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ABSTRACT. We study the optimal exercise of a swing option in electricity markets. To this end, we set up
a model in terms of a stochastic control problem. In this model, the option can be exercised in continuous
time and is subject to a total volume constraint. We analyze some fundamental properties of the model and

carry out a numerical analysis. Finally, the results are illustrated numerically.

1. INTRODUCTION

Swing options are contracts sold on deregulated electricity markets'. These contracts are designed to
address some of the problems caused by the non-storability of electricity. Abrupt fluctuations in generation
and demand cause spikes in prices and swing options can be used to hedge against such risk. Typically, a
swing option consists of two parts, namely the forward and the swing part. The forward part is a conventional
forward contract guaranteeing the delivery of electricity on a given period for a given price. The swing part is
a multiple strike option with a given number of exercises (i.e, swings). When exercised, the swing part gives
the holder (issuer) a right to buy (sell) electricity for a given strike price. This form of contract yields a hedge
against the spikes, which is quite fitting in comparison to, say, multiple American or European options.

We study in this paper the swing part of the contract and henceforth call it the swing option. From
the modeling point of view, the pricing of a swing option can be seen as a particular type of a stochastic
control problem. One way of formalizing the valuation problem is to write it as a multiple strike American or
Bermudan option. Here, the admissible exercise policies are of sequential type. Methodologies used to tackle
these problems vary. In [3], the authors study the multiple strike American option formulation in a fairly
general setting using martingale theory and propose a numerical scheme based on Malliavin calculus. The
Bermudan formulation is adopted in, e.g., [8] and [11]. In [8], the authors use a multi-level lattice method
to analyze the valuation of a swing option on natural gas whereas [11] relies on partial integro-differential
equations (PIDE) and Fourier techniques in the analysis of an affine jump diffusion pricing model. A jump
diffusion model is compared to regime switching and negative inverse Gaussian models in [7] using a Monte
Carlo algorithm. In [9], the authors apply the Schwartz model to the oil price and carry out a comparison

between a least-square Monte Carlo and a finite difference method. The swing option pricing can also be

ISwing contracts are sold also on other commodity markets. In this paper, we will focus on the electricity market.
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studied via the dual formulation of the optimization problem. This approach is adopted in, e.g., [1] and [2],
where the dual problem is studied using a combination of martingale and Monte Carlo simulation techniques.
In [4] and [5] the authors propose and study a diffusion model, where, under some technical conditions on
the diffusion parameters, the pricing problem can be solved via a set of quasi-variational inequalities.

In the study at hand, we will formalize the swing option such that it can be exercised in continuous
time. Now, the total amount of the swings used follows a non-decreasing and continuous process (a monotone
follower). The upper limit on swing rights is now set in terms of a total volume constraint. This formulation
has appeared in the literature before. In [10], the author studies hedging of a swing option using this model
under a liquid forward contract and European call options market. A viscosity solution theory for this model
is developed in [15]. A similar model appears also in [12] for swing option pricing and in [14] for gas storage
valuation. These studies are concerned mostly with the issue of pricing. However, it is important, especially
from the holders point of view, to understand how the option should be exercised optimally. In this study,
we address this question from both the analytical and numerical side. We set up a diffusion model for
the electricity price. Based on this, we formulate the value process as the maximal expected present value
of the cumulative exercise payoff which is attainable using an admissible exercise policy. Using Hamilton-
Jacobi-Bellmann (HJB) techniques, we propose an economically reasonable characterization of the optimal
exercise policy in terms of the marginal exercise payoff and lost option value. Furthermore, we study some
basic quantitative properties of the marginal lost option value in order to shed more light on the optimal
policy. We present also a numerical analysis of the problem for geometric Ornstein-Uhlenbeck processes. Our
numerical scheme is based on the finite difference method coupled with a detailed discussion on the delicate
issue of boundary conditions.

The reminder of the study is organized as follows. In Section 2 we formulate the pricing model as a
monotone follower problem. In Section 3 we present and prove our main analytical results on the pricing
problem. Section 4 is devoted to the numerical analysis of the model and in Section 5 we carry out numerical

illustrations. The study is concluded in Section 6.

2. THE PRICING MODEL

Before going into the formal description of the pricing model, we set up a stochastic modeling framework
for the underlying electricity price. Let (2, F,F,P), where F = {F,}+>0, be a complete filtered probability
space satisfying the usual conditions. We assume that W is a Wiener process defined on (Q, F,F,P) and

taking values in R. We assume that the electricity price follows a strongly unique solution of the It6 stochastic
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differential equation
(21) dPt :M(t,Pt)dt+O'(t,Pt)th

with Py = p, where the functions p and o are sufficiently well behaving Lipschitz-continuous functions — for
details, see, e.g., [13], pp. 66.

