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Abstract

It is considered the multidimensional third order stochastic difference equation
A Xy o = f(Xn) + & , ne{2,....N—-1}, N>5

where X; € RY,d > 1, and {¢} is a sequence of d — dimensional independent random
vectors, with the Picard boundary condition

Xo=ag, X1 = a1, Xy = an, a; € R*, i=0,1,N.

We first prove that the boundary value problem admits a unique solution if f is a monotone
application. Moreover we are able to compute the density of the law of the solution if the
random vectors {£;} are absolutely continuous. Thanks to this explicit computation, in the
scalar case we prove that the process {(X,-, AXZ»,A2XZ-) 2 = 0,...,N — 2} is a Markov
chain if and only if f is affine and we provide a simple counterexample to show that a similar
strong condition does not hold in the multidimensional case.

*This paper was done while the author was visiting the University of Oslo with a CNR Grant No. 203.01.62




1 Introduction

Recently some authors have studied different types of stochastic differential- and difference
equations with boundary conditions (see e.g. [1], [5], [7]). Among those, the one dimensional

second order stochastic differential equation (SDE) with Dirichlet boundary condition (BC)

t €1[0,1]

Xy p(x ) -
dt? Brat ) T dt ]

(1.1)
Xo = a, Xl =b

has been studied by Nualart, Pardoux [8]. At the same time the discretized problem, equivalent
to (1.1), i.e. the one dimensional second order stochastic difference equation (SAE) with Dirichlet

boundary condition (BC)

A*Xpo1 + f(Xn) = &, 1<n<N-1
(1.2)

Xo=0,Xy =0
has been considered by Donati-Martin in [3] and, with a different technique, by Alabert, Nualart
in [1].

The result, common to (1.1) and (1.2), is the following: under suitable conditions (usually
monotonicity and regularity) over f, that ensure existence and uniqueness, the solution is a
Markov process (chain) if and only if f is an affine mapping.

To the best of our knowledge, the study of higher order SDE’s and SdE’s with BC is still
completely open and the present paper can be considered as a first step in the investigation of
these problems. We shall consider the third order SAE with Picard BC

A*Xnoy = f(X,) + &, 2<n<N-1

(1.3)
Xo = a0, X1 = a1, Xy = ay

where X; € IR? and {{} is a sequence of d - dimensional independent random vectors.
The particular choice of the BC will be justified in the following Remark 2.2. We shall prove
in Section 2 an existence and uniqueness result under monotonicity conditions over f. In the
third section we shall assume that the random vector (&,...,&n-1) is absolutely continuous
and we will be able to compute explicitly the density of the law of the solution (X»,...,Xn_1).
Thanks to this computation, in Section 4 we shall prove easily that in the scalar case the

solution comply with a suitable Markov condition (see Definition 4.2) if and only if f is an




affine mapping. Furthermore we shall prove that a similar strong dichotomy does not hold in
the multidimensional case.
Although the result is not surprising and has been obtained for other classes of similar
problems, the existence and uniqueness part involves new arguments. Furthermore the technique
that we use to study the Markov property of the solution, developed in [5], seams more direct
and simpler than those used in the previous papers on the second order equations [1] and [3].

The extension of the present results to higher order SAE with BC appears really difficult.

2 Existence and uniqueness
Let us consider the following third order SdE

(2.1) A X, 5 = f(Xo) + &, 2<n<N-1, N>3

where A3 X, _, def Xny1 — 33X, +3X,-1 — X,,_o is the third order difference operator,

veey

independent random vectors. Instead of the customary initial condition
(2.2) Xo =a,AX, = 8,AXy, =y , ap,7€cR?
we shall consider in the present paper the Picard BC

(2.3) Xo =ay, Xy =a,, Xy = ay , ag,a1,ay € R

Remark 2.1 Since in the difference case we have that AX, = X; — X, and A2X, =
Xy — 22X, + Xo, condition (2.2) is equivalent to fix the value of Xy, X1 and Xo.

