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Abstract

We consider AF flows, i.e., one-parameter automorphism groups of a unital sim-
ple AF C*-algebra which leave invariant the dense union of an increasing sequence of
finite-dimensional *-subalgebras, and derive two properties for these; an absence of
continuous symmetry breaking and a kind of real rank zero property for the almost
fized points.

1 Introduction

We consider the class of AF representable one-parameter automorphism groups of a unital
simple AF C*-algebra (which will be called AF flows) and derive two properties, one of
which is invariant under inner perturbations and may be used to distinguish them from
other flows (i.e., one-parameter automorphism groups).

We recall that a flow « of a unital simple AF C*-algebra A is defined to be AF locally
representable or an AF flow if there is an increasing sequence (A,) of a-invariant finite-
dimensional *-subalgebras of A with dense union [14], [15]. In this case there is a self-
adjoint h, € A, such that ay|4, = Ade™|A, for each n. Thus the local Hamiltonians
(hp) mutually commute and can be considered to represent the time evolution of a classical
statistical lattice model, which is a special kind of model among all the models quantum
or classical. Consider the larger class of flows which are inner perturbations of AF-flows.
(These are characterized by the property that the domains of the generators contains
a canonical AF maximal abelian sub-algebra (masa), see [15, Proposition 3.1].) In [15,
Theorem 2.1 and Remark 3.3] it was demonstrated that there are flows outside this larger
class, but the proof was not easy. Our original aim was to show that all the flows which
naturally arose in quantum statistical lattice models and were not obviously AF flows,
were in fact beyond the class of inner perturbations of AF flows. We could not prove that
there was even a single example and obtained only a weak result in this direction which




is presented in Remark 2.4. Thus we ended up presenting the two new properties of the
AF flows mentioned in the abstract.

The first property we derive for AF flows can be expressed as: there is no continuous
symmetry breaking. If §, denotes the generator of a general flow «, we define the ezact
symmetry group for a as Gy = {y € AutA | v6,7! = 6.} and the near symmetry group
as G1 = {y € AutA | ¥6o7™! = 6, + adih for some h = h* € A}. Then it is known
that there is a natural homomorphism of Gy into the affine homeomorphism group of
the simplex of KMS states at each temperature. We deduce moreover in Proposition 2.1
from the perturbation theory of KMS states [1], that there is a homomorphism of Gy into
the homeomorphism group of the simplex of KMS states at each temperature, mapping
the extreme points onto the extreme points. We next show in the special case of AF
flows that if v € Gy is connected to id in Gy by a continuous path, then « induces the
identity map on the simplexes of KMS states. We actually show a generalization of this
in Theorem 2.3: If o is an AF flow and vy € G, is connected to id in G; by a continuous
path () such that 0,7 ' = 04 + adib(t) with b(t) rectifiable in A, then v induces a
homeomorphism which fixes each extreme point. (Thus, if the homeomorphism is affine,
it is the identity map. This is in particular true if v € Gy.)

The second property we derive for the class of inner perturbations of AF flows can be
expressed as: the almost fized point algebra for a has real rank zero (see Theorem 3.6). A
technical lemma used to show this property is a generalization of H. Lin’s result on almost
commuting self-adjoint matrices [16]. The generalization says that any almost commuting
pair of self-adjoint matrices, one of norm one and the other of arbitrary norm, is in fact
close to an exactly commuting pair (see Theorem 3.1).

We recall here a similar kind of property in [15] saying that the almost fized point
algebra has trivial Ky. We will show by examples that these two properties, real rank
zero and trivial K; for the almost fixed point algebra, are independent, as one would
expect. (It is not that the almost fived point algebra is actually defined as an algebra;
but if « is periodic, then we can regard the almost fixed point algebra as the usual fixed
point algebra, see Proposition 3.7. In general we can characterize any property of the
almost fized point algebra as the corresponding property of the fixed point algebra for a
certain flow obtained by passing to a C*-algebra of bounded sequences modulo ¢y, see
Proposition 3.8.)

We remark that there is a flow « of a unital simple AF C*-algebra such that D(d,) is
not AF (as a Banach *-algebra)(cf. [18, 19]). This was shown in [15] by constructing an
example where D(d,) does not have real rank zero. Note that D(4,) has always trivial
K and has the same K as the C*-algebra A. Hence real rank is still the only property
which has been used to distinguish a with non-AF D(é,). On the other hand even Kj (of
the almost fixed point algebra) might be used to distinguish non-AF flows (up to inner
perturbations) as well as real rank and K; as shown above.

In the last section we will show that any quasi-free flow of the CAR algebra has the
property that the almost fixed point algebra has trivial K, leaving open the question of
whether it is an inner perturbation of an AF flow or not and even the weaker question of




whether the almost fixed point algebra has real rank zero or not.
One of the authors (A.K.) would like to thank Professor S. Sakai for discussions and
questions concerning the first property.

2  Symmetry

In the first part of this section we describe the symmetry group of a flow and how it
is mapped into the homeomorphism groups of-the simplexes of KMS states. Then in
the remaining part we discuss a theorem on a kind of absence of continuous symmetry
breaking for AF flows.

In the first part A can be an arbitrary unital simple C*-algebra. Let « be a flow of A
(where we always assume strong continuity; ¢ — a;(z) is continuous for any z € A), and
o the generator of a. Then &, is a closed linear operator defined on a dense *-subalgebra
D(d,) of A with the derivation property: dn(zy) = 0o(2)y + 20 (y), da(z)” = dalz*) for
7,y € D(8,). We equip D(6,) with the norm || - ||5, obtained by embedding D(é,) into
‘Ig 60‘1(;@ . Note that D(d,) is a
Banach *-algebra. (See [6, 3, 19] for the theory of unbounded derivations.)

We call a continuous function u of R into the unitary group of A an a-cocycle if
us@s(uy) = Usyy, S,t € R. Then ¢ — Adwu; o oy is a flow of A and is called a cocycle
perturbation of .. If u is differentiable, then the generator of this perturbation is d,+ad ih,
where du/dt|,—o = ih (see [14, section 1]). We define the symmetry group G = G, of a as

A ® M, by the (non *-preserving) isomorphism z

{y € Aut A | yay™! is a cocycle perturbation of a},

which is slightly more general than the G; given in the introduction, so Gy C G; C G =
G.. Then G depends on the class of cocycle perturbations of « only and is indeed a
group: If v € G, then yayy~! = Ad u; «; for some a-cocycle u, which implies that

v rayy = AdyHud) .
We can check the a-cocycle property of ¢ = vy~ (u}) by

Huas (W) = T (ugvesyTH(wg) = v (wpAd v o ()
v o (up)ug) = 7 (u34)-

Thus ' € G. If 11, 72 € G, then v,y = Ad uy oy for some a-cocycle u; for i =1, 2.
Since 11790:(71172) 7t = Ad 1 (ugt)uys o, we only have to check that ¢+ v (ugs)u is an a-
cocycle, which will be denoted by 3 (uy)u;. We leave this simple calculation to the reader.
Note that GG contains the inner automorphism group Inn(A) as a normal subgroup and
each element of G/Inn(A) has a representative vy € G such that -y leaves D(4,) invariant
and

Yooyt = 64 + adib




for some b = b* € A (see [14, Corollary 1.2]).
We equip G = G, with the topology defined by 7,—y in G if

(1) =y in Aut(A) (ie., [[m(z) — ¥(z)[| =0 for x € A4),
and

(2) there exist a-cocycles uy,, u such that v,y = Adun a, Yoyt = Adwoy and
[tne — ug]|—0 uniformly in ¢ on compact subsets of R.

