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Abstract

We give sufficient conditions for (S§)*-integrability. The results will be applied on Skoro-
hod integrable processes, where we show the equality between the Skorohod integral and an
(8)*-integral involving white noise and Wick product, only using the Skorohod integrability
requirement.

1 Introduction.

This article considers integrals in (S)*, and the connection between an (S)*-integral and the
Skorohod integral. Moreover we will show that

t t
/Y,oW,ds:f Y,6B, (1)
0 0

without any significant restrictions on the process Y;, except the natural requirement of Skorohod
integrability. The left hand side of this equation is to be understood as a Lebesgue integral in
the (S8)*-sense. The right hand side is the familiar Skorohod integral. The symbol ¢ denotes the
Wick-product and W, the white noise process. All these notions are discussed in detail.

In [L@U], Th.(3.3) there is an elegant proof of (1). However, the authors have put severe
restrictions on the process Y,. The restrictions are given in the following way: Define X as the
measure on the product-o-algebra on R™ such that

/f(y)d)\(y) =/m...(/m(/mf(yl,...,yn)e-l/zv?jii)e-l/%?j—?é)...e-lﬂvijii
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Let z* = 2{*...2%™ where 2; € C. If ¥; has the Wiener-Ito chaos expansion (to be defined later,

see (13))
Y =) ca(t)Hol(w)

then we define the Hermite transform of Y; to be
Y, = Z ca(t)z”
a

To obtain (1), [LOU] requires that

/Ot(//lf}W,Fd}\(w)d)\(y))ds <o



This restriction ensures the existence of the inverse Hermite transform (for more information
about the Hermite transform, see [L@AU]). In this article however, we prove that Skorohod
integrability of Y; is sufficient to ensure the existence of the left hand side of (1). The proof of
the equality goes by a direct calculation, without using any Hermite transforms.

2 The Spaces (S) and (S)*.

We start by recalling some of the basic definitions and features of the white noise probability
space. This brief introduction is mostly taken from [GHL@UZ]. For a more complete account,
see [HKPS].

As usual, let s=s (]Rd) denote the space of tempered distributions on R?, which is the
dual of the well—known Schwartz space S(R?). By the Bochner-Minlos theorem there exists a
measure 4 on S’ such that

[ <t du) = e 3190, € () 2)
sl
where ||.|| is the L?(R%)-norm. This measure corresponds to the bilinear form

(6. 4)= [ ¢vdeid, v e SR

Let B denote the Borel sets on S’ (equipped with the weak star topology). Then the triple
(S (R?), B, 1) is called the white noise probability space.

Definition 1 The white noise process is a map

W:Sx8 —R
given by ,
W(p,w)=Wy(w) = (w,8),wES €S 3)
E
Since S is dense in L%, we can define (w, ¢) for ¢ € L? by
(wa ¢> = nllngo(w, ¢n)
where ¢, € S'isa sequence converging to ¢ € L2. In particular, if we define
Bw(w) = B$11-~7wd(w) = (w’ X[O,fb'x]x---x[oyxd](')) (4)

then B, has an x-continuous version B, which then becomes a d-parameter Brownian motion.
The d-parameter Wiener-Ito integral of ¢ € L? is defined by

[, 46)aB,@) = w.4) (%)
The left hand side coincides with the Ito integral if supp(¢) C [0,00). (See [LOU], p.4). Of

special interest now will be the space Lz(S (R%), u) or L?(u) for short. The Wiener-Tto chaos
ezpansion theorem says that every F € L?(u) has the form

©=3 [, hapee ©

where f, € L?(R™?) and f, is symmetric in all its nd variables (in the sense that f, (us,, .. -, Us,,) =
fn(u1,. .., unq) for all permutations o.) The right hand side of (6) are the multiple Ito integrals.
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With F, f, as in (6) we have
oo
||F“%3(u) = Zn!”fnlliz(mnd) (7)
n=0

There is an equivalent expansion of F € L?(y) in terms of the Hermite polynomials

ha(z) = (—1)”6”23 d (e"izﬁ);n =0,1,2,...

dz™
We now explain this more closely. Define the Hermite function of order n as £,(x)
ba(z) = 7 H4((n — 1)) M2 T hy_1(v22) (8)

where z € R,n = 0,1,2,.... {£&}3, forms an orthonormal basis for L?(R). Therefore the
family {eq} of tensor products

ea = eal,...,am = 5(!1 ® oo ® Ead (9)

(where o denotes the multi-index (e, ..., aq)) forms an orthonormal basis for L?(R%). Assume
that the family of all multi-indices 8 = (81, ..., B4) is given a fixed ordering

(ﬁ(l)’ﬁ(z)7 M ”IB(n)’ ° . ')
where g(*¥) = (ﬂgk), cen ((ik)). Put

en =egm;in=12...