Let M,,, denote the set of the m X n real matrices and let M, = M, ,. In the sequel we
shall say that a matrix A € M, is positive definite if z7A z > 0 for every z € IR*\{0},
even if A is not symmetric, and that is negative definite if —A is positive definite. Trivially
a positive (negative) definite matrix is non singular.

A simple computation shows that the problem of finding a sequence {Xj,..., Xy} satisfying
(2.1) - (2.3) is equivalent to determine a (N —2) d — dimensional vector X = (Xg, ... ,XN_I)
verifying
(2.4) AX +a = F(X) + ¢




where A € M(y_3) 4 is the matrix:

31 1 0 O 0 0
ST —31 1 O 0o 0
131 -31 I o o
(2:5) A=1 0 1 31 -31 0o o
0 0 0 0 . 31 I
0 0 0 0 ... 31 -31]

where I, O € M,; are the identity and zero matrices, respectively, «¢ is the (N —2)d

— dimensional vector (3a1 — ag,—a1,0, ... ,O,aN), where 0 is the d — dimensional zero
vector, F : RN-2 4 — RIN-2)d jg defined by F(X) = (f(XQ),f(Xg),...,f(XN_l))

and £ = (52,53,...,&\1_1). If we denote by B the symmetric part of the matrix A, i.e.
B =1 (.A + AT), a simple computation gives

61 —41 1 O - O O
41 61 —41 I - O O
I 41 61 —41 ... O O
(2.6) 2B =1 06 1 _41 61 o o
0 0 0 0 - 61 -dI
L0 0 0 0 .. —41 61 |

It is easy to see that the matrix —2 B is positive definite. In fact we have that —2 B can be

factorized as the product W W7, where W ¢ Mn_3) 4 is the following triangular matrix:




[ I 21 1 0 O 0 ]
O I -21 1 O O
O O I -21I O O
O O 0 o .- 1 =21
O O 0 o - 0 1 |

Since detW = 1, —2 B is positive definite and therefore A is negative definite.
We shall now prove an existence and uniqueness theorem for equation (2.4) under more
general assumptions and derive the result for (2.1) — (2.3) as an immediate corollary.

Let p€ IN, a,6 € IR? , and let us consider the following set of hypotheses:

A € M, is negative definite,
(H.1)
F : IR — IR? is a continuous and monotone map

(let us recall that a mapping F' is said to be monotone if
(F(z) - F(y), z—y) > 0, Va,ye R

where (-, -) denotes the scalar product in IRF).
The following result holds:

Theorem 2.1  Under (H.1), equation (2.4) admits a unique solution.

Proof:

Existence: Following the same lines of the proof of Lemma 3.1 in [1], we shall prove that, for
every & € IRP, there exists a vector X € IRP verifying equation (2.4). Let us fix £ € IR? and
define ¢(-): IRP — IR? by

Ye(X) = £ - AX + F(X) — a;

it will be sufficient to prove that there exists X, such that :(X;) = 0.




From the assumptions over F and over the matrix A we obtain:

<¢€(X)’X) = (5_0', X) + <—'AX’ X) + (F(X)7X>

(27) = (E-at F(O), X) + (~3 (A+AD)X, X) + (F(X) - F(0), X)

(\Y4

le-ax rof x| + ]

where A > 0 is the smallest eigenvalue of the matrix —3 (.A + .AT). From (2.7), we obtain
that there exists ¢ > 0 such that

(Ye(X), X) 20, VX, |X|| =6

and an immediate application of Lemma 4.3, pag. 54 in Lions [6] ensures that there exists X,
such that %¢(X¢) = 0.

