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1 Introduction

The ”"high contact” principle was first introduced by Samuelson (1965). He only
gave a heuristic argument for the condition. In McKean’s mathematical appendix
to Samuelson’s paper (McKean (1965)), a rigorous proof for the necessity of the
condition was given for the case of a linear reward and a geometrical Brownian
motion process, i.e. he proved that any solution of the optimal stopping problem has
to satisfy the high contact condition. As there only exists one function satisfying the
high contact condition in this situation, Samuelson’s proposal is the only possible
optimal solution.

In Shiryayev (1978, Theorem 3.17) the condition appears as a necessary condition
for one dimensional processes (but not under the name ”high contact”). Multidimen-
sional versions of the theorem are given in Friedman (1976) and Bensoussan and Lions
(1982). These theorems are derived from variational inequalities, and the assump-
tions in the theorems are too strong to apply to most economic applications. (See
section 2.)

The high contact principle is essentially a first order condition in the optimiza-
tion of the stopping time (see Merton (1973, footnote 60), and for a rigorous further
development of the same idea @ksendal (1990)). To derive the *second order condi-
tions” turns out to be easy, and we will in this paper prove, under weak conditions,
that a solution proposal to an optimal stopping problem satisfying the high contact
principle, is in fact an optimal solution to the problem. In this case we do not have
to prove that there is only one solution satisfying the high contact principle, and the
existence of the optimal solution is a part of the conclusion.

Some results from stochastic analysis will be used without reference, these results
can be found in @ksendal (1989).
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2 The problem

Let
be an n-dimensional Ité diffusion, where b : IR® — IR™ and o : R" — IR™™ are

Lipschitz continuous functions with at most linear growth. Let g be a (real) bounded
continuous function on IR". The optimal stopping problem is the problem of finding:

9*(z) = sup E*[g(X,)] (2)

the sup being taken over all #-stopping times 7, where % is the o-algebra generated
by B,, s < t. Here E® denotes the expectation w.r.t. the law P* of {X;} given
Xo = z. The optimal stopping time corresponding to g* is denoted 7*.

If we know g* it is easy to find 7*: It is obviously optimal to stop if g(X;) > ¢*(X3)
since we then achieve the optimal benefit, while if g(X;) < ¢*(X}) it is not optimal
to stop, since this would give less than the optimum. The set

D = {z:g"(z) > g(z)}
is called the continuation region. Obviously, for z € D,
g'(z) = E*{g(X.p)}

where 7p = inf{s >t : X, ¢ D}.
If the continuation region is known, then the problem of finding ¢* can be trans-
formed into a Dirichlet problem. Define the operator

L= b2 + 1 ay(e) = )
R ' a:l:,' 2 5.5 I az,-azj

where a = 007, and where b and o are as in (1). Then it is known that g* solves the

Dirichlet problem:
(Lg*)(z) =0 forze D
lim,, ¢*(z) = g(y) for all regular y € dD.

(4)

(y € 8D is called regular if rp =0 a.s. PY.)

But D is unknown, so this is a free boundary problem. Therefore an additional
boundary condition is needed to identify the boundary. This is why the ”high con-
tact” principle is important. The principle states that

Vg* =Vg on 4D, (5)

which gives us the extra boundary condition.
In a footnote Merton (1969) derives the high contact principle as a first order
condition. Suppose X; is one dimensional. Let D, = {z : z < ¢}, 7. = 7p,, and

f(z,¢) = Ez[g(X‘re)] (6)
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Note that if ¢ is regular for D, then f(c,c) = g(c), and hence if f exists, we have

falese) + fale,e) = d'(e) (7)

Suppose
g'(z) = f(z,c") = max f(z,e¢),

then the high contact condition f(c*,c*) = ¢'(c*) is a direct consequence of the first
order condition f!(z,c*) =0.

