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Introduction

In this paper I shall describe, or rather sketch, a non commutative defor-
mation theory, and show its relationship to the notion of quivers, and other
combinatorial invariants, in the theory of representations of Artin k-algebras,
and to the notion of almost split sequences in general.

I claim that the formal or local moduli in this non commutative context
will be of interest in many situations, for example in the study of singularities
in algebraic geometry.

The idea is very simple. Let k be a field and let a, denote the category
of r-pointed not necessarily commutative k-algebras R, for which R/r ~ k"
where r is the radical of R. For r = 1, there is an obvious inclusion of

categories
l g a

where [, as usual, denotes the category of commutative local artinian k-
algebras with residue field k.

Fix a not necessarily commutative k-algebra A and consider an A-module
M. The ordinary deformation functor

Defps : I — Sets

is then defined. Assuming Ext% (M, M) has finite k-dimension for i = 1,2, it
is well known, see [S] or [La2], that Defs has a noetherian prorepresenting
hull H, the formal moduli of M. Moreover H can be computed in terms of
Ext} (M, M), i = 1,2 and their matric Massey products, see [La2].

Notice that when A is a commutative local k-algebra with residue field
A/m =k, then the completion A is the formal moduli of the residue field k
considered as an A-module, see [La2].

In particular A may be reconstructed from Ext? (k, k), i = 1,2 and their
matric Massey products.

Consider, in the general case, a family V = {V;}!_; of A-modules. In §2
we shall define a deformation functor.

Defy : a, — Sets
generalizing the functor Def s above, retaining its main properties, such that:

(i) There exists a pro-object H(V) = H of a,, a prorepresenting hull of
the functor Defy, which we shall refer to as the formal moduli of V.

(ii) H can be computed in terms of the system of Ext-spaces
Exty(Vi,Vj), l=1,2, 4,5 =1,--,r,

and their matric Massey products.




(iii) There exists a formal versal family of H®A-modules V which, when
algebraic, describes the system of deformations of the individual V;’s
and their incidences, etc.

(iv) If A is an object of a,, and if V = {k;}]_; is the family of simple
A-modules, i.e. such that A/r ~ [] k;, then A ~ H(V).
i=1

Applying this deformation theory to the case where A is hereditary, we ob-
serve that quite a few of the known results on such algebras can be deduced
rather easily from general principles. This holds in particular for the classifi-
cation of algebras of finite representation type, their Gabriel quiver structure
and the properties of the corresponding quadratic forms, see e.g. [G], and §1
and §2, below.

In general, the Auslander-Reiten quiver relates to the tangent structure
of H(V) in the following way, see §3:

There exists in the non commutative deformation theory an obvious anal-
ogy to the notion of prorepresenting (modular) substratum H of the formal
moduli H, on which the construction of the local moduli suite in the commu-
tative case, is based, see [La-Pf]. The tangent space to of Hp is determined
by a family of subspaces

to(i, j) = Bxty(Vi,V;) C Bxthy(Vi,V;),  i#J

the elements of which should be called the almost split extensions (sequences)
relative to V, and by a subspace,

to(A) C [[Exty(Vi, Vi)

which is the tangent space of the deformation functor of the full subcategory
of the category of A-modules generated by the family {V;}I_,. f V = {V;}I_,
is the set of all indecomposables of some “natural” category of A-modules,
say maximal Cohen-Macaulay, and if

(i) Enda(V;) is a local k-algebra fori =1,---,r
(ii) dimgExt}y(V;,V;) < oo fori,j=1,---,r.

then we show that the above notion of “almost split sequence” coincides with
that of Auslander.

The notion of A.-R. quiver then turns out to correspond to an incidence
diagram for modular deformations. Observe that, in general, the k-algebra
H, and its corresponding modular family Vs contains much more information
than what may be deduced from the tangent level.

This paper is a corrected and slightly extended version of a preliminary
manuscript written and circulated in 1988. The ideas of that manuscript have




been the basis for a couple of Master theses at the Mathematics Department
of the University of Oslo.

In particular Runar Ile has in his Masters theses, Oslo 1990, computed the
non-commutative deformations for some classes of Maximal Cohen-Macaulay-
modules over the simple singularities, restricting to one-member families {V'},
and Arvid Sigveland has in his Master theses, Oslo 1990, done nice calcu-
lations on the formal moduli, in the commutative situation, for the MCM-
modules for Eg (curve case). These results will, hopefully, occur shortly in
these Preprint Series.

1 Preliminaries on deformations of modules

1.1 Formal moduli

Let k£ be an algebraically closed field of characteristic 0. Given a k-algebra
A and an A-module M, we may consider the deformation functor

Defps : 1 — Sets

where [ is the category of local artinian k-algebras s with residue field k, i.e.
such that dimgs is finite. In [La2] we prove that, when

dimg Exty (M, M) < oo, i=1,2

there exists a complete local k-algebra H” determined by a family of partially
defined matric Massey products

Q) Exth (M, M)- — Ext3(M, M),

which is a prorepresenting hull for Defys, i.e. such that there is a surjective
smooth morphism of functors

p : Mor(H", —) — Defy
inducing an isomorphism on the tangent level, i.e. such that
p(k[e]) : Mor(H", k[e]) = ety (kle])

Notice that we may identify Mor(H",kl[e]) with the Zariski tangent space
tg ~ (m/m?* where m is the maximal ideal of H”, and we may identify
Defp(k[e]) with Extl (M, M). There is no requirement of commutativity in
this set-up. Therefore A may very well be a non commutative k-algebra. If
it is, we shall agree to consider only right A-modules M.

Observe that corresponding to the identity 15 € Morg(H”, H) there
exists the formal versal family M" = { M, }n>1, where each M,, is a deforma-
tion of M to H/m", i.e. an H/m"™ ®; A-module, flat as an H/m"-module,
such that M ~ k @y M,,.




1.2 The Kodaira-Spencer morphism

Let S be any commutative k-algebra and consider any S ®; A-module M.
There exists a Kodaira-Spencer morphism

g : Derg(S) — ExtllstkA(Ms,Ms)

as explained in [La-Pf] §3. Explicitely, g is given as follows. Consider an
S ® A-free resolution L of Mg with differential d. Given any D € Der(S),
we obtain

0= D(d-d)=D(d)-d+d- D(d)
It turns out that the element
{(~1)'D(d)} € Homggu(L.,L.)
is a cocycle in the Yoneda complex Homgg 4 (L., L.), which defines an element
g(D) € Extgga(Ms, Ms).
Obviously, if g(D) = 0, then
D(d)=d-n+(-1)"n-d
for some n = {y;} € Hom3g (L., L.). This n induces an isomorphism
id + ne € Homgpjea(Msle], Ms(e])
which is id + De : S[e] — S[e] linear. This, incidentally, proves that
D — g(D) = {D(d:)}
is the Kodaira-Spencer map and provides us with a neat way of computing

g.
Now, given any two A-modules M and N such that ExtY% (M, N) = 0 for
i > 0 and e; = dimgExt’ (M, N) < oo for all i > 0. Put

X(M,N) := zr:(—1)ie,-

i=1

Suppose there is a family V = {V;}7_, of A-modules such that each pair V;, V;
satisfy the conditions above, and suppose M is constructed by successive
extensions using z; times the module V;, then

X(M):=X(M,M)= 3 z;-2;X(V;,V;)
1,j=1
Definition In the situation above, we shall denote by

qav =(q
the quadratic form

qv(M,N)=X(M,N)+ X(N,M).




