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INTRODUCTION

The purpose of this paper is to work out the relationship between white noise analysis and
ordinary calculus in as simple a setting as possible. By studying Wick calculus over finite
probability spaces, we try to focus on fundamental algebraic relations which are easy to
lose sight of in the complicated analytic setting of the continuous theory. Our approach
is very much influenced by P.A. Meyer’s “Toy Fock space” version of quantum probability
theory (see, e.g. [5], [6])-

In the first section of the paper we work out the basic properties of Wick products on
toy Fock spaces. If f(zi,---,zn) is an analytic function and X1, Xo,---, X, are random
variables, we define the Wick functional f°(X;,-- -, X») by replacing all ordinary products
in the power series of f by Wick products. By an easy computation we determine the Walsh
decomposition of f°(X4,--,Xy,) in terms of the Walsh decompositions of X7y, -+, X,.

In Section 2 we use this relationship to prove the main theorem of the paper: Assume
that f : C® x C* — C™ is an analytic function and that ¥3,Y3,- -, Y% are given random
variables with expectations y1,---,yk. Then (under a non-degeneracy condition) there is
a one-to-one correspondence between solutions z1,- - -,z, of the equation

f(mlf")xn;yl)'“)yk) =0
and solutions X, - --, X, of the equation
fo(Xl: tte 7X'nav’Y13 T 7Yk) = 0.

Moreover, given a solution z1,---,z, of the first equation, the corresponding solution of
the second equation can be found by solving a hierarchy of linear equations.

In the last two sections we take a brief look at possible applications - first to ordinary
stochastic differential equations where the coefficients are Wick functionals, and then to
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partial differential equations with a stochastic term. Of course, within the discrete the-
ory developed here we can only treat discrete approximations to these problems, but the
methods still give a strong indication of what a continuous approach might lead to. And
this brings us to the question of whether it is possible to formulate a similar principle in
a continuous setting; a question we shall not attempt to answer here, but which we hope
to return to in the future.

Readers who want to know more about (continuous) white noise analysis, are referred to
the forthcoming book by Hida, Kuo, Potthoff, and Streit [1].

1. Wick calculus on toy Fock spaces

Fix a finite set A. Let
Q={ww:A—{-1,1}}

be the set of all Bernoulli trials over A, and give Q2 the uniform probability measure P.
We shall sometimes assume that we are given a measure p on A, and refer to the function

W :P(A) x Q — R defined by

W(A,w) = 3" w(e)v/ila)

a€A

as white noise over A. Although u and W are not really needed for the systematic de-
velopment of our theory, we shall occasionally use them to facilitate comparison to the
continuous theory.

By toy Fock space over A we shall simply mean the space L?(Q, P); i.e., the set of all
functions X : 2 — C with the norm

1X1 = QO 1X @)2Pw))*
For each A C A define a function x, :  — C by

T wia) A0
Xn(w) = {

(1'1) acA
ifA=0

Clearly, {x, : A C A} is an orthonormal set in L?(f2, P) and since its cardinality equals
the dimension of L?(f, P), it must be a basis. Hence any function X € L?(Q, P) can be
written uniquely as a sum

(1.2) X=> XAx,

ACA

where each X (A) is a complex number. We shall refer to this as the Walsh decomposition
of X - it is the discrete analogue of Wiener-It6.chaos.
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We are now ready to introduce the Wick product on L2(f, P). Intuitively the idea is that
we want an algebraic operation ¢ such that '

ifANB=0

1.3 o ={XAUB
(1:3) Xa® Xz 0 otherwise

If we extend by usual algebraic rules, we see that if X = > X(A)x, and Y =) Y (B)x;,
then Z = X oY should have Walsh decomposition Z = ) Z(C)x, where

(1.4) Z(C) =) {X(A)Y(B)AUB=C,AnB =0},

and this is what we take to be the official definition of the Wick product.

