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Abstract

In the present paper we consider the one-dimensional stochastic delay difference equation
with boundary condition

{ Xnt1 = Xn + F(Xn) + 9(Xnz1) + &n

Xo = ¥(Xn)
n€{0,...,N —1}, N > 8 (where g(X_1) = 0) . We prove that under monotonicity (or Lip-
schitz) conditions over the coefficients f, g and ¢, there exists a unique solution {Z1,...,Zn}

for this problem and we study its Markov property. The main result that we are able to
prove is that the two-dimensional process {(Zn,Zn+1),1 < n < N — 1} is a reciprocal
Markov chain if and only if both the functions f and g are affine.
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1 Introduction

In the last five years several authors have studied, with different techniques, stochastic differential

equations with boundary conditions of the following type

dX; = f(Xy)dt + o(X;) o dW,; , t €[0,1]
(1.1)

h(Xo,X1) =0
(see Ocone and Pardoux, 1989; Nualart and Pardoux, 1991; Donati-Martin, 1991; Alabert,
Ferrante and Nualart, 1994). Due to the boundary condition, we can not in general expect the
solution to this type of equation to be adapted to the Wiener filtration. Therefore in the study
of equation (1.1) one makes use of the extended stochastic calculus for anticipating processes
recently developed by several authors (see e.g. Nualart and Pardoux, 1988). A common result
of these papers is that the solution is a Markov field (or a reciprocal process) if and only if
the coefficients have some particular form. When o = 1, a nice dichotomy holds in the one-
dimensional case (see Nualart and Pardoux, 1991): we have that the solution is a Markov field
if and only if f is affine. This first result with constant diffusion in the scalar case , has been
generalized in the case where o(-) is linear (Donati-Martin, 1991) or strictly positive (Alabert,
Ferrante and Nualart, 1994) and one proves that the Markov property of the unique solution to

equation (1.1) is equivalent to the following condition over the coefficients:

v 1
f(z) = Ao(z) + B ola) / ok
(where A, B and c are constants). In dimension higher than one similar nice characterizations
do not hold and one can prove (see Nualart and Pardoux, 1991; Ferrante, 1993; Ferrante and
Nualart, 1995) that in some particular cases the Markov field property of the solution holds for
coefficients that are partially free of any constraint. |
At the same time several authors (see e.g. Donati-Martin, 1993; Alabert and Nualart, 1992;

Ferrante and Nualart, 1995) have considered the discrete-time equivalent to the boundary value
problem (1.1), that can be described by the following stochastic difference equation

Xot1 = X + f(Xn) + o(X,) & ne€{0,...,N —1}
(1.2)

Xo = ¢Y(Xn).
Equation (1.2) can be regarded as a discretization of equation (1.1) and in this sense the study

of its Markov property helps to understand the continuous time case. The equation (1.2) has




been studied in the one dimensional case with o = 1 (see Donati-Martin, 1993): again the result
~ obtained is that the solution is a Markov field if and only if f is an affine mapping. This first
result has been generalized in Ferrante and Nualart, 1995, always in the scalar case, to the case
where f and o are increasing strictly positive mappings and the boundary condition is the linear
equation FyXy + Xy = F. One proves that the Markov property of the unique solution to

equation (1.2) is equivalent to the following condition over the coefficients
¢+ f(z) = B2, and
o(z) = az?, forall z € [0, T-Y(T(F))] .

with @ > 0,8 > 0,0 < v < 1 and where T(z) := « + f(z). As in the continuous time case,
the multidimensional problem is still not investigated, but one does not expect to obtain nice
dichotomies as the previous ones. ,

A first step in the analysis of the multidimensional case could be the study of the following

delay stochastic difference equation

Xot1 = X + f(X5) + 9(Xno1) + &
(1.3)

Xo = ¢(XN )
n€{0,...,N —1},N > 6 (where g(X_;) = 0). This problem can be considered as a “trait-
d’union” between the one- and the two-dimensional cases. In fact, the technique that we use
is the same as in the multidimensional case, but the result that we obtain is again a strong
dichotomy as in the scalar case. Moreover this problem could be thought as the discretization
of a similar continuous-time problem, not yet investigated.