Uniqueness: Let X and Y be two solutions of (2.4). We have

(2.8) AX-Y) - F(X)-F(Y) =0
and, by (H.1),
(2.9) AX-Y),X-Y) - (FX)-FY),X-Y) <0

if X # Y. This clearly implies that X = Y and the theorem is proved.
O

From Theorem 2.1 it is immediate to obtain the following result for the SAE with Picard BC
(2.1) - (2.3)

Corollary 2.1 If the map f in (2.1) is monotone, then (2.1) — (2.3) admits a unique

solution.

Remark 2.2 It is not difficult to see that a result similar to Corollary 2.1 holds considering
equation (2.1) with the Picard BC

(2.10) Xo = a0, Xyo1 = an-1, Xy = ay , ag,an_1,an € IR%.




We obtain in this case that (2.1) - (2.10) is equivalent to (2.4), where X = (Xl,...,XN_2>,
A is substituted by

[ 31 -31 I o --- 0 0
-1 31 -31 I --- O 0
o -1 3I -31 --- O 0
(2.11) A=1l0o o -1 31 - 0 o0
0 0 0 0 - 31 -3I
e 0 0 o - -1 31 |
and the vector a is substituted by o' = (—ao,O, ,O,aN_l,aN—3aN_1), From (.A-I-AT) =

- (.A’ + .A’T) we deduce that (2.1) — (2.10) admits a unique solution if —f is monotone.
On the other hand, if we consider the generic Picard BC

(212) Xo = ag , X; = a; y Xy = an , ao,ai,aNERd, 1 <i< N-1.

it is not difficult to prove that (2.1) — (2.12) is equivalent to (2.4), with X = (Xl,...,Xi_l,
Xi+1,...,XN_1) and the matriz A replaced by

B, O

A" =

oT B,
where By € M;i_yy ¢ is the submatriz of (2.11) formed by the first (i—1) d rows and columns,
By € M(n_i—1) 4 1s the submatriz of (2.5) formed by the first (N —i—1) d rows and columns
and O € M(_1) a(N-i-1) a 15 the zero matriz. In this case it is impossible to prove a result
similar to Theorem 2.1 and monotonicity conditions over f do not ensure uniqueness, even in
the linear case, where an explicit computation can be carried out.

To conclude notice that the same kind of restrictions in the Picard BC are present in many

papers on difference equations of order greater then 2 (see e.g. Peterson [9]).

Remark 2.3  Previous Theorem 2.1 and Corollary 2.1 provide an ezistence and uniqueness
result also for the forth order SAE with Picard BC
A4Xn—2:f(Xn)+€na 2<n<N-2

(2.13)
Xo = a, Xy = a, Xy_1 = ay-1, Xy = ay




where A* X,_» e Xpyo2 — 44X, +6X, —4X,_1 + Xp2. In fact it is not difficult to prove

that (2.13) is equivalent to (2.4) with A € M(n_3)a equal to the matriz —2B defined in (2.6),
a = ((lo - 4(11,(11,0, v ,O,GN_l,aN - 4aN_1) and F(X) = (f(Xz),f(X;;), ey f(XN_g)) .

Therefore it will be sufficient to assume that —f 1is a monotone map.

3 Absolute continuity

In this section we shall assume that the random vectors §; are absolutely continuous. Thanks
to this assumption, we shall prove that the law of the solution to (2.1) — (2.3) is itself absolutely
continuous and we shall compute explicitly its density. Again we shall consider first the problem
(2.4) and derive as a corollary the result for (2.1) - (2.3).

Let p € IN and, when (2.4) admits a unique solution X(£) for each £ fixed, let us denote by
® : IR? — IR? the map & +— X().

Lemma 3.1 Under (H.1), assuming that £ is an absolutely continuous p- dimensional
random vector with density A(-) and F € C'(IRF) , the unique solution X of (2.4) is an

absolutely continuous random vector with density

px(z) = A (®7'(2)) } det (A — VF(z)) ’ > 0, p— a.s.