Remark: Note that if U is the ordinary product of X and Y, then U has Walsh compo-
nents

U(C) =) {X(A)Y(B)|AAB=C}.

Hence in one sense the Wick product is simpler than the ordinary product; to compute
Z(C) we only need to know the Walsh components X (A) and Y (B) for subsets of C, while
U(C) depends on all Walsh component of X and Y. The strategy of this paper will be to
exploit this feature of Wick multiplication systematically.

1.1 Example. An element X € L?(f, P) is called a stochastic integral if it is of the form
X = / X(s)dW(s) = _ X()W(s)

Using that W(s) = /u(s)x(s), the Wick product of two stochastic integrals is easily
computed:

( / X(s)dW(s)) o ( / Y (s)dW (s)) =
S X (6)VEEX(E) 0 3 Y () v EEx()
= /X(s)dW(s)-/Y(s)dW(s) —/X(s)Y(s)du(s)

Our first result is a trivial observation.
1.2 Lemma: (L?(, P),+,¢) is a commutative ring with unit element x, = 1

With a well-defined Wick product it is straightforward to define Wick polynomials. If

p(z1,-+,2k) = Y. Caz® is a complex polynomial in k variables (where
|a|=0
o = (a1, as,---,ar) run over multi-indices), we define an associated operator

p°: L2(Q) x --- x L?(Q) — L?(Q)
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by

(1.5) PPX1, -, Xk) = D caX7™ onn 0 Xp%,
Jee]=0

where, of course, X°* = X o--- ¢ X (n times) for every positive integer n, and X0 is the
constant 1.

Remark: Observe that it doesn’t make sense to write p®(X(w)) for p®(X)(w); the value
of p°(X) at w depends on the whole random variable X and not only on its value at w.

In order to express the Walsh decomposition of p®(Xi1,--+,Xk) in terms of the Walsh
decompositions of Xi,---, X, it is convenient to introduce the following notation. If
a = (a1, ++,ak) is a multi-index and A is a subset of A, let Po(A) be the family of all
sequences of sets

<{A§1):A§l)> T )Ag;)}a {A§,2)) v 7A2122)}> ) {Agk)a o aAg:c)}> _

where the sets Ag-i) are nonempty, disjoint subsets of A whose union is A. If a,, = 0, we
just let {Agm),- » ,A&’ZQ} be the empty set. We shall write < {A§i)} > as an abbreviation
of < {Ag.l): e 7Agtl1)}a T {Agk):' o >Agi)} >.

The zeroth order component X;(0) in the Walsh expansion X; = ) X;(A)x, will play
a particularly important part in the theory, and when it is convenient we shall denote it

simply by z;; hence X; =z; + Y Xi(A)x,-
A#D

1.3 Proposition. Let p(2) = p(21,-+,2k) = D caz® be a complex polynomial in k
variables, and let X1, ---, X be elements in L?(Q) with Walsh decomposition

Xi=zi+ Y Xi(A)x(A)
A#D

Then the Walsh decomposition p°(Xi,---,Xk) = > h(4)x(A) is given by

h(@) =p(z1, -, Zk)

and - for A # 0

A= S Daplar,ze)Xi(AD) - . X1(4AD)
(1.6) * <{A¥}>€eP.(4)

e X (AP L X (AR
where D, = 2aoar =%k

- al a2 &3
Oz 10z, %---0z




Proof: It is an elementary fact from algebra that if p(X1,-++, Xk) =D caX® is a complex

polynomial over a commutative ring R, then for any elements a;,---,ax € R
_ ap(ala ) ak) o
(1.7) p(Xl, T ,Xk) = ; a1| Ok (Xl a1)°‘1 t et (Xk - ak) k

If we apply this in our situation with a; = z; we get

aP\Z1," ", T a a
(1.8) P°(X1,-, Xe) = ) azi(' - k)(Xl £1)°% 0 -+ o (Xg — 7).