Having the underlying dynamics set up, we formulate the pricing problem as a bounded variation control
problem with total volume constraints. This control problem is supposed to approximate a class of swing
options commonly traded in electricity markets, where the holder has the right to buy a volume of electricity
at specified times over a time interval (a year, say), and where the exercise times constitute a significant
portion of time interval. These options are often coined flexible load contracts. The class of admissible

exercise policies consists of processes Z, which admit the representation

¢
(2.2) Zt:/ usds,
0

where u is progressively measurable with respect to F and satisfies the constraints us € [0, %] for all s € [0,T]

and

(2.3) Zr < M,

for some M > 0. Denote as U the class of processes u giving rise to admissible exercise policies Z. Let
S:=[0,T]x[0,M] xR

and define the value functional V on S as the remaining discounted option value, i.e., let

ft]a

with the final value V(T', Zr, Pr) = 0. Here, r > 0 is the constant rate of discounting and K > 0 is the strike

(2.4) V(t,Zy, P;) = sup E

T
/ e TP, — K)ugds
ueU t

price. One objective of this paper is to study a potentially unique optimal exercise policy Z* = fo urds for

]:t‘|7

which

sup E Fi| =E

T
/ e TP, — K)ulds
ueU

T
/ e " (P, — K)usds
t

t
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for all t € [0, T]. We remark that the value functional V' admits an alternative representation which is explicit

in terms of Z. By applying the It formula to the process t — e~ " (P, — K)Z;, we find that

T
e " (Pr —K)Zp =e " (P, — K)Z; —|—/ e " (u(s, Ps) —r(Ps — K))Z4ds
(2.5) i

T T
+ / e " (Py — K)ugds + / e Mo(s, Ps)ZsdWs,
t t

and, consequently, the value V' can be rewritten as
(2.6)

V(t,Zt,Pt) = (K - Pt)Zt + supE

T
e " T=(Pr — K)Zrp +/ e " (r(Py — K) — (s, Py)) Zsds
ueU t

ft] |

Having the pricing problem set up, we start the analysis of the model. As the first case, we consider

3. ON THE OPTION PRICE AND OPTIMAL EXERCISE BOUNDARY

Problem (2.4) in the absence of an effective final volume constraint, i.e., the case M > T, where the total

constraint dominates the largest possible amount that can be consumed during the lifetime of the contract.

Proposition 3.1. In the absence of an effective final volume constraint, i.e., when M > uT, the optimal

exercise policy Z* = fo usds is given by

’a7 Pt>Ka
(3.1) wl =
07 PtSKa

for allt €10,T].

Proof. Let uw € Y and t € [0,T]. Then we observe that

T T
E / e "CT(Py — K)uyds|Fi| =E / e " (Py — K)uglip,<xyds ft]
t t
T
+E / e T(s—t) (Ps — K)USI{PS>K}dS ft‘|
t
T
<E / e TP, — K)utds|Fy | .
t
On the other hand, since u* gives rise to an admissible exercise policy, the claimed result follows. O

Proposition 3.1 states an intuitively obvious result. Indeed, if there is no effective limit on the total

volume, then it is optimal to use the option whenever the swing yields a positive payoff.
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Lemma 3.2. In the absence of an effective final volume constraint, i.e., when M > uT, the marginal value

V., =0.

Proof. Let M > uT and t € [0,T]. We proved in Proposition 3.1 that the option value can be written as

ft] |

Since the right hand side of this expression does not depend on the variable Z, the claimed result follows. O

T
V(t, Iy, Pt) =ukE / B_T‘t(Ps — K)l{pS,K>()}dS
t

Lemma 3.2 states another intuitively obvious result. In fact, if there is no effective limit on the total
volume, then the usage of the option does not decrease the value as it depends only on the time to maturity

and the price of the electricity. On the other hand, when M < @1, we have the following result.

Proposition 3.3. In the presence of an effective total volume constraint, i.e., when M < uT, the marginal

value V, < 0.
Proof. First, recall the alternative characterization of V' from (2.6). Using this, we express the marginal value
V, as

(3.2)
Vot Zs, P) = (K — P)

T
e " T=(Pr — K)Z5 +/ e " (r(Py — K) — (s, Py))Z5ds

| |

.

1
+ lim — {supE

e—0 ¢ uc

T
—supE [e"T(Pr — K)Zp + / e TETD(r(Py — K) — u(s, Py)) Zgds
u t

= (K- P)

Fi

T
e_T(T_t)(PT - K)Z7 + / e_r(s_t)(r(Ps — K) — (s, Ps))Z:ds
t

1
+ lim — ¢ supE
uE

e—0 ¢

.

i T
—supE |e " T)(Pp — K)(Zr +¢) + / e " (1 (Py — K) — pu(s, Py))(Zs + €)ds ]—‘t]

u t
ft]a

=le

=1y

T
+E e T (Pp - K) + / e T ((Py = K) = (s, Py))ds
t
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where u®, ¢ > 0, varies over admissible exercise rates under the condition that the associated cumulative
control is at time ¢ in state Z; + ¢ and Z° denotes the resulting cumulative control on the interval (¢, 7. To

proceed, consider an arbitrary admissible s — ZZ on (t,T] and define an associated Z as

(3.3) Zo=17°—¢,

for all s € (¢,T]. Using (3.3), we can map each functional I. for arbitrary Z¢ to the functional I given
by Z, i.e., the functionals I. can be embedded into the set of functionals Iy. This allows us to identify the
optimization problem sup,. I. as a subproblem of sup,, Iy in the sense that the optimization is done over a

subset of admissible controls. Thus, we conclude that
sup I, —sup Iy <0,
uc u

and, consequently, that

T
Vo(t, Ze, P) < (K —P)+E e "T9(Pp — K) + / e " (r(Py — K) — (s, Py))ds
t

ft] “o0

where the final equality follows by first applying the It6 formula to ¢ — e " (P, — K) and then conditioning

up to time ¢. 0

Proposition 3.3 states yet another intuitively obvious result, namely that in the presence of an effective

total volume constraint, the usage of the swing option will lower its value.
Proposition 3.4. The value V is concave in z.