To make this argument rigorous it is necessary to verify that:

(i) D is of the form D,, and ¢ is a regular point for D,.
(ii) c+— f(z,c) € Ct

And if we want to use this high contact principle to prove that a proposed solution
is optimal we must show that:

(iii) The candidate satisfying high contact is unique
(iv) There exists an optimal solution

In the multidimensional case, which is the most relevant one for economic appli-
cations, it is necessary to have smoothness assumptions on the optimal continuation
regions as well. In @ksendal (1990) a property analogous to (ii) is verified under the
assumption that L is elliptic. Since the argument only proves the necessity of high
contact, we must also verify (iii) and (iv). '

The purpose of this paper is to show that — under certain conditions — the high
contact property is also sufficient for the solution of the optimal stopping problem.
More precisely, we show that if there exists an open set D C IR™ with C! — boundary
and a function h on D such that

h>g on D (8)
Lg<o0 outside the closure D (9)

(”the second order condition”) and such that (D, k) solves the free boundary problem

Lh=0 on D (10)
h=g on D (11)
Vh=Vyg on 8D (12)

then in fact A = ¢g* on D.

To achieve this result the basic idea is the following. Extend h to IR" by setting
h = g outside D. We know that g* is the least superharmonic majorant of g. We also
know that h < g* since h is what we get from using 7 = 7p. It only remains to show
that h is X;—superharmonic, i.e:

h(z) > E*[h(X;)] (13)

for all stopping times 7, and all z. If h € C?, then this is equivalent to Lh < 0. This
follows from Dynkin’s formula:

h(z) = E*[h(X,) /0 " Lh(X)dt] (14)




By construction Lk = 0 in D, and by assumption Lh < 0 outside the closure D.
Unfortunately we generally only have h € C'(éD) gthls is the high contact principle).
If we can approximate h with A € C? such that |h—h| < eand Lh < ¢, for an arbitrary
small ¢, this will do. In Brekke (1989, Appendix C) this idea is used to prove the
sufficiency of the high contact in an essentially one-dimensional case.

To extend this result to the multidimensional case, it turns out to be more con-
venient to generalize the Dynkin formula, using a Green function. This is done in
Section 3, but first we will consider the relevance of the theorem in economic appli-
cations.

3 High contact in economics

As we have pointed out in the introduction, the existing high contact theorems are
either one-dimensional or make very strong assumptions. Let us consider a typical
problem in the economics of exhaustible resources, the problems will be similar in
other economic applications. Let

be the price of the resource, where o and § are constants. Consider the stopping
problem

v (t,p) = sup E""{/: f(P,)e "ds + g(P;)e "} (16)

where f and g are given bounded continuous functions. If the problem is to find
the optimal time to stop production, then f is the profit, and g is the abandonment
cost. When the problem is to find the optimal time to start a project, g(P) is the
net present value of the field started at price P, and f = 0. Note that (16) is not of
the form (2), because time and the integral of f until 7 are introduced in the reward
function. The problem can, however, be brought into the form of (2) at the cost of
increasing the dimension of the process. Let ¥; = (¢, P;, ©;) where

t
0, =0+ / f(P)e"ds (17)
0
is the ”profit” earned until ¢, then

g (t’ P) +0= suprEt’p'o (g(T, Pf) + @.,.) (18)

A high-contact principle applying to this problem must allow for processes of dimen-
sion three (or two if f = 0). In other words, none of the one-dimensional theorems
apply to economic problems where discounting is relevant.

Multi-dimensional results derived from regularity results for variational inequal-
ities make assumptions that exclude the geometrical Brownian motion (15). A theo-
rem in Friedman (1976) requires e.g. that L is uniformly elliptic and that a(z) = 007




is bounded, which excludes the geometrical Brownian motion where a(p) = S2p?.
Furthermore he assumes that
n aa.-j(z)

b‘(z) = Z axj

i=1

which in the case of a geometrical Brownian motion means a = 242. These assump-
tions are too strong for most economic applications.

Another multi-dimensional result is given in @ksendal (1989), who proves the
necessity of the high contact principle under the assumption that L is locally elliptic,
but he has to make smoothness assumptions on the form of the boundary as well.

All these results are necessary conditions. Here we will establish that high contact
is sufficient for a function to be identified as a solution of the optimal stopping prob-
lem. Moreover, we can relax the assumptions to cover most economic applications,
e.g. the time-space geometrical Brownian motion mentioned above.