With this topology G is a topological group.

Let c € R\ {0} and w a state on A. We say that w satisfies the c-KMS condition or
is a ¢-KMS state (with respect to «) if for any z,y € A there is a bounded continuous
function F' on the strip S, = {z € C | 0 < ¥z/c < 1} such that F' is analytic in the
interior of S, and satisfies, on the boundary of S,

Ft) = w(ra(y)), t€R,
F(t+ic) = w(a(y)z), t€R.

We denote by K& = K, the set of c-KMS states of A. Then K, is a closed convex set
of states and moreover a simplex. We denote by 9(K,) the set of extreme points of K.
Note that for w € K,, w is extreme in K, if and only if w is a factorial state (see [6, 19]
for details).

Proposition 2.1 Let A be a unital simple C*-algebra, a a flow of A, and ¢ € R\ {0}.
Then there is a continuous homomorphism ® of the symmetry group G, of « into the
homeomorphism group of K. such that ®(y)(w) is unitarily equivalent to wy™' for each
v € Gy and w € K,. Moreover ®(y) = id for any inner v.

Proof. Let v € G, and let u be an a-cocycle such that yayy™! = Adugay. Since A
is simple, u is unique up to phase factors, i.e., any other a-cocycle satisfying the same
equality is given as ¢t + e®'u; for some p € R.

Let w € K,. Then wy™' is a KMS state with respect to yayy™* = Adwu;ay. Using
the fact that oy = Adwu}yayy™!, there is a procedure to make a KMS positive linear
functional w’ with respect to «, which depends on the choice of u; formally it can be given
as

W'(z) = wy Hzul), 7€ A

More precisely we let §; = Ad u; oy and express the B-cocycle u} as
uf = wupBy(w™)

such that ¢ — v; extends to an entire function on C [14, Lemma 1.1]. Then we define
(v, u)w as
(@(y, w)(W))(a) = wy™ (w™ awvyc).




(By a formal calculation we can see that this satisfies the c-KMS condition as follows:

wfy_l(w_laaic(b)wvic) = a)fy*l(w"laui_clﬁic(b)uicwv,-c)
= wy‘l(w“lawvicﬁic(w“lbw))

= wy H(w bawvs),

where we used that ui, = Bic(w)v; 'w™! and that wy™! is a c-KMS state for f; = yayy™".
See [14].) The map
(7) s w = Oy, u)(w)/2(y, w)(w)(1)

defines a continuous map of K into K, and ®(v, u){(w) is quasi-equivalent (hence unitarily
equivalent) to wy™!. (It follows from the definition of ®(v,v) that ®(y)(w) is quasi-
contained in wy™!, but as w™! and ww;, are invertible, wy™! is conversely quasi-contained
in ®(y)(w). Since any KMS state is separating and cyclic for the weak closure, these
. states are unitary equivalent.) For any other choice u}, = e®u; for u it follows that
O(v,u') = e PD(y,u). Thus ®(7) does not depend on the choice of u. For 71,72 € Ga
with a-cocycles uy, ug respectively, it follows that

(172, M (uz)ur) = (1, w1) P(72, uz)
since
(1, un)(v2, ) (w) = ®(y1,w)(wyg (- u3))
= W’Yz_l(’h_l( ' uiic)u;,z’c)
= wf}/;l’)/l_l( ’ U’:{,ic’h (u;,ic))‘

This shows that @ is a group homomorphism. If v = Adw, then ®(y,ua(u*))(w) = w.
The continuity of v+ ®(vy) follows from the following lemma.

Lemma 2.2 Let (ue, U1, Us, . ..) be a sequence of a-cocycles such that limy, oo Unt = Uoo s
uniformly in t on every compact subset of R. Then for any € > 0 there exists a sequence
(Weo, W1, Wa, . . .) of tnvertible elements in A such that liMy, oo Wy, = Weo, ||Wn — 1| < ¢,
and Vms = wilum o (wy) extends to an entire function on C for m = c0,1,2... such
that limy, 00 Un,; = Voo, for any z € C.

Proof. Define a C*-algebra B by
B ={z=(2,)2, | zp € A, limz, exists}

and define a flow f on B® M, by ;, = AdU o oy ® id, where U = (1 ® u, ;). We define
a homomorphism ¢ of B onto A by ¢(z) = limz, for z = (z,) € B and note that
wof=Ad(l ®uws)oa;®ido . Let e € (0,1). Since (1@ 0),, and (0@ 1), are fixed
by £, there is a w € B such that ||w — 1|| < € and

mﬁt((g 8))
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extends to an entire function on C (pick an entire element y for 8 close to (2 8), and

replace ¥ by (0 ® 1),5(1 ® 0),). If w = (w,) € B, vny = w, upou(w,) € A, and
vy = (Uns) € B, then we have that

siw o )=o)

Letting we = lim w,, and vy = lim vy, 4, the proof is complete.

Theorem 2.3 Let A be a unital simple AF C*-algebra and o an AF flow of A. Let
(Vt)tefo) be a continuous path in G, such that

Yiboy; ' = 64 + ad ib(t)

for some rectifiable path (b(t))iep,1) in Asq. Then it follows that ®(yo)(w) = @(n)(w) for
w € I(K,).

Proof. Let C be a canonical AF masa in D(d,) such that §4|c = 0. Let w € K, We
note that if E denotes the projection of norm one onto C, then w = (w|;) o E, ie., w
is determined by the restriction w|,. (Let (A,) be an increasing sequence of a-invariant
finite dimensional subalgebras with dense union in A such that A, N C is masa in A4, for
each n. Then w|, is clearly determined by w|, e, and thus w is determined by w|.)