In particular we find, with the notations above, that gy (M, M) =2z2X (V;, V;)+
=1,y Tit T X (Vi, V;). This, type II, form will be called the quadratic form
associated to V.

1.3 Algebraization of the formal versal family

Going back to the situation of (1.1), we shall say that a pointed k-algebra
H of finite type and a H ®; A-module M is an algebraization of the formal
versal family if for every n there is an isomorphism of projective systems,

(H/m?) @y M = M,

where my is the maximal ideal corresponding to the base point of H. Using
Artins approximation theorem we may easily prove the following.

Proposition If A is a graded Noetherian or an Artinian k-algebra, M is
an A-module of finite type and of finite projective dimension such that

(i) dimg Exty (M, M) <oo, i=1,2,
(ii) All sufficiently high order Massey products are zero.
Then there is an algebraization of the formal versal family of M.

Proof: In this case there exists a pointed k-algebra of finite type H, such
that H”, the completion of H is the formal moduli, see [La2]. Let L". be
a finite free resolution of the formal versal family, i.e. such that L*.: 0 —
(HRA)me+t - — (HM@ A)™ _, — M" — 0 is an exact sequence.

Since the pequadzlons of matrices dp - d; = 0 have solutions in H A, there
are solutions in the Henselization H providing us with the resolutlon L. of
an algebraization M of MA. QED

Corollary Let A be a finite dimensional hereditary k-algebra and let M be
any finite type A-module. Then there is an algebraic miniversal deformation
M of M with base space H = Spec(H) such that H = Sym, (Ext}, (M, M)*) ~
k[t1,. .., te,].

Proof: Let 0 — L, 4, Lo — M — 0 be an A-free resolution of M. Then
Exty (M, M) ~ Homu(Ly, Lo)/(imd, 4+ imd*) where d. : Homa(L1,L;) —
Hom4 (L4, Lo) and d* : Homa (Lo, Lo) — Homy (L4, Lo) are the obvious mor-
phisms. Pick a basis {t],...,t}, } of Exty(M, M) represented as morphisms
&, ..., &, of Homa(Ly, Lo). Consider the morphism

d: H®p L — HQ Lo
defined by

~ €1

d=idH®d+Zti§i .

i=1
By the general theory H = cokerd is a miniversal deformation of M in a
neighborhood of 0 € H. QED




Remark Let, from now on, H be an affine open subset of this universal
base space, containing 0 and on which d has maximal rank. We may assume
H = k[ty,...,te,](s) for some s € k[t,..., %], s(0) # 0. There is an exact
sequence of H ®; A-modules

0o H@ L5 H®pLo— M —0

Since d has maximal rank everywhere on H we find for every ¢t € H an exact
sequence of A-modules.

0—>L1ﬂ>L0-—>M(t)—>0

In particular dimg M (t) = dimg Lo — dimy L, is constant. There is a com-
mutative diagram of exact sequences

O-AEndygkA(M) — Hompgg, 4 (H ®k Lo, ]Ti) — Hom gg, 4 (H® L1, M) —>Ext}{®kA(M, H) —0
l l ! »l
0—Enda(M(t)) »Homa(H®x Lo, M(t)) » Hom o (H® Ly, M(t)) — ExtYy (M (t), M(t)) —0

Since Ext?, = 0 for i > 2, the vertical map ¥ is onto and the Snakes lemma
produces a long exact sequence

0 — Hompg, 4(M, my - M) — End e, 4(M) — Enda(M(t))
— Extlyg, 4(M,my - M) — Extlg, 4(M, M) — Exty(M(t), M(t)) — 0

from which we read off that

X(M(t) =X(M) forallte H.

Recall the following

Definition The A-module M is called rigid if Ext} (M, M) = 0.

1.4 Local moduli and the conditions (4;), (42) and (V)
In [La-Pf] we prove that under the conditions,
(A1) There exists an algebraization (H, M ) of the formal versal family.

(A2) This (mini-) versal family is formally versal in a neighborhood of the
base point.

(V") Essentially saying that Ext% (M, M) = 0, implying that H is nonsingu-
lar.




there exists a local moduli suite for M, i.e. a family of algebraic spaces
{M,}L, where e; = dimyExth(M,M),
the points of which classify the isomorphism classes of the A-modules
{M(t) = k(t) ®u M|t € Spec(H) = H}

up to a finite — to — one correspondence.

The construction of this moduli suite depends upon the notion of modu-
lar, or prorepresentable, substratum of H”. This is a closed subscheme
H{ C H", maximal with respect to the following property: In the commu-
tative diagram of functors on I,

Mor(H", -)
\
DefM
/

MOI'(Hé\, _)

the morphism py is injective.

It is obvious that the Lie-algebra Ends(M) operates on Exty(M, M). In
[La-Pf] §2, we prove the following.

Proposition The tangent space ty, of H} coincides with the subspace
Exth (M, M)ErdaMM) — (¢ e Extl (M, M) | V¢ € Ends(M), ¢€ — £ = 0}.
of the tangent space ty = Ext} (M, M) of H".

Assume for a moment that there exists an algebraization (H, M) of the
formal versal family of M. It is then reasonable to make the following.

Definition M is said to be of simple deformation type, if for all t € H, in
a neighborhood of the base point, Ho(M(t)) ~ k.

Proposition Suppose M is not rigid, and
(i) Ends(M) is a local k-algebra
(i) dimzExty(M,M) < oo
Then tgy, # 0, so M is not of simple deformation type.

Proof: As Lie-algebra End4(M) acts nilpotentely on Ext} (M, M). There-
fore by Engels theorem

ty, = Extl (M, M)Erda() £ ¢,
QED




Proposition Assume the conditions (4;),(A2) and (V') above and let
(H, M) be an algebraization of the formal versal family of M. Suppose
End4(M) = k. Then

(1) M is indecomposable

(2) Ho=H in a neighborhood of the base point, and for every t€ H, M (t)
is indecomposable with Ends(M (t)) = k.

Proof: Since Enda(M) = k it is easy to see that the natural map H}' =
Endy g4(M]) is an isomorphism, and that H{, = H], this follows from
Schlessinger [Sch].

Now consider the Kodaira-Spencer map
9 : Dery(H) — Ext}g, o(M, M)

and let V =kerg.

Then, by (3.12) [La-Pf], the modular substratum Hy C H is the closed
subscheme along which V' vanish. Since H§, = H[', H, contains an open
neighborhood of *, and we may, as well, assume this to be H. Therefore H
is modular. But then the morphism

Endpga(M) — Enda(M(t), M(t))
is surjective for all t € H. Moreover the completion of the natural morphism
H — Endyga(M)

is an isomorphism. _
As our assumptions imply that Endgga(M) is an H-module of finite
type, this again implies that for some neighborhood of *,

Endyea(M) = H
and the Proposition follows. QED

In [La-Pf], §3, we construct the room M. of the local moduli suite by
glueing together local representatives of the H o’s corresponding to those
M(t), t € H such that,

er(t) == dimy Exty(M(t), M(t)) = .
This is possible in the étale topology, but not necessarily in the Zariski topol-

ogy.
Notice that the following result is slightly different from the above.




Corollary Suppose (4;), (A2) and (V') hold. Suppose moreover that

Endy (M) =k and that Extl(M, M)#0 (i.e. M is not rigid). Then there
exists an infinite modular family of deformations of M. In particular there ex-
ists an infinite number of isomorphism classes of indecomposable A-modules.