4 A generalized Dynkin formula

This section uses some advanced mathematical results and methods, and hence it
may be difficult to read. Lemma 1 and the following remark contains the results that
are needed in the later sections. The reader that is not interested in the details, may
skip the remaining part of the section.

Let X; be as defined in (1) and L the corresponding operator (3). Then X; has
a generator which coincides with L on the smooth functions. Let L{ (dz), ¢ > 1
be the set of all functions f such that |f|? is locally integrable with respect to the
Lebesgue measure dz, and C7(A) is the set of functions with bounded continuous
derivatives of second order in the set A.

IfV C IR" is a bounded domain such that E¢[ry] < oo for all £ then we can define
the Green measure of X (with respect to V), G(§,-), by

9(6:4) = Gr(6,9) = ES([” #(X)atl ¢ €C) (19)
If the measure G(¢&,dz) has the form

G(&,dz) = G(&,z)dx (dz is the Lebesgue measure) (20)

-

then we say that X has a Green function G(£,z) (in V). Note that in this case we
can write

B [" 9(X)dt] = [ 4(2)G (¢, 5)da (21)

A sufficient condition that X has a Green function in any bounded domain V, is
that X (or, more precisely, the generator L of X) is uniformly elliptic in V, i.e. that
there exists A > 0 such that

2Ta(z)z > A|2|? forallzeV,z€ R" (22)




In fact, if X is uniformly elliptic in V and n > 3 then by a result of Littman,

Stampacchia and Weinberger (1963) there exists, for any compact H in V, a constant
C = C(H) < oo such that

GX(¢,z)<C-|€ -z for all ¢,z € H. (23)
Using polar coordinatesin IR™ we see that this implies that
1 1
f G(¢,z)dz = CI/ rm(rapn-1gy — CI/ rr1-a(n=2)g, (24)
- Jm 0 0 : ,

which is finite if ¢ <1+ 5.
We summarize:
If X is uniformly elliptic in V then X has a Green function G(¢, z) satisfying

G(¢,z) € L . (dz) forg<1+ % ' (25)
We are also interested in processes of the form
dK; p(K:) ] [ 0 ]
dX; = = dt dB 26
‘ [ av; ] [ w(w) [ “ T vy | (2]

with K; € R™ and Y; € IR4.

Assume for simplicity that V = M x N where M Cc R™, N C IR? and assume
that Y is uniformly elliptic in N. Then it is well known that Y has a transition
function p,(n,y) in N, in the sense that

E"(¥) Xecen] = [ #0)peln,v)dy, (27)

where dy denotes Lebesgue measure (in IR?).
In fact, by a result of Aronson (1967) there exist constants C < oo, a > 0 such
that | 2
- ain —
pe(n,y) < C -t~ exp(— 21 YL ; )
for all ¢, and all z,y € N.
Using the transition function of ¥ we can describe the Green measure Gx(£,-),

for X (given by (26)) as follows:

(28)

Suppose ¢(z) = ¢1(k)¢2(y) where z = (k,y). Then
ox(&:8) = B[ [ 4u(K)$x(Y) - Xicr ]
= [T ([ #:(K) - 8200} (n,9)dy) Lxenedt, €= (kon).  (29)

Since a general ¢(k,y) can be approximated by a sum of such products, we conclude
that for general ¢(k,y) we have

Gx(&,9) = /ow ( /N ¢(Kt,y)pt(n,y)dy) Xkemdt (30)
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with p,(n,y) satisfying (28), provided that X; = (K, Y;) where Y} is uniformly elliptic.
The conclusions (25) and (30) will be needed in the proof of the next result.

Lemma 1 (Generalized Dynkin formula)
Let U, V be bounded domasns with C* borders in IR" and let T' denote the boundary
of U. Suppose
$ € G}V \T)n C'(7) (31)
and that X satisfies one of the following two condstions:

1. X; 1s uniformly elliptic in V

2. X; = (K:,Yi) as in (26), with Y; uniformly elliptic in N (where V.C M X N)
and for each k € M the set

Iv={yeN:(ky) eT}cC R (32)
has zero d-dimensional Lebesgue measure.