We first prove the theorem in the simpler case where b(t) = 0. In this case v, leaves
the C*-subalgebra B = Kernel(d,) invariant, on which w is a trace. For any projection
e € C C B, (y:(e)) is a continuous family of projections in B, which implies that y(e) is
equivalent to y;{e) in B. Hence wyy(e) = wi(e). Since C is an abelian AF algebra, this
implies that wys|lc = wyi|c. Since they are KMS states, we can conclude that wyy = w.
Since this is true for any w € K., it also follows that wyy ' = wyi .

What we will do in the following is a modification of this argument.

Let w € 8(K,). In the GNS representation associated with w € 9(K.), we define a
one-parameter unitary group U by

Uity (2)Q = 7y 0 au(2)Q, z € A.

Then from the ¢-IKMS condition on w it follows that the modular operator A for 2, is given
by A = e~°H where H is the generator of U; U, = e (See [7, Proof of Theorem 5.3.10]).
We define a positive linear functional w® on A for h = h* € A as the vector state given

by e~cH+ma(M)/2Q) e,

WM (@) = (., (z)e T2 o=elHima(W)i2g )

Then w® satisfies the c-KMS condition with respect to &, + adih. (See [1, 19] or [7,
Theorem 5.4.4]. The relation to the previous perturbation argument in terms of cocycles




is as follows: The flow generated by é, + adih is given as Adwu; oy, where u is the a-
cocycle with dug/dt|s—q = ik, and w® is equal to w(w™! - wuvy.), where u; is expressed as
wuzey (W) with ¢ — v, entire.)

For s € [0,1] let w, = w(®*), which is a positive linear functional satisfying the c-KMS
condition with respect to the generator d, + adib(s). This implies that w,7y, is a c-KMS
positive linear functional with respect to v; (0, + ad ib(s))vs = da.

Let s1,389 € {0,1] and define a positive linear functional ¢ on A ® M, by

p(a) = wg (an1) + ws, (az)

for a = (a;;) € A® M,. Then ¢ is a c-KMS positive linear functional for the flow 8 of
A ® M, defined by

(b(s1))
Bi((ai;)) = Ad ( e 0 ugb(()sz)) > (at(aij)),

where u{" is the a-cocycle determined by dul™ /dt|,—o = ih (sce [10]). The generator ds
of B is given by

B (0o + adib(s1))(a11) 0o (a12) + 1b(s1)aiz — a12tb(s2)
6'6((0,”)) B ( 5a(a21) - azlz'b(sl) + ib(32)a21 ((Sa =+ ad ib(SQ))(CLQQ) ) )

Fix € € (0,1/2) and a C*°-function f on R with compact support such that f(0) =0
and f(t) =t 2 on [1 — ¢, 1]. Let e be a projection in C. We choose sy, s5 € [0, 1] so that

s, () — Y5y ()| < €.

o (o (¢ U)
r=1{, T 60%26 :

Then 0 0
o= (9 sl )

and Sp(z*z) C {0} U (1 —¢,1]. Let v =z f(z*z). Then v is a partial isometry such that

v = ( Tale) O ) = ( 0 le) ) .

Since all the components of dg(x) are zero except for the (1,2) component and (d, +
ad ib(s))vs(e) = 0, we have that

16s(@) Il = 116p(x)r2ll
[l751 (€)ib(s51) 755 (€) = V5180(52) 75 (€]
< [[b(s1) = b(s2)|l-
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Since ||6p(z*z)|| < 2||b6(s1) — b{s2)]|, and

1
* -6 ¢ isT*T 1) — r itsx T o8 (o i(l—t)sz*wdtd ,
5(f(2°9)) = 8a( [ fls)e="ds) = [ f(s) [ e *isdy(atae 5
it follows that )
185/ @ )| < [ 17(s)slds - 1dg(a")]l
Thus there is a constant C' > 0 such that
185 ()II < Cllb(s1) = b(s2)l-

By the KMS condition on ¢ we have a continuous function f on the strip S, between
Sz = 0 and Oz = ¢, analytic in the interior, such that

f@) = o)), teR,
f+ic) = o(B(v)v), t€R.

Then f is differentiable on S, including the boundary and satisfies that

Fit) = oBi(dp(v"))), teR,
Fllt+ic) = @(B(ds(v*))v), teER.

Hence it follows that

sup | f'(2)] < sup |f'(2)] < Cmax{|lws, |, lws, [I}H[6(s1) — b(s2)lI;
2€S. Z€0S,

which implies that

|wsy (Ysa(€)) — way (11 (€))] = | [f(ic) = f(0)]
< [elCM|lb(s1) = b(sa)ll,

where M = max{||ws|| | s € [0,1]}. We let m = min{||lw,|| | s € [0,1]} and choose
to=0<t; <---t; = 1 such that

M M 1
a4+ = 1t < -
|e|C—(1 + —)Length(b(s), s € [ti-1,t]) < 1

Then for any projection e € C, we subdivide each interval [¢;_1,%;] into sg = t;i=1 < s1 <
<+ » < 8p = t; such that
”’7-%'—1 (e) = Vs; (e)” <€

and apply the above argument to each pair s;_, 5; to obtain that

|wti—17ti—1 (6) - wti’)/ti(e” < PCICM Length(b(s)’ S [ti_hti])'




Thus we have that for any projection e € C

wt~_1%-_1(e) wt~%(e) 1 wt-(l)*wt~_1(1)
i - = < —|wy Ve (€) —wy g (e)| + M|— :
T ) ) | S et &) T e @M e
1 M
< (E + ﬁ)}c[C]V[Length(b(s), s € [tie1, ti])
< 1/4.
Let
_ Wt
e Wt(l)

and recall that o; is a factorial c-IKXMS state with respect to a. Since ¢, = ¢, with F the
projection onto C' and |[(¢s,_, — ¢4,)|C|| < 1/2, we have that ||¢y_, — ¢4l < 1/2. Hence
@i, = ¢, Thus we conclude that g = ¢, or ®(v5 ) (w) = ®(17 ") (w) for w € (K.).
This implies that ®(v)(w) = ®(11)(w) for w € (K,) as well.

Remark 2.4 Among the quantum lattice models, two or more dimensional, there are
long-range interactions which exhibit continuous symmetry breaking. Let « be the flow
generated by such an interaction and let v be an action of T which exactly commutes
with o and acts non-trivially on the simplex of c-KMS states at some inverse temperature
¢ > 0. Suppose that « is an inner perturbation of an AF flow, i.e., § = 6, + adib is the
generator of an AF flow. Since ;6v; * = §+ad i(7;(b) —b), we can conclude that ¢ — v;(b)
is not rectifiable; thus at least b is not in the domain of the generator of . (Note we still
cannot conclude that « is not an inner perturbation of an AF flow.)

3 Property of real rank zero

First we generalize H. Lin’s result [16] and then use it to prove that the almost fized point
algebra for an AF flow has real rank zero.