Proof. Denote as Z;} and Z? two different states of the control Z at time ¢ > 0 and let u!' and u? be arbitrary
admissible exercise policies corresponding to these states. Define the process @ on [0, 7] as

1 2
Uy + ug
2

Ug 1=

First, we observe that 4, € [0,a] for all s and fOT ugsds < M. Moreover, u corresponds to the case where

. Since this construction holds for arbitrary u’, we

. . . Zl472
the state of the cumulative control Z at time ¢ is ot

conclude that

Z}+ 7?2 t, 7}, P, t,Z2, P, T

V<t,g,Pt>V(’ to t)+V(a t t):SllpE / efr(sft)(PsiK)ust ]:t
2 2 u t 7 _z}+z?
t—7 2
1 T T
—<¢supE / e TP, — K)ulds|Fi +supE / e TP, — K)ulds| Fi >0,
2 ul t 7=zl u2 ¢ 772
t=2%y t=4t
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proving the claimed result. O

In economical terms, Proposition 3.4 states that exercising the option will lower the option value more

for a low level of option reserve than for high level.

3.1. Necessary conditions. To study Problem (2.4) under an effective total volume constraint, we first
derive the associated HJB-equation. Assume first that the optimal value exists. The starting point of the
derivation is the Bellman principle of optimality. This principle can now be expressed as follows: for all times

0 <t<w<T, the condition

w
(3.4) V(t,Zt, P;) =supE [/ e TP, — K)ugds + e "V (w, Zy,, Py)
u t

7|
must hold, where the supremum is taken over u € U such that fot usds = Zy < M. First, rewrite (3.4) as

(3.5) sup E {/ e " (Ps — K)usds + (e "V (w, Zy, Py) — e "V (t, Zy, )
u ¢

7| =0

To proceed, we assume that V is smooth enough, i.e., in C*12(S), and use the Ité6 formula to the process
t— e "V (t, Zy, P). Since dZ; = uydt, we find that
e”d(e_TtV(t, Zt, Pt)) = (W(t, Zt, Pt) — TV(t, Zt, Pt) + Ut‘/z(t, Zt, Pt)) dt

1
+ Vi (t, Zs, Pr) (u(t, P)dt + o(t, P)dW;) + 502(75, P)Vyu(t, Zs, Py)dt.

Using this, we can rewrite (3.5) as

1 w
(3.6) supE {—w ; / e "((Ps — Kus + (L — 1)V (s, Zs, Ps) + usV.(s, Zs, Ps))ds + (Yo — Y2)
u t

-/_'.t:| =0,
where the linear operator £ is defined on C1'12(S) as

1
(37) L:F(tazap) = Ft(tazap) + N(tap)Fp(tvzap) + 50—2(tap)FPP(tazap);

and the local martingale Y is defined as
t
Y, = / e "o(s, Ps)Vp(s, Zs, Ps)dWs.
0

We assume that the functions ¢ and V' are regular enough for the process Y to be a true martingale. Then

we know that

E [% / e "((Ps — Kus + (L —1)V (s, Zs, Ps) + usVy(s, Zs, Ps))ds
w—=1Jg

-/_'.t:|§07
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for each admissible u. Furthermore, if there exists an optimal admissible policy u* with which the supremum

is attained, then

E {% / e " ((Ps — K)us + (L — 1)V (s, Zs, Ps) + uiV,(s, Zs, Ps))ds
w—=1tJy

7] -0

Now, under appropriate regularity conditions on V, see e.g., [6], we can pass to the limit w — ¢ in (3.6) and,

consequently, end up into the HJB-equation
1
(38) ‘/t(ta Zap) + 50—2(tap)vpp(t7 Zap) + N(tap)vp(tv Zap) - TV(t, Zap) + sup {u(t)(p - K + Vz(ta Zap))} = 0;

where u varies over the set of functions defined on [0, 7] satisfying the conditions 0 < u(t) < a, |, Lu(s)ds = z,

0
and fOT u(t)dt < M. We remark that if the value V' does not satisfy the required smoothness conditions, it
can still be identified as a viscosity solution of (3.8) — for details, see [15].

Intuitively, we can interpret the quantity V, in equation (3.8) as the (marginal) lost option value. From
(3.8) it seems clear that the boundary p — K = —V,(¢, z,p) plays a key role when determining the optimal
exercise rule. Indeed, if p — K > —V,(t, z,p) for t € [0,T], that is, payoff dominates the lost option value,
then

sup{u(t)(p — K + V.(t, z,p))} = u(p — K + V:(t, 2, p)).
u
On the other hand, if p— K < —V,(¢, z,p), then sup,, {u(p — K + V. (¢, z,p))} = 0. Define now the admissible
exercise policy Z = Jo edt via

a, P—K>-V.(t,Z:,P),
(3.9) Uy =

07 Pt_KS_‘/;(t7Zt;Pt)7
for allt € [0, T]. We remark that when M > 4T, the marginal value V, = 0 (see Lemma 3.2) and, consequently,
the exercise policy Z coincides with the optimal policy Z* described in Proposition 3.1. In the presence of
an effective total volume constraint, we proved in Proposition 3.3 that the marginal value V, is non-positive.
Thus, the introduction of the total volume constraint to the model postpones the optimal exercise of the

swing option. Furthermore, we note that if V satisfies (3.8), then
ﬂ(t) z 0= (‘C - T)V(t,z,p) § 0;

for all (¢,z,p) € S.
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3.2. Sufficient conditions. In the previous section, we derived necessary conditions for the option value V'
defined in (2.4). As a result, we proposed the candidate @ for the optimal exercise policy. In this section,
we study the conditions under which this candidate is indeed optimal. A set of such conditions are stated in
the following verification theorem. This verification theorem also ensures that the HIB-equation (3.8) is the

correct one for the original optimization problem (2.4).