From the definition of the Wick product we have
(X1 —21)°* o (Xo — 22)°*2 0 -... - (X — k)%

= (O X1(A)x,) ™ o0 (D Xe(A)xa )™
(1.9) 470 470

—Salegl e S X (AD) - X (A)x(4),
A

<{A{}>€ePa(4)
and substituting this into (1.8) we prove the proposition.

For the convenience of the reader we include a proof of (1.7) in the one variable case (the
general case is similar, but notationally messy):

Since the binomial theorem holds in a commutative ring, we have

Z X" Z (X —a) + a)F

k=0 k=0
m k
=.Z Ck Z <z> (X —a)"aF™
_ i(X_a)ni k(k—1)---(k—n+1)cpa*™

n!

n=0 k=n

™ o) (g
=Z ()(X— )n

O

We can use Proposition 1.3 to extend our “functional calculus” from polynomials to ana-
lytic functions:

1.4 Definition: If f is analytic at (z1,---,zk), define

Q1) poCe X = Y 2 eI i o004 - e

o4




Note that since (X1 — z1)°® ¢ -0 (X — zx)° = 0 when |a| = a1 + - - - + ax > |A|, there
are no convergence problems.

1.5 Example. Let us compute exp®(X) when X is a stochastic integral X = Y X (s)W(s):

o0’ (X) = 30 2 X = 30 L (S X (W ()

n=0 """ n=0

o0
1 _
=Y = > X(51) oo - X(50)W(s1) - .. - W(s5)
n=0 (s1,°+58n)
s1,,sn distinct

= T[+X(&W(s)
SEA

Recall that W(s) = \/u(s)ws. If p(s) is very small (infinitesimal?), then

exp®(X) = [[ (1 + X ()W (s)) = e RA+X(OVule))
sEA
oJ X(9)aw(s)

o5 [ X3(s)ducs)

e XEOW()=3 D X2 ($)uls) _

2. Functional equations

Let a1, as, - - -,an be an enumeration of A. The space C* of complex-valued functions over
A is isomorphic to CV in an obvious way, and we shall move back and forth between the
two spaces without further ado. Let

F:CNxck-cVN

be an analytic function, and let ¥7,Y2,---,Y% : 2 — C be a (fixed) sequence of random
variables with means y1, 92, -,yx. We want to study the relationship between solutions
X1,X9,---,Xn of the stochastic functional equation

(21) FO(X17X21"')XNa},la"'aYk)=0)

and solutions z1,x2,---,zn of the deterministic equation

(22) F(-’L‘l)mQa"':xNayh'"ayk)=0

Note that a solution X = (Xi,---,Xy) of (2.1) may be thought of as a stochastic process
(or a random field) X : Ax Q@ — C.




The idea is sirriple: we want to determine the Walsh decompositions X; = ) X;(4)x(4)
of the solution of (2.1) by computing the Walsh decomposition of the left hand side of
(2.1), and solving the ensuing equations for X;(A).

According to Proposition 1.3, the Walsh decomposition of the i-th component of
Fo(Xl,"',XN,Y]_,"',Yk) is

Fo(X1,- -, XN, Y1, -+, Yk) =
Fi(z1,,IN: Y1, Yk)
(2.3) + Z{Z Z DoFi(z1,-+, 2N, Y1, - k) X1 (AL - -
A#£D « <{A;’.}>€PQ(A)
X1(AG) - V(AL Y x(4)

aN+k
By uniqueness of the Walsh decomposition, this means that X1,---, Xy is a solution of
(2.1) if and only if the following set of equations is satisfied:

(24) Fi(ml,"'amNayla"'ayk)=0

for A= 0, and for all other A,
(2.5) ‘
o> DaFimueanueu) Xa(AR) - X1 (AD) - Ve (AGHR) = 0
o <{Ai}>EPa(A) : .

