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Abstract

The'general homogeneous solution of the differential equation
associated with an arbitrary ferm of the Blasius series expansion
of the stream function, is given. This result is used to establish
the solution of higher order terms of the Blasius series, than

earlier published. A numerical example is also given.



I. Introduction and formulation of the problem

The two-dimensional flow induced in a viscous fluid (kinematic
viscosity v ) around a circular cylinder (radius a) by the follow-

ing slip velocity on the cylinder surface,

eZN-M ]

1) v(a,8) = Vgcile * Iy

is considered (r, & denote two-dimensional polar coordinates V,
characteristic velocity).

The velocity field (u,v) 1is related to the stream function ¥

by,
- 1 2 Y
(2) ' (u,v) = ('-r: T ,-5—5)

Introducing the following dimensionless quantities,

£ = cy/R Eéi = ¢y/R %
(3) ' Voa .2
T — 3R R = ——
4 = CQW(C’ 3R) o

into the vorticity equation, it is well known that the following

asymptotic expansion of ¢(f,83;R) can be carried out,

1
(4) v(z,83R) ~ Poalz,0) +— . (7,0) +.00
T r fixed o’ /R ’
R+ =

This expansion leads to after partial integration. and some mani-

pulations are carried out,
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(higher order terms ¢ 1wy are not considered) with the boundary

conditions,
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where of course the flow outside the boundary layer must be calcu-~

lated before {by} is known (N =0,1,2,-..).

The problem stated by (5, 6,7 &8) appears for example in connection
with oscillatory boundary layers where the time averaged Reynolds
stresses induce the slip velocity (1) on the cylinder (see Stuart
1966). Riley (1965) studied the problem and solved the three first

terms in the Blasius series expansions,
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(9) ¥o(2:8) = 4, ((£)o +N§1aN¢o,ch)e

We attempt a similar expansion of wl(c,e),
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bN WLN(C)e

W Mg

(10) Wl(Cse) =

N=0

These expansions give the following equations
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where the solution *o 0 = 1 -e" ¢ (Riley 1965, eq. 27, but deviant
. ]
notations) has been used to obtain (12), (13) and (14)., The boundary

conditions are,

( wo,N(O) = 0

]
-

(15) {[w;’N]gzo

[Yon] .. =°
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(-wI,N(Q) = 0
(16) 1[*;,N]c:° =0
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Inspection of equations (12) and (13) reveals that v, y and
. ) 3

¥, y have identical general homogeneous solutions for N2>1 ,
b




I1T1. Solqﬁion

An important step in achieving the general solution of an -
arbitrary term of the Blasius series is to establish the general

homogeneous solution of the equation concerned. The general homo-

geneous solution ng;(;) of 00 N(c) can be constructed by super-
b} k]

position of terms a. n;me’nc . Some details of the calculations
3 .

determining { } are given in appendix A. The results of these

a
m,n

calculations are,
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and for n >3
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According to equatien (12} and (13)
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when N2>1. For N =0 we find,

- (19) -wi?g = A, e %4 B0[1+;e"]

k=2 (k!)%(x-1)

The particular solutions can now be found by variation of the

parameters, but also by inspeétion matching the residual terms
. = m_-ng
(20) Rm‘n(c,N) -LN(am,nc e )

to the inhomogenity terms of (12) and (13) by choosing special

values of {am’n}.

Applications

The results obtained above are now used to establish the
fourth term ¢0,3 of the Blasius series (9) subject to conditions
(1%). 1In this context we need to quote three first terms giveh by
Riley (1965) equations (27), (28), (29) and (31), respectively,

which in our notations can be written

(21) ¥o,0 = 1-e7"
1 -z -27_ -3¢
(22) Vo.; = Fgl12+(7436z)e "-18e ""-e 7]
H]
(23) *0,2 = £,(g) + ™ g,(¢)
where
(24) £,(0) = 73%57[14u0+(7063+7200;)e";

-7200e”2%-1200e"%%-120073%-100e" "% -3e7°%]
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(25)
-27 -3z
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-53270e” % +ugge™"%)