Theorem 3.1 For every ¢ > 0 there is a v > 0 satisfying the following condition: For
any n € N and any pair a,b € (My)s, with ||b]| < 1 and ||[a,b]|| < v there exists a pair
a1, b1 € (My)se such that ||la — ai]] <€, ||b— b1 <€, and [a1, 1] = 0.

If we impose the extra condition that ||a|| < 1 for a, then this result is due to H. Lin
(see also [12]). Our proof is to reduce Theorem 3.1 to Lin’s result.

Lemma 3.2 Let f be a C®-function on R, such that f >0, [ f(t)dt =1, and supp f C
(—1/2,1/2). For any pair a,b elements in a C*-algebras-algebra such that a = a*, define

by = / f(t)eitbeitedt.




Then it follows that
lb-bll < [ st llia,ell,
lla,billl < [ £t e Bl
Proof. This follows from the following computations:
b—b = / F(2)(¢"be= — bdt,
= /f(t) /Ot e*%[ia, ble"“*dsdt,
la,ba] = / F(t)ei*[a, ble—ad.

Remark 3.3 If we denote by E, the spectral measure of a, then the b; defined in the
above lemma satisfies that

Eqo(—00,t — 1/4] b1 Byt +1/4,00) =0
for any t € R, [6, Proposition 3.2.43].

Lemma 3.4 For any € > 0 there is a v > 0 satisfying the following condition: For any
n € N, any pair a,b € (M,)s, with ||b]] <1 and ||[a, ]| < v, and any t € R there exists
a projection p € M, such that

Ea[t+1/4,00) < p<Ea(t—1/4,00),
l|[a,p]|| < 6
o, P}l < e

where E, denotes the spectral measure associated with a.

Proof. Let f be a C*®-function on R such that

0 t<-1/4
f(t):{l t>1/4

and f(t) ~ 2t +1/2, 0 < f(t) < 1for ¢t € (—1/4,1/4). Define a function gy on R for a
large N by
gw (1) = min{f(¢), f(VN = t/VN)}.

The function gy is C® if N —+/N/4 > 1/4 and satisfies that

a1 te/4N—VN/4
gN()—{O t<—1/dort>N++VN/4 "~
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If N —v/N/4 > ||a||, we have that
f(a) = gn(a) = /g}v(t)e“adt,
where {
gn(t) = 5 /gN(s)e_”sds.

Since

b, @1l = [ gl elat = [n®) [ " itslalp jaleisedsdt,

we have that

I, 7@ < [ lgiv(@)tide - 11, alll

Since . i )
itgn(t) =~ [aw(s) e ds = = [ gn(s)e™™,

it follows for ¢ # 0 that:

A}i_r)nooitg}v(t) = %/f’(S)e_itsds — lim 27r\1/]_v/f/(\/ﬁ_s/\/ﬁ)e_itsds

= %/f’(s)e"mds
= f'@).

Since the above convergence can be estimated by

2W\1/N/f,(\/ﬁ_s/\/ﬁ)e—itsdsz %r/f/(u)ei\/ﬁtudu:e—iNtf/(_\/—ﬁt),

we obtain that

b, f (@]l < CII[, alll

where

= [1fwla

If ||[a, b]]| is small enough, then ||[b, f(a)]|| is so small with ||f(a)|] < 1 and ||b|| < 1 that
H. Lin’s result is applicable to the pair b,c = f(a). Thus we obtain by, c; € (Mp)s, such
that

b —b1]| = 0, |lc —c1]| & 0, [b1,c1] = 0.
Let g be the spectral projection of ¢; corresponding to (1/2,00). Since ||c — ¢1|| & 0, and
the spectral projection of ¢ corresponding to (0, c0) (resp. [1,00)) is E,(—1/4,00) (resp.
E,[1/4,00)), we have that

Fa(—1/4, 00)g
E,[1/4,00)q

Q

q,
E,[1/4,0),

Q
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where the approximation depends only on |jc—¢;]|, which in turn depends only on ||[a, 5]}
Hence in particular F,(—1/4,1/4) almost commutes with ¢. By functional calculus we
construct a projection g from E,(—1/4,1/4)qE,(—1/4,1/4) and set p = go + E,[1/4, 00),
which is close to g, dominates F,[1/4,00) and is dominated by E,(—1/4,00). Since
[p,a] = [p, Ba(—1/4,1/4)a] = [p—q, Ea(=1/4,1/4)al+]q, Ea(=1/4,1/4)(a—f(a)/2+1/4)],
we obtain that ||[p,alll < 2|lp — q|l + 28upie(_1/a1/) It — f(t)/2 + 1/4]. Since [p,b] =
[p—q, b]+[g, 0] = [p—q, b]+[g, b—b1]+[g, br], we obtain that ||[p, b][| < 2[b|[lp—ql|+2[|6—b1.
Hence p is the desired projection for ¢ = 0. We can apply this argument to the pair a—t1,b
to obtain the desired projection p for ¢t € R.

Lemma 3.5 For any ¢ > 0 there exists a v > 0 satisfying the following condition: For
any n € N, any pair a,b € (My)se with ||b]| < 1 and ||[a,b]]] < v there is a family
{pr: k € Z} of projections in M, such that

(Eo(j —1/4,5+1/4),p] =0, j, k€N,

EJk+1/4,k+3/4) <py < E,(k—1/4,k+5/4),

”[a)pk]H <§,

”[b7pk]” <€,

Zpk =1,
k
where pr, = 0 except for a finite number of k.

Proof. By the previous lemma we choose a v > 0 such that for a pair a, b as above, there
are projections ey, k € Z such that

Euk+1/4,00) < e < Ey(k—1/4,00),
lla, ex]ll <e€/2,
1[0, ex]ll < e/2.

Then we set
Pk = ex(l — epy1) = ex — exy1.
Then {px} is a family of projections with 3, py = 1. Since

Eo(—00,k+3/4] <1 —epyy < Ey(—00,k+5/4),
we see that {py} satisfies the required conditions.

Proof of Theorem 3.1

By Lemma 3.2 we may assume that we are given a pair a,b € (M,)s, such that
ol <1, ||[a,b]]| < v, and E,(—o0,t—1/4bE,[t+1/4,00) = 0 for any ¢t € R, where v > 0
is given in the previous lemma. Choosing the projections {py} given there, we claim that

lla =" praprl| < 4,

10— pbpsf| < 4e.
%
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To prove this note that if | — j| > 1 then p;ap; = 0 = p;bp;. Since

a— Zpkapk = Zpkapk+1 + Zpk+1apk = Z[pk, a]pk+1 + ;pk+1[a7pk])
k k k k ;

and

|| Z[pzk, a]p2k+1[|2 = H Z[pzk, a]p2k+1[a,p2k]l| = Sl}ip ”[sz, a]pzk+1[a,p2k]|| < 62,
k k

and similar computations hold for three other sums and for b, we get the above assertions.
We then apply H. Lin’s result [16] to each pair pgapy, ppbpy which satisfies

Iprapr, peborlll < llpkla, pelbpkll + ||pkla, blpkl| + [Pk, pr)apkl| < 2€ + v.