Then
B¥[9(Xo,)] = $(6) + B[ [ Lo(X)at] (33)

where Lé(z) is the function defined for all z € V \ T by pointwise dzﬁ'crcntmtzon
according to (3).

Remark: We will use (33) in the form of (44) (in case 1) or (46) (in case 2). In
both cases, the expectation is transformed to an integral with respect to the Lebesgue
measure. Thus, since the boundary I'" has Lebesgue measure zero, we do not have to
define L¢ on the boundary.

Proof
First assume that condition 1 holds.

Let D;z¢ denote the distributional double derivative of ¢ with respect to z; and

z; and let 5=_3L denote the pointwise double derivative which is defined everywhere

outside ' and hence almost everywhere (dz). We claim that
¢ .
b= < <
Dj¢ 92,025 for1<j,k<n (34)

To establish (34) we put V; = VNU, V; = V \ U and choose v € CP(V). By
integration by parts we have
0’4 9¢

udz = —n;;uds —
Vi 61:,-3:1:,; av; 6:::,, i

d¢ Ou
V; azk ax:
where n;; is component j of the outer unit normal #; from V;. Another integration
by parts leads to

dz, (35)

d¢ Ou
- dr = —n;
/V.- 0z, Oz; * /;V ¢3x nixds — / ¢3z,8zk (36)




Combining (35), (36) and adding for ¢ = 1,2 gives:

0% ou
= 37
/V O0z;0zxy udz /V ¢6:c 0T dz (37)

which proves the claim (34).
For m =0,1,2,... and 1 < p < oo define the spaces

wme — Ly, VEL (V); Du G.L” (V) for all multi-indices (38)
a=(ag,....,oq) with |a| =a; + ...+ <m
equipped with the norm
1/p
[ellme = ( 2 ||D°u||5) (39)
Ja|<m

and let H™? denote the closure of C™ in this norm. Then a famous result of Meyers
& Serrin ( see e..g. Adams (1975), Th. 3.16) states that

H™ = W™ (40)

For all p < oo we have ¢ € WP, by (31) and (34). So by (40) there exists a
sequence {¢;} € C? such that

6 — Bllzp =0 ask— oo (41)
If p > 2 the Sobolev inequality combined with (41) gives that
ér — ¢ uniformly on V (42)
Since ¢ € C?, we know that Dynkin’s formula holds for ¢, i.e.

E[u(Xa)] = () + [ Len(2)G ¢, )dz (43)

Choose p > 3 + 1, then if 1,1_—1wehaveq<1+ -'2;, so for such a value of p
we can combine (41), (42) and (435 to conclude that:

B [(Xo)] = limi-sco B (84X )] = $(6) + [ LE@)G(E 2}z (44)
because by Hélder’s inequality
| [ (L6 — L9)(2)G(¢, z)da| < s — Ll I G(&, g — O (45)

as k — oo by (25). That proves (33).
Next assume that the second condition holds. We proceed as in the first case up
to (43), so that we have, using (30), for each k

Ef[¢r(X,,)] = d(8) + /0 ” ( /N L¢k(Kt,y)pt(n,y)dy) Xk emdt (46)




Choose 1 < ¢ < oo (to be determined later) and apply Holder’s inequality for each ¢:

fW |L¢k(Kh y) - L¢(Kt, y) IPt('Ia y)dy
< (Jw |Léx — LeIPdy)*’® (fy pi(n,y)dy)"/? where 1 +1=1

By the estimate (28) we get, using the substitution v = %:

/w pi(n,y)dy < Cy -t79? /Ra exp(—aglu[?)t¥?du < C, -t~ D/2 (48)

(47)

and this is locally t-integrable near 0 if ¢ < 1 + %. (Note that we used the Holder
inequality for each ¢, so we need a t-uniform approximation, but this follows from the
result of Meyers and Serrin which implies that there exist a constant C3 such that

llgx — Bllzp < Csl|¢ll2,

for all k£ and all ¢, where ||¢||2, means the norm of the function y — ¢(Ki,y). )
Therefore, if we choose 1 < ¢ < 1+ 2 and p such that % + % = 1 we obtain that

