C-valued stochastic integrals in the plane.
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Abstract

In this paper we are going to discuss various
stochastic integrals over a 2-parameter Wiener
process. Our main interest is the relationship
between Brownian motion and analytic functions,
and we want to demonstrate how complex notation

may be used to study these objects.



Introduction

A two parameter Wiener process admits a theory of stochastic line
and surface integrals. When the stochastic line-integrals are
defined, it is natural to ask what processes have line-integrals

independent of the particular path joining the end points.

In the case of a real valued Wiener process Bst' Cairoli & Walsh

[1], proved the following.

Theorem (Cairoli '& Walsh 1974)

The line integral [¢dB is independent of the path joining the end
r

(- -] @ n
points if and only if ¢, = ) a_ Hn(Bst,s-t) with [ ai %T < © Vt,
n=0 n=0

where Hn(x,t) is the n-th Hermite polynomial.

I think the proof of this is very fascinating . Cairoli & Walsh
introduced a whole new theory of stochastic calculus. They proved a
stochastic version of Green's theorem connecting line integrals with
surface integrals, and used a martingale representation theorem
together with a théory of quadratic variation to prove their

result.

At the time the connection between Brownian motion and analytic
functions was already very apparent, and Yor [2] observed a complex

version of the theorem.

Theorem (Yor 1977)

When wst is a (€-valued 2-parameter Wiener process, the line

integral | ®3W is independent of the path if and only if
T

- n

st = Zoan(wst)

with |} Ianlzn!tn < = Vt.
n=

n=0




To prove this theorem Yor studied the integrals as real objects and
managed to match the real and imaginary part to prove the theorem.
The proof of this was efficient and fair enough, but I believe it
has some interest to see how this theorem-can be proved from a
purely complex point of view. In this paper I will explain how to
build up the complex objects, and we will see that the proof in the

Cairoli & Walsh paper can be carried out directly in this setting.
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Some basic definitions and notation

Let B and B denote two independent real-valued 2-parameter

12z 2z
Wiener processes on a probability-space (R,¥,P) and put

= i - i = 2
Wz Blz + 1B2z i-imaginary unit, z (s, t) ¢ R+

We have the order relations
(s,t) < (s',t') iff s <s8' t < t'
(s,t) << (s',t') iff s <8' t < t'
(s,t) A (s',t') iff s <s' t > t'
(s, t) A (s',t') iff s < s' t > t'
We let 9;' denote the o-algebra generated by {Wz,z'< z} and we

also have the o-algebras
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We say that a stochastic process Xz is a martingale if

E[x_,|F . ]=x vhenever z < z'
| z z z

For a rectangle R with corners z Z,25 and z as below, we define

1 4

ARQ = -9 -3 + & z where & 1is a 2-parameter process.
2 1

+




AR = Area of R and Rz denotes the set {z'GlRf z'<z}. For each

z << z' let (z,z'] denote the rectangle (s,s']x(t,t']. We say

that an adapted integrable process xst is

a weak martingale iff E[A XIF]l=0 vz << 2
(z,2']" V72
an i-martingale iff E[A , 1X g’i =0Vz«<z' i=1,2
(z,2'] z

It is convenient to observe that a martingale is both a 1- and a 2-
martingale , see Cairoli'& Walsh [1] p. 115.

We call a C-valued process increasing iff both compononts are

increasing. The joint quadratic variation «<x,y> is any

st

difference of increasing processes s.t. Xet¥se ~ <X, ¥>g, is at
least a weak martingale. We also write <x,x>st = <x>st. A process
?st is said to be adapted measurable whenever
(i) o is QF . = measurable

st st

(ii) (s,t,w) = <I>st(w) is CS:XB measurable, where B is the

class of Borel sets on mf.