Assuming that 2¢ + v is sufficiently small, we obtain a pair ay, by in (pr Mppr)se such that
Prapg ~ ay, prbpy = by, [ag, by] = 0.

We set @' = Ypap and b = 3, by, Then it follows that [¢/,0'] =0 and a = o/, b=V
because of the inequality

la = a'll < fla =3 prapel + sup [[peaps — axl
k

and a similar inequality for b,b'. This completes the proof.

For a flow a of a unital simple AF algebra we denote by 6, the generator of « as
before. We introduce the following condition on «, which we may express by saying that
the almost fized point algebra for « has real rank zero.

Condition FO: For any € > 0 there exists a v > 0 satisfying the following condition: If
h = h* € D(4,) satisfies that ||h|| < 1 and {|d4(h)|| < v there exists a pair k = k* € D(d,)
and b= b* € A such that ||h — k|| <€, ||b]] <€, (0, + adib)(k) = 0, and Sp(k) is finite.

In the above condition let C be the (finite-dimensional) *-subalgebra generated by k.
Then h is approximated by an element of C' within distance € and ||d,|C|| < 2e.

We recall from [15, Proposition 3.1] that a flow « is a cocycle perturbation of an
AF flow if and only if the domain D(d,) contains a canonical AF masa. (A maximal
abelian AF C*-subalgebra C' of a AF C*-algebra A is called canonical if there is an
increasing sequence (A,) of finite-dimensional *-subalgebras of A with dense union such
that C' N A, N A],_; is maximal abelian in A, N A]_; for each n with Ay =0.)

Theorem 3.6 Let o be a flow of a non type I simple AF C*-algebra. If D(d,) contains
a canonical AF masa, then the above condition F0 is satisfied, i.e., the almost fized point
algebra has real rank zero.
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Proof. Let € > 0. We choose a v > (0 as in Theorem 3.1.

Let h = h* € D(4,) be such that ||h|| <1 and ||04(R)|| < v. There exists ac=c" € A
such that ||c|| < min{(v—||6.(h)|})/2, €} and é,-+ad ic generates an AF flow. Explicitly let
{A,} be an increasing sequence of finite-dimensional *subalgebras of A with dense union
such that A, C D(d4) and (64 + adic)(A4,) C Ay for each n. There exists a sequence
{h,} such that h, = k% € Ap, ||hall < 1, |l — h||=0, and ||6a(h — hy)||—0. Since
|(60 + adic)(h)|| < v, we have an n, hg = h} € Ay, and a = a* € A, such that ||hel| < 1,
|h — hol| < ¢, [|(6a + adic)(ho)|| < v, and (8, + adic)|An = adia|A,. Since A, is a finite
direct sum of matrix algebras, Theorem 3.1 is applicable to the pair a, ho. Thus there
exists a pair ai, by € (An)se such that |la — a1]| <€, ||ho — M1|l <€, and [a1, ] = 0. Let
b= a; —a-+c Then we have that |[|h — k|| < 2¢, [|b]| < 2¢, (0o + adib)(h1) = 0, and
Sp(hq) is finite.

In the special case that « is periodic, the fact that the almost fixed point algebra has
real rank zero simply means that the fixed point algebra has real rank zero:

Proposition 3.7 Let A a non type I simple AF C*-algebra and « a periodic flow of A.
Then the following conditions are equivalent:

1. Condition FO holds.

2. The fized point algebra A* = {a € A | ay(a) = a} has real rank zero.

Proof. We may suppose that a; = id. Suppose (1); we have to show that {h €
A2 | Sp(h) is finite} is dense in A%, [9]. Let h = h* € A%, € > 0, and n € N. There
exist an hy € D(ba)sq and b € Ay, such that [|h — hi|| <€, ||b]] <€, (0o +adib)(h1) =0,
and Sp(hy) is finite. We approximate h; by an element hy = Y_;__,.(k/n)pg in the *-
subalgebra generated by h;, where (px) is a mutually orthogonal family of projections.
We may assume that ||h; — hs|| < 1/n and hence that ||k — he|| < € + 1/n. Note that we

still have that (8, + adib)(he) = 0. Since ||au(pr) — x|l < 1E|]|6(px)]| < 2[t|e, we have that

1
I [ eupo) —pill < ¢

for k=—n,—n+1,...,n. If € is sufficiently small, then by functional calculus we induc-
tively define a projection g, € A* from (1—Zf;ln ;) J ceprdt(1— ;?;in ¢j), which belongs
to A%, such that ¢; = py and g is orthogonal to Ef;ln gj. Then hy = 33¢__ . (k/n)q, ~
Yi_.(k/n)py = hy, where the approximation is of the order of € times some function of
n. Since hy € A%, we reach the conclusion by choosing € > 0 sufficiently small.

The converse implication is easy to show.

If « is not periodic, we can still re-formulate Condition F0 as follows, further justifying
the terminology that the almost fixed point algebra has real rank zero. We denote by ¢«
the C*-algebra of bounded sequences in A and by ¢y the closed ideal of ¢*° consisting of
sequences converging to zero. Then we set A to be the quotient ¢*°/cs. The flow o on
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A induces a flow @ on £ by a;(z) = (a;(zy,)) for z = (z,). But since @ is not strongly
continuous (if « is not uniformly continuous), we choose the C*-subalgebra {3 consisting
of x € £° with t — @;(z) continuous. Since £ D ¢y and ¢y is @-invariant, @ induces a
(strongly continuous) flow on the quotient AP = €% /cy, which will also be denoted by «.
Note that A% is inseparable even if A is separable. See [13].

Proposition 3.8 Let A be a C*-algebra and o a flow of A. Then the following conditions
are equivalent:

1. Condition F0O holds.

2. The fized point algebra (AL)* has real rank zero.

Proof. Suppose (1) and let h € (AL)%,. We take a representative (h,) € €3 of h such
that hY = h, for all n. Taking a non-negative C'*® function f with integral 1, we may
replace each h,, by [ f(t)a;(hy)dt. Thus we can assume that h,, € D(d,) and ||6q(hn)}|—0.
Then for any € > 0 there exists a sequence of pairs k, € D(d,)sq and b, € A;, such that
e — knll <€, |bnl|—0, (64 + adiby,)(k,) = 0, and Sp(k,) is finite and independent of n.
Hence k = (k) + co € AZ satisfies that ||h — k|| <€, (k) = 0, and Sp(k) is finite. This
shows that (A%)* has real rank zero [9].