In the second section we shall give two existence and uniqueness results for the problem
(1.3). Moreover we are able to prove that, under suitable regularity assumptions over the noise
process {&;,0 < ¢ < N — 1}, the solution of equation (1.3) {X;,1 <7< N} has an absolutely
continuous law, that we shall compute explicitly.

In the third section we shall investigate the Markov property of the unique solution to equa-
tion (1.3), {X;,1 <1 < N}. A first difference, with respect to the classical one-dimensional
problem, is that here it makes sense to require the Markov property just for the two-dimensional
process {(Xi,X;41),1 < i< N —1}. The main result of this paper provides a complete char-
acterization of the coefficients for which the Markov property holds. In fact we obtain that the
Markov property holds if and only if both the coefficients f and g in (1.3) are affine maps.

To conclude this introduction, let us recall the definition of reciprocal Markov chain:




Definition 1.1 We shall say that a sequence of random variables {Xo,...,XM} is a
reciprocal Markov chain if for every 0 < m<n—1< M — 1, the o-fields o(Xpms1,...,Xn)
and o(Xo,..+, Xy Xny1,---,Xar) are conditionally independent given o(X,X,).

2 Existence, uniqueness and absolute continuity

We shall consider in the present paper the following stochastic delay difference equation with
nonlinear boundary condition
Xor1 = Xn + f(X0) + 9(Xp-1) + & n€{0,...,N -1}
(2.1)
Xo = Qb(XN)
(with the convention that ¢(X_;) = 0) where f,g and % are maps from IR into itself and
{£,0 <1< N —1} is asequence of independent random variables.

To deduce existence and uniqueness for our equation, we shall follow two different approaches.
The first one (in the spirit of Ferrante and Nualart, 1995) will require monotonicity conditions
over the coefficients f,g and 1, while the second one (that follows the ideas of Nualart and
Pardoux, 1988 and Donati-Martin, 1993) requires Lipschitz conditions.

Let us start by assuming the following set of conditions:

(1) f is continuous and z — z + f(z) is increasing and onto IR;
(H.1) < (i7) g is continuous and increasing;

(it7) 1 is continuous and decreasing.

Our first result is the following.
Proposition 2.1 Under (H.1), equation (2.1) admits a unique solution.

Proof It is enough to prove that equation (2.1) admits a unique solution for each &y,...,&n_1
fixed. Solving the first equation in (2.1) with initial data z, fixed, we have that, for all n €
{1,...,N}, X, is a function of 5. Now, by (H.1.i) we have that the map z, — Xi(z) =
zo + f(zo) + & is continuous, increasing and onto IR. If we consider now the map z, —
Xo(zo) = Xa(zo) + g(z0) + f(Xi(z0)) + & and we take into account (H.1.ii), we immediately
obtain that it is itself a continuous, increasing map and that it is onto IR. Repeating the same

computation for each n we obtain that the map 2o — Xy(2) is itself continuous, increasing




and onto IR. Since by (H.l.ii) ¢ is continuous and decreasing, the equation z = %(Xn(z))
admits a unique solution Z,. Therefore we obtain that equation (2.1) admits a unique solution

that can be recursively computed by solving the first equation in (2.1) with initial data z, = Z,.
O

An alternative result of existence and uniqueness to equation (2.1) can be obtained under

Lipschitz conditions over f,g and 9. More precisely, we shall consider the following assumption:

Id+ f, g and 9 are Lipschitz maps with constants M, L and K, respectively,

(H2) { and we have that K ay < 1, where

ay = 2N‘1(M2-|-4L)_% [(M+\/M2—+4L)N+l _ (M_m)”+l].

\

In this case the following result holds.
Proposition 2.2  Under (H.2), equation (2.1) admits a unique solution.

Proof  We shall prove again that (2.1) admits a unique solution for each &,...,&Ey_; fixed.
As before it will be sufficient to prove that the map & — %(Xy(z)) admits a unique solution
and to do it we shall prove that it is a strict contraction of IR into itself.