This system is not as complicated as it may look at first glance. To see why, assume that
we have determined X;(B),---, Xn(B) for all proper subsets B of A. Then almost all the
terms in (2.5) are known; in fact, the only unknown quantities are the X;(A)-terms which
appear when D, = -5%. This structure becomes more evident if we rewrite (2.5) as

N oF,

Z'é;"(ml:"WxN;yh”"yk)Xj(A)
g=1 """
~ OF,
(2’6) =_Z 8y; (xla"':xNaylf")yk)yz(A)
=1

-3 S DoFi(z1,cccznsyn e v X1 (AR - Yi(ALHR),
lafo1 <{A}}>€EPa(A)

where all terms on the right hand side are known. Recalling that what we have is really a
system of equations - one for each value of the index 7 - we see that our unknown quantities
are the solutions of a very simple, linear system.

The strategy for finding the Walsh components of X = (X3, Xs,---, Xy) is now clear. We
first solve the deterministic equations (2.4). Using these solutions as an input, we can then
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solve (2.6) for all singletons A = {a;}. With these solutions we can solve (2.6) for all two
element sets A = {a;,a;}, and so on. We sum up our findings in the following theorem.

2.1 Theorem. Assumethat F : CV xC* — C¥ is an analytic function, and let Y3, -- -, Y% :
! — C be random variables with expectations 1, - -,yx respectively. Assume also that
the Jacobian matrix

8k  0F |,. OF
8z, dz2 oz N
(27) JF(.’L']_,"‘,xN,yl,"',yk):
9Fy 9Fy ... O9Fny
3:!:1 Oz ozn
is nonsingular. Then there is a one-to-one correspondence between solutions z1,---,zx of
the deterministic equation
(28) F(xla"'axN’yla"'ayk)=0
and solutions X3, ---, X n of the stochastic equation
(2.9) FO(XI,“',XN,Y’la”')Yk)=0.
I X 1
Given a solution z = | . | of (2.8), the corresponding solution X = : of (2.9) is
N X N
given by the following hierarchy of equations:
(2.10) X0)=z

and if X (B) has been determined for all proper subsets of A, then X (A) is given by

k
OF
X(A) = _JF(Ila' "7$N7y1a"'ayk')—l[§ :ayl (Ila,yk)yvl(A)
=1

(2.7)
+3 Y DaF(zy,u) Xi(AD) - Ye(ANR)]
%1 <{A4i}>€Pa(4)

lal>1
As an immediate consequence of the argument above, we have the following corollary:

2.2 Corollary: Assume that Yi,---,Yx and Zi,---,Zg are two sequences of random
variables with the same expectations (i.e. y; = z; for all 1). Fix a solution zj,---,zn of
the equation

(28) F(zla”')xNayl:"':yk)=0’
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and let Xj,--- ,-X ~ and Xi,---, XN be the corresponding solutions of

(29) - Fo(Xl)"HXNayrla'“:Yk):O
and
(210) FO(X1,°°',XN,Zl,'°',Zk)=0,

respectively. If Y/(B) = Z(B) for all B C A, then X(4) = X (4).
O

In the next two sections we shall take a brief look at some applications of the results above.
We emphasize that these sections are intended primarily as illustrations of the scope of
the method and not as systematic expositions of new theory.

3. Discrete It6-Wick equations

In this section we let
A= {0,1,2,'~',N},

and consider equations of the form

X(0)=XoeC

5.1) X(n+ 1) = X(n) + G°(X(n),n)At + H®(X (n),n) o w(n)VAt

where we think of At as a “small”, real number. Obviously, (3.1) is a discrete version of
the continuous It6-Wick equation

(3.2) X() = Xo+ / Go(X(s), 5)ds + / H(X(s), ) o dB(s)
0 0

Equation (3.1) has a unique solution obtained by induction, and our aim is to describe
this solution in terms of the general machinery developed above.