Suppose (2). If Condition F0 does not hold, we find an ¢ > 0 and a sequence (k)
in D(d,)sq such that [|h,]] = 1, ||0a(hn)||—0, and such that if k € D(dq)sq and b € Ay,
satisfy that ||h — k|| < ¢, ||b]| < €, and Sp(k) is finite, then (6, + adib)(k) # 0. Since
h = (hy) + ¢y € A belongs to (AZ)*, we have a k € (AL)%, such that ||h — k|| < €
and Sp(k) is finite. By choosing an appropriate representative (consisting of projections)
for each minimal spectral projection of k, we find a representative (k,) of k such that
k% = kn, Sp(kn) = Sp(k), and ||d4(ky)||—0. This is a contradiction.

We recall here a condition on a flow a considered in [15].

Condition F1: For any ¢ > 0 there exists a v > 0 satisfying the following condition: If
u € D(d,) is a unitary with ||d,(u)|] < v there is a continuous path (u;) of unitaries in A
such that up = 1, u; = u, u; € D(d,), and ||6,(us)]| < € for ¢t € [0,1].

In the above condition we can choose the path (u;) to be continuous in the Banach
*.algebra D(J,). We express this condition by saying that the almost fized point algebra
for a has trivial K;. What we have shown in [15] is that if « is an inner perturbation of
an AF flow then the above condition holds. Actually by using the full strength of Lemma
5.1 of [2], one can show that the following stronger condition holds:

Condition F1’: For any € > 0 there exists a v > 0 satisfying the following condition: If
u € D(6q) is a unitary with ||d,(u)|| < v there is a rectifiable path (u:) of unitaries in A
such that ug = 1, u1 = u, uy € D(ba), ||6a(ut)]| < € for ¢t € [0,1], and the length of (u;) is
bounded by C, where C is a universal constant (smaller than 37 + ¢ for example).

Then one can show the following:
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Proposition 3.9 Let A be a unital C*-algebra and o a flow of A. Then the following
conditions are equivalent:

1. Condition F'1’ holds.

2. The unitary group of the fized point algebra (AL)™ is path-wise connected; moreover
any unitary is connected to 1 by a continuous path of unitaries whose length is
bounded by a universal constant.

We will leave the proof to the reader.

Remark 3.10 If A is a unital simple AF C*-algebra, one can construct a periodic flow
o of A, by using the general classification theory of locally representable actions [4], such
that the almost fixed point algebra for a has real rank zero but does not have trivial Kj.

Proposition 3.11 Let A be a unital simple AF C*-algebra. Then there exists a flow o
of A such that D(6y) is AF and the almost fized point algebra for o does not have real
rank zero but has trivial K1 (i.e., F0 holds but not F1).

Proof. We shall use a construction used in the proof of 2.1 of [15]. Let (A,) be an
increasing sequence of finite-dimensional *-subalgebras of A such that A = U, A, and let
A, = @f;lAnj be the direct sum decomposition of A, into full matrix algebras A,;. Since

Ko(A,) = ZFr we obtain a sequence of Ky groups:
Zk X gk X

where y,, is the positive map of Ky(4,) = Z* into Ko(Apy1) = ZF»+1 induced by the
embedding A, C A,;;. Since Ky(A) is a simple dimension group different from Z, we
may assume that min;; xn (4, j)—0co0 as n—oo.

By using (A,) we will express A as an inductive limit of C*-algebras A, ®C|0,1]. First
we define a homomorphism ¢, ;; of A,; ® C[0,1] into An; ® My, ;.5 ® C[0,1] as follows:
If i=4=1 then

y _ t+ 4
on11(2) (1) = 3(t) ® gD 2a( ),

xn(1,1) =1
otherwise .y
onss(2)(8) = B 2l )

Especially ¢, ;;(z) is of diagonal form in the matrix algebra over An; ® C[0,1]. Then
embedding

D521 Anj ® My, (i) ® C[0,1]
into An41,;®C[0, 1], (¢n,;) defines an injective homomorphism ¢, : A, ®C[0,1]—A, 11 ®
C[0,1]. Then it follows that the inductive limit C*-algebra of (4, ® C[0,1], ¢,) is isomor-
phic to the original A; we have thus expressed A as U, B, where B, = 4,®C[0,1] C Bpy1
[11].
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We will define a flow or one-parameter automorphism group « of A such that oy (B,,) =
B, and oyl B, 18 inner, i.e., o is locally representable for the sequence (By). First we define
a sequence (H,) with self-adjoint H, € A, ® 1 C B, inductively. Let H; € A; ® 1 C B,
and let Hy, = Hp_1 + 33; 3, hnij, Where
hnjig = Pmij € 1® My, 1,5) @1 C A1, ® My, 1(5,5) ® 1 C B

n,ij

We define oy| B, by Ad e |B,. Since ay|B, = Ad etfn+: IB from the definition of H, 1,
(0| By,) defines a flow o of A.
We fix Hy and hp; in the following way: ||hns;|| < 1/2 except for hn1qp which is defined
by
han =100 - € 1®MYn—1(11) ®1C An1®0[0,1]

We will show that the defined this way has the desired properties.
Let z be the identity function on the interval [0, 1] and let z, = 1®z € 1®C [O 1) C B,.

To show that D(é,) is AF, it suffices to show that for each z,, there exists a sequence
(hm)m>n such that hy,, = kY € By, Sp(hy,) is finite, and ||z, — An||s, —0 as m—oo. For
a sufficiently large m > n, the image ppn(z,) of z, in B, = A, ® C[0,1] is almost
constant as a function (into the diagonal matrices in A,, N A.) on [0,1] except for one
component, which is z and appears through the first component of @1 for n <k < m.
We will approximate this component z by a self-adjoint element with finite spectrum by
using the part appearing through the components of ¢ other than the first; they are the
direct sum of M = ITj ! (x4 (1, 1) — 1) components z(4£), £=0,1,...,M —1. Thereis a
standard procedure to approximate the sum of these M + 1 components by a self-adjoint
element k with finite spectrum [2]. Since H,, — H, is m — n on the support projection of
z and 0 on the support projections of the other components, the || - ||5, norm of & is of
the order of =" ~ 0. (All the spectral projections of k are just constant at each point
of [0, 1] perhaps except for a pair of projections, whose eigen-values are different only by
the order of 1/M, and which are of the form:

( cos? @ cosfsinf ) ( sin? @ —cosfsind )

cos@sinf  sin’6f —cos@sind cos® 6

in the space spanned by the support projection of z and one of the support projections
of the other M components, where 6 is a function in ¢ € [0,1] which changes from
—m/2 to m/2 quickly near the point in problem. This implies that ||6,(k)|| ~ =7* and
|zn — k|| = 1/M for the parts of k, z, — k in question.) This concludes the proof that
D(b,) is AF.

