IMPLEMENTING THE ALGORITHM
FOR COMPUTING FORMAL MODULI

ARVID SIQVELAND

0. INTRODUCTION

Given a commutative k-algebra A and an A-module M. In [Siq 1] we give the
appropriate definitions of the local formal moduli, i.e. the prorepresenting hull Hy
of the deformation functor Defys. In [La 1] , Laudal gives the theory of computing
Hy, and the algorithm 0.1 can be found in [Siq 1].

algorithm 0.1.
Begin
JAll variables start with empty;
Put B={n € N%||n| <1},
put B={n € N*||n|=1};
Put a; = z¥ and og = d;
While not finished do
begin v :=1 4 1;
Pick a basis B, for m ™t /mit? + m 1 m(fi, ..., fr) such that for each n €
B, we have u = ug - u™ for some m € B;
Put Bl = B\JB!,y; Then for each n € N? with |n| <4+ 1 we have a unique
relation in k[u]/m**t? + m(f1, ..., fr), namely
ut =3 cp B+ Y Bnifi. For each n € Bl compute

!
- mebiyq
y(n) = EImISi+1 Zml +my,=m /m,ﬁaml 0 Qm,
m;€B

Put fj = fi + Xneny,, vi(y(n))u®
Pick a basis B for m'™t + (fi,.., f1)/m**? + (f1,..., fr) such that B C Bl ,
(f* = sum up to degree 1)
Put B := B\JB; then, for each n € N? with |n| < i+ 1 we have a unique
relation in k[u]/m™*? + (f1,..., fr), namely
Ut =3 meB Pnmu™

Pick for each m € B an a, € Hom¥y(L.,L.) such that
dam = — ;Zé—z ZQGB; + Brn,m y(n);

End;

End;

In this paper our goal is to make a program in Singular [Si] implementing this
algorithm. We will solve one problem at time refering to procedures building up a
Singular library given in paragraph 3, and give the complete program in the same
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paragraph. Thus I will not write up the procedures where they naturally belongs
but just refer to paragraph 3.

I would like a comment on my programming philosophy. It is known that Singular
doesn‘t like a lot of procedures in the scripts. It is also known that if you don‘t
build up the program with objects and procedures, debugging will be impossible.
As long as it runs sufficiently fast, I have decided to use procedures. Thus the
program ( proc moduli ) should be possible to read. When extra speed is needed,
it will be possible to put the procedure scripts into the program. The resulting
library will be available via e-mail:Arvid.Siqveland@hibu.no

1. GENERAL PHILOSOPHY

When implemented directly, algorithm 0.1 is too ineffective to give results of
interest. Thus we will give some comments on how to make it more effective. The
idea is to not compute things that we know will be identically zero and to record
only the complements when choosing monomial bases. We will assume that we have
dimyg (ExtYy (M, M)) = d with basis {z¥}%, so that we are working in the formal
power series ring k[[u1, ..., ug]] with maximal ideal m = (uq, .., uq).

1.1. Choosing monomial bases. In algorithm 0.1 there are two places where
monomial bases are choosen:

i) Pick a basis Bl , for m'*!/m*? + m™*1 (" m(f1,..., fr) such that for each
+1

(2
n € B}, we have u® = uy - u™ for some m € B

ii) Pick a basis B for m'*! + (f1,..., f1)/m**? + (f1, ..., fr) such that B C B},
(f! = sum up to degree i)

Noticing that

m™ 4 (f o SmE (s £r) 2 m T (s ),

we can say that the problem in both cases is:

Consider the k-algebra A = k[[uq,...,u4]] with maximal ideal m. Let o C m™,
n > 1and B C m? beideals. Assume there is given a linear span of the k-vectorspace

a/(m™ +B)Na="Vs
on the form {u®},cs. Choose a monomial basis for Vs on the form
{u™}nep with B C S.

The naive way to do this is the following: If S = {u™,...,u™r}, then we fill
out B one by one element by the knowledge that u™r+t is linearly dependent of
{u1,...,u®} if and only if u™r+1 =0 in

A/m™ 4 B+ (u™, ..., u").
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This is ineffective because the ”one-by-one”-statement involves a lot of standard
basis computation. It turns out that computing complementary bases is much more
effective.

To save memory ( and it turns out to speed up ), we let

S°={neN:n|=i+1} -5,

and we choose a set of tuples BY such that {u},cpc is the monomials not in a
basis and such that B¢ D S¢ = B C S.

Notice now that this way of recording monomial bases gives us an extra bonus
when computing Massey products. The only monomials that are related to others
are exactly those in B¢. The algorithm for computing complementary bases, is
trated in section 2.2.

1.2. Computing relations.
In algorithm 0.1 there are two places where we need the relations:

i) for each n € N? with |n| < i + 1 we have a unique relation in k[u]/m*? +
m(fi,..., fr), namely

ut= > B U+ Puifi-
j

ii) fo? each n € N? with |n| <4+ 1 we have a unique relation in
k[u]/m**? + (f1, ..., fr), namely

ut = Z ﬁﬁ,mﬁm-

meB

In both cases, these relations can be recorded in a matrix R with the following
property: Assume that B is a complementary basis for k[u]/Q as above. Let B(7)
be the i‘th element ( monomial ) in B, respectively, let BY(j) be the j‘th element
in B€. Then B(:)*(B€(j)) = R(i,j + 1). The first column in R is filled out with
1‘s for computational reasons to illustrate that B(:)*(B(z)) = 1. This is done in
section 2.4.