If we define F : CV*+1 x CN — CN*1 componentwise by
(3'3) FO(QTO;"',fL'N,yO,"',yN—l)=IL'0—X0
and, for 7 > 0,

Fi(.’Eo,- 3 IN,Yo, " ayN—l) =T; —Ti-1— G(xi_l,i - I)At

3.4
34 — H(zi—1,1— 1)yi-1 VAL,




we see that (3.1) is equivalent to
(3.5) ' Fo(X(0), -, X(N),w(0),---,w(N = 1)) =0,
which is exactly the kind of equation we studied in the preceding section.

In order to apply Theorem 2.1, we must first compute the Jacobian JF(zo,---,yn—1) and
its inverse. A simple calculation yields

( 1 0 0O -.---- 0\
—a 0
0 —ag 0
(3.6) JF(zo, -, ZN,Y0, " ,YN—-1) = 0 0 —as 1
\ 0 0 - —ay 1)
where
(3.7) a; =14 G'(zi_1,i— 1)At+ H'(zi—1,i — Dyim1VAL

(all derivatives will be with respect to the first variable). Since in our case y; = E(w(i)) =0,
we simply get

(38) a; =14+ G,(IL'.;_.l,’i - l)At.
The inverse of (3.6) is

1 o ----- 0\
ai .
1
(3.9 JF(zo, -, yn—1)"! = a1az as
aiazas asas as 1
a1a2 oo aN ...... aN 1)

We can now use Theorem 2.1 to compute the Walsh decomposition

(3.10) Xn=2n+ Y Xn(4)
AF#0

of the solution of (3.1). The deterministic part z,, is simply the solution of the equation

zo = Xo

3.11
(8.11) Tnt1 = Tn + G(Tn, n)At
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obtained by “turning off” the noise in (3.1). If X,,(B) is known for all B C A and
all m € A, then X,,(A) is given by equation (2.7). In the present setting this equation
simplifies substantially as many of the partial derivatives and most of the Y;(A)-terms are
zero, and after a few rearrangements, we end up with

(3.12)

Xn(4) =
n—1 n |A|

= I &> ¢¥(@mm) > Xm(A1) - X (Ar) At+
m=0 i=m+2 k=2 {A1,,Ax}EP(A)

n |A|—-1

+ Z H a; Z HO(z,,,m) Z Xm(B1) - ... - Xm(B)VAL,

ngf t=m+2 =0 {B1,,Bi}ePi1(A\{m})

™
where we have used the conventions that [] a; =1 and that
i=n+1

S ey {) o
{B1,+,Bo}€Po(A\{m}) v

Equation (3.12) may be simplified further. A simple induction argument on the size of
A shows that X,(A) = 0 unless n is larger than all the elements in A (this is also an
immediate consequence of the fact that X is a nonanticipating process). If we write [A4]
for the largest element in A, then (3.12) reduces to

Xn(A) =
n—1 n |A|
= Y ] «> 6¥@mm) Y Xm(A1) o Xm(AR)At+
(3.13) m=[A]+1 i=m+2 k=2 {A1,,Ax }EPK(A)
n |Al-1
+ H a; Z H(l)(x[A], [A]) Z X[A](Bl) S X[A](Bl)v At
i=[Al+2 =0 {B1,,Bi}ePi(A—{[A]})

when n > [A] (here Pr(A) denotes the set of all partitions of A with k partition classes).

This is still quite abstract, and it will be informative to work out what X,,(A) is when A
is a one or two element set. For a singleton {A} = j, we get immediately from (3.13) that

0 ifn<j
Xn({J}) = HzaiH(.’L‘j,j)\/A_t 1fn>_7
=54
Summing over all j, we see that the “first order” contribution to the Walsh chaos is
N N-1 n
(3.15) Yo XMy =Y Il wH)W0),
7=0 =0 i=j542
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where W (5) = x{j}V/At is white noise. Since

n n—1 "Z':]- G'(zi,3)At
H a; = H (14 G'(zs,1) At) = ei=i+t )

i=j+2 i=j+1
the continuous counterpart of the right hand side of (3.15) is
t

f G'(z,,r)dr
(3.16) /es H(zs,s)dB(s),
0
which “ought to be” the first order contribution to the Wiener-It6 chaos representation of
the solution to the stochastic differential eqution (3.2).