Part 1 - Line integrals

Fixing one parameter in a two parameter process gives a one
parameter process. 1f the process is adapted and reasonably nice,
stochastic integrals along straight line segments parallel to the

coordinate-axes can be defined in the obvious way.
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In case (1) we define

%1
Joaw=[& dw

T 5o uto u uto
where d4d W means integration w.r.t the Brownian motion W .
. u Uto Sto
This is well defined as an Ito-integral if & ¢ is adapted
: s
0]

measurable with E]Qst |2 bounded on compact sets.
0 .

In case (2) we define

[ ®oW = -] oW
T -

The integrals on vertical paths are defined similarly, and the
integral extends immediately to rectangular paths by linearity. It
is not hard to see that for a large class of processes, the
integrals can be defined along any sufficiently smooth path by
approximating the path with rectangular paths. This, however, will
be of little importance to us, and we will choose to ignore it, at

least for the time being. Our main interest will be with the paths

below, which we denote by V and H_ _.
st st
ta
Hst (s,t)
Vst
"8




Definition

We call a process Qst weakly holomorphic if there exists an

adapted measurable process @'s
sets in R: and s.t.

with E[e'_ |? bounded on compact

t t

= " = ' 2
LN g, + ] o' o, + /] ©'aW for each (s,t) € R2
Vet Het

and write & € H.

. . .
We call Qst a derivative of Qst‘ st

It follows by linearity that &_.= &) + [ ®'®W where T is any
r

rectangular path joining (s,t) to (0,0). If Qst has derivatives

n . n .
up to order n, we say that Qste H i.e. ¢st €H iff
0 ]
. =& + [ o oW
r
1 2 i
=% + [ o“ow
T
[]
L}
L}
L}
n-1 n-1 n
o, =& + { o oW

Before we go on to study the holomorphic processes, we observe that
the usual Ito-formula and Ito-isometry applies to each

line-segment. i.e.

of ( )a z

£z )= £z )+ )5 (29,2

st ot

of 7
;E(zut)du zut

1 ?2f

2 022(Zut)duzutduzut
d2f
0z dz

Z — .
( ut )duzutduzut

+
O Ot O—0 Ot O—1



where we have the formal relations

duwutduwut = duwutduwﬁt =0 duwutduwut = 2tdu

The Ito-isometry applies in the same way, so

s 8
2 = 2
Elg ¢utduwut| 2t g Elautl du

We first note some easy consequences of the Ito-formula.

Proposition 1.1.

1f Qst = (wst) then Qste H and
. = [ oW low
st
iy
' =/ n(n-1)W" < oW
st T
L}
:
]
n-1
= [ nlow
st r
n
Qst nl
n+1_
Qst =0
Proof

By the Ito-formula on f£f(z) = zn, t fixed

. s .
n-1 _ -1
£(W_) = g nwoo d W o= [ W oW
: H
st
Since 4d W__4d W = 0. The same relation with s fixed gives
u ut u ut
£(w_,) = ? W law = [ o low
st’ 0 su u su n
Vst

n-1

. . n .
so the derivative of Wst is nWst




n -m n
E[wstwst] = 6 _°nle(2st)
Proof
. n-m .
By Ito's formula on f£f(z) = z z , t fixed
S n-1-= s n -m-1. =
f(Wst) = g nwut wutduwut+ g wut'mwgt duwut
S .n-1_=m-1
+ 2t [ oWo. 'mWe. ' du
0 ut ut
so

s
n-1-m-1
= 2t°m-ng E[Wut Wﬂt Jau

and the lemma follows by iteration.

a

Proposition 1.1 may be extended to f£(z) = ] anzn whenever f'(Wst)
n=0

is adapted measurable with E|f'(Wst)|2 bounded on compact sets.
Since the first statement is trivial, we turn to the L2-norm. By

lemma 1.2 it is easy to see that

N n 2 N 2 2n X 2 n
E| } anwstl =n£M|an| Elwstl =n£M|an| 'nl(2st)

n=M

C1f Ian|2°nltn < =Yt, it will follow immediately that
n=0

) anwgt» f(Wé ) in L2. The same applies to all the derivatives
n=0

t
of £ and we have the following.