Let @ = (1. .., @m) be a multi-index. It was shown by Ito that
[ dme. aemantn = [[he,(0) (10)
@)~ i=1

where 6;(w) = fg. j(z)dBz(w),n = |a| and & denotes the symmetrized tensor product, so that,
e.g., f®g(z,y) = %[f(a:)g(y) + f(v)g(z)] if z,y € R and similarly for more than two variables.
If we define, for each multiindex a = (a1, ..., amn),

Ha(w) = [ hay(8)) (11)
i=1
then we see that (10) can be written
/ edagpelel = b (u) (12)
@)~

using multi-index notation: e®* = e®*1®...@e8om if e = (ey,ez,...). Since the family
{e®%;|a| = n} forms an orthonormal basis for the symmetric functions in L?((R%)"), we see
by combining (6) and (12) that we have the representation

F(w) =) caHaw) (13)
a
(the sum being taken over all multi-indeces « of nonnegative integers). Morover, it can be proved

that
1112200y = Y aldd (14)

where a! = a1!...an!.

There is a subspace of L?(u) which in some sense corresponds to the Schwartz subspace
S(R?) of L*(R?). This space is called the Hida test function space and is denoted (S). Using
the characterization due to Zhang in [Z], a simple description of (S) can be given as follows:
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Definition 2 Let F € L?(u) have the chaos ezpansion
F(w) =) caHa(w)

Then F is a Hida test function, i.e. F € (S), if

sup c2a!(2N)** < co V natural numbers k < 0o (15)
a
where ™
@N)® = [ (2469 ...60°)% ifa = (a1,...,am) (16)
j=1
|

In this article, the dual of (S), denoted (S)*, will be studied. It is therefore of great impor-
tance to have a nice characterization of this space, which is called the Hida distribution space.
Another theorem in [Z] states the following:

Theorem 3 A Hida distibution G s a formal series

G=> boHa (17)

where
sup b2a!((2N)~*)? < oo for some g > 0 (18)
a
=
If G € (S)* is given by (17) and F € (S) is given by (13), the action of G on F is given by
(G, F) =) albsca (19)

Note that no assumptions are made regarding the convergence of the formal series in (17).
We can in a natural way regard L?(u) as a subspace of (S)*. In particular, if X € L%(y)
then by (19) the action of X on F € (S) is given by

(X,F)=E[X - F]
Before we look at an example, we define the important Wick product of two Hida distributions
F,G:

Definition 4 Let F = Y, aoHa,G = Y, bgHp be two elements of (S)*. Then the Wick
product of F and G is the element F o G in (S)* given by

FoG=) asbpHaip (20)
B
[
We will in the rest of the article only consider d = 1, i.e. § = S(R) and § = S (R). Now,

we turn the attention to an important element in (S)*, namely the white noise, Wy(w). This
element is defined as

Wi(w) = ) €k (t) He, (0) = D &(t)ha(6k) (21)
k=1 k=1

where €; = (0,...,0,1) with 1 on the k’th place, ¥ = 1,2,....We show that the white noise is
an (8)*-element: By (16)
(2N)** = 2k
and (18) becomes
sup b2a!(2N) ™9 = sup & (¢)21(2k) " < o0
a k

for some g > 0, since sup, |¢x(t)| = O(k~1/12). (See [HP], p.571).
After this rather brief introduction to the white noise theory, we will have a look at integrals
in (8)*.



3 Integrals in (S)*.
The two concepts of integrability of stochastic processes we are going to study, are the following:

Definition 5 A process Y, € (8)* for s € [0,1] is called (S)*-integrable if
(Y., 9) € L1([0,2]), ¥4 € (S) (22)
The (8)*-integral is then defined as the unique (S)*-element
¢ t
([ Yads)= [ v, pas (23)
0 0

where ¥ € (S). (See prop (6.1) in [HKPS)).