Proof: _Since by the above Proposition, Hy = H" for every module in the
family M (t), it follows from [La-Pf] §3, that dim M. = dim; Ext}, (M, M) >1.
The rest follows from the:

Proposition Let (M , H) be a modular family of A-modules, such that all
geometric fibers M (t) are isomorphic. Then H is finite, i.e. H is artinian.

Proof: Suppose H is not finite, then there exists a valuation ring O and
a surjective homomorphism H — O. By modularity the Kodaira-Spencer
morphism - . .

g: Derk(O) — Ext0®kA(M ®H O M ®H 0)
is injective. Let K be the field of quotients of O and let k C 2 be any big
enough algebraically closed field extension. Then (M ®g0) R = M®yQ
is the generic fiber of M which by assumption is isomorphic to M ®; 2, M
being the fiber of M at the center of O. But this is a contradiction, since
tensorizing g with K on O, we find a commutative diagram

g : Der(0) ——>Extbg, 4(M ®y O, M ®y O)

!

9k : Deri(K) — Extke, 4(M ®1 K, M ®y K)

In which gx must be injective. However tensorization by Q2 on K gives us a
morphism of Q2-vectorspaces

an: Derk(K) Rk Q— EXt}Z@;,A(M R Q, M Ry Q)

which must be zero since M R N~ M Q@ S is a “constant” family.
QED

Proposition Let A be an artinian k-algebra. Suppose A is hereditary and
that there exists an A-module M with X(M) < 0, (¢(M) < 0) then there
exists an infinite family of indecomposable modules.

Proof: Consider the algebraic miniversal family M of M. There are two
cases. Either M is modular, therefore infinite, or it is not. Suppose M modu-
lar and suppose M ~ M; @ Ma, M;#0, M2#0. Then Ext (M;, M;)=0 for
i#j. Otherwise the endomorphisms (1y,,0) and (0, 1ps,) in End4(M; & Ma)
acts nontrivially on the components Ext}(M;, M;), i # j of Exty(M, M),
which would contradict modularity. Therefore

Ethlq(M, M) = Ethlq(Ml, Ml) &) EXth(Mg, Mz) .

9




But then M ~ M, ® M, and we must have X(M;) < 0 for at least one
1=1,2. Moreover dimy M; <dim M, i=1,2. Assume that M is not modu-
lar. Then there is a deformation M1 of M such that dimy Extl (M, M;) =
min{dimy, ExtA(MQ M(t)) | t € H}. Since X(M,;) = X(M) < 0 the mini-
versal base H; of M, is nontrivial, and since M is formally versal on H, Ml
is modular. But then either M, is indecomposable or we produce one module
M,, dimg M, < dimg M; with X(M;) < 0, and we keep going. This proves
the Proposition. QED

1.5 Examples. Hereditary algebras, Gabriel quivers
and the associated quadratic form

Let A be any finite category of global dimension < 1, say a quiver in the
sense of Gabriel, see [G], or an ordered set. Put A = k[A], then the category
of A-modules is equivalent to the category of presheaves of k-vectorspaces on
A. Let M be such a presheaf of finite dimensional k-vectorspaces.

The conditions (4;), (A2) and (V') of (1.4) obviously hold in this case.

In particular let for every A € A, ky be the presheaf defined by kx(\) =0
if N # X\ kx(A) = k. Then the family of simple A = k[A]-modules, or the
family of irreducible representations of A, is {kx}rea-

One checks that the associated quadratic form X is exactly the quadratic
form of the quiver considered in the literature, see [G].

Now suppose M is a rigid indecomposable A-module. Then obviously

X(M) = 60—61:1.
qv(M) = 2.

In fact if we pick for every A € A a k-vectorspace L()\) then we know
from [Lal] that the projective system on A, i.e. the k[A]-module defined by

Ly = H L(\)
N>
with obvious inclusion morphisms

LM g LAz

if A1 > A9, is a projective object in the abelian category of projective systems
(presheves) on A. From this follows immediately,

Proposition Let A be an ordered set and A\, \p € A then

0 if Ay #A
Homya) (kay, kxe) = {k if /\i—i)\z

{ k if A\; > A2 and minimally such.

Ethlc[A] (kass ko) 0 otherwise

Extﬁ[A]( bxs, xy) { 0 unless A contains a loop.

k if {N € A|]A; > N > A2} is a simple loop.

10




Remark Given the k-algebra k[A] we easily recover the ordered structure
of A, by simply considering the irreducible (simple) k[A]-modules V; = k,
and then computing the Ext,lc[A](V,-, V;). This however presupposes that we
know that k[A] is the k-algebra of some ordered set.

The full characterization, given in (2.4) relies on the Massey product
structure of the V;’s.

It is now easy to prove the structure theorem of Gabriel for finite repre-
sentation type k-algebras of the form k[A]. In fact consider the ordered set
A:

4
[o] o
10 <— i —>o05 corresponding to the quiver 0o— cl> —o
3
[e] o
2

and the corresponding forms:

1 0 0 0 0O 2 0 -1 0 O
0 1 0 0 O 0o 2 -1 -1 -1
X:|-1 -1 1 -1 -1 g:|-1 -1 2 0 0
0 0 0 1 o0 0 -1 0 2 O
0o 0 0 0 1 o -1 0o 0 2

X has a positive zero (1,1,2,1,1) corresponding to the module M = k; @
k2@k§@k4®k5.

By the above Proposition this shows that k[A] does not have finite .
representation type: In the same way we list the other relevant ordered sets:

3
A 0—304—o—30é—o0
1 2 6 7
!
o4
T
o5
rt -1 0 0 0 0 07
0 1 0 0 O O O
0 -11 -1 0 -1 0
X 0 0 0 1 0 0 O
0 0 0 -11 0 O
0 0 0 0 O 1 O
L0 0 0 0 0 -1 1.

X has a positive zero (1,2,3,2,1,2,1), so k[A] does not have finite represen-
tation type.

A: O— 00— 0 —>0¢—0——>0+—0

(e}

11
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OO OOOO0o
OO OOOOO
_ OO0 0O0OOO0O

OO OCOOOOoO
| |
OOOOOHHH
[ NeNeNeNeN gl e Nl
|
—

X has a positive zero (1,2,3,4,2,3,2,1), so l[[A] does not have finite repre-
sentation type.

Ey=A: 0—0—3+0+—0—>0—0—>0+—0
o

1 0 0 0 0 0 0 0 07

0 10 -10 0 0 O O

-1 01 -1 0 0 0 0 O

0 00 1 0 O O O O
X:/!0 00 -11 -10 0 O
0O 00 0 O 1 0 O O

0o 00 0 0 -11-10

0O 00 0 O O O 1 O

L0 00 O O O 0 -1 1.

X has a positive zero (2,3,4,6,5,4,3,2,1), so k[A] does not have finite rep-
resentation type.

Es=A: ?_2_3.—8—8-—3—8

(o]

2
-1 00 0 0 0 0 07 2 0 -1 0 0 0 0 07
0 10 -1 0 0 0 0 0 2 0 -1 0 0 0 0
101 -10 0 0 0 -1 0 2 -1 0 0 0 O
y. |0 00 1 00 00 0 -1 -1 2 -1 0 0 0
‘1o o0 -11-10 90| o o 0o -1 2 -1 0 0
0 00 0 0 1 0 0 0 0 0 0 -1 2 -1 0
0 00 0 0 -1 1 -1 0o 0 0 0 0 -1 2 -1
0o 00 0 0 0 0 1. lo o o 0 0 0 -1 2.