1.3. Some Comments on the Use of 1.1 and 1.2.
Looking at the sentence

”For each n € B}, compute

y(n') = zlm_ls7'+1 Zmlm €B+ﬂ2=m ﬁ:ﬂaml © aﬂz,,
e

in algorithm 0.1, we see that it is enough to join in the sum the elements where
there exists a relation and where the mentioned oy, ‘s are different from zero. Thus
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it is only necessary to store the a‘s different from zero, and the computation is as
fast as it can be.
Looking at the sentence

"Pick for each m € B an a,, € Homy(L., L.) such that
i+1—2
dom = =375, ZneB;H Bn,m y(n);”

—_—)—

in algorithm 0.1, more care must be taken. We have not recorded any y(n) that
is different from zero, and the choosen oy, will automatically be set to zero. Also, if
the sum is identically zero, oy, will be set to zero. But this is just the first element
in the family {am p}p>2 € Hom?(L.,L.). Can we be shure that a;, 2 can be the

first element in a family fulfilling the condition dapy = — Egié_z Yonen . Prm

241 ——
y(n). The answer to this is yes, and the reason is lemma 2.1.
1.4. Computing Massey products in algorithm 0.1.
Going back to algorithm 0.1, we understand that we need a way to treat the
differential graded k-algebra Hom(L.,L.). This is solved by the following:

Proposition.
In the leading algorithm, it is enough to let every element a € Hom' (L., L.) be
represented by the couple {ay, oz} where a = {a;}i>o.
Proof.
Because the isomorphism H%(Hom/(L., L.)) — Ext% (M, M) sends @ = m»o
to o7 0 ap with
a1 0qQq € HOIIl(Lz,L()) — HOIIl(Lz,M)

it is obvious that this representation is enough to compute Massey products when
a defining system is given. This will give the wanted element in Ext? (M, M) =
H?(Hom/(L.,L.)). The main problem is exactly choosing defining systems. To be
precise, this is the following problem: Given a coboundary

¢ = {&}i>2 € Hom*(L., L.).

Choose an o € Hom®(L.,L.) such that d(a) = £&. Now we only know ¢;, and in
fact, we are only interested in oy and ay. Now it turns out that finding a; and a5
is possible, see section 2.3, and lemma 2.1 in the same section states that this is
the two first morphisms in an « such that d(a) = €.

2. THE DIFFERENT PARTS

2.1 Ext-Computation. ‘
The first problem is to compute a basis for Ext’y (M, M), ¢ = 1,2. In fact we

want a basis for
Ext' (M, M) = H(Hom(L.,L.)), i = 1,2,
where L. is a fixed free resolution of M and Hom/(L.,L.) is the complex defined by

Hom®(L.,L.) = H Homa(Lm, Lim—p),
m>p
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d? : Hom%(L.,L.) — Hom%'" (L., L.) given by
P({ei}) ={dioai_y — (-1)’af 0 dip}.

Notice that this gives Hom(L.,L.) the essential property of beeing a differential
graded k-algebra [Siq 1]. We start by finding a basis for H*(Hom(L., M)): Given a
free resolution

04— M ¢— A™ &L Agm 2 gra B2

This implies the following commutative diagram

———+ Hom(A™,M) —— Hom(A™,M) —— Hom(A", M) —— -

| T T

T
— Mmo B SN Mm™ — M™ — ...

As is known, Ext’ (M, M) =kerd!,,/ImdY.
Now, in Singular every module is given by its first differential in a resolution.
Thus we need a way of exponentiating modules.
Let
PCM,QCN

be sub A-modules. Then we have the exact sequence

0—POQ —MaN -2 M/PON/Q — 0.

For Singular applications this yields

(A" < my,ma,..,mp >)° 2

A" < (my,0,...,0),(m2,0,...,0),...,((m,0,...,0),...,(0,...,0,m1), ..., (0,...,0,my) >.

Thus the algorithm for exponentiating a module, is given by the procedure ”freerep”
in paragraph 3. .

To compute a basis for Ext’ (M, M), our next problem is to compute the kernel
of a morphism

A™JI 25 A™ I,

This is done by computing the kernel in
Am 25 Am T,

by the singular command modulo(¢ , I5) and then resolve the result modulo I.
This is given by the procedure "Ker” in paragraph 3. In fact we just need generators
for the kernel and so it is unnecessary to reduce modulo I;. What we need is given
in the procedure ”augmentker”.
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The thing left for computing Ext ‘s is to divide by the image of the ”previous
morphism”. The general situation is the diagram

R™ /P, —2 4 Rr2/P, — B Rrs/py

T T / B’

Rm —— R
Al

Thus our result is
(ker B'/P,)/(Im A’/ P;) = ker B'/(P, + Im A').