Theorem 1.3 (Yor) N

If f£(z) = ) anzn with § |a_|2n1t? < =wt
n=0 n=0 "
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Then
(s,t)
f(W ) = £(0) + [/ £'(W)aw
st 0
where the line integral is independent of the path T joining the

origin with (s,t). Since the same applies to all the derivatives,

f(Wst) €H.

@

We will now see how to prove the converse when the process @ste H .
The proof is a complex version of the proof presented in Cairoli &

Walsh [1]. See also Nguyen [3] for local versions of these theorems.

Proposition 1.4

' n+1
If Qst and ¢st € H then
n J s s
= j=3 (2st) n+1 n+1 n+1
E[qbstq"st] =.2 2% jl + (2t) J f “f E[¢ ]duds
3=0 00
Proof
By Ito's formula on f(z,w) = zZw  we get
E[e ,¢ . ] = 2030 + 2th[¢ Jau
st 'st 070 ut ut

as in lemma 1.2. Proposition 1.4 then follows by repeated use of

this relation.

Lemma 1.5

@

If @stE H then

n
. (2st) n+] -
n->« -




Proof

Define
n 2
gn(s,t) = EI@stI n=20,1,2.....
By proposition 1.4 we have
n,;2 8
gn(s,t) = IQOI + 2tg gn+](u,t)du
Put fn(x) = gn(x,l), then
' agn 2
fn(X) = -5-S—(x.1) = gnH(X.T) = 2fn+](X)
It follows that
£ (x) = 2% (x)
n
By Taylors formula
- +
f(x) = g f(n)(x )(x xo) + f(N ])(e)(x—x )N+]
b 0’ nl (N+1) ! 0
3j=0
Since
N+1 _ o N+1 _ S N+1 _ LN+ N+1,2
£7°(08) =27 £..(0) =27 g (6,1) =2 El@e] >0
we have
£(2x,.) > b){ £(n) (x )x—3 for all N, all x. » O
0 . 0'nl ' 0

3=0

Now f(2x0) = go(2x0,1) = E|¢2x01| < », Then the series converges

n

. (n) X0 _
for all x_ > 0 and 1lim f (x ) —=0 vx_ >0
0 0 nl 0

n-o»>e
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It is also true that

(2x0)n

lim fn(xo)-_TTr—_ =0 Vv X >0

n-+><

. n 2
It remains to observe that E|¢st| = fn(s-t).
Look at

s
= -+ '
gn(s,t) 90 2té gn(u t) du

and the symmetric relation
t
gn(s,t) =90+ é gn+](s,u)du

From these one easily sees that

2 _
0s ot
But then
n |2 _ ’ _ .
Elg_ |© = g (s.t) = g, (st.1) = £ (s-t)

st

since = only depends on (s,t) by their product.

Corollary 1.6

If ® ¢€H then
st

E|e

j .
2
ol - 112800 g2
J=

.Proof

By proposition 1.4

E|e |<I>0|2 + (20)™"!

(25t)
stl ZO

f“---f
0

Oo— 0

I n+] 2duds
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. ® n+1
Since ®_ _ €¢H , @ is a martingale, and E|®

n+ 1|
st st

ut is bounded by

(Zst)n+1 n+1 2
E|®
st

n+1 (2
EIQ l (n+1)1

st
and this goes to zero by lemma 1.5

. Then the integral term is bounded by

Proposition 1.7

+
1f o €8 then
st

n n
E[@stwst] = &, (2st)

Proof

Put by = Wgt proposition 1.4. By proposition 1.1 all terms

n-n (2st) -

except & o% o1 8-(Zst)n vanish.