As usual, w0,3 is written as a sum of functions f,, g; and h,

which are independent of {ayl i.e.,

3

aa 3a
= £,(g) +—212 g, () +ﬁ;f hy(z)

(26) a;

Yo,3

which give,

[ Laf,(g) =0
L.g.(z) = -5¢p" f, +8y' f, -3 £
3B3l8) = =5, Iy #8041, =3, 41

"
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The solutions are,
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(30)

where,

with

and,

with
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is given by equation 17.)
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The first term of the second order approximation

treated in the same way, i.é.,

(31)

giving,

(32)
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The solutions are,

(33) S PoflE) = wflj(),(c;Ao;Bo;CO)
with
5 12 k-1 1
A = - (-1)
0 "7 %, Kk!(k-1)2
3 12 k=1 (k=2)!
B, = 3 +5 X(-1) Sl
0" 277, (x1)?
Co = 1,
and,
I ) D
with
- oo k(k=2)!(k+1)
Ay =3 +3 §(~1) >
k=2 (k!)E (k=-1)
Bo = 3 +% ; (_‘1)}2"1 (k-2)!
k=2 (k1)?
C0 = 1
H, .. .n . .. . .
where ¥, 0(c,Ao,Bo,Co) is given by equation (19}.
?
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The slip velocity induced by the time averaged Reynolds stresses
in the Stokes layer at a long circular sYlinder placed orthogonal
to a oscillatory flow field, generates a steady slip boundary layer

outside the Stokes léyer where (see Riley 1975 equation (3), note
deviant notations),
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which give,
i, . ' __2 _ 2 ___8
Co - /—3‘ Y do - 1 Y a-l - -'5‘ F 62 - ‘1"'5" ’ 63 - -m .
An approximate expression of the dimensionless momentumflux in

the slip boundary layer is,

2N+1}}2dC

M(8) = o{fni lay vy p(E) e
=Q 3

which give,
M(3) ~ 0.975
This is unexpected close to a result given by Riley (1975, pp 807)

based on numerical integration which gave

M(%) ~ 0.991

In figure 2 the dimensionless tangential velocity,

N "

1 " N

V = CZ S a _~QLH 92 +1
0N=o N et

for N, = 2 (Riley 1965) and N, = 3.
This figure indicate a three term Blasius series to give the tang-

ential velocity with resonable accuracy for

L
le|l < 3
while a four term series seems to be applicable for

lel
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The general residual term of a test solution a, ncme'nc is,
3

) . m_-ng
(A1) Rm,n(c’N) Héam,h: e }

a_ {Im(m=-1) (m-2)¢™? +m(m-1) (1-30) ™2
]

+mn(3n-2)_l;m"l +(n2-n3)cm]e-n;

+[--m(m--1)e;m"2 +2m(n-~1--2N)cmml

+ (=n+1+2N) (n-1)gB]e~ (N*1I1,

- . -ntg . -(n+1)g
= am’n(Pm’n(C’N)e +Qm’n(;gN)e }

with the following properties,

(A2) Ro,l(c;N) = 0

Ny = - s =(2N+1)¢g
(A3) = Ry oyyq(EsN) 2a) HnsqN(2N+1)2e

. - 2 ~(2N+1)¢
(A4) R1’2N+1(C.N) = a1’2N+1[(2N+1)(6N+1) - 2N(2N+1)“cle

Equation (A2) indicates that ‘e'c is a homogeneous solution for
every N . The construction of the other homogeneous solutions

consists of choosing numerical values of A n such that
H

Ila P (z;N) +a
m .

m,n+1 m,n+1 n(c;N)l =0

m,an,

for every n . The simplest expressions are obtained when the

properties (A3) and (A4) are utilized.
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Figure 1. The polar coogdinate system (r,a) .referred to

in the paper.
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Figure 2. Dimensionless tangential velocity distribution at
various angular positions. Full and dashed curves based on
‘thr’ee and four terms of the Blasins series. respectively.
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