This gives rise to the procedure ” quotkerim”.
Consider M = AP/P. In the diagram

Hom(R™, M) —2— Hom(R", M)

m jaT n
M — M )

= o

T
Armysm p B gony s p

what does the matrix F(AT) look like? Well that is pretty obvious, and the result
is given in procedure ”freerep” in paragraph 3.

Now Ext can be computed from the given resolution by quotkerim. This is done
in the procedure "Ext”. Anyway this just give Ext as a quotient of a free module,
so to get generators of Ext in ker d;{H/ Im d} we map it onto this by procedure
"ontoExt”.

To find a k-basis for kerd},,/Imd}, we use the Singular command kbase on
"Ext” and map this basis to ker dg:H /Im d¥ by "ontoExt”. This operation is called
procedure ”basisExt”.

Now our last problem in the Ext computation is to find the corresponding basis
elements in the differential graded k-algebra Hom(L., L.). We know how the quasi
homomorphism

Hom?(L.,L.) — Hom(L., M)

is given, so we look at the diagram
dp41 dpt+2 dp+3
Lp — Lp.|.1 TR Lp+2 Y A

“p l Gp+1 J’ °‘p+2\[

M < Lo ¢ Li +—— Ly +— ...
€ dl dz da

Then we understand that it is enough to lift the composition apy;—1 0 dpy; at
each step with the right sign (refering to the sign in the definition of the differential
in Hom/(L., L.)). This is easily done by the Singular Command "1ift”, and the result
is given in procedure ”alfa”.

This completes our Ext-computation.
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2.2. Computing monomial bases.

Recall that the problem is the following: Given the k-algebra A = k[[u, ..., u4]]
with maximal ideal m. Let o C m?, ¢ > 1 and ¢ C m? be ideals. Assume there is
given a linear span of the k-vectorspace

o/ (@t +g)na=Y,
on the form {u2},cs. Choose a monomial basis for V3 on the form
{u™}nep with B C S.

We will use as input the integer i, the ideal ¢ and the complementary span
SC¢ ={n € N?: |n| =i} — S and we will give as output the complementary bases
BY = {n € N?: |n| =i} — B. The idea is simply the following:

Having S¢ we also have 5. Write up the ( unique ) normal form of S modulo a
standardbasis for m**t! 4+ ¢q. Then some elements may be removed form S, and we
add them to S€. The result is BY, and the procedure is called "proc basisfrom”.

2.3. Lifting of cosycles.
Let ¢ = {¢;}i>2 € Hom®(L., L.) be a coboundary. We want an algorithmic (and
in Singular implementable) way to find an element

a={ai}ti>1 € Homl(L.,L.)

such that d(a) = €.

In the computation, given £, we only need the first two 3 and az. But we have
to prove that this in fact is the first two in a lifting. This leaves us with the problem
of finding the first two "that can be lifted”. This will be clearer in a moment.

Consider the diagram

We want to find oy and ag such that
o1dy + diog = fz < aidy — 62 = —djas.
Thus our first goal is to find a; such that Im(a1dy — &) C Im(dy). This can be
done much in the same way as in the computation of Ext.
Im(a1d2 — 62) - Im(dl) < /ﬁ(aldz —_ 62) =0 <= n(a1d2) = K)(ﬁz).

We have the following diagram
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T T
Hom(Lo, M) _h, Hom(L,, M) N Hom(L,, M)

(2' 1) M ™o _{{_} M™ dg‘ 3 M™n2
w w
aq fz

Thus finding «; can be solved by a lift procedure. Assume that we have found
ay such that Im(ayds — €2) C Im(d;). Then we can find ay such that

diog = —(01dy — &) = a1dy + diag = &3.

Our theoretical problem is solved by the following

Lemma 2.1.
Suppose found a;—y, a; such that

aj—1d; + di—10; = §;.

Then there exist an a;t1 fulfilling the condition, 1.e. dia;it1 + aidipr = &iyr.

Proof.
Suppose found a;—_1, a; such that a;—1d; + di—1a; = £;. We then see that

di—1(aidig1 — €it1) = di—1(idig1) — dic1€iga
= di—1(@idiy1) = &idit1 = (—ai—1d; + &i)dip1 — Eidig
= {idig1 — €idig1 = 0.

Thus there exist an «;4; such that
diaiy1 = i1 — aidig1 <= dioipr + oidipy = iy

Thus by induction, the whole system may be lifted.

We understand that to make a Singular program, we need a lifting algorithm.
Singular only contains the lifting procedure for free modules. We will also need a
lifting procedure for quotient modules, as seen in the diagram (2.1). That is, given
the diagram

Ar —% 4 gm/p

'\“
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Such that Im1 C Im¢. Then there exist a morphism p as shown. This p can be
found as follows:
Let P be given by A —+ P — 0. Considering

Ants ﬂ_) A™
v
AT

P1
we have

Imyp CIm¢p =Imy) CIm¢p+ P =Im¢ + Imxk = Im(é + &).

Thus a p; as indicated exists and can be found by the Singular command "1ift”.
Finally, from the diagram

we find
$(p(2)) = d(v(p1(2))) = (¢ ® K)(p1(2)) — K(z) = Y(z) — K(z) => dop = .
Thus the problem is solved by finding p; and ¢ by "lift”.

