemma.

Lemma 6.1 Let j 2 3, p, g, i 2 0 , be integers such that
0<£gsj-1-p,,2<psji-1,1<ks<s&p-1. Let daz21.

Then we have

A((i+k+q) d)A((j-2-k-q)d) (A((i+§-2)d)) " =

< A(Q@A(i-p-1-q) (A(5-p-1)) " .
Proof. At first we notice that
A((itk+q) d)A((§=-2-k-q)d) (A(i+j-2)Q) " <
< A(k+q)A(§-2-k-q) (A(5-2)) 7" .
Then we notice that
k - A(k¥q)A(j-é—q-k)
is a convex function. Thus we have
A(k+q)A(j-2-k-q) < max(A(q)A(j-2-q), A(g+p-1)A(j~1-p~-q))
We also notice that

Al@)A(3-2-q) (A(3-2))"1 = A(q)A(3-p-1-q) (A(§-p-1) "',
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and

A(q+p—1)A(j-1-p-q)(A(j-2))_1 < A(q)A(j—p-—1—q)(A(j—p—1)"1 .

The lemma is proved.

Lemma 6.1 applied to (6.21) gives us

3 _ Ligj-2 A ey £
(6.22) |Bi,j D3D; gl £m'r E((i+3-2)d,x,) x
=1 3-1-p,._._ g
x  A((i+j-2)d) = ) (3 1 p)(r/R)J 2-q-p-1
p=2 g=0 * A

« A(QA(j=1-p=-q) (A(5=1-p)) Tc~ T «

p-1 _ 41—
x ) (p 1)(mC)k(r/R)p -k .

k=1 \ %
We notice that j - 2 -g-p-120, r/R £ 1 . We also notice
that
P=1 /51 K p-1-k p-1 p—1
by ( K )(mc) (r/R) = (mc + r/R) - (x/R) '
k=1
and that because of (4.13)
j_1 p—1 _1
£ (mc + r/R) £ (mc + r/R) (1 - mc - r/R) 1
p=2

These facts together with d < 2 , (6.22) and (6.3) show that for

j 23

3 _ ind-2
|By 5 = D3D;

,_i=-g-2 iy Al L
i,d 1 gl £m'r A((i+3)a-2)E((i+j)d-2,x,) .
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This and (6.14) shows that

-i-j-2

3 | = 2m'r

(6.23) IBi 3 A((i+j)d-2)E((i+j)d-2,X2), iz0,322.
4

Now (6.16), (6.19) and (6.23) give (4.9). At last (6.17) and

(6.20) give (4.10). Lemma 4.3 is proved. By this also the full

proof of Theorem 1.5 is completed.
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