Definition 8 A process Y, € L%(p) for s € [0,1] is Skorohod integrable if

[ B 3 (mt Dl < o0 (24)

m=1

where fr is the symmetrization of fm(.)X(0,t)(-) in the chaos ezpansion, (6). Moreover

t t oo
/ Y,6B, = / fo(s)dBy + Y f fmdB®™F1 (25)
Y Y m=1 RBm+1

If we have chaos expanded an (S)*-integrable process, what is its (S)*-integral ? The answer
to this question is:

Proposition 7 Assume Y, € (8)*,s € [0,%], has the chaos ezpansion
Y, = Z ca(s)Ha
a
where .
za!|aa|/ lea(s)|ds < oo
- 0

Vi =3 anHy € (S). Then Y, is (S)*-integrable, and

/: Y,ds = Za:(/:ca(s)ds)ﬂa (26)

Proof: Since

/ I(Ys,@b)ldssza:allaalfo cal(8)lds < o0

by assumption, the (S)*-integrability follows from (22). By Th.(2.25) in [F] we can change sums
and integrals. Now invoking the definition of (S)*-integrals, we get

(/(;tst-?ﬂ/)) = /ot(Y,,,i,b)ds = /Ot(z alaacy(s))ds

a



t ¢
= Za!aa/ Cqds = (Z/ ca(8)dsHq, )
a 0 a VO
The proposition follows. E

Example: Assume
f € L*((0,t)) a.e. s €[0,%]

Then for ¢ = 3, aqHq € (S) we have

el [ 7(6)lln(s)lds < oo
This is so because we can define the element
=3[ A6 6o lde) ey
which is in (S)*, since
¢ t ¢
sup( [ (@)Iee(9)ds)?(2k)t < sup( | £as)( | egae)any

< [IfI*1sup(2k)™? < o0, ¥g > 0
k

This implies

t
0> (2,9) = 3 laal [ IF(e)ée()lds
. 0
Here ¢ = Y, |aa|Ha. By prop.(7) it follows that f(s)W, is (S)*-integrable on [0,] and
t t
/0 f(S)W,dS = zk:\/o f(3)£k (S)dsHe,'

Note the following equality:

k

t

f(8)éx(s)dsH,, = /'0‘ f(s)W,ds  (27)

To proceed, we need a useful lemma:

Lemma 8 Assume .
supa!/ lea(s)|?ds < oo
a 0

Then .
X = ([ lea0lan)Ee

will be an element of (S)*. B

Proof: We must show that
t
sup(/ |ca(s)|ds)?a!(2N) ™! < oo
a Jo

for a ¢ > 0. By the Hoélder inequality, we get
t ¢
sup(/ lea(s)|ds)2al(2N) " < tsup(/ c2 (s)ds)a!(2N)~ ¢
a 0 o 0
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¢
< tsup(/ c2(s)ds) < o0
a Jo

since
(2N)* = 2l¢l(1*12%2 MmOy > 1, Vo

To prove (1), we must classify the processes Y, which make Y, o W, (S)*-integrable. The
next proposition deals with this:

Proposition 9 Assume Y, € (S)* for s € [0,t] with chaos ezpansion
Y, = an (s)Ho
a
such that .
supa!/ lca(8)|?ds < 0o
a 0

Then Y, o W, is (S)*-integrable on [0,t] and

/ Y, 0 W,ds =3 / ca()Ex(5)ds) Harer (28)
0 ar Jo

|
Proof: Let ¢ = Y, agHa. According to (22), the proposition is proved if
t
Saten) [ lea(@lien(s)ldelanre] < oo
a,k 0
By the estimate sup, ¢y |¢x(s)| = O(k~2/!2) in [HP], p.571, we have
¢ t
Slatar) [ leal@llg(dslansal € Sla+e)Ch 2 [ eals)lds)earal
ak a,k
t
<OY (@t e[ leals)lds)lansa
a,k
Now put
t
X = E/ lea(s)|dsHq
~Jo
Z = Z 1-H,
k
By lemma(8),X € (S)*.Since
sup(2k)™? < 00,¥g > 0
k
we have that Z € (S8)*. Hence X ¢ Z € (8)* and
t
XoZ=Y, / |ca(s)|ds Harte,
a,k 0
which implies
t
(X079 =Y (a+e) [ leals)ldslansal < oo
a,k 0
where ¢ = Y |aa|Ha. Hence the proposition follows. E

An important consequence of this proposition is
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Corollary 10 Assume Y, is Skorohod integrable on [0,t]. Then Y, o W, is (S)*-integrable, and

[ ¥oWids = ([ calo)a6)do s

0 a,k

Proof: By the Skorohod integrability, (24), we have

[ i = [[(Doteats= S [ o < o

and hence

t t
sup a!/ lea(s)|?ds < Za!/ c2(s)ds < o
a 0 p 0

We are now ready to prove the main result of this article:

Theorem 11 Assume Y, Skorohod integrable on [0,%]. Then

t t
/ Y, 6B, = / Y, o W,ds
0] 0

(29)

(30)

Proof: In the proof we use the definitions of the Wick product and the Skorohod integral.