Theorem 3.5. Assume that a function F': S — R satisfies the following conditions

(i) F(T,-,-)=0and F € Cla172(3)7
(i) (L—r)F(t,z,p) +u(t) (F(t,z,p)+ (p— K)) <0 for all (t,z,p) € S and v € U, where the operator
L is defined in (3.7),

(iii) the process Y : ¢ — fot e "o(s, Ps)Fy(s, Zs, Ps)dWs is a martingale.

Then F(t,Zy, Py) > V(t,Z, Py) for all t and w. In addition, if there exist an admissible u® such that
(£ —r)F(t, z,p) + sup(u(t) (F:(t, z,p) + (p — K))) =
(3.10) “
(L —=r)E(t, z,p) +u’(t) (F.(t 2,p) + (p — K)) =0,

for all (t,z,p) € S, then u® = u* and the function F coincides with the value function V.

Proof. Let uw € U and t € [0,T)]. First, we find using the It6 formula to the process t — e " F(t, Z;, P;) that
d(e™""F(t, Zy, P)) = € " [(L = 7)F(t, Zy, Py) + wiF.(t, Zy, P) + o(t, P)Fy(t, Zy, Pr)dWy] .

Using assumption (i) and conditioning up to time ¢, we find that

Fi

T
0=e¢ "F(t,Z;,P)+E / e "L —1)F(s,Zs, Ps)ds
¢

+E Fe| +E[(Yr - Yy)| R

]:t‘|7

T
/ e " F,(s,Zs, Ps)usds
t

Now, assumptions (i) and (iii) imply that

T
(3.11) 0<e "™F(t,Z, P)—E / e " (Ps — K)usds
t

for all w, which is equivalent to the first claim.
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Assume now that there exist an admissible u° such that the condition (3.10) holds. Then with exactly

ft]a

for all w. O

the same calculation as above we find that

T
(3.12) 0=e¢"F(t Z;,P)—E / e " (P, — K)ulds
t

4. A NUMERICAL SOLUTION OF THE HJB-EQUATION

In this section we present a numerical scheme for solving the HJB-equation (3.8). More precisely, we
present a finite difference approximation of V' (¢, z, p) which solves the equation

o2

(4.1) Vit 2,p) + 5 Vop(ts 2,0) + 1V (b 2,p) =1V (t 2, p) +sup {ulp — K + Va(t, 2,p))} =0, (t.2,p) €S,
with given boundary and terminal conditions. These conditions will be stated later.

In the numerical examples, we assume that the underlying price process P; follows a geometric Ornstein-
Uhlenbeck process. However, the numerical approach applied here will be valid for a much more general class
of diffusion process. Only the boundary conditions on the truncated boundary must be changed, since, as
we shall see, they will depend crucially on the properties of the price process chosen. In this section we
will first give a description of the boundary conditions and then describe how to compute a finite difference

approximation of (4.1).

4.1. The boundary conditions. In order for the HJB—equation to be well posed we need sufficient boundary
conditions. The terminal condition at ¢ = T and the condition for no optionality left z = M are both zero

since the option contract in those cases are worthless. We have,
(42) V(T,z,p) =0, (Zap) € [OaM] xR, and V(taMap) =0, (tap) € [OvT] x R.

The last boundary conditions which need to be imposed are at the endpoints in the p—direction. De-
pendent on the upper and lower bounds on the underlying process these endpoints could be unbounded. The
Ornstein—Uhlenbeck process is unbounded from below and above, but the exponential Ornstein—Uhlenbeck
process is unbounded from above and bounded by zero from below.

We will in the following assume that we have chosen py,;, and py,q. so small and large, respectively, that
the process P, is unlikely to be outside the interval (pmin,Pmaz). For the exponential Ornstein-Uhlenbeck

process, one could naturally choose p,,in, = 0, but we keep the general view here. We will assume that p,,n,
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is so small that the dominating behavior of the log-price process In(P;) until the time of maturity T is to
increase due to mean-reversion, while p,,q. is so large that the process is dominated by a decreasing behavior.
The idea now is to use these assumptions to determine how the holder will optimally use her optionality,

i.e. determine the optimal control us. Inserting this into (2.4), we can compute

T
/ e ") Poygds| F ,
t

and thereby obtain boundary conditions for our HJB-equation also in the price direction.

(4.3) V(t, Zi, P,) = E

The optimal operational behavior when p = p,,qz is to use as much as possible of the option until z = M.
This is because Py,q, is much larger than the long time expectation and the price is then expected to decrease

until maturity. Thus

, s € (tt+ =)

N

(4.4) Us =

0, set+2=1)

u

Then the price can be calculated

M=z
(4.5) V(t, Zt, Pmaz) = GE / e T Pds
t

;t] |

Similarly for the case of p = pyin, the optimal behavior of the operator is to wait as long as possible
before exercising. This is because p,,;, is much smaller than the long time expectation and the price is then

expected to increase until maturity. Thus

0, se(t,T — M=
(4.6) Us = ( w)
a, se(T-Y=T)

u

and the price can be calculated by

T
(4.7) V(t, Zt, pmin) = GE / e " P s

T-M=z
T

ft] |

In Appendix A we compute the expectations in (4.5) and (4.7) explicitly for the case of P; being an
exponential Ornstein—Uhlenbeck process. The conclusion of these derivations is Dirichlet boundary conditions

on the form

V(tazapmin) :gl(taz)a V(tazapmaa:) :92(t;2);
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where g1 and go are defined in Appendix A. It may be desirable to have Neumann conditions instead, and

they will take the form

Vp(tazapmin) :gl(taz)a Vp(tazapmaa:) :.gQ(t;Z);

for function g; and g, derived in Appendix A.