This is the basis for procedure ”qlift” in paragraph 3, leading to the procedure
falfa for lifting cosycles.

2.4. Computing duals.

To compute duals, we use the procedure lift_kbase made by Bernd Martin in the
library ”Deform.lib”. First of all we consider a basis as the columns in a matrix
B. The quotient of a free module is represented by the matrix ¢ whose columns
are the generators of the module. We let K denote the basis that Singular chooses,
and [K the lifted basis. Then the problem is solved from the following diagram.

A"/Q
B+q|
K A™ T
A™ ? A™

The inverse matrix of [K gives all the relations, it is the transformation matrix.
We compute this in "proc relyp”.
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1.5.Knowing when to Stop.
First of all, to know when to stop is no problem :
A defining system {am },,ep; corresponds to morphisms

d :Li @k S — Li—1 ®% S,
where S = k[[u]]/m'T* + (fi, ..., f1). This induces morphisms
di + Li @k k[[u]l/(f*) — i @ kl[]/ (7).

If d; od._; =0, we know that d can be lifted to the top and and d; = h_n)ld; is

the proversal family. Going into algorithm 0.1, we see that if d| o dj = 0, every
obstruction is zero and the choosen a mapping to the obstruction may be choosen
to be zero by lemma 2.1. Thus a sufficient condition for stopping the process is
d} o dyy = 0 Also, we can solve the stopping problem in a more combinatorial way.

Proposition 2.2. In the computation of formal moduli, with the notation from
[Siq 1], assume that (f) C m? — m?! and that

1
am =0 for |m| > 5(5—|—i——2q).

Then the nect a's are 0 and there are no changes in (f).

Proof.

yn)= > Y. BrnOm, © Am,,

|m|<i+1 m;+m,=m
m, EBi

where ﬁ:n,n are the relations in k[[u]]/m'*?% + m(f). Now (f) C m? — m? implies

that 8;, , =0for |m| <2+ (:4+1—q) =3+ i—q. Thus for the monomials in the
sum above

: 1 :
| + |ms| = |m| >3 +i— ¢ = |my| > 53 +7 —4q).
1
So y(n) =0 for |n| =%+ 1 if o = 0 for |m| > 5(3—|— i — ¢). In particular
1 . 1 . . . 2 +1
5(3+z——q) > 5(5-|—z—-2q) = y(n) =0 for |n| = 1+1 = (f) stays in m”—m?"".

The next order ay,‘s are given by choosing elements ., € Hom' (L., L.) mapping
to

i+1-2
Pu=Y_ Y Pomy(n), meBin
I=0 n€B!

241

where B, are the relations in k[[u]]/m"*? + (fi, ..., f). Then

Brm =0for |n| <34+i—gq
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and
In| >3+i—g=|n|>1+(2+:—q) = y(n) =0,

1 1
because ap, = 0 for |m| > 5(3+(2+i_Q) —q) =

5(5 + ¢ — 2q). Thus the next

order a‘s can be choosen identically 0.

None of the stopping principles are filled into each loop. To reduce the use of
time, the procedure runs a determined number of loops, and then finally tests if
this number is enough. The test is d} o djj = 0. The moduli computation ends in
the procedure "moduli(module M,integer number of loops,eventually the matrices
for d1, dy”.




3. The Program

proc sumideal(list #)

parameters (ideal il,ideal i2)

{
ideal @i;
for(int @j=1;@j<=ncols(#[1]); @j=@j+1)
{@i[ejl=#[1][@]];};
for(@j=1; @j<=ncols(#[2]); @j=@j+1)
{@i[ncols@#[1])+@jl=#[2][@]l;};
@i=removezeros(@i);
return( @i); '

proc removezeros(ideal t2)

{
ideal t1;int n,it,u;n=ncols(t2);
for(u=1;u<=n;u=u+1)

{
{

if(t2[u]!=0)

it=it+1;
t1[it]=t2[ul;
b
}
return(tl);
b

proc remove2(list #)
Parameters (i1,i2). Removes the elements in il from i2.
{
int @k1,@Kk2;ideal @i3,@i4,@1i5;
@i3=#[2];ideal @il=#[1];
for(int @j1=1;@jl<=ncols(@il);@j1=@j1+1)
{
@k1=findi(#[1][ @]j1], @i3);
if(@k1 !=0)
{
if(@kl1==1 or @kl==ncols(@1i3))

if(@k1==1)
{
if(ncols(@i3)==1)
{
@i3=0;
}

else

{
@i3=@i3[2..ncols(@i3)];
I8
}

else

{

12




@i3=@i3[1..(ncols(@i3)-1)];
b
}
else
{

@i4=@i3[1..@k1-1];
@i5=@i3[ @k1+1..ncols(@i3)];
@i3=sumideal(@i4, @i5);
b
b
b
return( @i3);
b

proc qlift(list #)
Parameters (module M, matrix A, matrix B).
The modules are given as their first differentials, the procedure
else is exactly the same as the ordinary lift, exept
that it also lifts quotient-modules.
{
matrix @m=matrixofmodule(#[1]);
matrix @apm[nrows(#[2])][ncols#[2])+ncols(@m)];
@apm[1..nrows(#{2]),1. ncols#[2])1=#[2];

@apm[1..nrows#{2]),ncols(#[2])+1..ncols#2])+ncols(@m)]=@m;

matrix @p=lift(@apm,#[3]);
matrix @proj[ncols#[2])][ncols(#[2])+ncols(@m)];
for(int @i=1;@i<=ncols(#[2]); @i=@i+1)

{
@proj[ @i, @i]=1;
h
return(@proj* @p);
h

proc falfal(list #)

See help text for falfa.