E¢| /0 " Léu(X:)dt] — E| /0 ¥ Lé(X)di] (49)

as before, thereby completing the proof of Lemma 1. H

5 The sufficiency of high contact
We now apply this to the optimal stopping problem (2):
g'(z) = sup E®[g(X;)] = E*[g(X-)] (50)

Theorem 1 (Sufficiency of high contact for the optimal stopping problem)

Suppose W C IR™ is an open set such that X; € W for allt if Xo € W. Let g €
CY(W). Suppose we can find an open set D C W with C*! boundary such that rp < oo
a.s.. Assume furthermore that X; satisfies esther condition 1. or 2. of Lemma 1 for
U = D and for every sufficiently small open ball V centred on the boundary D UW,
and suppose we can find a function h on D such that h € C}Y(D)NC*(D), h > ¢
on D, g € C}(W \ D) and Lg < 0 in W \ D, and such that (D,h) solves the free
boundary problem:

(?) Lh(z) = O forze D
(12) h(z) = g(z) for z € 0D
(v27) V:h(z) = V.g9(z) forzedDnW
if X; satisfies 1. (51)
(722)' Vyh(z) = Vyg(z) forzedDnW

if X; satisfies 2.




(where z = (k,y) if X, satisfies 2.)
Eztend h to all of W by putting h = g outside D. Then h solves the optimal
stopping problem (50), i.e.:

h(z) = ¢*(z) = sup E*[g(X,)] (52)

and thus " = 1p s an optimal stopping time.

Xy W={(x1,x2): x1>0,x2>0}

aDNW
aD

3D . b4
1
Figure 1: Illustration of boundaries

Remark: Note that in (51), D is the boundary of the set D regarded as a
subset in JR", not relative to W. Thus there may be parts of 3D not belonging to
W, as illustrated in Figure 1, where W is the positive orthant of IR?. Note also that
(51) (i) or (i)’ is the high contact condition.

Proof: First we note that by (51) (i), (ii) we have

h(z) = E*[g(X:,)] (53)

hence b < g*. To prove the opposite inequality, it suffices to show that h is X;—
superharmonic since we have assumed that h > g and we know that g* coincides
with the least X;—superharmonic majorant of g. For this it is enough to show that
h is locally X;—superharmonic. (Dynkin (1965), p.22) Since Lk < 0 outside 8D, h is
clearly X;—superharmonic there. So it remains to show that h is X;—superharmonic
on dD:

Fix € € dD and let V be a ball centred at £&. By Lemma 1 we get
Ef[(X,)] = h(¢) + [ Lh(2)G(¢,z)dz < h(e), (54)

where 7 = 7y. Thus A is locally X;—superharmonic everywhere and the proof is com-
plete. W

This result also applies to the apparently more general problem

7°(2) = sup, B[ [ £(X.)ds +g(X,)] (55)
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where f(z) is a given bounded continuous function. In this case we consider the
process Z; given by: '

dZ, = [jg:] [ i Xt) dt+[ (g(‘) I ]dB,, Zo = (z,6) (56)

where B; = (Bi(t), ..., Bat1(t)) is an (n+1)-dimensional Brownian motion. Consider
the problem
k*(z) = sup, E*[k(Z,)], (57)
where k(2) = k(z,0) = g(z) + 0. -
For E[r] < oo we have E°[B,;1(7)] = 0, and since it is enough to take the sup
over such stopping times we have

k*(z,0) = sup,E°[0+ /0 " F(X.)ds + Busa(r) +9(X)]

= 0+ sup,E7| /0 " F(X.)ds + 9(X)] (58)
= 0+ (z)

Therefore, if k* solves the problem (57), then 4* = k* — 0 solves (55). This gives the
following conclusion. :