Suppose that for any € > 0 there exists a pair of self-adjoint elements h,b € A such
that ||h]] < 1, ||b)] <€, |lz1 — h|| < ¢, (6o +adib)(h) = 0, and Sp(h) is finite, where z;
is the element of B; defined above. Since Uy, B,, is dense in D(d,), we may suppose that
h € B, for some m. The image ¢,;,1(x1) in By, N A} is diagonal and there is a component
z, whose (one-dimensional) support projection will be denoted by @. Let h = Y; A\;p; be
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the spectral decomposition of h and define a function 6; by 6;(t) = Qps(t)Q. Then we
have that
|t—2/\191(t)‘ <€ tE [0,1]

Since 1
- Z 91(0) < Z/\ﬂz(O) < €,
2 Ai>1/2
we obtain that
Z 9,(0) < 2e.
Ai>1/2
Since 1 1 1
2 A<1/2 Ai>1/2 2 Ai>1/2
we get
> 6:;(1) > 12
Ai>1/2
Thus the projection p defined by
p= Z Di

Ai>1/2

satisfies that [|Qp(0)Q]| < 2¢ and ||@p(1)Q|| > 1 — 2. If € < 1/4, there must be a point
t € [0,1] such that ||@p(t)Q|l = 1/2. Then since Qp(¢)(1 — Q)p(H)Q + Qp(H)E@p)Q =
Qp(t)@, we have that ||Qp(t)(1 — Q)|| = 1/2. Since (H, — H1)Q = (m — 1)Q and
|(Hm — H1)(1 = Q)| < m—3/2, we get that [|0a(Qp(1 - Q))I| = |Qéa(p)(1 = Q)] = 1/4.
But since (6, + adib)(h) = 0, we had that ||6.(p)|| < 2||b]| < 2¢. For a small € > 0 this
is a contradiction. Thus we obtain that the almost fixed point algebra does not have real
rank zero.

Let u be a unitary in D(6,) such that 6,(u) = 0. Since Uy, By, is dense in D(4,), we
may suppose that u € B, = A, ® C[0,1]. Since H,, € Ay, ® 1, the condition 6, (u) ~ 0
implies that ||[u(t), Hy]|| ~ 0 for all ¢ € [0,1]. Define a continuous path (us) of unitaries
in By, by u,(t) = u((1—s)t). This path runs from u to the constant function u; : ¢ = u(0)
with the estimate ||6q(us)]] < ||0a(w)]]. By 4.1 of [15], there is a continuous path (v,) of
unitaies in A,, from «(0) to 1 such that [vs, Hp] & 0. This concludes the proof that the
almost fixed point algebra has trivial K.

4 The CAR algebra

Let A = A(H) be the CAR algebra over an infinite-dimensional separable Hilbert space
H; we denote by a* the canonical linear isometric map of H into the creation operators
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in A, [7, Section 5.2.2.1]. Note that A, as a C*-algebra, is isomorphic to the UHF algebra
of type 2%°. When U is a one-parameter unitary group on 7, we define a flow o of A by

a(a”(§)) = a"(Usf), €€,

which will be called the quasi-free flow induced by U. If we denote by H the generator of
U, ie., U, = e*¥ the generator §, of « satisfies that

da(a™(¢)) = 1a"(HE), &€ D(H)

and the *-subalgebra generated by a*(£), £ € D(H) is dense in the Banach *-algebra
D(6,). If H is diagonal, i.e., has a complete orthonormal family of eigenvectors, then a
is an AF flow; moreover it is of of pure product type in the sense that (4, «) is isomorphic
to (Maw, B), where 3 is given as

o ei/\nt 0
/Bt = ®n:1Ad ( 0 1 ) ,

where {\,,n € Z} are the eigenvalues of H. If H is not diagonal, « acts on a part of A
in an asymptotically abelian way; so we can conclude that « is not an AF flow. See [7, 8,
18] for details.

Proposition 4.1 If o is a quasi-free flow of the CAR algebra A = A(H), then the almost
fized point algebra for o has trivial K;.

Proof. We use the notation given before this proposition and let F be the spectral measure
of H. Let ¢ > 0 and let u € D(d,) be a unitary such that ||d,(u)|| < e. Since the *-
subalgebra P generated by

a*(€), €¢elJE[-nnH

is dense in D(d,), we can approximate u by © € P. Let M be the (abelian) von Neumann
algebra generated by U; = ¢¥, t € R. We may approximate u by z in a *-subalgebra P,
generated by a*(&1),a*(&2),. .., a*(&,), where all ¢ € E[—N, N|H for some N. We may
further impose the following conditions on &1, ..., &,:

1. ||&|l =1 for all .
2. For ¢ 7é j, M&_LMé‘J

3. Denote by S; the smallest closed subset of R such that E(S;){ = £. Then either S;
is a singleton or an infinite set.

The condition 1 is trivial and the condition 3 is easy to obtain. To make sure the condition
2 holds we may argue as follows. Starting with &;,...,&, let e; be the projection onto
ME,. Then & = & = e€1,8, = e1xq, ..., &, = e1&, all belong to e;H on which Me; is
a maximal abelian von Neumann algebra. Thus there are a finite number of unit vectors

19




Mi, ..., Mm in erH such that the linear span of 7y;’s approximately contains all &} and
M L My for i # 5. We apply the same argument to the remaining (at most n — 1)
elements (1 — e1)&y, (1 — €1)&s,...,(1 — e1)&, in (1 — e1)H which is left invariant under
M. Next, let e be the projection onto M(1 — e;){s (assuming this is non-zero). Note
that e; <1 —e;. We find a finite number of unit vectors ny; in e;H whose linear span
approximately contains ea(l—e1)éy = (1—e1)éa,ea(1—e1)&3 = €8s, .. ., ea(1—e1)én = €26,
such that Mo L My, for 1 # j. Note that Mmny; L Mmny; for all 4,7. Repeating this
procedure we obtain a finite number of unit vectors (7;;) satisfying the condition 2 whose
linear span approximately contains the vectors &1, ...,&,.