Direct calculation will then show (30).
The Wiener-Ito chaos expansion gives

Y, = fo(s) + Z /mm fm(8; u)dB{?m
m=1

=7+ Y, Y Ul )88 [ ¢ooaem
m=1 =

Ja|=m

= fo(8) + Y (fia (53 -),€%%) Ha

«
lee| 212

Hence, taking the Wick product with W, we get

Yo W, = fO(S)Ws + Z(f|a|(3; -),ééa)ﬁk(s)ﬂaﬁ-ﬁk
a,k

By corollary (10):

t t t N
/(; Y, oW,ds = /; fo(s)W,ds + QE’;(/Z (flal(s; D)y £®a)fk(s)ds)Ha+é,‘

By the definition of the Skorohod integral, we have

t t [e3]
IRGE RCEDS / FndBO™H
Y Y m=1 Rt



t o0
_ 3 Qa ®a jp®m+1
-/ PeaB+ S Y (it G

m+1
7 Jal=m+1
t ~
= [ (618 + 5 (-1, e
lal23

From (27)
t ¢
/ fo(s)dB, = / fols)W,ds
0 0
Hence, we must show that

2 /0 (fial(s;), €8x (s)ds Harer = Y (fial-1,€%%) Ha

\ o
lee|>1 lee| 22

Considering the right hand side, we find that

3 (fla-1,€2)Ha = > (fiat, €8T Har,

[ o,k
|22 Jee|>1
Hence, it is sufficient to show that
~ S ¢ S
S (o €8+ e = 3 ([ (o5, €7)6s(6)de) Hcre (31)
|:‘|,:'n. |:|:'n.
Let |a| = n. Then we might write « as
O = €iyig.in

where €;,5,..;, has ones on the coordinats iy,...,1,, and zeros everywhere else. If 7; = 4, then
the multi-index has 2 on the coordinate i;, and so on. In addition we have

€i1ig.in T €k = €iyig.ink

If u € R"*1, we get

£8(eisinto0) () = ﬁ 3 iy (Uos) i () ()

where the sum is taken over all permutations o of the set {1,...,n + 1}. In addition
. 1 At R
fa(u) = ] ; X(0,6) (1) fu (g3 Uty -+ o sy« ooy Unt1)
Therefore
a n+1
(Fn, £8irinter)) = (1/((n + 1)!(n + 1))) 21 > /mw X(0,4) () fu (g3 Uty - ooy g,y oo vy Unp)
j=1 o

Xfix (uth) v fk(u6n+1 )du
n+1

= (1/((n+ Din + 1)) 3 i A (Folugs ), €8Cizinto0))e, (u)du + ..



+ /0 (falugs.), €8Cainms o)), () )du; + /0 (faugs ), €80-5))e (uj)duj}
= (1/((n+1)!(n+1)))n!(n+1){ fo (fa(s;.), E8%iaink)g;, (s)ds+. . .+ /0 (fa(s;.), EB%a-4n )¢ (s)ds}

=(1/(n+ 1)){/0‘ (Fn (s .),fée"r""n"){il(s)ds + ...+/0 (Fn(s; .),{ée"l'-~‘n)£k(s)ds}

This inserted in the left hand side of (31), gives

Z (ﬁa|1£®a+5k)H¢1+Ek — Z (fn,6@5;‘1...in+ek)HE{1min+Ek

o,k i1yeenyingk
leel=n

= (/1) T o / (Fals3.), €850, (a)ds+. .+ / (Fo(53 ), €855 ) (8)d8} oy e 0

11yeeyink

=1/(n+1)H{ Z Z/ (fa(s;.) £®e‘, )iy (3)d3HE;, ,nu+e;1) t...

1.2, ,t,,,,k 21

£ 3 (0 [ (o) €8 el s}

/ (Fa(s3 ), €850 Y6 (0)ds) Hos, o 4en
= Z (\/:) (fn(s; ')agéa)gk(s)ds)ﬂ'a+e;.
|:|’:n

which shows (31), and hence the theorem.

[ |
Corollary 12 Assume Y, € L?(un), s € [0,t] is Ito integrable then
¢ t
/ Y,dB, = jf Y, o W,ds (32)
0 0
|

Proof: Ito integrability implies Skorohod integrability. See [NZ] for more information about
this. B
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