Proof: It is sufficient to prove that & is a C' global diffeomorphism onto IRP. From
the monotonicity of F, we obtain that VF is non negative definite and therefore, by the
assumption on A, that det(A4 — VF(z)) # 0. This implies that ®~!, defined by

3 (z) = Az — F(z) + a.

is a C!' local diffeomorphism. It is immediate to check that @ is a bijection form IRP into

itself and the result is therefore proved.
m}

Let us now derive the result for the model (2.1) - (2.3) as a corollary of previous Lemma 3.1. We
shall denote here by & the application from IR into itself that maps & = (&, ... ,En—1)

into the unique solution to (2.1) — (2.3) and we shall make the following assumption:

{&,...,En-1} are independent d — dim. absolutely continuous r.v.’s
(H.2)
with densities A;(+) > 0 a.e., 2<i< N — 1, respectively.




Corollary 3.1  If f € C'(IR%) is monotone and {&,,...,En_1} satisfy (H.2), then the
unique solution of (2.1) — (2.3), X = (Xs,...,Xn-1), is an absolutely continuous random

vector with a.e. strictly positive density

N-1
px (T2, - LEN—1) = H Ai ($i+1 =3z + 31 — Ti_g — f(wi))
=2
(3.1)
N-1
X ! det Bi(fbi,...,Z'N_l)' y
=2
(ro = ag,z1 = a1,y = an) where, putting D(z) = —31— V f(z), the matriz — valued maps

B;’s are recursively defined by:
By-1(zn-1) = D(zn-1)
By_o(zn—2,2n-1) = D(zn-_2) — 3 Byli(en-1)

(3.2) <
Bi(ZEi,...,CL‘N_l) = D(Z‘,) — (3[ + Bi-_i_lz(ilii+2,...,$N_1)>

-1 .
XBi+1(xi+17"-a$N—1)7 'L:?,...,N—3

Proof:  The only nontrivial part is the computation of det(A — VF(z)), where here A is
the matrix defined in (2.5) and F(zs,...,2x-1) = (f(a:z), e ,f(mN_l)). We have

"Dz) I 0 0O - 0 0
ST D) 1 O 0 0
-1 31 D) I -+ O 0
A=VE@) = | o 1 31 D 0 0
0 0 0 0 . Dawa) I 3
0 0 0 0 - 31 Dn.) | |

and, by the assumption on A and f, that det(A — VF(z)) # 0. Applying a standard
procedure to compute explicitly the determinant of the matrix A — VF(z) (see e.g. [2]),
we obtain easily that it is equal to [],' det Bj(,...,Zy_1), where the matrices B;’s are

recursively defined by (3.2). Note that det B; # 0 because A — VF(z) is non singular.




4 Markov property

In the present section we want to investigate the Markov property of the solution to the Picard
boundary value problem (2.1) — (2.3). We first need to define the two Markov properties which

are relevant in our framework.

Definition 4.1 We shall say that a sequence of random vectors {Xo, e, X M} s a Markov
chain (Mc) if for every 0 < m < M, the o- fields o(Xo,...,Xpn-1) and o(Xmy1,---,Xnm)

are conditionally independent given o(X,,).

Definition 4.2  We shall say that a sequence of random vectors {Xo, e, X M} is a third-
order Markov chain (37— Mc) if the process {(X;,AX;,A?X;): ¢ = 0,...,.M -2} isa

Markov chain.

Let us recall an easy characterization of the Markov property in terms of a factorization

property.

Lemma 4.1  Let {XO,...,XM} be a sequence of r.v. and let X = (Xo,...,Xu) have an
absolutely continuous law with density po(@o,...,2x). Then {XO, .. .,XM} is a Mc if and only
if, for every 0 < m < M, there exist two measurable functions g1(zo,...,%m) and ga(Tm,...,Tpr)
~such that

po(Zoy. - yzp) = g1(oy-- s %m) 92(Tmy. -, Zar) a.e.