The computations in Appendix A are valid only if the underlying price follows an exponential Ornstein—
Uhlenbeck process. Similar calculations might be harder to carry out for other price processes. In such cases
Monte Carlo simulations might be used to calculate (4.5) and (4.7).

In other works studying swing options, a second order boundary condition is used on the truncated

boundary. In e.g. [11] the condition

(48) ‘/pp(ta Zapmin) = 07 Vpp(ta Z;pmax) =0.

We have two objections to such boundary conditions. The first is that it seems a little unmotivated, and in
general it should not be approximately correct for large and small values of p,,q; and pmin. This could be
fixed by doing calculations similar to those in Appendix A, or a corresponding Monte Carlo simulation. The
other problem with such a second order boundary condition is that even though a specific numerical scheme
might be stable, the problem is not well posed from the PDE point of view. The scheme presented below,
with a discrete version of (4.8) is stable and is implemented for comparison.

We point out that no boundary conditions are needed on the boundaries z = 0 and z = ut. The reason
for this is that the transport of (4.1) is towards these boundaries. Thus, in some sense, these boundary

conditions are taken care of by the HJB-equation itself.

4.2. The numerical scheme. For the finite difference scheme we use a uniform grid in both t— and z—
directions defined as follows. The t—dimension is divided into N uniform intervals, i.e. 0 =ty < t; < --- <
ty = T, where the interval length is At = ¢, — t;,—1. The z—dimension is similarly divided into N, uniform
intervals, i.e. 0 =20 < 21 < --- < zny, = M, where the interval length is Az = 2z; — 2;_1. In our numerical
approximation of the value function, we truncate the p-direction to the interval p € (Pmin,Pmaz). To be
able to choose ppin small and pp,q. large without increasing the number of grid points too much we use
an adaptive grid in the p—direction, i.e. pmin = po < p1 < ‘- < PN, = DPmaz, Where the interval length
Ap; = p; — pj—1 may vary.

The numerical scheme will be defined by a first order backward time-stepping scheme where we use a

nearly second order approximation of the p-derivatives and a first order approximation of the z-derivative.
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The terms including p-derivatives are solved implicitly in time, the other terms are solved explicitly. More

precisely, let V;"; denote the approximation of V(ty, zi,p;). We then use the approximations

Viltn, iy pj) = ="

At ’
V;_n-l—l'iv;_n'-i-l
Vz(tn7zi7pj) ~ %7
1 Apjt1 <AP'+1 Ap; Ap;
19 Vo (tn, 20 p;) = _APittyn (AP AP )y iyn Y
(49) 2 2s) Apj+1+Apj< Ap; W71 Ap;  Apjpi) Y Apjya BT

2 1 1 1 1
4.10 Viop(tn, 2i,pj) 8 ———— (—V-”- + (— — —) v+ —Vn ) ;
( ) pp( ny ~1 J) Aijrl ¥ Apj Apj 1,j—1 Aijrl Apj ,] Apj+1 %,j+1
see Appendix B for a further analysis of these approximations. Inserting these into (4.1) and approximating

V(tn, zi,p;) = V', and p ~ p; we get

yntl _yn om)? 1 1 1 1
b S (v (5 ) Vi W)
At Apj1+ Ap;j \Ap; “ Apit1 Ap; o Apiyr

n Ap: A A A
Hy (_ Pj+1 Vinjfl + ( Dj+1 Pj ) Vzn] D Vianrl)
Apj+1 + Ap, Ap; " Ap;  Apjp /) ™ Apjp ©

+1 +1
(4.11) v n+1 _K Viil,j zng _ Vi i
. —rVi; T u; p; — K+ — A ]~ 0, 1, 7,n

yntl _yntl o )
where uf;rl = H(p; — K + -#3—"1—)u and H(-) denotes the Heaviside function.
This scheme is numerically stable for any choice of the Ap;’s. However, the CFL condition requires the

following relation on Az and At for the numerical scheme to be stable
Atu < Az.

In Appendix B we study the truncation error of the numerical scheme, and it is seen that truncation error
converges to zero as the discretization parameters goes to zero. Thus the scheme is consistent. Now, according
to the Lax—Richtmyer Equivalence Theorem, the finite difference approximation will converge to the original
partial differential equation since the scheme is both consistent and stable.

The numerical scheme defined in (4.11) should be solved recursively and backward in time. When solving
(4.11) for a given time level n, all values with super-index n + 1 are known. Since the discretization of V.
is done at time level n + 1, there is no implicit coupling in the z—direction in the numerical scheme. This
means that we only have to solve a tridiagonal linear system for each value of n and i.

As described in the terminal condition below, the last time level is known in advance, i.e. V;A]’ , Vi, g

are known initially. Further, the boundary conditions give the solution at the edges of the grid, V. Vj, n,
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Vi, Vi, n, and iTLva Vi, n. Together with (4.11), this is sufficient to find the solution in all points given by
i=0,1,...N,,j=0,1,...Nyand n=0,1,...N.