Corollary 1.8

If © ¢H with E[@ W"] =0 for all n, then ®__ = O.
st
st st st

Proof

By corollary 1.6 and proposition 1.7

| (ZSt)J J 2 _

Theorem 1.10 (Yor)

n
%0
n

If & ¢ H® then & _ = f(wst) where £(z) = ) z" satisfies

st st

G

the conditions in theorem 1.3.
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Proof
=% . %
Put f(z) = ) =z ie a ==
n=0
By corollary 1.6
n
© ® & o (2t T
2 n 02 n 2 n,2 2
nzolanl nlt —nzolnl nit -nzo =g | =ele, |7 <=
= =
Then
¢st = f(Wst) satisfies the conditions in theorem 1.3. We have
© n n @
€ H d = & . i -
¢st an ¢0 0 for each n. Since ®st ¢st € H and
= n n n n n
E[(@ét-¢s YW, ] = 8y (2st) - ¢g-(2st) =0

for each n, @ - ¢ = 0 by corollary 1.8

st st

Now it only remains to prove that all weakly holomorphic processes

L @ L] . .
are in fact H . To prove this we turn our attention to various

stochastic integrals.

Part 2 - Stochastic integrals and Green's formula.

We want to define the surface integral | &dW. To define this
‘ R
st

integral on simple functions, partition Rst into rectangles Rij

with lower left corners Zij and let the wvalues Qij on these

rectangles be g:)z -measurable.
ij
Then

2 2 2 2
W | =.2.E|®ij| E]Aijwl =‘2.E|@ij| *2 AR

E| ] @ .4, .
i,J 13°14] i,J i,] tJ
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Once you have this isometry, the integral can be extended to adapted
. 2 .

measurable Qst with EI@stI bounded on compact sets. This is

exactly as in the theory of oneparameter Ito-integrals. If we

multiply two such integrals, however, we end up with something new.

i.e. let
= = w
X_. R] odW Y Rf ¢d
st st
and look at
19, .8, Wel & A W
i3 ij 1ij x,1 k1l k1
1077 j
= ( ¢ Wed, . )A, W = Yodw (1)
i, x,1 klAkl ij’ i3 Rst
k-1 1-1
+ ) (.2' @iinjw-cpij)Aklw s [ X¢aw (2)
k,1 1i,]j Rst
) ki] -1
+ . .¢ A, WA W (3)
j.k i,1 ij 'kl ij k1 '
) iE1 1-1
+ o, .¢ A WA W (4)
i1 3.% ij 'kl ij Akl

+ remaing terms

In this particular case the LZ2-norm of the remaining terms can be
made uniformly small by choosing the partition fine enough. The
terms ()) and (2) can be accounted for as ordinary surface
integrals. We cannot, however, include any more terms in these sums
as long as we only want to integrate adapted processes. The terms
(3) and (4) represents roughly one half on the terms, so they
cannot be ignored. At first sight these terms look pretty hopeless,
but the particular positioning of the indices turn out to be very

convenient. We actually have the following isometry.




- 16 -

If «a,. is GF’ - measurable, then
ijkl
(ilj)v(kll)
E| } @ o B WA w|2=] E|a, . . |224R, 24R
Ll kl i 1 . iy
1'3;3’1 ij Jj l'JQr'l ijkl ij k1l
(i,3)~(k,1) (i,3)~(kx,1)
The expression .2- aijklAijWAklw defines the integral
i,3,k,1
3 3 A
(1IJ)A(kll)

/]  a(E,m)aw
st Rst
isometry above then makes it possible to extend this integral to any

de on simple four-parameter processes. The

R &

four-parameter process a(&,n) with

(1) a(&,n) gF - measurable
EVn

(ii) a(&,m) = 0 unless Ekn

4

(iii) E|a(&,1) |2 bounded on compact sets in R,

To account for the term (3) just observe that

1T T
Jok i3 i,5,%,1 so that this will
A
(i,3)~(k,1)
approximate the term | d_¢ AW_dw .
R xR &M & n
st st

The term (4) is accounted for in same way.