Let us consider, for a while, the initial value problem (2.1) — (2.2). It is immediate to prove that,
for each continuous application f, (2.1) — (2.2) admits a unique solution X = (Xg, e X N)
and, under (H.2), that X is absolutely continuous with density

N-1
PX(‘E?n---awN) = H )\i( Tip1 — 3T + 3Ti—1 — Ti—p — f(xz) )

i=2
(zo =0, ¢, =a+p, 23 =a+208+7). A natural question for the present problem is whether
or not the solution {X3, . ..,XN} is a 3"%— Mc. Since {(X;,AX;,A%2X,): i = 0,...,N -2}
is a Mc if and only if {(X;, X;41,Xiy2): ¢ = 0,...,N — 2} is a Mc, an easy application of
Lemma (4.1) gives that the solution to (2.1) — (2.2) is a 374~ Mc for every continuous map f.
Is the same result true in the case of the Picard boundary value problem (2.1) — (2.3) ?
The answer is negative in most cases and the reason lies in the fact that in general the determi-

nant that appears in (3.1) does not factorize. Anyway in the scalar case (i.e. d = 1) we can give
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a complete characterization of the problems, whose solution is a 3"4— Mc. In fact we shall prove
that in this case the process solution to (2.1) — (2.3) is a 37— Mc if and only if the application
f is affine. Conversely in the multidimensional case (i.e. d > 1) a similar strong dichotomy
does not hold, as it happens for other classes of SDE and SdE with BC already considered in
the literature (see e.g. [4]). This will be proved by means of a counterexample at the end of this
section.

Let us consider from now on (2.1) — (2.3) with d = 1. If f is monotone and (H.2) holds, we
have in this case that the unique solution X = (Xg, o X N—l) is an absolutely continuous
r.v. with a.e. strictly positive density (3.1), where the = B;’s, defined by (3.2), are here real -

valued maps. We are able now to prove the main result of the present paper:

Theorem 4.1  Let N > 7, f € C*(R), f'(z) > 0 for every z € IR and assume that
{&,...,En_1} satisfy (H.2). Denoting by {Xz,...,XN_l} the unique solution to (2.1) -
(2.3), {.Xg,...,XN_l} is a %= Mc if and only if f is an affine map.

Proof:  Thanks to hypotheses (H.2) and Lemma 4.1, {Xz, . ,XN_1} comply with (M) if

and only if, for each 2 < m < N — 3, there exist two measurable functions g;,g, such that

(4.1) px(T2,...,2n-1) = g1(T2y-- s Tmy2) G2(Tmy. ., TN_1) a.e.

Let us first assume that f is affine; from (3.1) - (3.2) we obtain that there exists a constant
K such that:

N-1
px(Ta, .., 2no1) = K H A ($i+1 —3z; + 331 — Ti_o — f(ﬂ?z))
=2
and (4.1) is satisfied.
Let us now assume that (4.1) holds and fix m = 3. Since the \;’s are strictly positive a.e.

and the B;’s in (3.1) are nonzero, we have that there exists two measurable functions Ay, hs

such that
(4.2) By(zg,...,xn_1) = hi(2a,...,25) ho(Ts,...,2N5-1) a.e.
Since

By(za,...,2n-1) = D(z3) — (3+B4'1(:c4,...,:vN_1)) By (z3,...,2n_1)

and D(-) is a strictly negative function, form (4.2) we obtain that

1 - D_l(il?z) (3+B4_1((B4,...,117N_1)> B3_1($3,...,CZIN_1)
(4.3)

= ill(alz,...,l"r,) h2($3,...,$N_1) a.e.

11




where h; = hy D=1, It is easy to prove (see [1] and [5]) that (4.3), joint with the regularity of
the function f, implies the following analytical property

(4.4) d%[p-l(@)] di%[(a+3;1(m4,...,xN_l)) B;'(zay...,en-1) | = 0.