We know that q¢ = I's is nondegenerate of type II, see [Serre]. This means
of course that ¢ has no positive zeros. From the results above it follows that
the k[A]’s corresponding to quivers of the form Ay, Dy, or E, E7, Eg are the
only algebras of this form which are hereditary and of finite representation
type.

This is Gabriels classification theorem, see [G], or [R].

Given a category C, see [La2] for the definition of the category Mor C
and the complex D*(C, —).

12




Theorem Let A be an ordered set and F' a k[A]-bimodule. Then
F(Ah >\2) =€) - F. Exg
is a presheaf F on Mor A and we have the canonical isomorphism

HH*(k[A], F) ~ H*(D*(A, F)) = lim ®F .

Mor A

Proof of Theorem: Consider the Hochschild comples CH* = CH*(k[A], F)
and a cocycle £ € CHP. Let ¢; = (\; > \;) be the generators of k[A]. Assume
Yi - Yip1 = 0, i.e. A\i # A, and consider the

£(¢1)"'7wp):&.(wl)'"1¢'i1¢i+1)"'7¢ﬂ7)'
Let & = 1y, = (M > X) and €] = 1}, = (A} > X]) and evaluate d§ on
(’djl)"‘7¢i1€i7'¢i+17"'5,¢P)3
d&(wl)" .. 1w’iaeia¢i+17 KR 7¢P) = w1£(¢2’ LR ’¢i1eia¢i+17 oo 7’(:017)

i—1
+3 (1Y €@, - -, W5 Yig1s Wi €y i, -, UPp)
j=1
+(_1)z§(,¢1, s >’¢‘i>'¢i+17 LRI 7¢P)
p—1
+ Z (_1)j+1§(¢17 oo 7'¢'i:e'i7,¢‘i+1’ co 7¢j * wj+17 coe 7"»017)

j=itl
+(“1)p+1§(¢1, s 7"[}11751'-: ¢i+17 e 1¢P—1)¢p

From this and from the symmetrical formula, i.e. the one we get by con-
sidering d§ evaluated on (v1,...,%i,€ 41, %it1,..., %), we deduce that if
Y;ivi1 = 0 we may write

§(¢l’ see :’d)‘i:’d)’i+1" .. 7¢P)

as a sum of £ evaluated on strings with one more composable identity ;.

Continuing, repeating this procedure we see that £(¢1, . . ., ¥i, Yit1, . - -, Up)
is a sum of £ evaluated at composable strings of elements, and this in such a
way that £ obviously is determined by its values on such composable strings.
Moreover we see that df(¢1,...,%p,€,) = 0 implies that £(¢y,...,14p) =
£(t1,. .., ¥p)ey+ asum of £ evaluated at strings of the type (¢4, ...,9%;,_;,€,).
Since &(g;, €, - - - , &) € € Fe€;, this and the dual evaluation implies that

EWr,.., %) € 1Fe).

But then the inclusion D*(A, F') C CH*(k[A], F') induces an isomorphism in
cohomology. QED

Corollary If M and N are two modules on k[A] (left or right) then
Homg(M),, N»,) defines a presheaf Homy (M, N) on Mor(A) and
Exti (M, N) = lim ®Homy (M, N).

Mor A
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Example Let A= A;: 63 38
1 2
[e] (o] o]
N/ \/
o o
N/
o

w

Mor A is then I’

Consider k; and k2 and let us compute
Homy(ki, k)
as a presheaf on MorA =T.

.. 0 1#1 j £ 2
Homk(kl7k2)(27.7):{ k Z—il or giz

so, together with an injective resolution, it looks like
0o 0 0 k kK 0 kK k 0
N/ \/ \N/\/ \N/\/
kK 0 — k 0O — 0 0
\ / \ / \ /
0 0 0

—s 0

R*:0 —

Recall
lim WF = Extp(k, F) = H'(im(R)) = k ® k/{(@,)) = k
T r

And obviously
lim @F = Homr(k, F) = H°(lim R’) = 0.
r r

as it should.

Corollary Global dimk[A] < dim Mor A.

Proof: Global dim k[A] = min{n | Extj§] = 0}. Since

dim Mor A = min {m| lim ™t = 0}

—
Mor A

the Corollary follows from the above results. QED

Corollary Suppose A = k[A] has finite representation type. Let M be an
indecomposable A-module, put

M = (z)ren, Where for A € A, M(X) = k®*, then g(z)) = 2.

Conversely, given a vector (zx)aea such that g(z») = 2, then there exists an
indecomposable A-module M with vector (z»).

14




Proof:  See [G] or observe that the only statement that needs a proof is the
last one.

Take My = @k}*. Since A is supposed to be of global dimension < 1, and
has finite representation type, we may show that there exists a rigidification
of Mp. Call this M. Since X(M) = X(Mo) = 1, Enda(M) = k and M is
indecomposable, obviously with ¢(z,) = 2X(M) = 2.

2 Non commutative deformations

2.1 The category a,, test algebras and liftings of mod-
~ ules

Let a, be the category of “r-pointed” Artinian k-algebras. An object R of
a, is a pair of morphism of Artinian k-algebras k” — R — k" such that the
composition is the identity and such that

R/T(R)’_\_‘Hk], kjﬁk
j=1

where r(R) is the radical of R. A morphism ¢ : R — S of a, is a morphism
of k-algebras inducing the identity on k", i.e. such that
k"~ R/r(R) — S/r(S) ~ k",

is the identity. Pick idempotents e; € R such that
r .
de=1, eie; = 0 if i # ;.
i=1

Then, for every (i, j), we shall consider the subspace R;; = e;Re; C R, and
the pairing
Rij ®k Rjr — Rix

given in terms of the multiplication in R.

Let

R = (Ry)

be the matrix algebra, the elements of which are matrices of the form
(€:5)

with e;; € Rij, 1,7 = 1,---,r. There is an obvious homomorphism of k-
algebras

j:R— R
defined by

j(@) = (eice;).

15




r
Since 1 = 3 ¢; it is clear that j is an isomorphism.

i=1

Now, for any pair (i,5), i,j =1,...,r, consider the symbol e;;, and let’s
agree to put all products of such symbols equal to zero. Then we define the
(i,7)-test algebra R(4,7) as the matrix algebra

J
k : 0
R('L‘,j)zi k'fij for i# j
0 : k
J
k : 0
R@,i)= |-+ klez] -- fori=3
0 : k

Denote by HH'(A,—) the Hochschild cohomology of the k-algebra A. If W
is an A-bimodule denote by Deri(A, W) the k-vectorspace of derivations of
Ain W. Thus ¢ € Dery(A,W) is a linear map from A to W such that

P(ay - az) = a19¥(az) + ¥(a1)as.

In particular, any element w € W determines a derivation i(w) € Der (A, W)
defined by i(w)(a) = aw — wa. There is an exact sequence

0 — HH°(A,W) = W — Dery(A,W) —» HH'(A,W) — 0
If V;, V; are right A-modules, then
Wij = Homg(V;, V) = Vi @ Vj

is an A-bimodule. In fact if ¢ € Wi;, then a¢ is defined by (a¢)(v) = #(va),
and ¢a is defined by (¢a)(v) = ¢(v)a.

Moreover, it is easy to see that
HHO(Aa Vi* ® VJ) = HomA(Vi7 VJ)

HH'(A,V;' ® V;) = Exty (Vi, V).