We want to prove that for each z and y in IR

(2.2) [¥(Xn(2) — $(Xn(@)| < Alo—y

’

with 0 < A < 1. By (H.2), we have that

[ (Xn(2)) = $(Xn(w)| < K |Xn(2) - Xn(y)

and
[Xn(@) = Xn(y)| = [Xn-s(e) + 9(Xi-3(a)) + F(Xna(2))

~Xn-1(y) = 9(Xn-2()) = F(Xn-1(y)) :

< M IXN—l(iL') "XN—l(y)’ + L IXN—z(w) _XN—Z(y)’-

Foreach ¢=1,...,N — 1, we have

?

[Xn(2) - Xn(v)| < @

Xn_i(z) — XN—i(y)’ + Lai, ‘XN—i—l(x) — Xn_i—1(y)




having defined recursively, for each ¢ = 1,...,N — 1:
(23) Aiy1 = Mai + Lai_l , Qyp = 1 , a; = M.

Now we have

'XN(z) - XN(Z/)’

IN

an-1 [Xi(e) = Xa(y)| + Loawos [o—y]

IN

[aN—l M+ L aN—2] |x—y‘ = an ‘ﬂf—y‘,

and therefore that
[¥(Xn (@) - (Xn(y))| < K ay [o—3]:

It is easy to prove that

-1
2

ay = QN_l(M2+4L) [(M+\/W)N+l - (M_\/W)N+l]

and therefore, by (H.2.iii), we have that

z — P(Xn(z))

is a strict contraction.

a

In the sequel we shall always assume that (H.1) is satisfied and under stronger regularity
conditions we shall be able to compute the probability law of the unique solution (Xi,...,Xx)

to equation (2.1). From now on we shall assume the further hypothesis

{&o,...,En-1} are indipendent absolutely continuous random variables
(H.3)
with a.e. strictly positive densities Ao(:),...,An—1(+) , respectively.

We can prove the following result.

Proposition 2.3  Let f, g and ¢ be of class C*' and let (H.3) hold. If f' > —-1,¢ > 0
and ' < 0, then the random vector (Xi,...,Xy), unigue solution to equation (2.1), has an

absolutely continuous law with density

N-1

(2.4) fx (z1,...,z5) = H [)\i(mi_,_l - —g(:ci_l)—f(a:i))] |._7(a;1,...,:1:N)

9y
=0




(with the convention z, = ¥(zy) and g(z_1) =0) where

(25) T(oseorn) = 1= [+ F(en))] $on) Aiors. o),
and Ai(z1,...,zn) is recursively defined by:

( Ay = 1, Ay_i(en-1) = 14 fl(en-1)

An(xna"'awN—l) = [1+fl($n)]An+1 + g/(zn)An+2 ) fOT 2 S n S N -2

g'(¥(zn))
Aq(zy,. .., = |1+ f = A "(z1)As.
\ 12y Ty) + f'(z1) + T+ [(d(@n)) 2 + 9'(21)As
Proof Let us define the following map
0: RN — RN

(507---75N—1) — (X1,~~,XN)

Since, by the assumptions and (H.1), (2.1) admits a unique solution, the map © is well defined.
Moreover it is immediate to see that © is a bijection of IRY into itself and, by the smoothness

of f, g and 1, that it is a C* - diffeomorphism. From (2.1) we have
b = O7'(z1,..52n) = 21— Y(an) - f(P(en))

61 = ez_l(wla"'va) = $z—w1_g(¢($N))—f(il‘1)
(2.6)

.........................

Evor = O (e1,...,2n) = @y —ano1— 9(@n-2) — f(Tno1).

If we denote by J(z1,...,2x) the Jacobian of ©~1, it is easy to prove that the random variable

X = (X1,...,Xn) has an absolutely continuous law with density

fx(CIJl,...,:L'N) = ff (9_1(1‘1,...,$N)) ]j(zl,...,mN)|,

where f; denotes the density of the random vector & = (§o,...,éx—1). From (2.6) and (H.3),
we have that