{
matrix @ cl=vectorofmatrix(#[1]);
matrix @ c2=freerep(#[2],transpose(#[3]));
matrix @c3=qlift(moduleexp(#{2],ncols(#3])), @c2,@cl);
matrix @ cd=matrixofvector(@c3,nrows(#[2]),ncols(#[2]));
return( @c4);

b

proc falfa2(list #)
See help text for falfa.
{
matrix @ cl=vectorofmatrix(#[1]);
matrix @ c2=freerep(#[2],transpose(#3]));
matrix @c3=qlift(moduleexp(#[2],ncols(#[3])), @c2,@cl);
matrix @ cd4=matrixofvector(@ c3,nrows(#[2]),ncols(#21]));
matrix @c5=-1*(@c4*#[3]-#[1]);
matrix @c6=lift(#[2],@c5);
return( @c6);
b

proc vectorofmatrix

13




{
matrix @c[ncols[1])*nrowsH[11)1[1];
int @i;int @j;
for (@j=1;@j<=ncols#[1]); @j=@j+1)
{
for (@i=1; @i<=nrows(#[1]); @i=@i+1)

{
@c[ @i+(nrows(#[1]))*(@j-1),1]=#[1][ @1, @]];
b
b
return(@c);

I8

proc svectorofmatrix
{
vector @c;
int @i;
for (@i=1; @i<=nrows(#[1]); @i=@i+1)
{
@c=@c+#[1][@i,1]*gen(@i);
|5
return(@c);
b

proc falfa(list #)

Prameters (int i,matrix xi2, matrix d1,matrix d2).
Given a coblundary xi in Hom"2(L.,L.) with
xi2:L_2--->L_0, this procedure returns an element ,
alfa( 1 or 2 ) in Hom”1(L.,L.) mapping to xi2. See
the paper following this library.

{

if#11==1)

{return(falfal (#[2],#[3],#[4]);}

else

{ return(falfa2 (#[2],#[31,#[4]); };

b

proc ifind(list #)
Parameters (poly m, poly ml, ideal BB)

returns the integer i such that m1*BB(i)=m if possible.

else 0.
{
int @v;
for (int @i=1; @i<=ncols(#[3]); @i=@i+1)
{
if#H3][ @i]*#[2]==H#[1])

{
@v=@i,
b
b
return(@v);

B

proc zeromatrix(list #)

{
matrix @f[#[1]1[#[2]];
return( @f);

s

14
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proc augmentker(list #)

This procedure returns the matrix of the augmentation of the kernel,that is the
module in the "Singular” sence

{

return(modulo(#2],#[31));

b

proc quotkerim(list #)

This procedure returns the module-representation of the kernel of a mapping
divided on the image of a mapping:

R n/P1--a-->RAm/P2--b-->R"s/P3

{

module @e=#[1];

module @sum=#[2]+@e;

module @aug=augmentker(#[2],#[31,#[4]);

return(modulo(@aug, @ sum));

b

proc freerep(list #)

given a morphism M m--->M"n as a n x m- matrix with entries in the basering. Assuming that
M=R/p/P, the procedure returns the corresponding (np x mp)-matrix representing the morphism.
{

int @p;

int @n;

int @m;

int @j;

int @k;

@p=nrows(#[1]);

@n=nrows(#[2]);

@m=ncols#[2]);

matrix @F[@n*@p][@m*@p];

for(int @i=1;@i<=@n; @Ri=@i+1)

{ for( @j=1;@j<=@m;@j=@j+1)

{ for( @k=1; @k<=@p;@k=@k+1)

{ @F[@k+(@i-1)*@p, @k+(@j-1)*@pl=#[2][@i, @] };};};

return( @F);

I8

proc moduleexp(list #)

This procedure returns the module M to the n*th.
{

int @p=nrows(#[1]);int @r=ncols#[1]);

int @k;int @i;int @j;

matrix @F[@p*#[2]][@1r*#[2]];

for (@k=0; @k<=#[2]-1; @k=@k+1)

{for (@i=1;@i<=@p; @Ri=@i+1)

{for (@j=1;@j<=@r;@j=@j+1)

{ @F[ @i+@p* @k, @j+@r* @k]=#[1][ @1, @]];}; }; };
return( @F);

b

proc matrixofmodule(list #)




{
matrix @du[nrows@#[1])][ncols@#[1])]=#[1];
return(@du); };

proc basisExt(list #)

Input parameters: i, M,N,<2,...,i+1"th differentials in the resolution of M>.