Fix from now on a family V = {V;}_, of right A-modules, and consider for
every 1 € Derg(A, V;* ® V;) the left R(i, j)-module and right A-module

J
Vl .
il - Vi oo &Y
Vii(¥) = v
J
74

16




defined by

v
1 %5 ca= via
Vj J

(1)
vja
Ur UpQ

and the obvious left R(i, j)-action.
The R(i,7)- and the A-action commute, therefore we have got a
R(i,7) ® A-module, such that

ke ®rg,j) Vij(¥) = Ve.

V;j (%) is called a lifting of V' to R(4,j). It is easy to see that if ¢ maps to
zero in HH'(A,V;* ® V;) = Ext} (V;, V;) then the lifting V;;(¢)) is trivial, i.e.
isomorphic to the trivial one. Conversely, if V;;(v) is trivial, then ¢ maps to
zero in Ext}(V;, V;).

2.2 The non commutative deformation functor

We are now ready to start studying non commutative deformations of the
family V = {V;}I_,. We define the deformation functor

Defy : a, — Sets
as follows:
Defy (R) ={isoclasses of R ®; A-modules V together with isomorphisms
ki ®r V = V; such that V is “R-flat” (or, is a lifting)}.
Notice that flatness means the following;:
V ~ (Ry & Vj)

as matrices of k-vectorspaces, where R;; = e;Re; as above.

Let 7 : R — S be a morphism of ar, such that r(R)-kerm = 0. Morphisms
like this will be called small. Then, if V € Defy(R) it is easy to see that
S®rV € Defy(S) and that V = ker{V — S ®g V'} is, as an R-module,
an R/r(R) = @ ki-module. Put kerr = (Kj;), then V = (V;;) where

i=1
V,'j = Kij Rk VJ
Consider now the k-vector spaces
Ejj = Exti(V;, V3)*,

i.e. the dual k-vectorspaces of Ext’ (V;, V;), and the k-algebra of matrices,

k 0
Ty = to (e E)
0 k

17




where as above, we put all products of the ¢;;’s equal to zero. Now let for
every 1,7 =1,...,r,and k = 1,2,

k ef;
{t” (e) }£=1
be a basis of EX

ek.
5> and let {4f(£)},2; be the dual basis. Thus ef; = dim; Ef.
Consider the k-algebra

k 0 _
Tk = + (E) (2)
0 k

“freely generated” as matrix algebra by the subspace (E{;) An element of
E,’; is then a matrix where the elements are linear combinations of elements
of the form:

T =t (L) @15, (6) @ - @5 . (bm),

iJ1
J=Jm 1<4s<e€f ., 1<jo<r, m>1.

_1]', ’

®- - Q Ek

Jm—1J"

of Etk'_j ® EF

J1J2
Obviously

T, = T'/r(T")>
where (T") is the two-sided ideal of T" generated by (E).

Lemma Let R be an object of a, and suppose that there exists a surjective

homomorphism
¢2 : T'21 - R/T(R)2>

then there exists a surjective homomorphism
¢:T'—- R
which lifts ¢o.

Definition For every object R of a,, put
tr = (r(R)/r(R)*)"

and call it the tangent space of R.

Lemma Let ¢ : R — S be a morphism of a,. Assume ¢ induces a surjective
homomorphism
¢ th — ts

(or an injective homomorphism on the tangent space level). Then ¢ is sur-
jective.

18




Notice that if, in the situation above, we pick any k-vectorspaces Fj;, then
there is a unique maximal pro-algebra F' = F(F;;) in a, with tangent space

tr ~ (F)

F is defined by the formula (2) above, with E replaced by F.
To prove the existence of a hull for the deformation functor Defy the
basic tool is the obstruction calculus, which in this case is easily established:

Proposition Suppose R % Sisa surjective small morphism of a,. ie.
suppose ker ¢ - 7(R) = 0. Put ker¢ = (f;;). Consider any Vs € Defy (S).
Then there exists an obstruction

O(¢a VS) € (EXt?'l(V';) V1) ®k Iij)

which is zero if and only if there exists a lifting Vg € Defy(R) of V;. The set
of isomorphism classes of such liftings is a torsor under

(Exty(Vi, Vi) ®k L) -

Proof: As a k-vectorspace Vg = (R;; ® V;) maps onto Vs = (S;; ® V;). The
action of an element a € A on Vs is uniquely given in terms of the maps

aij : Vi = Si; ®V;.
We may of course lift these to linear maps
o(a)i;: Vi » Ry ®V;
inducing a lift of the action of A on
Jélsij ®V;
to a k-linear action of A on
JélRij ®V;-

The obstruction for this to be an A-module structure is as usual the Hochschild
2-cocycle

¥*(a,b) = o(ab) — o(a) - o(b) € (Endi(V;, V) &k L) .
The fact that this is a 2-cocycle follows from

a(c)-¥*(a,b) = c-9*(a,b)
"/)2(0'71))'0'(6) = ¢2(aa b)c
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and the obvious relation

dibz(a, b’ C) = albg(b, c) - ¢2(ab, C) + ¢2(aa bc) - ¢2(a, b) C
= o(a)(o(bc) — o(a)a(c)) — (o(abec) — o(ab)o(c)) + (a(abe) — o(a)o (b))
—(o(ab) — a(a)a(b))o(c) =0.

Suppose the class of 4 in (Ext%(Vi,V;) ®k L) is zero. This means that
¢2 = d¢7 where ¢ € Homk(A7 (Endk(V,,V,) ® Iij)’ ¢2(a: b) = d¢(aa b) =
ag(b) — ¢(ab) + P(a)b. Let o' = o + ¢ and consider

o'(ab)—0'(a)o’(b) = o (ab)—o(a)o(b)+(ab) — o (a)(b) —d(a)o (b) —¢(a)$(b) -

Since the matrix ¢(a)@(b)=0 as I;;-I;x=0, Vi, j, k and since o(a)d(b) =adp(b),
&(a)o (b) = ¢(a)b for the same reasons, we find that o'(ab) — o'(a)o’(b) =0,
i.e. there is a lifting of the A-module action to Vg = (Ri; ® V;).

If we have given one A-module action o on Vg lifting the action on Vg,
then for any other ¢’ we may consider the difference

0'/ —0:A— (Homk(V,,V]) ® Iij) .
Consider
d(o’ — o)(a,b) = a(c’'(b) — o (b)) — (0’ (ab) — a(ab)) + (¢'(a) — o(a))b.

As above we may substitute ¢’(a) for a and o (b) for b, and expression becomes
Z€ro. B
Thus ¢/ — 0 = £ defines a class £ in

(Bxty(Vi, V;) ®k L) -

If £ = 0, then £ = d@, ¢ € (Homg(V;, V) ® I;;) such that o'(a) — o(a) =

ao — ¢a.
Let ¢ = (¢i;), then ¢;; defines an isomorphism

&r?RﬁQ@V}—*?RU@Vj
p=1id+¢
lifting the identity of @ S;; ® V;. Moreover
J
‘o(a)(id + ¢)(v) = (o(a)vi + ag(vi)
= o'(a)(w) + ¢(av;) = (id + ¢)o’(a) (v:)

since ¢(o’'(a)vi) = Pav;).

Therefore the A-module structures on
Ver=(R;; ®Vj)
defined by o and ¢’ are isomorphic. The rest is clear. QED

20




Theorem The functor Defy has a prorepresentable hull H in a,, i.e. there
exists a surjective morphism of functors on a..,

p: Mor(H,—) — Defy

such that p is smooth and an isomorphism on the tangent level. Moreover,
H is uniquely determined by a set of matric Massey products of the form

Ext!(V;, V) ® -+ ® Bxt!(Vi, ,, V;) -+ — Ext¥(Vi, ;).