An important observation is that this scheme corresponds to a finite difference approximation of a
Bermudan swing option, that is, a swing option with finite discrete exercise times (c.f. [11]) and where the
number of exercise times is N. As mentioned earlier in the introduction, a continuous-time formulation of
the control can be considered as an approximation of a contract with a very high number of exercise rights.
Thus, we solve in fact numerically the options we are in practice interested in. On the other hand, the
continuous-time framework puts us in a situation where nice stochastic control theory may be applied.

The terminal and boundary conditions described in (4.2) are incorporated into the scheme by
VN =0, Vij and  V§ =0, Vjn.
On the truncated boundary the Dirichlet conditions are,
Vo = g1(tn, 2i), Vi,n, and Viln, = 92(tn, z:), Vi,n.
Choosing Neumann conditions instead, we will have
Vo(tn, zi,po) = G1(tn, zi), Vi,n, and Vp(tn, 2i,pN,) = §2(tn, 2i), Vi, n,

where V,(ty, 2, p;) is approximated by (4.9). In Appendix C we present the complete numerical scheme with

these boundary conditions incorporated.

5. NUMERICAL EXPERIMENTS

In this section we present a numerical example analyzing a so-called flexible load contract (FLC). This
type of contract is much used in the electricity market, and gives the holder the right to buy up to a certain
volume of electricity at fixed prices over a large amount of exercise times in a period. In fact, in many
circumstances these exercise dates can fill up more than 80-90% of the total amount of days in the period.
Typical for many of these contracts in the market place is that K = 0, so the holder faces the problem of
picking the most favorable prices at the provided exercise times. We run an experiment with M = % and
4 = 1, that is, a contract where the holder can buy IMWHh of electricity every year, but only 50% of the total
time interval being set to one year T' = 1. For simplicity, we choose the risk-free interest rate equal to zero,

r=20.
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For the dynamics for P we use the exponential Ornstein—Uhlenbeck process
(51) Pt :exp(Xt), dXt = K}(/,L*Xt)dt+0'th

The parameters are shown in Table 1 The parameters x and ¢ are approximately the same as the estimated
TABLE 1. The parameters in the exponential Ornstein—Uhlenbeck process

Parameters ‘ K o I
‘ 04 055 3.5

parameters in the paper [16], and g = In40 — g ~ 3.5 corresponds to a long time expectation of 40
EUR/MWh.

In order to find a sufficiently fine grid for the numerical solution we have first solved the problem on a
very fine mesh. This solution is then used as a reference for comparison. To define a criterion for determining
what solution is accurate enough, we study the optimal exercise curves, c.f. Figure 2. We consider these
curves as a function of z. Denote the numerical solution P (z) and the ”exact” solution P.(z). Then we say
that the solution is accurate enough if the average error, in the L!-norm sense, is less than 0.01 EUR/MWHh,

ie.
1 M
i /0 | Pr(z) — P.(z)|dz < 0.01.

At Nordpool the prices are given with 2 digits.

In the presented experiments we have used a mesh defined by N, = 180, N, = 225 and N = 450. We
create the grid for p to be sparse close to the endpoints and dense near the optimal exercise curves. In more
details the grid is created the following way. Let {aci}fv:pl be a uniform grid with IV, = 180 grid points. The
grid {pi}fv:pl is defined by p; = exp(f(x;)), where f(-) is the normal inverse cumulative distribution function
with expectation = p and variance ~ 0.15, such that p;,;,, = 21.6 and ppe, = 73.9. The grid in the three
dimensions was determined by trial and error.

In Figure 1 we depict the value function V' (¢, z, p) for t = 0.5, as a function of z and p, using the above
grid. We observe that it is decreasing in z as Prop. 3.3 predicts. The numerical solution is also concave,
however, very close to be linear in z.

Figure 2 shows the optimal exercise curves at different times as functions of z and p. The curves are
moving downwards with decreasing times, and it is optimal to not use the control (or the exercise right) when

you are to the left of such a curve. Once the price P, is hitting the curve, it is optimal to start using the
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The aption price % at time = 0.5

0.2

0.3

price P ' Accumulated contral z

F1cure 1. The option price

control. As functions of p, the curves are increasing. At a fixed time, the more we have used of our control
(the higher value of z, that is), the higher price we must have before we are willing to exercise. For a given
level of z, on the other hand, the price level to exercise is decreasing with time, which is intuitive since we
have less time left for using our rights, and thus are willing to interfere at lower prices. Note that the optimal

exercise curves are stopping when z > ut, for which the option does not exist. We point out that the exercise
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The curves describing when to exercise
D5 T T T =

— - —-time=0.75 -
045} time=0.5 L
—— —time=0.25 _,f'

0.4

0.35

0.25

0.z

Accumulated control z

0.15

0.1

0.05

D | | | 1
34 40 45 a0 85 B0

price P

FIGURE 2. The exercise curves. For prices to the right of the curve it is optimal to exercise the option.

curves for t = 0.5 and 0.75 cut off at both ends. This is due to the chosen resolution of the numerical grid.
Indeed, if we use higher resolution, then the curves would continue further to both left and right.
In Table 2 we show the accuracy of the three schemes using each type of boundary condition. The tests

are done in Matlab™ implementations of the schemes on a laptop from 2010 with Intel Core i7 processor
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TABLE 2. Numerical tests for the three types of boundary conditions

Boundary condition ‘ Neumann Dirichlet Vip =0
Average error in P 0.0099 EUR/MWh 0.0110 EUR/MWh 0.0115 EUR/MWh
Computation time =~ 15 sec ~ 15 sec ~ 1 sec

with 2.66 GHz core speed (with dual core, but Matlab™ uses only one core). The extra time needed for the
Neumann and Dirichlet conditions is because of the integrals to calculate the boundary conditions.