The same procedure can be used to define the integrals / adeﬁ,
x
st Rst
J «dWdW and so on. These are the integrals we will be working
R_, xR ,
st "st
with.

L2-martingales

In their paper [4], Wong '& Zakai proved that every L2—martingale

w.r.t. a 2-parameter Wiener process Biys can be represented as a
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sum of two stochastic integrals [ &iB + | ¢dBdB. This also
R

R R x
st st st
applies when the o-algebras are generated by several independent
two-parameter Wiener processes. In our case each wst-martingale can

be written on the form

2 2
! [ ¢.4B, + ]
i=1 RS I'

t I R Rge
If you split the matrices involved into C-linear and C-antilinear

parts, it is easy to see that you have the following representation.

Theorem 2.1 (Wong & Zakai)

If Xst is a C-valued Lz-martingale, then

X,o =Xy + [ oaw + | AW + | adWaWw + [ BAWAW + [ ydWaw + [ sdWAW
Rst Rst Rsthst Rsthst Rsthst Rsthst

It turns out that the terms in this representation are actually

orthogonal in L2. More exactly we have.

Proposition 2.2

Let
I, =/ eaw I,=] AW I; =/ adwaw I, = | BAWAW
R, R, R, xR R_ xR
0 0 0o “o o ‘0
I, =/ ydWaw I, = J 5AWAW
R, *R, R, R,
0 0 0 o
Then

E[Iin] = 0 unless i = j

Also if X =X + [ X'3We€H we get E[X I.] =0 if j = 2,4,5,6
st 0 I o J
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Proof

Partition Rz into rectangles Aij and assume to begin with that
0
all integrands are constant on Aij' We first look at

ElL,T) = 1 B0 48, W4 W]

i,j.k,1

Here either Aijw’ Aklw or both are independent from the rest.
Since

E[Aijw] = E[AijWAklw] = 0 all terms vanish.

Case two

E[1j13] =1 1 EL®; 59001 5 un ]
lIJ k'l’m,n
(k,1)A(n,n)

Here either A, JW Akl 1 A W or the pairs (AijWAle) (AijWAmnW)

are independent from the rest. The first three cases are trivial, so
A

let us consider the remaining two. When (k,1)A(m,n) le is

n~

J-mn

are dependent, but independent from the rest (i,j)=(k,1l) and

- measurable and as such independent of A_W. When A, WA W
mn ij 1

]
(o]

EL055 0 mnd; W2 Wap,W 1 = E[2 la'klmn]E[AleAle]E[
The first part of the proposition is proved along the same lines and

are left to the reader. As for the second part E[Xz fz] = 0‘ and
0

E[x I ] = 0 are easy since there are no non-conjugate terms. The
2,

two remaining terms require a bit more carefulness. Look at

E[x, *]
0 i,3j.k,1

A
(i,3)A(k,1)

13kl 1JWAkl
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Write
. s X
X =X + [ X' 4w =X + ) X' (w -W )
z0 0 0 uto u utO 0 m smto smﬂt0 smt0

where s....s are the lower s-coordinates of the partition A,..

1 N 1]
The case with XO is trivial. Consider

) Y o[x Beiw s (W -W )A, WA, W]

i,5,x,1 m  Smto 3Kl Spty Sptol 1J %1

(i,3)A(k,1)

The nontrivial case occurs when (W -W ) and A.:W are
s t s t ij
mt+l O m O

dependent, but independent from the rest. This only happens when the

m+]
-measurable so it is independent from

rectangle Rij have upper and lower s-coordinates s and sm.
Since i<k X! is S',il

A W Then A ,W can also be split out, and we are through.