Notice first that p is an isomorphism at the tangent level means that p is an
isomorphism for all objects R of a, for which r(R)? = 0.

Proof: Word for word we may copy the proof (4.2) of [La2]. In particu-

lar H/r(H)? ~ T} and Mor(H, R(i,5)) ~ Homk(E}, k) ~ Exty(V;,V;) ~

Defy (R(i, ). )
Notice that the universal lifting of V' to T3 is the Ty ®; A-module V,

Vi 0
)+(Eilj®ij)
0 Vs

with the right A-action defined as above (1) and with the obvious Tj left-
action. To obtain H we kill obstructions for lifting V5 successively to
T} =T /r(T)3, T} etc. just like in the commutative case. QED

Remark (i) The action of an element a € A on an element w = (w;;) of
V, is given as follows.
Since wy; € V; ® Ej; @ V; and for i # j, wi; € Ej; ® V;, we assume that

wi = v+ ty(l) ® v
wij = t}j(e‘ij) ® 'Uz{j i F£ ]
where v; € V;, vj; € Vj, and where {t};(€)}2, is the chosen basis of Ej;. Recall
that {};(£) }o3,, the dual base, consists of elements L) € Exth(Vi, V;),
which may be represented as elements of Der(A, V;* ®,V;). Then the matrix
w-a=((w-a))
is given as:

(w-a)is =vi-a+ Y t;(6) ® (Wi (L)(a,v) +vj; - a)

]

and
(w- @)y = ty;(6) ® (Wi;(iz) (@, ) +f; - @)
jreij
(i) The proof of the existence of a prorepresentable hull of Defy can, of
course, be modeled on the classical proof of M. Schlessinger [S]|, This has
been carried out by Runar Ile in his Masters Thesis, Oslo 1990.
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2.3 A general structure theorem for artinian k-algebras

Observe that for every deformation V' € Def,(R) there exists a unique ho-
momorphism

My : A— RQEnd(V') := (Ry; ® V* @ V})

where, as usual R;; = e;Re;.
This map is given by the following: Let a € A and consider the element
v € V;, then obviously

S
Il

1Qwv eV
0 : 0
Since for 1; € R 1; - v = v, it is clear that
Li(T-a)=10-a

50 (T-a)ge = 0 for k # 4, thus v - a is a linear combination of elements of the
form:

0 0  eeeens 0
Tn®V1, Tie®U2, -+ Tip®U | —1
0 0  eeeenn 0
and we associate to a € A the morphism
0 0  eeeen- 0
a:Vi—»| Rau®Vi, Ro®Vz, -+ R,QV, |-
0 0  eeeen. 0

or the corresponding element of
(Rij @& V" @& Vj) =t R End(V)

Now R® End(V) is a k-algebra, and obviously the map ny- : A — R®End(V)
is a homomorphism of k-algebras.
We would like to describe the kernel and the image of the map

n:A— HQEnd(V).
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To do this we need to consider the matric Massey products of the form
(Exty(V),...,Exty(V)), £terms, £>2

by which we shall understand the partially defined matrix Massey products
of the form

Exty(V)®- - @ Exty(V) -+ — Ext3(V), £ terms, £ > 2 (%)

the obvious generalizations of the matrix Massey products introduced in
[La3]. Here we shall describe these products using Hochschild cohomology.
We obtain in this way a more convenient way of describing the map 7 and
maybe also an easier way of understanding the nature of the notion of Massey
products.

For £ = 2, the Massey product above is simply the cup product

ExtL (V) ® Extl (V) — Ext3 (V)

defined by: Let (¥)), (¥%) € Ext L(V), and express ¥¥ as l-cocycles in
the Hochschild complex ie. Y € Derk(A Homk(VuVJ)) Y% € Derg(4,
Homy(V;, V;)). The cup product ( U (¥2) € Ext%(V), now denoted

(('(%) (’d) )) € EXtA(V)
is defined by the 2-cocycle in the Hochschild complex

(i), @5;))in(a, b) = de (@) 0 %5 (b) € Homy(V, Vi)

Suppose ((¥;), (¥5;)) = 0, this means that there exists, for each i,k a 1-
cochain ¢}2 in the Hochschild complex, i.e. a map
,Ll,? € Homk(A,Homk(Vi,Vk))

such that dg;¢ = ((¥};), (¥%))ix, i-e. such that for all a,b € 4,
adye (b) — i (ab) + ik (@)b = 3 1hi;(a) © 93 (b)
j .

Given classes ' = (1};), %> = (¢3), w?’ () eExt L (V) such that (4!, 9?)=
(¥?,4*®) = 0 there exists ¢'% = ( 2y ¢ = (¢2) € Homy (A, Homg(Vi, Vi)
such that
dp'? = (', %), do* = (¥, 9%).
Then there exists a matrix Massey product
(¥, 9%, 9°) € Exti (V)
defined by the 2-cocycle

W', 9%, ¥%)i(a,b) = Z P (@)95(0) - Z i1(@)$5e (b)
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in Homy (A ®x A, Homg(Vi, Vj)).

As in [La3] there is a sequence of defining systems giving rise to the family
of partially defined Massey products (*).

Now if a € A, then denote by d; € Homg(V;,V;) its action on V;, i =
1,...,d. Let Endo(V) be the diagonal matrix (Endk(V;,V;)), contained in
the matrix Endg(V) := (Endi(V;, V;)). Put,

End(V)a = (@1,-..,a4) € Endg(V) C End(V)

If a € Aissuch that End(V)a = 0, this means that a acts trivially on each V;.
Let ¢ € Ext4(V) be represented by 1-cocycles 1;; € Derx(A, Endk(V;, V5)).
Then if End(V)a = End(V)b = 0, we have that

wij (ab) = aw,-j (b) + 1/1,~j(a)b =0.
This shows that 1 € Ext}, (V) defines a unique k-linear map
Y:{a€ A|End(V)a=0} — Endg(V),

vanishing on all squares.
Let a € A, End(V)a = 0, and put

Exty(V)a=0
when 9(a) = 0, Va) € Ext} (V). Consider the sub k-vector space of A
Ky = {a € A|End(V)a = Ext}(V)a =0}.

Let ¥ ay0* ® 99 € Exty (V) ® Exty (V) such that its Massey (cup-)product
is zero, i.e. such that:

>y, 97) =0.
Then there exists a 1-cochain ¢ € Homg(A, (Homk(V;, V;))) such that

do = Zaij (W, W) .
ij

Since d¢ = 0 implies that ¢ represents an element of Ext) (V) it is clear that
¢ defines a unique k-linear map

¢ : K — Endg(V).