Let us proceed by contradiction and assume that there exists T € IR such that f"(Z) # 0.
Without loss of generality we can assume that f”(Z) > 0 and that f is strictly increasing on

an open neighbourhood U of Z. From (4.4) and choosing z; = T, we obtain
d -1 -1
—[ (3+B4 (CE4,...,CI3N_1)) B3 ($3,...,.’EN_1) ] =0
d(I)G

for each (z3,...,zyx_1) € IRN~3. This implies that:

0 = diwa [ Ej'_s [ (34 B' (w4, ,n-1)) Bsi(ws,-.»2x-1) ] ]
(4.5) = di:ce [ f"l(;;;s) (3+ B;l(u,...,wN_l)) ]
= f'(z3) (3+B;1(w4,...,xN_1)) Ej—GBgZ.

Choosing now 3 = 7, from (4.5) we obtain

d
(46) (3 + le(ﬂh}, veey :EN—I)) %BS_2(T’ LTayeon ,iEN_l) =0 N \7’ (1134, e ,$N_1) € UN_4.
6
If Bij'=-3 on UM% we deduce that f”(z4) =0, V 24 € U, which leads to a contradiction.

By the regularity of B, we can therefore assume that there exist open subsets Vj,...,Vy_;
of U suchthat Bi'# —3on V,x - -x Vy_;. From (4.6) we deduce

d

%Bgz(f,!l}‘;,...,(l?]v_l) =0 Y (£B4,...,$N_1) €EVyX- - X Vn_1.
6

A simple computation shows, denoting ¢; = (3 + B 1), that

d _ . 2 f”(CEG) [Cs C7 Cy Cg
— B2 = -1 260 1%, o .
dil)a 3 Bg B4 B5 Bg B4 + B5 (1 T B4 >]

Again, since z¢ € V5 C U, we have

Cs Cg C7 C7
= (1 R
B4( * Bs)+Bs 0

12




and, differentiating with respect to z4, we obtain

Cs

B} Bs

f”(CC4) (B5 + c¢ 67) =0 Y (.’I?4,. .. ,CEN_l) eVyx oo X Vn_1.
As before we can assume that there exist open subsets W; CV; for ¢ =5,..., N —1 such that
Bs + cs¢cr = 0 V(IIJ5,...,£17N_1)EW5X"'XWN_l.

Differentiating now with respect to zs, we conclude that f“(z5) =0 for z5 € W5 C U, which

clearly leads to a contradiction.
a

Remark 4.1  Notice that, for each d > 1, if the application f is affine, then the solution
to (2.1) - (2.8) is a &9~ Mc. In fact, in this case, the matriz — value function D(z) =
—3I — Vf(z) is constant and therefore all the B;’s, defined in (3.2), are constants.

A simple generalization of the trivial sufficient condition of Remark 4.1 is that given by the

triangular case. Let us recall the definition of a triangular map (see [4]):

Definition 4.3 We say that a map f from IR® into itself is triangular if, for each
ie{l,...,d}, fi(z1,...,zq) depend only on the first i variables.

Let us now assume that the map f in (2.1) is triangular and belongs to C?. It is immediate
to see that in this case the Jacobian matrix Vf(z) is a lower triangular matrix (this property
justifies the name). Since the set of the lower triangular matrices is a ring, we obtain that the
matrices B;’s, defined in (3.2), are lower triangular and det B;(z;,...,zny-1) depends only
on % fm, for each m € {i,...,d}. Therefore, if every f; is linear in the last variable, i.e.
filzr,...,x) = oi(zy,...,zim1) + Bz (o = O)I,Va?d B; > 0, then (2.1) - (2.3) admits
a unique solution which trivially is a 3"9— Mc, being H | det B;| = const. Since in this case
the functions «;’s are completely free of constraint, thzizzclearly implies that it is impossible to

have in the multidimensional case a strong dichotomy similar to that of the scalar case.

13
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