In general X N will not be independent from Aklw' To prove
Sm*-0 -
t
_ 0
E[X I.] = 0 you have to use X_ =X, + [ X' 4dW . Then the
z, 5 Tz O 0 Spu u spu

proof can be carried out along the same lines. The above also

explains why you cannot expect to get E[Xz T3] = 0. In this case

0 .
you would end up with terms of the form E[xsmtoaijklAklw] and this
may not vanish because X's and Aklﬁ may be dependent. E.g.

mtO

X' =W

Corollary 2.3

If & € H then
st

@ =98 + [ ¢aW + [ adwaw

st 0 R R xR
s

st st t
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Proof

When Qst € H, ést is clearly an L2-martingale so by theorem 2.1
d =% + I +I +I_ +1I +I_ +1
st 0 1 2 3 4 5 6

By proposition 2.2

0= -0 -1I. - - - - -1 12
st 0 ] I2 I3 I4 I5 6
= - - - 2 2 2 2 2
e, 2y I, IJ0% 4 0T, 02 4+ I, 0% + I 12 + I

so all the conjugate terms vanish.

The process J and Green's formula.

We define the process Jz by the relation

0 otherwise

R_ xR

J =] ¢dWaW where (&, n)
Z z

z

If you approximate ¢ by simple processes and calculate the

conditional expectations, if is easy to see that Jz is a

martingale with quadratic variation

_ ) .
<J>st R[ - 4|¢| dedn
st “st

The process Jz gives a connection between surface integrals and

line integrals. We first observe the following

Proposition 2.4

= [ Wow - [ waw

Jst
Hst Rst
= W - Waw
Toe [ wa /] wa

Vst Rst
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Proof
Partition R into rectangles A4, i,j < n. Then
sat ij
0-0
J ) A, WA W
*o%0 i,3,x,1 *d k1
A
(i,3)7,1
-1 7T
A W
LA Akl

J—
E LT
Z (W59 Moey) (=8 5W) +JZ (W 541 kj)%Akl

-jzk(wkjﬂ-wkj L

3 3=
+ E Ki+1 ]z_Ale - wkj% AW
o
-j'zkwkj(l Be1W- 12 By W)
The second sum teleécopes in j and 1 and we get

2 ( kj+1 kJ)AkJW

+ YW (W -W. )
X kn k+1n kn

W58 5%

since the first term obviously can be made uniformly small.

proof of the second relation is similar.

The
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A complex version of Greens formula follows almost immediately from
proposition 2.4. First you need to observe that it is possible to

integrate against Js . The definition on simple processes is of

t
course ) Qi'AijJ and there is an isometry also in this case. The
i,3

class of integrable processes against a general Lz-martingale Mst

depends on the quadratic variation <M>st. In the case of Jst'
however, the quadratic variation is so small that is suffices to

have E[Qst]2 bounded on compact sets.

Once it is meaningful to integrate against Jst we can state an

integration formula.

- Greens formula 2.5

Assume that @;t is adapted measurable with E|®;t|2 bounded on
compact sets. When ¢§t= @0 + [ ©®'dW, then for any rectangle A
v
st

J 2o wW=~- [ %W - [ &'dJ
oa S A A

The integration is counter-clockwise and integration as means that

the vertical segments are ignored. With the same conditions on &',

the symmetric relation along the vertical segments is that if

= + ' oW h
@st @0 é ®'dW then

st
J 22.W = ] eaw + [ @'ag
A A A .
Proof
By a standard argument you can reduce to the case where &' |is

constant on A. Then the formula follows from proposition 2.4. For

details see Cairoli ‘& Walsh [1] p. 151
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This Green's formula has two important corollaries.

Corollary 2.6

If ¢ € H then ¢ has a primitive & s.t

=23 + [ ¢owW
° r

Proof
By 2.5.