Let us denote by
ker(Ext} (V), Exty (V))

the subset of Ext(V) ® Ext}(V) for which the Massery product (i.e. the
cup product) is zero. Then we may put

ker(Ext} (V), Ext4(V))a =0

if for every d¢ € ker(Ext}(V), Exth(V)), é(a) = 0.
Let

K; = {a € A|End(V)a = Ext}(V)a = ker(Ext4(V), Ext}(V))a = 0}
Continuing in this way we find a sequence of ideals { Ky}n>1,

K; =ker{A — End(V)}, and it is easy to prove the following
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Theorem Let A be any k-algebra and let V = {V;}I_; be a family of
A-modules. Then the kernel of the canonical map

n:A— HREndg(V)

is determined by the matrix Massey product structure of Extf4(V), 1=1,2.
In fact
kern = () Kn.

n>1

Proof: The A-module structure on V defines a homomorphism of k-algebras
n: A — End(V)

which, since the action of A and that of H commute, induces a homomor-
phism of k-algebras

n:A— Endg(V) =: HREndi(V)
Modulo r(H) this is the map.
d
n:A— Endg(V) = [[Enda(Vi),
i=1
and modulo 7(H)? we may, using the above notations, write:

d ;
m : A — Hy ® End(V) = [[ Ende(V;) + (E,lJ ® Homg(V;, V;))

=1

0 it
m(a)i; = 65 @mo(a)i + 3 _tije ® Yy (O(@—), 8= {1 : i;
£

Now, by construction H is the quotient of the formally free k-algebra T
generated by the independent variables {ti;(€), £ = 1,...,4;;} as explained
above. The relations of T! are generated by linear combinations of monomials
in these variables of the form

o0
P
Yik =D Dy b (65, (6) -+ - 5,y k(£r)

r=1 l’l
corresponding to elements
Yik € Exti(V,-, Vie)*

and the coefficients « are expressed in terms of partially, but inductively well
defined, matric Massey products, such that

k(W5 (1), ... WL k(l)) = ol
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We therefore obtain a basis, as k-vector space, for H by considering the
Massey products inductively defined on

- D, CExtLi(V)®--- @ Exty(V)
()r: Dr — EXt,24(V)

and picking, in a coherent way, a basis for
coker{Ext%(V)* — Dy} = (ker().)*.

This is the conclusion of the Theorem. QED

Remark Let E;; be an extension of V; by V;, then as a k-vector space
E;; = V; ® V; and the right action by A is defined by: (v;,v;) € Eij, a € A

(vj: Ui) = (vja + WJ (a'7 Ui); via)

when the condition on '(b}j € Homg (A, Homg(V;, V;)) is simply that 111 €

Derx(A, Homy(V;, V;)) so that 9}, defines an element 9j; in Exty(V;, V;).
Suppose we consider an extension Ejjx of Ei; by Vi. Then as a k-vector

space Eijx ~ Vi, @ Ejj = Vi, ® V; ® V; and the action by A is defined by

(vk, Uy, vi)a' = (vka + ¢(a7 (Uj7 'Ui)); vja + ¢ij (a’a 'Ui)7 ’U,;a)
when by additivity
#(a, (v5,v:)) = é(a, (v;,0)) + ¢(a, (0, %)) .

Put
"1););: (a', vj) = ¢(aa Vj, 0))7 '()billél(a’vi) = d’(a’ (O’Ui))a

then the conditions on the action imply

Yji € Derg(A, Homy(V;, Vi)
i € Homy(A, Homy(V;, Vi)

and
iy = Y3 oy’
This means that 1,5?,’51 € Ext}(V;, V&) and that the cup product
P2 UM € Ext}(Vi, Vi)
is zero.

Now, consider an extension E;jx, of E;jx by V,. As before the action of A
on E;jx is given by

('Ula Uk, Uy, vi)a = ('Uga, + ¢(a'7 Uk, ’Uj,’l)i), Vg a+ "pizk(aa 'Ui) + ¢;‘)I’cl(a'a vj)’
vja + ¢i1j(a, Vi), Vi- Q).
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The conditions on ¢ are expressed by:

vt (a,v) = é(a, vk, 0,0)
Oll(a v;) = ¢(a,0,v;,0)
Y (a,v) = ¢(a,0,0,v;)

dwo ,1,1 — wl(:,eo,l o wO,l,O

dpiil = ¢?211 1oo+¢001 L10
This means that p3" eExtA(V}c,Vg),that the cup product P> U zbOlO

Ext?(V;, Vi) is zero, and that the Massey product
<,¢)00 l’ 0 1, O,wIOO) e Exti(V“ ‘/e)

is zero.
It is clear how to continue. Notice, nevertheless, the fact that at each
step the function
¢(aavin7 Vip_19+++ 7vi1) € V‘iu+1

is additive in the v;’s, and that we have not assumed, in any way, that the
V;’s be different or of any special type.

Corollary Suppose the k-algebra A is of finite dimension, and let the family
V = {V;}I_, contain all simple representations, then

n: A— H@Endy(Vi)
is injective.

Proof: Let a € A, and suppose n(a) = 0. Since A as a right A-module is
an extension of the V;’s we may assume there are exact sequences of right

A-modules
0— @Q— A— eV,— 0
i€ly
0— Q— Q1 — eVi— 0
i€l

0— Qn— Qn-1— PVi— 0
i€ln

with@Qn= & Vi, Qny1=0.
1€IN 11
Since End(V)a = 0 it follows from the firste exact sequence above that

1-a =a € @;. Consider the exact sequence

0— @Vi— A/Q— @V — 0

1€l 1€
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Since Ext4(V)a = 0 it follows that 1-a = a € Q.. In fact, multiplication by
aiszeroon V;,i=1,...,r and on A/Q: it is therefore given by the elements
in ExtX (V). Continuing in this way, considering the extensions

0— dVi— A/Qs— A/Q:— 0

i€l3

0— & Vi— A— AQv— 0

i€IN41
we deduce from the Lemma, that multiplication by a on the right in the middle
term is given by a cochain ¢j; € Homy(A,Hom(V;,V;)), 1 € I, § € Inpa

such that
A= 3 v oYk

ptgq=n
J

But since, by the Theorem,

ker(Exty(V),...,Exty(V))a=0
this means that 7;(a)=0 for all 4, j, and so by induction a €EQrn=a€Qn41,
so a = 0. QED

Corollary Suppose A is an object of a,, and let V = {V;}_; be the family
of simple representations, with V; ~ k;. Then

A~H
Proof : Obviously A is an A®, A-module, flat over A, therefore A € Defy (A).
Since End(V) = | : : | we see immediately that A as A ®; A-module

is versal. But then the unicity of the hull of Defy gives us an isomorphism:

¢o:H— A QED

Corollary Let G be a finite reductive group, and put A = k[G], k alge-
braically closed. Let V = (V;)I_; be the set of irreducible representations.

Then H ~ k™ and A =~ é Endg(V;).
i=1

Proof: Since A is semi-simple all Exth (Vi, V;) = 0. See that the last isomor-
phism is exactly the 7 of the theorem. QED

2.4 Examples. Reconstructing an ordered set A and
k[A], from the category of simple modules

Let A be an ordered set, see (1.5), and let A = k[A], V = {ka}rea- Then the
Corollary above implies that H =~ k[A].

28




Example 1. By the general theory we know that A = k[A] is the matrix
algebra generated freely by the immediate relations A; > X, i.e. those for
which {X € A | A\; > X > A3} = 0, modulo relations of the form

N >2)05>X) - (A, >N
=(N>A)A3> ) - (>N
They correspond to the first obstructions, given by the n; term well defined
Massey products
Exth(k,\l, k)‘%) R @ Ethlcl(kr\}.l , k)‘) — Ext2A(k,\:, k,\)
Exti‘(k,\l, k)‘g) R ® Exth(k;g‘z, k)‘) ad Exti(k,\/, k‘)\)

There are as many relations as there are base elements of Ext? (kx, ka).