N-1

fe (07 (zy,...,zN)) = H [Ai(wz’+1 — 2 — g(®io1) — f(xz))] )

i=1




again with the convention z, = ¥(zy) and g¢(z_;) = 0 and to complete the proof it remains
to compute the Jacobian of ©~!. From (2.6) we have that J(zi,...,zy) is equal to the

determinant of the following matrix

1 0 0 —[1+ f((en)¥ (zn) ]
—1— f'(zy) 1 0 —g' (¥(zn))¥'(zn)
=g'(z1)  —1-f'(z2) - 0 0
(2.7)
0 0 1 0
0 0 —1— flay_y) 1 ]
Recalling that 1+ f(z) > 0,¥ z € IR, it holds
T(o1,... o) = detB,
where B is the following matrix
I 1 0 o 0 —[1+ f(p(an)]¥' (zn) ]
-%%—14'(3;1) 1 0 0
—g'(21) —1-f'(z2) - 0 0
0 0 1 0
i 0 0 - —1-flan-) 1

Expanding now the determinant of B by means of minors of the first row, we obtain:

J(@1,..yan) = 1= (=D)¥* ¢'(ay) [L+ f'(Y(zn))] detC




where C' is the following (N — 1) x (N — 1) maitrix

LS L : :

0 0 -+ —1- f'(zn-3) 1 0
0 0 -+ —¢g'(anv-3) —1-f'(an-2) 1
0 0 - 0 —g'(zn-2) —1— f'(en-1) |

Defining recursively

( Ay = 1, An-1(en-1) = 1+ f'(zn-1)
Ap(n, .o szn-1) = [14 f(20)] Ansr + ' (2n)Any2 for 2<n< N -2

9 (Y(zn))
1+ f'(¢(zN))

(notice that the assumptions over f, g and ¢ imply that

Ai(z1,...,en) = |14 f'(z1) + Ay + ¢'(z1)As.
(2.8) A, > 0
for every n = 1,...,N), a simple computation shows that
detC = (=1)N714;.
At the end we obtain that
I, san) = 1= [L+ f(lan)] ¥ (o) Ao, an),

and the proof is complete.

3 Markov property

We want now to study the Markov property of the unique solution to equation (2.1). First
of all we shall recall a simple result (see Ferrante and Nualart, 1994) that allows as to give
a characterization of the reciprocal Markov chain property of a random vector which has an

absolutely continuous law.




Lemma 3.1 Let us assume that the vector X = (Xo,...,Xu) has an absolutely contin-

uous law with density fo(zo,...,zpn). Then X is a reciprocal Markov chain if and only if,

for every 0 < m < n—1< M — 1, there exist two measurable functions fi(zm,...,2,) and
fa(Zoy ooy Tmy @ny. .., ar) Such that
fo((l)o,...,él?M) = fl(a:m,...,a:n) fg(il)o,...,il?m,xn,...,.'l?M) ) a.e. .

An easy application of the previous Lemma gives the following result:

Proposition 3.1 Under (H.3) and assuming that f , g and ¢ are maps of class C* such that
> -1,¢ > 0andy < 0, the two-dimensional process {(Xn,Xn41),1 <n < N -1},
where {X,,,1 < n < N} denotes the unique solution of equation (2.1), is a reciprocal Markov

chain if and only if for each 1 < m <n—2< N —3 there exist two measurable functions
@1 . (0, +00)n_m+2 — IR

®, : (0,+00)N "tmH2 R

such that

(5.1)

1-[1+ f’(¢(mN))] W(HTN) A1(931, cee ,wN)

= O (T, ey Tnp1) P2(T1y- s Tty Tnye .., ZN)  aG€.

Proof It follows immediately from previous Lemma 3.1 and (2.4)-(2.5).

In the sequel we shall need this simple technical lemma.

Lemma 3.2  Let F be a twice continuously differentiable and positive real function defined on

IR**P | where o and 3 are positive integers. The following two statements are equivalent:
(1) There exist two measurable functions ¢, and ¢, such that

1+ F(.’l?l,l'z) = ¢)1 (ll‘l) (]52 (1‘2) fOT' all T € IR” , &g € .ZR’B.

(2) We have

2

0 0 0
[1+F(9«“1,$2)] Saigarf (B T2) = a_ng(%,wz) o Flane2) =0,
1 2 2

Jorallie {1,...,a},5 €{1,...,8} and for every (z,,z,) € R**P.

10




Proof From the regularity of the function F(z;,z,) , we obtain that ¢, (z;) and ¢, (z5) have
to be itselves regular. Now, taking the logarithm in (1) (we have that 1 4+ F(z;,,) is strictly
positive) and differentiating with respect to z} and z, we immediately obtain (2). Integrating
(2) with respect to z} and z} one obtains easily the converse result.