] oW = [ ¢aw + [ ¢dT = [ ¢owW
H \

st Rst Rst st

Corollary 2.7

If ® € H2 then

) =& + d'dw + d"dJg
st 0 é i
st st
Proof
Immediate from 2.5 since @ = o + f 'O W
0 t
st oR

st

Corollary 2.7 is the basic idea to prove that all processes & € H

are in fact H . From corollary 2.3 we know that

® =& + | ¢aw + J adWaw

st 0
Rot Roe ™Rt

One can hope to prove that ¢ = &' and that a« represents @" 1in

some sence. To pursue this further, we need to be able to translate

an integral | ¢dJ to the form | adWdw .
R R xR
st st st

For this you have the following.
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Proposition 2.8.

When ¢ is adapted measurable with El¢st|2 bounded on compact
st
sets,and
A
¢ when (r,s)A(t,u)
a(r,s,t,u) = {.5°
e 0 otherwise
then
[ a7 = | adWaw
R R xR
st st st
Proof
Partition R into rectangles A,., 1i,j < n and replace J
soto ij st
by its approximertion J°, given by J°, = E[J A, WA W Sf ]
st st i,9,%,1 ij Akl ' st
’ [ 14

(i,3)A(k,1)

Then the J -s are martingales and J% >y uniformly in L2. When n

is fixed according to the partition we have

IR R B
AijJ =k21 AkjWAilw and we get
’

/] ¢a3 =

Rst

2 ¢13 13

i-1 §=1

=1 1 %5854

i,j k,1
2 13:1 j-]
. WA, W
i,9 k.1 OlkjllAkj il
k=1 j=-1
=1 1
i

W
k,l 13kl 13 Akl

'1

= 2 a. .. AW W
i,9,%,1 ijkl 1ij Akl

(i,3)A(k,1)

= [ adwWdaw

R xR
st st
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Part 3 Weakly holomorphic processes are H

When the processes Xst = f ®dW and Yst = ¢dWdW are
Rst st st

restricted to the straight line-segments Vst and Hst'

o~
1-parameter martingales w.r.t. the o-algebras ‘*mt and ?so. As

|
0

they become

such they have unique quadratic varitions along these line segments.

v H R
We denote the variations by <x >, <x > and so on. It is fairly

straigtforward to generalize the quadratic variations from the real

case, see Cairoli & Walsh [1] p. 158. The result is the following

(we omit the proof).

Proposition 3.1

A A

A A
Let X , =) ®@w X = [ @w Y _ =] ¢dWaw Y .= [ ¢AWAW
st R st ¢ st R xR st R xR
st st st st st st
‘Then
A
<XH,}/{\H> = [ 2¢¢dE <P = 2|¢2|ag
st st
R R
st st

S
b

J 2e(8) [ E(n.a)dﬁndg

Rst Rﬂt

A -
Y = 2 e(nE)aWw. [ $(n',E)aW_,dE
st R.R R n
st ot ot

<x'> = [ 2|[ ¢(n,E)aw_|2ak
R R n

When ¢ € H we have

st
[ o'W = [ q¢aw + J adWdW = [ ¢'dW
Hst Rst Rot Rse Vst

Cairoli & Walsh observed that an equality of the above type cannot

hold unless ¢ and a are intimately related. More exactly we

have
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Proposition 3.2

If & € H then for (s,t) outside a negligible set G C Rﬁ the
st
functions

t + a(o,t,s,t) is a.s. essentially constant in [0,t] for a.e.o

o + a(o,t,s,t) is a.s. essentially constant in [0,s] for a.e.x

Moreover for (s,t) and (s,1') outside a negligible set F and

s.t. T < tT <t we have

¢sr - ¢sr' = é a(u,v,s, ') - a(u,v,s,t)dwuv

ot

and for (o,t) , (o't) outside a negligible set

¢O‘t = ¢0"t = f a(o, t,u,v) - a(U'rtlulv)dwuv
R
ot
Proof
Since
J J
® = OOW = o' d w
Sto Hst 0 uto u uto
o

we get from Ito's formula that

H S I

<@> = [ 2t |e' .  |%u
st0 ) 0 uto
and
s

H _H

<@ ,W > = [ 2t.®' du
stO 0 0 utO

By the first relation we see that

1 H H
Qét = 2t g; <® ,W > ¢ for a.e.s
0 0 %o

When we insert this in the first relation, we have
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s
H ] 0 H ..H
(*) <@ > = [ = |= <@ ,Ww> 2du
st0 0 2to ou 3 uto
Since
+ = W
st i $AW é edWaW and W_, é 14
st st st

we may also compute the quadratic variations from proposition 3.1

i.e.