Since the *-algebra P; is isomorphic to Man by [7, Theorem 5.2.5], we may further
assume that z is a unitary. We express z as

v =Y aua (Wav),

where p = (u1,..., ) and v ranges over the subsequences of (1,2,...,n) and a*(u)
denotes

a* (fm )a* (€uy) - a*(Ey)

with a(v) = a*(v)*. (If pis the empty sequence, then a*(u) = 1.) Note that the coefficients
ayy are unique; hence the condition that x is a unitary can be read from (a,,) only, i.e.,
if we replace &1,...,&, by a different orthonormal family n1,...,n, and define z by the
same formula with a*(u) = a*(1,) - - - a*(1u, ), then  is still a unitary.
Let
m = H& — (H&|6)E -

If n; # 0 let &ay2 = n;/||mi|| and otherwise let .12 = 0. Let I be the subsequence of
{1,3/2,2,...,n+ 1/2} with & # 0. Then the vectors &, ¢ € I form an orthonormal
family. Since H& = (H&|&)E + ||milléiris2, 0a(z) is of the form

0o () = Z bora*(o)a(r),

where o, 7 are subsequences of I. Again the norm ||6,(z)|| can be read from (b,,) only.
Note that (bs,) depends only on (a,,), (H&|&), and ||HE — (HE|&)E-

By using Lemma 4.2 below, if S; is not a singleton, we will find a continuous path of
(&it)o<t<1 of unit vectors in ME; C H such that & = &,

(Hé&uléa) = (H&(S),
”an - (Hfztlfzt)gzt)“ = “H& - (H€z|§z)€z||,
and supp &;; shrinks to a three point set as t—1, where supp £ is the smallest closed subset

S of R with E(S)¢ = €. And we set &11/04 = ¢;(H&i— (H&e|€i)&it), where ¢; is a positive
normalizing constant. If 5; is a singleton, we set &; = &. By using &;, 1 <1 < n instead
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of &, we define z; € A by the same formula as . Then we have that (z¢)o<t<1 is a
continuous family of unitaries with zy = z satisfying

6a(xt) — Z baTCL*(O‘)CL(T),

where 0,7 are subsequences of I and a*(¢),a(7) are now defined by using &y, ¢ € [
instead of €. Hence it follows that |[64(z:)|l = ||da(z)]] < €.

We will show that for a # close to 1 there is a b = b* € A such that ||b]| < €¢/2
and 6, + ad ib leaves a finite-dimensional *-subalgebra containing x;, invariant, and such
that ||(dq + ad ib)xy,|| is sufficiently small. Then by [5] we can deform z, to 1 in that
*_subalgebra keeping the norm estimate along the path.

Suppose that ¢, is sufficiently close to 1. If S; is a singleton, we set n;; = &;; otherwise
we choose three unit vectors 7;1, M, 73 in ME; such that &, is a linear combination of
7;;’s and supp 7;; is contained in a sufficiently small neighborhood of some s;; € .S;, where
5:1, Si2, 833 are all distinct. Let F;; be the projection onto the space spanned by 7;;, H;
and define an operator T;; such that T;; = P;T;; P = iy and Tym5 = (8451 —H)nsj. Then
it, follows that the projections P;; are mutually orthogonal and || T35 < 2|/(si;1 — H)nill,
which is assumed to be very small. Let T; = >°;Ty; and T' = 37, T}, where we set T; = 0
if S; is a singleton. Then ||T|| = sup ||T;||, rank(T) < 6n, and (H + T)n;; = sijmi5. We
may suppose that Tr(|T|) < €/2. Note that the derivation of A corresponding to T is
inner and given as adib, where b = 3 \a*((;)a(G), if ((;) is a complete orthonormal set
of eigenvectors of T' with ();) the corresponding eigenvalues; T'(; = A\;;. If Py denotes the
*-algebra generated by a*(;;), then Ps is left invariant under the derivation corresponding
to H + T, which is §, + ad ib. Hence there is an h = h* € P5 such that (6, + ad ib)|Py =
ad ih|Py. Since ||b]| = Tr|T| < ¢/2, we have that

lad ih(z4, )| < 2e.

If € is sufficiently small, we have by 4.1 of [15] a continuous path (y:) of unitaries in P,
such that
adih(y;) =~ 0.

Since [|6a(ye)|| < ||lad ih(y:)|| + €, this completes the proof.

Lemma 4.2 Let S be a compact infinite subset of R and v a probability measure on S
with support S. Let H be the multiplication operator by the tdentity function x — = on
L2(v). If € € L?(v) has norm one, there exists a continuous path (£;)o<i<1 of unit vectors

in LA(v) such that & = £, (HE|&) and | e~ (HEIE)EN = (IHEI? ~ ((HEJE) )2 are
constant in t, and supp & shrinks to a three-point set as t—1.

Proof. Since both (H¢|E) = [ z|€(z)|?dv and
g - (HeR)E " = [ 2?lee) Py — ([ alé(a)lav)?
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depend only on the modulus |£(x)|, we first choose a continuous path (&;)o<i<1 of unit
vectors in L2(v) such that & = &, [&(z)| = |€(z)], and & (z) = |¢(x)|. Thus we may
suppose that £(z) > 0.

Let a = min S, b = max S, and

c = [ at@rdv(a)
v o= /5:625(33)2d1/(a:)—c2,

where c is the mean of x and v is the variance of z with respect to the probability measure
£(z)*dv. Then it follows that a < ¢ < band 0 < v < (b—c){c—a). (Note that a probability
measure dy on [a,b] with [ xdy = ¢ can be approximated by a discrete measure

6ti)7

t,—c Cc— S;
Ai(——6,, +
Zi: z(ti‘i'Si 5 ti+8i
where \; >0, >, A\ =1 and a < s; < ¢ < t; < b, whose mean is ¢ and whose variance is
YiAi(ti —¢)(c— s;)). We find three distinct points sy, 89, 83 in .S such that the convex set

3
{Z)\iési | Ay > 0, Z)\Z = 1}
=1

contains a probability measure with mean ¢ and variance v. (For example, if c € S we
may take s; = a, 52 = ¢, s3 = b; otherwise set t; = max{s € S | s < ¢} and t, = min{s €
S| s > c}. Then there are three of the four points a, 1, 2, b satisfying the requirement. If
(b—c)(c—t1) < v, we may set s1 = a, 89 = t1, 83 = b; otherwise if (t;—c¢)(c—a) < v we may
set 51 = a, sy = tg, 53 = b; otherwise we may set s; = a, 83 = t1, 83 = t5.) Then for any
€ > 0 we can find a positive measurable function g on .S with supp g C U;(s; —¢, s, +¢€)NS
such that

[ s@av=1,

/:L‘g(:c)dl/ =c,

/m2g(a:)dy =v+c
Define & € L2(v) by

&(@) = (1 - )¢(2)* +tg(2))" /2,

Then (&:)o<i<1 defines a continuous path of unit vectors in L*(v) from ¢ to /g such that
(H&|&) = (HE(S),
|HE — (H& &) &N = |1 HE - (Hﬂf)f”,

and supp(£1) C U;(s; —¢, s;+¢)N.S. Continuing this argument with ¢ = /g and a smaller
¢, we will eventually obtain a continuous path (§)o<i<1 with the required properties such
that MyUsssupp & = {s1, 82, s3}. This completes the proof.
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