2. Let’s check this for the dimond, i.e. for A:

20/0\

N/

(e}
4

o

3

One easily computes the Ext’s,

0 i=3j
Exty(kx;, k»;) = {k for i=1,7=2,3
k for i=2,3,j=4

0 for (i,§)# (1,4
Exti(k)\uk)\j) = {k fg; §Z=J)1 %J(z 4)

The two cup-products
Extll‘l(k)\l, k)\j) ® Exth(k,\j, k:,\4) — Exti(k,\l,k)q) for j = 2,3,

are non-trivial. At the tangent level we have:

k k k

0
k
Hy, = L
k

o o o
S o
o F» O

Therefore H must be a quotient of the matrix ring,

k tip-k tis-k (tigtoa- k+tistss - k)
Tl — O k 0 t24 * k

0 0 k tag- k

0 0 0 k
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The kernel of T' — H is given in terms of the cup products above. In
fact, since we have tj; Ut3, = ], Uty = y* where y* is the generator of
Ext? (kx,, k»,), the kernel of T' — H is simply 13 ® tag +t12 ® taq such that

k k k

k 0 k
H=|o ¢ o & |=HAL
0

0 k

SO O X

as it should.

In general, we may reconstruct A from the tangent space ty and the
Massey-products above.

The corresponding problem for finite groups, i.e. reconstructing G from
k[G] is called the isomorphism problem. Due to some nice examples of Dade,
we know that this is hopeless. In fact there are two non isomorphic finite
groups such that their group algebras are isomorphic for all fields.

3 Non commutative modular deformations

3.1 The modular (prorepresenting) substratum, its
tangent space, and almost split sequences
Consider as above a family V = {V;}I_; of A-modules, and consider the

k-algebra
End(V) = (Homa(Vi, 1;)).

Suppose from now on that the modules V; are different, i.e. non isomorphic,
indecomposables, and that End4(V;) is a local ring with maximal ideal m.

Lemma Under the above assumptions, the radical of End(V') has the form
J

...... m;End(V;) : Homy(V;, V;)
m;End(V;)

m,End(V;)

r(V)=(r(V)is) =~

Proof: We need only check that r is an ideal, and this amounts to proving
that if ¢i; € Hom(V;, Vj) i # j and ¢;; € Hom(V;, V;) then

¢jidi; € m; C End(V;).
If not, ¢;i¢;; is an isomorphism, and we may as well assume that ¢;;¢;; = idy;.

But then V; ~ V; @ ker ¢;; which contradicts the indecomposability of V;.
QED
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In particular this lemma proves that

Ar"=0

n>1

if A is Noetherian and all V; are of finite type. We shall assume from now on
that this is the case.
Obviously there is a left and a right action of End(V') on

tu = (Exty(V;, V))).

The difference between these actions defines the action of the Lie algebra
End(V) on ty. The invariants of ¢ty under the Lie algebra r(V'), defined by

ty, ={{etnVper(V), ¢§—£Eb=0},

is, in analogy with ordinary deformation theory, see [La-Pf], §2, and recall
(1.4) above, the tangent space of the modular, or prorepresentable substratum
H, 0 of H.

Lemma Let § € ty,, with £ = (&), then for all ¢ = (¢xe) € (V') we have
fori+# j
Geilij =0
for all £.
&ijpie =0

Moreover, for all 4, j
$i;€55 = &iiij -
Proof: Just computation. QED

Definition In the above situation, an extension £ € Ext}(V;, V;) is called
a left almost split extension (resp. a right almost split extension), lase (resp.
rase) for short, if for all ¢p; € 7(V)ri (resp. djx € (V) k)

di& =0 (resp. &ojx =0).

An extension £ which is both a lase and a rase is called an ase, an almost
split extension.
This, of course is nothing but a trivial generalization of the notion of

almost split sequence, due to Auslander.
Denote by Ext;(V;,V;) (resp. Ext}(V;,V;)) the subspace of Extk(V;,V;)
formed by the lase’s (resp. rase’s), and put

ty = (Exty(Vi,Vj) Ctu
ty = (Ext;(V;,V;) Ctu
9 = thnty = (Ext(V;,V})) C tu.
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Observe that since the left and the right action of End(V) on ¢ty commute,
End(V) acts at right on t4 and at left on t};. Moreover, by the lemma above

o =t5Nty Cty,.

Observe also that if End4(V;) = k + m; the diagonal part of tg, is exactly
the tangent space of the deformation functor of the full subcategory of mod 4
generated by V| see [La2].

3.2 The structure of the modular substratum, and
the existence of almost split sequences

From now on, assume that ¢y is a k-vectorspace of finite dimension. Then
the radical r(V) of End(V) acts nilpotently on tg.

Corollary Given i € {1,...,r}, assume there exists one j € {1,...,7}
such that Ext}(Vi,V;) # 0. Then there exists a 7(i) € {1,...,7} such that

Extr(Vi, Vegi)) # 0.

Proof: This is simply Engels theorem for the right action of (V') on tg.
QED

Theorem Suppose V is such that every extension £ € Ext}y(V;, V;) is of the
form 0 —» V; - E — V; — 0 with E a direct sum of V’s. Then, for every
i=1,...,r, such that there exists a j = 1,...,r for which Ext}(V;,V;) # 0,
there is a unique ase of the form

0_’Vr(i)'—’Ei'_*Vi—’O

Moreover, if we agree to put 7(i) = 1 for those i’s for which Ext} (V;, Vi) = 0
for all k, then
m:{L...,r} = {1,...,7r}

is a permutation.
Proof: We already know that there exists a rase of the form
§:0- Vi - E—-V,=0

Suppose & is not killed by the left action of »(V), then there exists a
ori € Homa(Vi,V;) for k # i, or an element ¢;; € m; C End(V;), and a
commutative diagram,
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Suppose Vy(;) — Ej is not split, then

Va(s)
o—FE, —-FE, & E;,—-V,—o0

Vaa)
is split, since &; is a rase. Let pr.: Ey @& E; — Ej be the splitting. But
then the two following diagrams commute:

V)
Here ;. is the composition of E; — E, @ E; and the projection

VT 3
"By eé) E; — Ei and ¢;; the induced map.

This means that (¢ridic)é; = & which is impossible since (Pkigik) acts
nilpotently on Ext} (Vi, Vr(;)), and £ is nonzero. Therefore Vy(;y — Ej splits
and & is also a lase, therefore an ase.

The unicity and the permutation property follows immediately from the
following: Assume there exist two ase’s & and & of the form:
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&i: °

Then, since g is not split, there exist liftings v;,%; inducing morphisms
&i, ;. But then (¢;4))& = & which means that &; is zero. Therefore an ase
is unique and in particular, 7(i) = 7(z)’. Dually we prove that 7(i) = 7(7')
implies 2 = 7, so that 7 is a permutation.

We see that t§, looks like:

(Bt W)

1y vy 0 g # ()
where Fxt Vi, V;) = {k if j = 7(i) and some Ext}(V;,V;) #0 QED

Corollary With the assumptions of the theorem above, we find that

tm,={(os;) Hi#] o€k, ay=0if j#7(). If i=3j,
ai; € ExtY (Vi, Vi) such that ¢;ai=a;jdji , Vo € End(V;, Vi)}.

The story of almost split sequences in the sense of Auslander starts in [A1].

3.3 Examples

Let A = k[zo, z1]/(f) where f = z3 + 22, i.e. A is the A, simple singularity.
One finds two indecomposable maximal C.M. A-modules, A and some M.
ExtY (M, M) is generated by two elements £; and &. Only one, &; say, is an
ase. Moreover & U &; # 0. Therefore

Ho = (I(‘)’ k([)e])

and the modular versal family Vj, looks like
~ A 0
%=(5 1)
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where k ®g M = M and M as an A-module is isomorphic to M & 4,
corresponding to the quiver

As Mo

Notice that the cycle in the quiver corresponds to the € in Hp.
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