s t
<¢H, = | f02¢ 2a(n,u,v)dwndvdu
0]

0 0 R
wto

Then for a.e.s

‘ t
8 _H _H _ .o
o 0 R,
0
The same argument also gives
<@H> =2 |l + [ a(n,u v)dWA | 2dudv
st uv e n
o R R_,
0 0

When we insert these expressions in (%) we get

s t
[ [P2]e,, + [ alnu,viaw |%avau =
0

R
o

s 5 %

J&=1e  + ] a(n,u,v)dw_dv | 2du
t

0 0 ' n

So for a.e.s we must have

t
1 0
Llogy + [ atnsmian [2av = =] Lo+ [ alns,viaw av]?
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But by the Cauchy-Schwarz inequality it is easy to see that this can
only happen whenever the integral is a.s. constant in vl We get that

for a.e.s there is a random variable p(s) s.t. for a.e v < t

p(s) = ¢ + é a(n.S.v)de

wto

We can also choose p measurably by averageing. Then outside a

negligible set F with 1 < 1' < t0

N é a(n;s,v') = aln;s, )W
coto

Since the left-hand side is TYQT. -measurable it is easy to see

that we must have a(n,s8,1') = a(n,s,1) for a,e,n € ho - R__,.

t T

0
When this is applied to all possible pairs (1,1t') we get a process

¥(u,v,s) s.t
¥(u,v,s) = a(u,v,s,t) for a.e. T < V.
The second pair of relations is proved along the same lines.
a
Let us for a moment forget about the negligible sets in proposition

3.2, and let us see what we would have if the relations were true

everywhere.

When & € H the functions
T+ al(o,t,s, 1)

c > a(o,t,s, )

are essentially constant and 'a will essentially satisfy the

conditions in proposition 2.8. When we define ¥(s,t) = «(0,t,s,0)

we get
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| adWaw = [ vdJ
Rst*Ret Rst

We then have

@st=¢0+l{ ¢dW + [ wdag

st Rst

Essentially we also have

bgpr = Ygp = [ a(n,s,t) - a(n,s,t')dwn if t <t’
Ry
=/ alu,v,s,t)aW
Roer Rgt

since everything else vanish outside this set. But we also know that
a essentially doesn't depend to u. i.e. a(u,v,s,t) = ¥(s,v).

Then we get

(1) bopr = Yoy = / ¥(s,v)aw = [ vow - [ vwow
-R Vg v

RSt' st t' st
By the same way of reasoning we also get

(2) YW - [ ¥OwW
't CHge

bgrg T Y5 T ﬁf
S

If (1) and (2) were true everywhere it would follow that

bgp = Yo t 1{ YW i.e ¥ = ¢’

By Green's formula 2.5 we would also have

[ W= [ ¢aW+ [ ¢dT =90 - &
R R st 0

HSt st st

w = | ¢dw+l{ ¥ag = o_ - @,

st Rst st

< —

This would prove that ¢ = &' and that V¥ = ®". The process &
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then has a second derivative ¢", and by iteration & ¢ H .

In general we need to correct the processes on sets of measure zero,
and to extend the equalities using martingale properties and
conditional expectation. The details are the same as in Cairoli '&
Walsh [1], see p. 174, 178, 179. Since these arguments are
technical, and have little to do with the complex aspect of this

theory, they are left to the reader.
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