O

Remark 3.1  In Alabert and Nualart, 1992 and Ferrante and Nualart, 1994 one makes use
of a stronger technical Lemma (see Alabert and Nualart, 1992, Lemma 2.3), since in that papers
one can assume that the function F(z;,z,) factorizes as a product of two functions Gi(z;)

and Gs(zy). Here, due to the factor Aj(z1,...,zn), we have to use Lemma 3.2. This lack
of factorization is a characteristic of the multidimensional case and makes the analysis in this

paper more complicated than in the case Ferrante and Nualart, 1994.

Making use of the factorization property of Proposition 3.1, the technical Lemma 3.2 and
requiring the strict monotonicity of the map g, we are now able to prove the main result of the

present paper.

Theorem 3.1 Let N > 8 and let us assume that (H.3) hold, f , g and 1 are of class C?, with
ff'>-1,¢>0, ¢ <0 and ' 0. The two-dimensional process {(X,,Xn41),1 <n < N -1},
associated to the unique solution of equation (2.1) {X,,1<n < N}, is a reciprocal Markov

chain if and only if both the functions f and g are affine.

Remark 3.2  Note that if ' =0, then X, is deterministic and the two-dimensional process
{(Xn,Xn+1),1 <n < N — 1} is a Markov chain for each pair of coefficients f and g.

Proof of Theorem 3.1 By Proposition 3.1, it is sufficient to prove that condition (3.1) holds
foreach 1 <m < n—-2< N -3 and for suitable measurable functions

®; : (0,400)"™? — R and &, : (0,+00)V "™+ _ R

if and only if both the functions f and ¢ are affine.

Sufficiency: Let us assume that f and g are affine maps. In this case we have

() =k and ¢'(:) = k

11




where k; and k, are suitable constants, and therefore that A;(z1,...,2x) is itself a constant.
We have

L= [L4 f($(zw))] #'(on) Ai(ar,..,on) = 1= [L+k] $'(on) A4
and therefore (3.1) trivially holds by taking

@1 =1 and @z(ml,...,wm.,_l,wn,...,arN) = 1- [1+k1] ¢/($N) Al.

Necessity: Let us now assume that for each 1 < m < n—2 < N —3 there exists two measurable

functions
@, : (0,400)" ™ — IR and &, : (0,+00)V "t R

such that
1—[1+ f'(¢(zn))] ¥'(zn) As(21,...,2N)

= @ (Tmy. oy Zny1) Po(Z1ye ey Timg1, Tny. o, Ty) AL

To avoid the trivial cases, let us choose m and n such that
3<m<n—-2<N-3,

(in this way the interior- and exterior o - fields are not degenerate) and fix 7 € {2,...,m — 1}

and j € {m+2,...,n — 1}. We can apply Lemma 3.2 to the function

(:cl,...,a:m_l,a:m+2,...,mn_l,a:n+2,...,xN> — —[1+f’(¢(a:N))] P (zn) Ar(21,...,2N)-

We obtain therefore that

[+ 7 @an))] #(en) (1= [+ @) Plen) 4} 224,
(3.2) ’
, 2 ’ 2 3A1 (?Al _
+ [+ 1@ (Pen) 57 5 = O
Now, since 1+ f'(¥(zy)) > 0 by (H.1.i) and ¢’ # 0, there exists )y € IR such that from
(3.2) we have

331 = [+ £ (o) #(an) 4r} a_?a_“‘ + [t + £ @len)] ¥ (ax) %i Zi _

12




A 0? . .
We have now to compute L— and It is not difficult to prove that for each

—A;.
Owi (9(13]'8:[:5 !
l1<j<N-1

04,

% = Bj_l(fbl,...,CISj_l,CEN) [f”(:vj)Aj+1(:z:j+1,...,a:N_l)
J

(3.4)
+9" () Ajs2(Tjp2, - .- ,arN_l)] ;

where the B;’s are recursively defined by:

( Bo =1
(3.5) B, = Bl(:pl,:z;N) = % +14 f’(CUl)
Bj = Bj(zl,...,a:j,a:N) = [1-|-f/(28]~)]Bj_1 + g'(xj_l)Bj_z, fOI‘]ZQ