As indicated, the last parameter is optional,
and can be filled in if you want to use a particular
resolution when computing Ext*i(M,N). Note that the first differential
is already defined.
{
matrix @d(1..@#[1]+1)); @d(1)=matrixofmodule(#[2]);
if (size(F)==#[11+3)
{
for(int @k=1;@k<=#[1]; @k=@k+1)
{
@d(@k+1)=#[ @k+3];
}
}
else
{
res(#2],#[1]+1,@v);
for(int @i=2; @i<=#[1]+1;@i=@i+1)
{
@d(@i)=matrixofmodule(@v(@ji));
b
b
module @m=moduleexp#[3],ncols(@d#[1])));
module @n=moduleexp#[3],ncols(@d#[1]+1)));
matrix @a=transpose(@d(#[1]));
matrix @b=transpose(@d#[1]+1));
module @g=quotkerim(freerep(#[3], @a), @m,freerep(#[3], @b), @n);
module @v=kbase(std(@q));
module @o=augmentker(@m,freerep(#[3], @b),@n);
int @l=nrows(#[3])*ncols(@d#[1]));
int @j=ncols(@v);
int @t=nrows(@v);
matrix @rl[ @1][@j];
matrix @vl=matrixofmodule(@v);
matrix @ol=matrixofmodule(@o);
matrix @v2[@t][1];
matrix @c[1][1];
for (int @k1=1;@kl<=@j; @kl=@k1+1)
{
@v2=@vl[l..@t,@k1];
if (@1==1)
{
@c=@o01*@vV2;
@rl[l..@l,@kl]=@c[1,1];
}

else

{
@rl[1..@l1,@kl1]=@o01*@vV2;
IR




return(@rl);
h

proc summatrix

parameters (matrix m1,matrix m2)

{ //"summerer";print(#[1]);print(#[2]);
matrix @m2[nrows#{1])][ncols#[1])];
if (iszero(#[1])==0)

{return(#[2]);}
else
{
@m2=#[2];
if(iszero(@m2)==0)
{

5
return(#[11+@m?2);};
I8
b

@m?2=zeromatrix(nrows(#[1]),ncols(#[1]));

proc iszero

{
int @i;int @j;int @t;
for(@i=1;@i<=nrows(#[1]); @i=@i+1)
{

for(@j=1; @j<=ncols(#[1]); @j=@j+1)
{
if#1][ @i, @j]!=0)

{e=1};

b
¥
return( @t),

I

proc matrixofvector

parameters (a,i,j).

{
int @i;int @j;matrix @al[#[2]1[#[3]];
for (@j=1;@j<=#[3]; @j=@j+1)
{
for (@i=1;@i<=#[2]; @i=@i+1)
{@al[ @i, @j]=#[1][@i+(@j-1)*#[2],1]; };
¥

return(@al);

h

proc alfa(list #)
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Takes as input (int i,n x 1-matrix a, int p,module M,<d2,...,di+1>).
a is a column vector in Ext*p(M,M), and the procedure returns the
i*th morphism in the correspondence Ext p(M,M)=H"p(HomA*.(L.,L.)).
{
if @#[11<#[3]){return(0)} else
{
matrix @d(1..#[1]);
@d(1)=matrixofmodule(#[4]);
if (size(#)==#[1]+3)
{




for (int @k=2; @k<=#[1]; @k=@k+1)
{
@d(@k)=H#[@k+3];
}
¥

else

res(#[4],#[1],@v);
for (int @k1=2;@kl1<=#[1]; @k1=@k1+1)

{
@d(@k1)=matrixofmodule(@v(@k1));
b ‘
b
int @il=nrows(@d(1));int @j1=ncols(@d#[3]));
matrix @a0=matrixofvector(#2],@il,@jl);
for (int @i3=#[3]; @i3<=#[1]-1;@i3=@i3+1)

{
@a0=((-DHM3)*lift(@d(@i3-#[3]+1), @a0* @d(@i3+1));
}
return(@a0);
b
b

proc basisfrom(int i,ideal q,ideal SC);

{ .
ideal q1,rl;ideal sp;
ql=maxideal(i+1)+q;ql=std(ql);
sp=remove2(SC,maxideal(i));
rl=reduce(sp,ql);
rl=remove2(rl,sp);
q1=r1,SC;ql=removezeros(ql);
return(q1);

b

proc relyp(module B,module BC,module Q)
Assumes that B is a basis for k[u]/Q and returns the matrix
R(,) such that B()**(BC(j))=R(,j). Also assumes that the basering is
S (see proc moduli).
{

matrix r1[ncols(B)][ncols(BC)+1];

int n1=nrows(r1);int n2=ncols(r1);int i;

module BQ=B,Q;

module M=modulo(BQ,Q);

matrix I[n1+ncols(Q)][n1];

matrix free=freemodule(nl);

I[1..n1,1..n1]=free;

matrix F=lift_kbase(I,M);

F=lift(F,freemodule(n1));

module psi;matrix phi;

for(i=1;i<=nl;i=i+1)

{
b

for(i=2;i<=n2;i=i+1)

rl[i,1]=1;
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psi=BC[i-1];
psi=lift(BQ,psi);
phi=lift_kbase(psi,M);
r1[1..n1,i]=F*phi;

h

return(rl);

}

proc getideal(list #)
parameters (ideal B, int from, int to)
{
ideal @B;
for(int @i=#[2]; @i<=#[3];@i=@i+1)
{
@B=@B+#[1][ @i];
h
return(@B);
b

proc findi(list #)

Parameters (n,i). Returns the index j such that i[j]=n.