It is also interesting to know the accuracy in option price V. For the Neumann conditions the average
error in V for P € (30,55) and z € (0, 1) is ~ 0.045 EUR/MWh.

Comparing the numerical solutions for V' for all the three boundary conditions, it can be verified that

the calculations for the Dirichlet and Neumann conditions are right, i.e.

V(tazapmin) z.gl(tnazi)a and V(tazapmaz) %92(tnazi);

V;o(tv vamin) ~ §1 (tn; Zi)7 and V;o(tv vama;c) ~ QQ(tnv Zz)

The fact that gi(t,,2;) and gi(tn, 2;) for k = 1,2 are calculated in different way from the PDE solver, gives
us a verification that the code is correct. Verifications like this are often omitted when PDEs are solved
numerically.

As mentioned before the presented discretization scheme of the discussed contracts, namely swing options
with continuous time exercise, can be viewed as a finite difference approximation of a Bermudian swing option
with N exercise opportunities, where IV is the number of discretization points in time. In this paper we have
shown that for an exponential Ornstein—Uhlenbeck model with realistic parameters it is enough to have
N = 450. Notice that the original FLC—contracts might have hourly exercises during one year, which means
that NV = 8760. Thus we conclude that the continuous exercise approximation of the FLC—contracts is a very
accurate approximation.

We end this section by including two plots to describe the sensitivity in the optimal exercise curves w.r.t.

the parameters ¢ and k.

6. CONCLUDING COMMENTS

We studied in this paper the optimal exercise of a swing option. To this end, we formulated the pricing
model as a bounded variation control problem under a total volume constraint. We proved some basic
qualitative properties of the model which are intuitively appealing. First we studied the model in the absence

of an effective volume constraint as a limiting case. In this case, we found the optimal exercise policy and
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sensitivity wit. @ of the curve describing when to exercise at time = 0.5
D5 T T T T T -

original

045 F — — 1% increased o

59% increased o

0.4

0.35

0.3

0.25

0.z

Accumulated control z

0.15

0.1

0.05

i |
35 40 45 a0 a5 B0 65
price P

FIGURE 3. When the volatility is increased, the holder should require higher prices before
exercising. The average change in P(z) is 0.17 EUR/MWh for the 1% change and 0.86
EUR/MWh for the 5% change.

proved that the lost marginal option value is zero. In the presence of an effective total volume constraint we
found that the value function is decreasing and concave in the direction of the cumulative control (z, that is).
This means that the option loses more value when the volume reserve is low in comparison to high reserve.

We derived a candidate for the optimal exercise policy and value for the option using an HJB-equation. In



20 BENTH, LEMPA AND NILSSEN

sensitivity wrt. ® of the curee describing when to exercise at time = 0.5
I:|5 1 1 1 T

original

045 F — — 1% increased «

59% increased &

0.4

0.35

0.25

0.z

Accumulated control z

0.15

0.1

0.05

0 Lo . 1 1 1 1
a5 40 45 ad a5 B0

price P

FIGURE 4. When the speed of mean reversion is increased, the holder should exercise for
lower prices. The change measured in L' is is 0.088 EUR/MWh for the 1% change and 0.42
EUR/MWh for the 5% change.

particular, we characterized the associated trigger rule as as simple comparison principle between the instant
exercise payoff and the lost option value. We proved also a verification theorem, which gives a set of sufficient

conditions when a given function coincides with the value function.
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We carried out also a numerical analysis of the model and, in particular, discussed the issue of boundary

conditions. We set up a numerical scheme for solving the HJB-equation and illustrated it with an exponential

Ornstein-Uhlenbeck process. Finally, we concluded that, given some assumption on the underlying price

process, the continuous time exercise swing option is an accurate approximation of flexible load contracts,

which is Bermudan swing options with high number of exercise opportunities.
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APPENDIX A. BOUNDARY CONDITIONS AT THE TRUNCATED BOUNDARY

We recall that the solution of the Langevin-type SDE
dXt = K(M — Xt)dt + O'th
at time s, given the state at time ¢ < s, is

S
X = (Xe— ,u)e_"(s_t) +pu+ a/ e =) qW,,.
t

We next calculate the stochastic integrals defined by the boundary conditions on the truncated boundary,

i.e. we compute

V(t, 2, pmaz) = 0FE [/ e T(s=1) X g ]_-t} 7
t

T
/ e T eXe gl Fy ,
T2

for the case Py = exp(X,), where 7y =t + =2 and 7, = T — =2 We find

—z
u

V(ta Z;pmin) =ulb

T1

92(t,2) =V (t, 2, pmaz) = UE {/ e Tt eXo g
t

ft]
2 T1 2
— gerttrti / exp [rs + (In(pmaz) — u)ef'{(sft) — 0—62”(5’5)] ds,
t

4k
T
/ e =X gs| Fy
T2

&2 T 2
— gerttrtin / exp {rs + (In(prmin) — u)ef'{(sft) — Z—€2K(St)] ds,
K

gl(ta Z) = V(ta Zapmzn) =ul

T2

and the corresponding Neumann conditions are

2 T1 2
31t 2) = Vp(t, 2, Do) = Prbpiie O / exp M 1) + (I(Pag) — pe "0 — Z—““(”)} ds,
t H‘/

2 T 2
3a(t,2) = Vit 2. pan) = e 5 [ e [—w )5+ (In(pin) — p)e 70 ie%w] ds.
T2

These integrals are calculated numerically.
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APPENDIX B. THE LOCAL TRUNCATION ERROR FOR THE NUMERICAL SCHEME