Theorem 2 Suppose W C IR™ is an open set such that Xt € W for allt if Xo € W.
Let g € C'(W). Suppose we can find an open set D C W with C' boundary such
that Tp < 0o a.s.. Assume furthermore that X; satisfies either condition 1. or 2.
of Lemma 1 for U = D and for every sufficiently small open ball V' centred on the
boundary D UW, and a function h on D such that h € C*(D)NC?*(D), h > g on D,
g € C}(W\D) and Lg < —f in W\ D, and such that (D,h) solves the free boundary
problem:

—f(z) fJorze D

(@) Lh(z) =
(b) h(z) = g(=) for z € D
(¢) V:h(z) = V,9(z) forzedDNW
if X, satisfies 1. (69)
(¢) Vyh(z) = V,g(z) forz € dDNW

if X, satisfies 2.
(where z = (k,y) if X, satisfies 2.)
Suppose furthermore that for all x, we can find p > 1, such that:
/ | (X.(w))ds > —oo. (60)

where () 15 the measure space on which B, is defined.
Ezxtend h to all of W by putting h = g outside D. Then h solves the optimal
stopping problem (55), i.e.:

h(z) = ~"(z) = sup E7| fo " f(X.)ds + g( X)) (61)

and thus ™ = 7p is an optimal stopping time.

weﬂ T>0
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Proof: Define H(z,0) = h(z) + 0, k(z,0) = g(z) + 0.

Let
du 10%u o
Lu(z,0) = Lyu + f(z)% + 5550 vE€C (62)
denote the generator of the process Z;.
Then by (a), (b) and (c) we have
LH(z,0) = Lh(z)+ f(z) =0if z€ D (63)
H(z,0) = k(z,0) if z€dD (64)
and V.H(z,0) V.k(z,0)
H(z = z
B v ifzedD 65
{ (g0 = 2%(z,0) (65)

By Theorem 1 applied to h = H, ¢ = k and the process Z;, and by (58) we
conclude that

H(z,0) = sup, E*’[k(Z,)] = 0 + ~*() (66)

i.e. that h = 4* as claimed.
Note that £ = 6 + g is not bounded, hence Theorem 1 does not apply directly.

By an inspection of the proof, however, we find that the condition (60) is sufficient. l -

Remark: If f is of the form f(z) = F(y)e™", where F(y) > —M > —oo, then

[ " F(X(w))dt > -A—f > —co (67)

hence (60) is satisfied. This applies to many economic problems.

6 An application: Starting and stopping of re-
source extraction

The starting and stopping of a mine or a field was studied in a seminal paper by
Brennan and Schwartz (1982). For ease of analysis we will simplify their model
considerably, and disregard the discussion of taxes and convenience yield. The results
in this section is also similar to the entry and exit model of Dixit (1989), where the
only difference is that his model includes no resource extraction.

We will formulate the model as two simultaneous stopping problems. The use
of the high contact principle in this model illustrates the use of both theorems.
Furthermore, we point at an unresolved problem in using optimal stopping theories
to solve sequential stopping problems.

Suppose that the price process is a geometrical Brownian motion:
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where a,  are constants. The stock of remaining reserves in the field is denoted by
Q:. If the field is open, extraction is proportional to remaining reserves. Hence

dQ; = — X \Q.dt (69)

where

0 if the field is closed (70)

When the field is open, a rental cost K is the only operating cost. Thus profit is
AQ:P, — K. It costs C to close the field, and J to open the field.

~

Let V denote the value of a closed field, and U the value of an open field. Then:

1= { 1 if the field is open

T (p, q,t) = sup{ EP%| £ "(AQ.P, — K)eds + V(P,,Quyr) — Ce™]}  (T1)

and
f’(p, gt) = sup{E"’""[l} (P, Qry7) — Je™™]} (72)
It is reasonable to guess that:
f’(p, q, t) = V(P, q)e—ﬂ (73)
U(p,g,t) = U(p,q)e™ (74)

We search for solution proposals v and u that solve the free boundary problem
(59). The first condition (a), states that (using the decomposition (73) and (74)):

va = 0 (75)
Lyv = —Agp+ K (76)
where : s 1~ o
_ 0O 13220
Ly = r+apap+2ﬂ P Bp? (77)
and 3
Ly =Ly — Aqa—q. (78)