Moreover we have

0Aiy1
(?xj

= Bifi(eip1,-52500) [f"(wj)Aj+1($j+1,-~-afBN-l)
(3.6)

+9" () Ajr2(Tjta, - - va—l)] :
for each j > ¢ + 2, where
Bitt =1
(3.7  { Bifi(ei) = 1+ f'(ei)
B;f"'l(a:i_l_l,...,xj) =1+ f’(:z:j)]B]’:ﬂ + g’(:z:j_l)l:}’;:‘fé, for j > i 42

Remark 3.3  Notice that, under the present assumptions, we have that B; and B;f“ are

strictly positive for every i+ 2 < j.
From (3.4) we obtain that (3.3) is equal to the following equation
1= [14 £@n)] #ow) A} o [Bis(en,.. oy zicsow) (F(e)Acsa
0z;
+9" @) Air2)| + [L+ F(@(a)] ¥(2x) Bica(or, .o rzim,on) [£(2:) Aiss
+9"(wi)Ai+2] Bj_1(z1,...,2j-1,2N) [f”(wj)AHl +9"(2;)Aj0] = 0

13




and by (3.6) that
{1 - [1 + f'(%ﬁ(m))] Y (zn) Al} Bi_1 [f”(%) Bt} (f”(zj)Aj+l + g'v'(zj)AHz)
(3.8) + ¢"(2) B (F'(2) A + 9" (2)Ai2)| + [L+ F($(an)]

X ¢'(zn) Bi-s [f”(wi)Am +!J"(ﬂ7i)Ai+2] Bj_1 [f"(mj)AHl +g”(f'3j)Aj+z] =0

Let us assume that f or ¢ is not an affine map and let us prove that this assumption leads

to a contradiction. We shall need the following technical lemma:

Lemma 3.3 Under the assumptions of Theorem 3.1, if f or g is nonlinear, then there exists

U open and non empty subset of IR such that

(a) %(mi,...,zN_l) #0 forae (zi...,2x_1) €U and i€{2,...,N —3};

2 2
® (@) + (@) #0 v

Proof:

Step 1:  Let f be affine and g not (and the same holds when g is affine and f not); by the

regularity conditions over g there exists an open, non empty subset U of IR where ¢g” # 0. For
i €{2,...,N — 3}, we shall have that

0A;

i 9" (z:)Aiya.

Now, since A;ys > 0, the result is proved, being g:z # 0 on UN=% forie {2,...,N —3}.

Step 2: Let f and g be both nonlinear; by the regularity of f and g there will exist two open
subset of IR, U and V, on which hold that f” # 0 and ¢” # 0, respectively. We shall proceed
by induction, proving the property (a) also for : = N —2, N — 1.

Let us start by Apy_1; since

OAN_1
0rN-1

(iEN-:L) = f”(ﬂTN-1),

we have that condition (a) holds on U. Let us now consider Ay_,; differentiating with respect
to y_o and xy_,, we obtain that

8 (8AN_2

Orn_»

OAN-1

0xN_1

(zN_2, $N—1)) = f"(zn_2)

(env-1) # 0

0rN_1

14




for every (zy_s,zn-1) € U?. It clearly implies that

(:th 2,Zn-1) # 0 for a.e. (zy_sz,an_1) € U?

and condition (a) is proved to be true.
Let us now assume that (a) holds for every j € {i+1,...,N —1} and prove that it holds
for j = ¢. Differentiating now A; with respect to z; and to z;;;, we obtain that
8 aA 1/ i+1
e G OSSN IO B L O MR )

for a.e. (2i,...,2x-1) € UN* by the induction assumption. Therefore
04A; .
8—3;(azi,...,wN_1) £ 0 for a.e. (zi,...,2n_1) € UNT,
K

and condition (a) holds. To complete the proof it will be sufficient to recall that (b) is satisfied
on U.
O