In this appendix we investigate the local truncation error for the numerical scheme presented in Section
4. We will observe that the approximations for V}, and V,,, are nearly second order accurate. Using Taylor

expansion we see that (we skip the t and q dependency for notational ease):

Aptiy Apfiy 1

V(pi1) = V(ps) + Apj+aVo(ps) + —5—Vop (i) + —5—Vown (p5) + O(Apj11),
Ap? Ap? 4

Vpj-1) = V(pj) = ApiVo(ps) + — V(1) = == Vorp(ps) + O(Ap;).

Putting this expansion into the approximation for V,, we get

1

Vp(tn7zi)pj) ~ Ap+1+Ap (
J J

ADj i (% _ ﬂ) yn _ APitiym 1)
Apja W Ap;j  Apjy) Y Apy YT

=V,(p;) + O((Apjs1 + Ap;)?).

This is a second order accurate approximation. The local truncation error for the approximation of V,,, is

2 1 1 1 1
V. (t ) & Vv — - |V 4+ —V
pp( n;zzap]) Apj-i-l + Apj (Apj+1 %,j+1 + ( Apj+1 Apj) i, + Apj ’L,jl)

= Vop(pj) + O((Apji1 + Ap;j)?, Apjt1 — Apj).

We see that this is second order accurate if Ap;1 — Ap; = O((Apj+1 + Ap;)?). This means that if two
neighboring discretization intervals in the p—direction are always almost at the same size, then we have second

order accuracy in the approximation. We may call this property quasi-uniform grid.

APPENDIX C. BOUNDARY CONDITIONS IN THE NUMERICAL SCHEME

Now over to the implementation of the boundary conditions in the numerical scheme. We denote the

Dirichlet conditions with g;(¢) and g2(t) or discretely in time
g? = V(tnazap’min)a gg = V(tnvzvpmaib)'

Inserting this into (4.11) for j = 0 and j = N, we obtain an equation to be solved for each time step on the

form

(C.1) (I — AtA)V"™ = V™ 4 At + BC™,
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where A = ";Dg + uDy —rl, I is the identity matrix, e is the k—th unit vector and

2 2
n n n n
BC™ = At (Ul) M1 ApQ gn e1 + At ((UNI) + :LLNflApN—1 gn eN_1
- - 1 2 -1
Aps + Ap1 \ Apy Apy Apn + Apn—1 \ Apn Apn
n+l _ n+1
n+l _  n+l ) i+1,5 i,J
Git =uig \pi K+ —— |,
2 (__1 _ _1 2 1 0
Apa+Ap; Ap2 Ap1 Apa+Ap1 Aps
Dy = 2 1 2 S S | 2 1 e RV-LAN-L
Apjt+1+Ap; Ap; Apjr1+Ap; Apjt1 Ap; Apjt1+Ap; Apjy1
0 2 1 2 11
ApN,+APN, -1 APNp—1 ApN,+APN, -1 Apny, ApN,—1
1 (Ap2 _ Apr 1 Apr 0
Apa+Ap1 \ Ap1 Ap2 Apa+Ap; Apz
D1 _ _ 1 Apjy1 1 Apj+1  _Apj Ap; c RN*LNfl'
Apjr1+Ap; Apj Apjy1+Ap; Ap; Apjt1 (Apjf1+Apj)Apji1
0 _ Apn,, 1 Apn,  APN,-1
(Apn,+ApN,—1)APN,—1 Apn,+ApN,—1 \ APN,—1 Apny,

D; and D> are matrices approximating the first and second order differential operators.

We use the same notation for the Neumann conditions g1(¢) and §2(¢) or discretely in time
g? = Vp(tnazapmm)a QS = Vp(tnvzapmaz)~

By introducing the shadow points V;"_; and VifLNp 41 and inserting this into (4.11) for j = 0 and j = N,

we obtain an equation to be solved for each time step on the form
(C.2) (I — AtAu™ = u™! + AtG™ + AtBC™,

where A = %2D2 + puD1 —rl and

on)? . (Urzi/ )2 R
BC" = (ﬁ + u8> grer+ | —/——— + Uy, | Gren+,

ho hy
P
2 2 0
Apf Apf
D2 — 2 1 2 _ 1 1 2 1 c RNJrl,NJrl
Apj+1+Ap; Ap;  Apjt1+Ap; Apjt1 Ap; Apjt+1+Ap; Apjta ’
2 2
0 R —
Apy, Apy,
0 0 0
D, = . Ap, 1 Apjt+1  _Apj 1 Apjt1 c RN+1,N+1'
(Apjy1+Ap;)Apjt1 Apjy1+Ap; Ap; Apjt1 Apjr1+Ap; Apj

0 0 0
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D; and Ds are still matrices approximating the first and second order differential operators, but now with
Neumann conditions incorporated. Above it is implicitly assumed that the shadow points are located such

that Ap_1 = Apg and Apn, 11 = Apn,,.
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