Turning to two element sets A = {p,q},p < ¢, we see from (3.13) that when n > g, then
n—1

Xulpgt = Y [ 66 @mm)Xn({p)Xm{a))At

m=q+1 i=m+2

+ I a:H'(zq, 9 X, ({p}) VAL
i=q+2
Using (3.14) to compute X, ({p}), Xm({¢}) and X,({p}), and substituting the results into
(3.17), we get

(3.17)

n—1
n{p7 q} - H a"cH(xPap) H azH(mq,Q> Z H as G( ) xmam)At2
i=p+2 i=q+2 m=q+1 i=m-+2
(3.18) .
+ H a;H' (z4,9) H a;H(zp, p)At
1=g+2 i=p+2

when n > ¢, and X, {p, ¢} = 0 when n < ¢. Summing over all p and g, we get the following
expression for the second order contribution to the Walsh chaos:

n—1q-—1 n—1
Z Z H a;H(zp, p) H a;H(zq,9)| Z H %G (zm, m)ALIW (p)W (q)
g=0 p=0i=p+2 i=q+2 m=q+1i=m+2
n—1q—1
+ Z Z H a'LH(xP:p) H azH(xQ) Q)W(p)W(Q)
g=0 p=0i=p+42 i=q+2

The continuous counterpart of this expression is

s t
K] t

¢ [ G (zu)du J ' (zu)du G (zo)dv
/(/ er H(z,,r)dB)es H(zs,s) [/ ex G (z,, u)du]dB,

0

t
fG"(:cu)du fG"(:zu)du i
/ ( / H(z,,r)dB,)es H(z,,s)dB,,
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which should therefore be the second order component of the solution of (3.2).

In principle we can continue in this way to obtain higher order components, but in practice
the computations soon become unwieldy; the third order term is a sum of ten iterated
integrals and can still be written down quite easily, but the fourth order component has
82 terms! ’

An alternative approach to (continuous) It6-Wick equations was developed in [3] and [4].
At the present stage it is not clear to us what the relationship between these two methods
is; in both cases the original stochastic equation is replaced by a family of deterministic
equations, but these deterministic equations are not the same in the two approaches! The
advantage of the method developed in the present paper is that the only nonlinear equation
we have to solve is the one obtained by turning off the noise in the given stochastic equation;
the main disadvantage is that the linear equations which we also have to solve, interact in
a quite complicated way. In the Hermite transform approach of [3] and [4] the nonlinear
equation is usually more difficult to solve, but there is no coupling between the equations.

4. Discrete Schrodinger operators with a random potential

Fix a “small”, positive number Az, and let A be a finite subset of the lattice
I'= {(klA:L', oo kaAx) : (k1,0 -, ka) € Z}

The interior A° of A consists of those elements in A whose nearest neighbors all belong to
A, and the boundary 8A is the rest, i.e. A = A\ A°. The discrete Laplacian A on A is
defined by

. 1 ) 1 .
(4.1) Au(i) = 75 (u(d) = 55 Z u(j))
JEN(%)
for all 7 € A°, where N(3) is the set of nearest neighbors of i.
Foreachi € A, let Y;, Z; : © — R be random variables with expectation y;, z{, respectively,

and assume that y; is positive for all 7+ € A°. We are interested in the boundary value
problem .