{
for (int @i=1; @i<=ncols(#[2]); @i=@i+1)

{
if#2][ @i]==#[1])
{

return( @i);
b
b
return(0);
b

proc printmatrix(matrix m)
{ "Matrix of size";
int i,j;nrows(m)*10+ncols(m);
"Read row by row";
for(i=1;i<=nrows(m);i=i+1)
{
for(j=1;j<=ncols(m);j=j+1)

{
print(ml[i,j]);
I
|5
b

proc reducematrix(matrix m);

{
int i,j;matrix rm[nrows(m)][ncols(m)];
ideal null=std(0);
for(i=1;i<=nrows(m);i=i+1)

for(j=1;j<=ncols(m);j=j+1)
{
rm[i,j]l=reduce(ml[i,j],null);

|5
b
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return(rm);

|5

proc moduli(list #)
Defines aring S and matrices alf1,alf2. Returns the ideal in S defining
the relations for the formal moduli. The defining systems are recorded
in alf, over the defined bases BB.Parameters (module m,int nrl,<d2,d3>).
{ "Version 7";
if(size(#)==4)
{
matrix @d2[nrows#[3])][ncols(#[3])]=#[3];
matrix @d3[nrows#[4])][ncols(#[4])]=#[4];

else

{

res(#1],3,@v);

matrix @d2[nrows(@v(2))][ncols(@v(2))]=@v(2);

matrix @d3[nrows(@v(3))][ncols(@v(3))]=@v(3);

%

matrix @dl=matrixofmodule(#[1]);
matrix @xb=basisExt(1,#[1],#[1], @d2);
matrix @yb=basisExt(2,#{1],#[1], @d2,@d3);
module ybc;
int el=ncols(@xb);int @e2=ncols(@yb);
ring S=0,u(1..e1),Dp;
ideal m=u(1..e1);ideal ma=kbase(std(m"2));
setring a;
matrix alf1(1..e1+1);matrix alf2(1..e1+1);
matrix @cl[nrows(@xb)][1];
alf1(1)=@d1;alf2(1)=@d2;
for(int @i=1;@i<=el;@i=@i+1)
{
@cl=@xDb[1..nrows(@xb), @i];
alf1(@i+1)=alfa(1,@c1,1,#[1]);
alf2(@i+1)=alfa(2,@cl,1,#[1], @4d2);
h
//SOME DECLARATIONS OVER RING a:
int @j,@il1,@i2,@i3,@i4,@m1,@m2,@iBBC;int @bp(1)=0;int @iy(1)=0;
matrix @w1,@w2,@w3,@minusbm,Extrel;int nrl=#[2];
poly @befa;module @d2t;
map @kappa=S,0;
//SOME DECLARATIONS OVER RING S:
setring S;
ideal frif, @BB, @BP,@B,@BC,@BBC,@BPC,@BBPC, @my, @rel,colid, TT;
module base,M, frifmodule,T1,T2,T3;
matrix primerel,basematrix,frifmatrix;
poly @betap, @nl,@n2,@tf(1..@e2);
map @slappa=a,0;
while (@j<nrl)

- { "LOOP";@j+1;
@j=@j+1;TT=basisfrom(@j+1,intersect(mN(@j+1),m*frif), n* @BC);
@BPC=sumideal(@BPC,TT);
int @bp(@j+1);
if(@BPC[1]!=0)

{

@bp(@j+1)=ncols(@BPC);
h
@BBPC=sumideal(@BBC,TT);
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if(@bp(@j+1)>=@bp(@j)+1)
{
@BP=remove2(getideal(@BPC, @bp(@j)+1,@bp(@j+1)),m N @j+1));
}
else
{
@BP=m"(@j+1);
5
M=modulo(frif,maxideal(1) *frif);
base=kbase(std(M));
basematrix=base;
frifmodule=frif;
frifmatrix=frifmodule;
basematrix=frifmatrix *basematrix;
base=basematrix;
@BB=remove2(@BBC kbase(std(maxideal( @j+1))));
if (base[1]!=0)
{
base=@BP,@BB,base;
}
else
{
base=@BP,@BB;
|4
T1=base;T2=@BBPC;T3=maxideal(1)*frif+maxideal(@j+2);
primerel=relyp(T1,T2,T3);
colid=0;
if ( @ BBPC[1]!=0)
{
colid=colid,@BBPC;
5
for (@i=1; @i<=ncols(@BP); @i=@i+1)
{
colid[1]1=@BP[@1i];
setring a;
@w1=0;
setring S; ,
for(@il=1;@il<=ncols(colid); @il=@il+1)
{
if(primerel[ @i, @i1]!=0)
{
@betap=primerel[ @i, @il];
for (@i2=1;@i2<=ncols(ma); @i2=@i2+1)
{
@nl=ma[ @i2]; @m?2=ifind(colid[ @i1], @n1,ma);
setring a;
if(@m2!=0)
{

h
setring S;
h
b
h
setring a;
if (iszero(@w1) !=0)