It is reasonable to guess that the continuation region for the starting problem is of
the form {(t,p,q) : p < z(g)}, and for the stopping problem {(¢,p,q) : p > y(q)}-
This gives a boundary at p = 0 for v and at p = oo for u. That v(0,q) = 0 is
rather obvious. The boundary condition for u is more complicated. It is reasonable
to assume that the expected time until it is optimal to close the field approaches co
as p approaches co. In the limit the value of the field should be equal to the value
of a field with no option to close. We skip the details. Using this argument, we can
derive the boundary condition

K
s - [T 0 mrow (79)
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Using these boundary conditions on the equations (75) and (76) we can derive the
general form of v and v in the continuation areas. (See Bjerkholt and Brekke (1988)

Y)
upg) = —2—-Tie(po) (80)
v(p,q) = c2(q) P’ (81)
where
_—(e—3p+ \/lgg — st &)
L —(a—A—%ﬂ’)—\/éf—k-%ﬁz)wzrﬂz o )
The boundary conditions at the free boundaries z(q) and y(g) are
v(z(q),q) = u(z(a),q) —J (84)
v,(z(9),9) = wuy(z(g);g)  “high contact” (85)
u(y(9),q) = v(v(e)9)-C (86)
4(y(9),9) = vj(y(a);q) - “high contact” (87)
Inserting the general form of u and v we get
e K e = ala)@) + (59)
r : (AQ)—-q—a tre-(2(9)9)” = veae)(2(9))” (89)
;{%¥3—§+mnWMQ"=¢MQWMV—C (90)
M @) = vela)s(@)” (o1)

If we guess that the form of the solution is z(q) = 2, y(q) = £, and ¢s(q) = k2 - ¢,
the equation system simplifies to :

—r+/\_a+c1x" = kzz"+(J+§) (92)
ey pa :_ —+ veigt = Akyz? (93)
L ey = kT (E-0) (99
r+ i — tvay” = ky (95)

These are four equations to determine four unknowns, z, y, ¢; and k,. Suppose there
exists a solution to these equations, is then the corresponding stopping rule the op-
timal policy? '

1The general form of v was first derived in Olsen and Stensland (1988)
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Take the case of optimal starting of the field first. We can pick W = {z € R :
z > 0}, and the operator is clearly elliptic for P; > 0. Hence it only remains to prove
Ly (u(p,q) —J) <0 for p > z(gq). Using (78) we get

Ly(u—J) = rJ+Lyu+ Ag 2

dq
P4 v
— —_ —\— 96
rJ + K = xpg = N—EE— + vei(pa)"] (96)
r—a v
= —mpq + (TJ + K) + z\l/cl(pq) .
Since v < 0 it suffices to prove:
=2 pg>(rT+K) (97)
r+A— o’

and since the left hand side is increasing in p it suffices to prove this inequality for
p = z(g). Combining (92) and (93) we find that (97) is equivalent to

(r — av)arz” < (r — ay)kzz”? (98)

which can easily be checked for a specific solution to (92) — (95). Hence, if (98) is
satisfied we can conclude that if u is the optimal value of an open field, then v is the
optimal value of a closed field.

In the case of u, we have to prove Ly (v—C) < —f, and (60). The first inequality is
treated by an argument similar to the one above. As for (60) we have that f > —Ke™"
hence by the remark following the proof of theorem 2, we conclude that (60) is
satisfied.

Hence if v ts the optimal value of a closed field, then u is the optimal value of the
closed field.

To conclude, we have proved that
u(p,q)e™ = sup{E**[["(AQ,P, - K)e™ds + v(P,, @)™ —Ce ]} (99)
T t

and
v(p,q)e™" = sup{EP*[u(P;,Q,)e”"" — Je |} (100)

This is similar to the optimality equation in dynamic programming. To complete
the proof that u and v are optimal, an optimality equation for sequential optimal
stopping is needed. This is a problem for future research.
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