—AX(@)+Y;0X(1)=2Z; forieA°
X()=2; foriedA

If we introduce a function

(4.2)

F:CAxCcAxcArcA

by
EFi(z1, T YL 0 YA 215705 21A]) =
1 1
(4.3) = —'A"':;Q‘(-Ti ~ 54 > z)tuizi—z
JEN(3)

= —Az(i) + v:z()) — 2
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for 1 € A°, and ‘

(4.4) ‘ Fi(z1,-,21a) = Ti — %
for 1 € OA, we see that (4.2) is equivalent to

(4.5) F°(X1,---,2Zj5) = 0.

The Jacobian of F is just (the matrix corresponding to) the discrete Schrédinger operator
—A + y with boundary conditions z, and since y is positive, —A + y has an inverse G.

We are now ready to apply Theorem 2.1. If

Xi=zi+ »  Xi(A)x(4)
A#D

is the Walsh expansion of the solution of (4.2), then the deterministic part z is simply the
solution of the boundary value problem

—Az(i) +yizi =2z forie A°

4.6

(4.6) z; =2 forie€ OA,
and hence

4.7) z=Gz.

Since almost all partial derivatives of F are zero, the recurrence relation (2.7) is particularly
simple in this case; in fact

(4.8) Xi(A) ==Y G6,)zY5(4) - Z;(A)+ >, X;(B)Y;(A\B).
JEA 0GBGA

If we are willing to simplify the problem further, we can use (4.8) to obtain an explicit
expression for X;(A). Let us assume that Z is deterministic (i.e. Z; = 2; for all 7), and
that Y has the form Y; = y; + Y;x(¢), where Y € R. Then (4.8) turns into

49) X:{s} = —G(i,5)z;Y;

when A is a singleton, and

(4.10) X;(4) == G6NX;(A\ DY
JEA

when A has more than one element. If we play around with these two formulas, we are led
to the expression

Xi{jla T 7jk} =
@) - (Y1 e Yok > 25,00 G 5o(1)) CUo(1)s Jo@) - - - Cliotk—1)s Jo(k)
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where the sum is over all permulation o of the set {1,2,---,k}.

To prove (4.11) by induction, first observe that by (4.9) the formula holds for k¥ = 1.
Assume next that the formula holds for all sets of cardinality k, and let {j1,---,jk+1} be
a set of cardinality k£ + 1. By (4.10)

k+1
Xi{jla T ajk-l‘l} == ZG(Z’JZ)XJI (jl, v :jl, te 7jk+1)le
=1

where the hat above j; means that j; is not part of the expression. Using the induction
hypothesis, we get

X'i{jla T ajk+1} = (—1)k+1?.'7'1 Tt ?jk+1 X

(4.12) N . . .
X ZG(%Jz) ija,(k)G(Jla’]oz(l)) “ v s G0y (k=1)s Jor (k)
=1 gl

A

where for each [ o; runs over all permutations of the set {1,---,[,---, k+1}. By rearranging
(4.12) slightly, we get the expression we are looking for, and hence (4.11) is proved.

The full Walsh decomposition of X can now be written as

1A k
(413) Xi=zm+)Y (-1D* D 24G(0,51) - GUk-1,38) [ [ Vix{sn,- -, dx}
k=1 (1, Jk) EA* =1

For simplicity we have in this section worked with the Laplace operator, but it is clear
that the general method applies equally well to any other operator - even nonlinear ones
as long as we are able to “solve” the corresponding deterministic equation.

In [2] we have developed a different approach to problems of this kind (based on extensions
of the Hermite transform methods from [3] and [4]). As with the ordinary differential
equations in Section 3, the two methods lead to different kind of computations, and the
relationship between the two approaches is not at all clear.

Final remarks -

The purpose of this paper has been to point out the close relationship between stochastic
Wick equations and their associated determinstic equations in the discrete case. Since
nobody is very much interested in discrete Wick calculus for its own sake, our real aim
is to extend our approach to the continuous case, but this leads to difficult convergence
problems which we have so far not studied in any depth. We are particularly interested
in understanding the relationship between the approach in this paper and the Hermite
transform methods developed in [2], [3] and [4].
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