Form now on we shall assume that z,,..., zy_; belong to U, the open set defined in Lemma
3.3. Since
" 173 aAJ N—j
f (wj)Aj+1 +g (fﬂj)Aj+2 = 37 #0 a.e.on U"77,
j

previous equation (3.8) is equivalent to the following one

{1- 11+ @) ¥ (on) Ai} [f(20)BiL + "(2:) Bi]
> + [14 £ ¥(ow) Biot [£/(20)Ain +¢"(20)Args] = 0
Differentiating now with respect to ;41 we have
=14 F((an))] Wlaw) [F(@)BE + g"(2)B2] By [(2540) A4 + "(2541) Ay )
+ L+ F@en)] ¥(on) Bioy [£(0)B] + ¢"(21) B+
X [f”(m,»+1)Aj+2 + g”(”?j+1)Aj+3] =0

Since

[1+ f($(zn)] ¢'(an) # 0

15




and, by Lemma 3.3,

, OA.
f'(@j31) Ajpa + 9"(zj41) Ajis = it £ a.e.,
041

we obtain
(310) B [f"(e)BiE + ¢"(e)BE] = Byt [f'(e) B + g'(w:) B

Now, recalling that _ . ..
B = 14 B + ooy

Bi*? = [1+ f'(2;)]Bif} + ¢'(zj-1)Bi*3

Bj = [1+f(2)|Bj-1 + ¢'(2j-1)Bj2
from (3.10) we have

By [F@)B + ¢')BH) = B [Fe0Bi + o) B

Proceeding in the same way, we obtain at the end that

(311)  Bip [f"(=)Bi + ¢"(@)Bi] = Biyx [f"(e0)Bi} + g"(=:)Bit3]

A simple computation gives that (3.11) is equivalent to

Bi+1 f"(%‘) = B; {fl/(zi) (1+f/($i+1)> + g“(zi)}
and therefore
(i) {Biv1 = Bi [1+ f'(ziy1)]} = ¢"(2:)B;
which implies
(3.12) Bi_1 ¢'(z:) f'(z:) = B A CHE

From (3.12) and the positivity of ¢’ and 1+ f’, we deduce

0 , 0
i (log g'(z:) ) = Er (log B;)
which gives that

/ _ Kl I\ Bi—2 1o
(3'13) 1+f(:1:$) - Bi_]_ g(wz) Bz’_l g (Q:Z—l)'

with K, a strictly positive function.
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Kl(xl, . .,$i_1,$N)

It is easy to see that, if the function is not constant, then both f

Bi_i(z1,..., 21,28
and ¢ have to be affine functions on U, which leads to a contradiction with our hypothesis.

K . -
Assuming therefore that —— = a >0 on U', from (3.13) we have that there exists a positive

i—1

constant b such that

(3.14) Bis(as,-,2i5,2n)

T;— =5
Bi—1($1,---,$i-1,$N)g( 1)

and therefore we have that
(3.15) 14 f(z) = ag'(z) — b for every z € U.
From the definition of B;_; and (3.14), we obtain

Bis g'(wi1) = b [Bi-z(l + f’(mz’—l)) + Bi_s g'(i-2) ],

and, since z;_; € U, by (3.15) we have

(316) _B,;_g gl(il?i_l) (1 - ab) = b [— Bi_g b + Bi_3 g'(a:i_z) ].
If 1 — ab # 0, we obtain that ¢'(z;_;) is constant on U and again we obtain a contradiction
with our assumption. If 1 — ab = 0 we shall arrive to a contradiction. In fact from (3.16)

Bi—3($1a v )wi—SawN) /

Ti— =b,

Bi—z(mla-"ami—ZazN) g( 2)

and proceeding in the same way for every i at the end we obtain that’
By
3.17 —— ¢ (z1) = b.
( ) Bi(z1,zN) g(z)
: gl(¢($N)) ! :

Recalling that By, = 1, B = ——
ecalling that B, , Bi(z1,zn) T+ f(0(en)) + 1 + f'(z1) and choosing z; € U,

from (3.15) we have
(318)  g(¥(en)) = b (14 f(¥(zn)))  for every zy € IR, with $(zy) # 0.
Choosing now =, € Im(1)\{0}, from (3.18) it follows
(3.19) g(@) = b (14 f(21).
From (3.17), (3.18) and (3.19) we deduce

B o= 0

which clearly leads to a contradiction.
Therefore, if the factorization property (3.1) holds, then f and g have to be affine maps.
O
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