{
setring S;

@w1=summatrix(@w1, @kappa(@betap)*(alf1( @i2)*alf2(@m?2)));
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if(@my[1]==0)

@ml=1;
}

else

{
@m1=ncols(@my)+1;
b
@my[ @m1]=@BP[ @i];
setring a;
matrix @yn(@ml)=@w1,;
5
setring S;
I
int @iy(@j+1)=ncols(@my);
setring a;
ybe=[0];
for (@i2=1;@i2<=@iy(@j+1)-@iy(@j); @i2=@i2+1)
{

b
@d2t=freerep(#[1],transpose(@d2)),moduleexp(#{1],ncols(@d2));
Extrel=relyp(@yb,ybc, @d2t);
setring S;
for ( @il=1;@il<=@e2;@i1=@il+1)
{
@t=0;
for (@i2=1;@i2<=Qiy(@j+1)-@Riy(@j); @i2=@i2+1)
{
setring a;
@befa=Extrel[ @il, @i2+1];
setring S;
@t=@t+@slappa(@befa)* @my[ @iy(@j)+ @i2];

ybc[ @i2]=svectorofmatrix(vectorofmatrix(@ yn(@iy(@j)+ @i2)));

f(@il)=f(@il)+@t;
|5
frif=f(1..@e2); @ BP=0;
if(@bp(@j+1)>@bp(@j))
{

TT=getideal(@BPC,@bp(@j)+1, @bp(@j+1));

@BC=basisfrom(@j+1,intersect(frif, maxideal(@j+1)),TT);
}
else
{

@BC=basisfrom(@j+1,intersect(frif, maxideal(@j+1)),0);
I
@BBC=sumideal(@BBC,@BC);
@iBBC=ncols(@BBC);
@B=remove2(@BC,mN@j+1));
base=@B,@BB;
T1=base;T2=@BBC;T3=frif+maxideal(@j+2);
primerel=relyp(T1,T2,T3);
colid=0;
if ( @ BBC[1]!=0)
{

colid=colid, @ BBC,

b
for(@il=1;@il<=ncols(@B); @il=@il+1)




setring a;
@minusbm=0;
setring S;
colid[1]l=@B[@il];
for(@i3=1;@i3<=ncols(colid); @i3=@i3+1)
{
@betap=primerel[@i1, @i3];
if(@betap!=0)
{
@i2=findi(colid[ @i3], @my);
setring a;
if(@i2!=0)
{
@minusbm=summatrix(@minusbm, @kappa( @betap)* @ yn(@i2));
¥
b
setring S;
|5
setring a;
@minusbm=-1* @minusbm,;
if(iszero(@minusbm)!=0)
{
setring S;
@id=ncols(ma);
ma] @i4+1]=@B[@il]; @i4=@i4+1;setring a;
matrix alf1(@i4)=falfa(l, @minusbm, @d1, @d2),
matrix alf2( @i4)=falfa(2, @minusbm, @d1, @d2);,
b
setring S;
}

b
"THE LOCAL MODULI IS THE FREE POWER SERIES RING OF DIMENSION";
el;
"MODULO THE IDEAL GENERATED BY THE FOLOWING POLYNOMIALS:";
print(frif);"THE VERSAL FAMILY IS GIVEN BY";

//Here we make the versal family

ring ah=0,(x,y,u(1..e1)),Dp;
map atoah=a,(X,y);
map Stoah=S,u(l..el);
ideal frif=Stoah(frif);
ideal q=x4+y3;
ideal qv=q,frif;
gring AtH=std(qv);
map atoath=a,(x,y);
map Stoath=S,u(1..el);
matrix stepvers1[nrows(atoath(@d1))][ncols(atoath(@d1))];
matrix stepvers2[nrows(atoath(@d2))][ncols(atoath(@d2))];
int wl,w2,w3;
for(w1=1;wl<=ncols(Stoath(ma));wl=w1+1)

{

for(w2=1;w2<=ncols(stepvers1);w2=w2+1)
{
for(w3=1;w3<=ncols(stepversl);w3=w3+1)

{
b

stepvers1[w2,w3]=stepvers1[w2,w3]+atoath(alf1(w1))[w2,w3]*Stoath(ma)[w1];
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h
I8
for(w1=1;wl<=ncols(Stoath(ma));wl=w1+1)
{
for(w2=1;w2<=ncols(stepvers2);w2=w2+1)

for(w3=1;w3<=ncols(stepvers2);w3=w3+1)
{
stepvers2[w2,w3]=stepvers2[w2,w3]+atoath(alf2(w1))[w2,w3]*Stoath(ma)[w1];
h
h
h
printmatrix (stepvers1);
"It is versal if the following matrix is zero";
matrix obst=stepvers1*stepvers2;
obst=reducematrix(obst);
print(obst);

b
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