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1. INTRODUCTION

Solving the d-equation, called the Cauchy-Riemann equations, is
among the more interesting problems in complex analysis, and many
questions about this subject still remain. In this paper, we shall fo-
cus on the somewhat generalised tangential Cauchy-Riemann equa-
tions, 0,, that appear on laminations. We will show how the equa-
tions can be solved on some example spaces by using the methodolo-
gies B. Deroin demonstrated in [1], and by simplifying the tangential
Cauchy-Riemann equations to the standard Cauchy-Riemann equa-
tions over each leaf of the lamination. In particular, the result we will
prove is the following;:

Theorem 1.1. Let X be a compact hyperbolic Riemann surface lamination
with CR line bundle L — X, and assume that L is equipped with a positive
metric o. Then there exists an integer ky € N such that for all integers
k > ko and for any smooth (0,1)-form v with coefficients in L®*, there
exists a smooth section u of L®* with Oyu = v.

This result is not unknown; indeed, similar results were shown in
[2]. However, we shall employ a different method, which hopefully
may be generalised to show similar or stronger results. Furthermore,
as we develop the method for our proof, we are able to solve 9, on
some example laminations where the leaves may be parabolic rather
than hyperbolic; that is, they are covered by C rather than D.

In Section 2 we shall proceed to give a formal definition of lam-
inations. In Section 3, we shall introduce the notions of curvature
and bounded geometry. In Section 4, we shall show some geometric
comparison results, and how they can be used to show that certain
sums converge. In Section 5, some results of Deroin will be demon-
strated in order to showcase some of the origin of our methods. In
Section 6, we will show that if a (0, 1)-form is transversally continu-
ous, then so are its minimal solutions. In Section 7, we will use our
results to demonstrate how to solve 9, on some simpler laminations.
Finally, we will prove the main result in Section 8.

As a final note: After commencing with this thesis, it was discov-
ered that in the newly published [3], Ohsawa solves the J,-solution
on laminations in a very general setting. However, this thesis uses
very different methods than what was used in Ohsawa’s paper.
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2. LAMINATIONS

We shall focus our work on a particular kind of topological spaces,
called laminations, which locally can be viewed as a stack of disks.
More precisely, we have the following definition:

Definition 2.1. Let X be a topological space, and let {U,}q.ca be
an open cover of X, associated with a family of homeomorphisms
¢a + Uy — D x T,, where T, is a metrizable topological space.
The maps ¢p, = ¢ o ¢,* are locally on the form ¢s,(za,ta) =
(28a(Zas ta); tsa(ta)), Where zg, is a holomorphic function of z, for
each fixed t,.

We call the U, flow boxes, and we call the sets L, = ¢, (D x
{ta}) plaques. Any nonempty subset £ C X is called a leaf of the
lamination if, whenever z € £ N U, for some «, then £ contains
the plaque in U, containing x and £ is minimal with respect to this
condition. The set X is then a disjoint union of leaves and for every
z, the leaf £, through x consists of all points in X which can be joined
to z by a curve which is locally contained in a plaque. A basis for a
topology on a leaf £ is given by proclaiming that each plaque in £
is an open set, and that each set U N L is open, where U is an open
subset of X. Then each leaf is a Hausdorff topological space, and
each leaf has a natural structure of a Riemann surface inherited from
the maps ¢,

Let L — X be a complex line bundle. We will call L a holomor-
phic line bundle if it is defined by transition functions f,z on U, N Us,
where f,3 is holomorphic along every plaque. A section v of L will
be said to be smooth if it is continuous and smooth along every leaf.
A weight o on L will be a family of continuous functions o, on U,,
smooth along every plaque, such that o, = g5+2log | f.s]| on U,NUp,
and such that all partial derivatives of each o, are continuous and
smooth along every plaque. We say that o is positive if each o, is
strictly subharmonic along every leaf.

On Riemann surface laminations, the concept of tangent bundles
and cotangent bundles only makes sense along the leaves. However,
this still gives us a natural definition of (0, 1)-forms with coefficients
in L, as well as the d-operator acting on sections along leaves; we
denote this operator by 9,. We say that a (0, 1)-form is smooth if it
is continuous and smooth along every plaque when viewed in local
coordinates.

Inspired by [1] and [2], we will attempt to solve the J,-equations
by pulling back the problem to line bundles over the universal covers
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of each leaf, solve the d-equations there with some additional detail,
and then push the solutions back to the lamination.
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3. HERMITIAN HOLOMORPHIC LINE BUNDLES

The solutions presented in this paper will depend on some ideas
developed by B. Deroin; we shall outline these ideas as Deroin pre-
sented them in [1], and then proceed to adapt these ideas to our goal
of solving dy-equations.

In [1], Deroin considers certain manifolds M, constructs a partic-
ular metric g, and then develops a method of extending families
of so-called 1-jets of holomorphic sections into one single bounded
holomorphic section, by assuring that these 1-jets are sufficiently
"spread out" and then showing that the sum of their averages over
non-intersecting balls converges. In doing so, he is able to construct
a holomorphic locally bilipshitz immersion 7 : (M, g) — CP" into
projective space.

Our objective is not the same as Deroin’s; however, many of the
methods we use are the same or at least quite similar to the ones
used by Deroin. In this section we shall introduce the basic concepts
tied to hermitian holomorphic line bundles, that is, holomorphic line
bundles equipped with a hermitian metric.

For all our future purposes, we shall need to define the concept of
the curvature of a holomorphic line bundle over a complex manifold.

3.1. Hermitian metrics.

Definition 3.1. Let M be a complex manifold with smooth Hermitian
metric w = e‘iﬁgdz N dz, and let L — M be a holomorphic line
bundle, equipped with a Hermitian metric e~?. The curvature of e~
is the (1, 1)-form defined by

O, = ddc = /—19d0

If €2, is strictly positive on the restriction to any complex line, it is
simply said to be strictly positive.

A Hermitian metric is called kihlerian if its fundamental form w is
closed, that is, dw = 0. We define the kihlerian metric assoiciated with
dd‘o, called g, by the formula

g(u,v) := 2dd°o(u,/—1v)

We shall repeatedly refer to d,; this will be the distance derived from
g. The following definition can be found in [5]:

Definition 3.2. Letting ey, ..., e,, € T,M be an orthonormal basis, we
can define a Riemannian volume form dvol relative to g by

dvol(vy, ..., v,) = det(g(v;, €;))



ON SOLVING THE §-EQUATION ON LAMINATIONS OF RIEMANN SURFACES 7
We will usually denote this volume form by dv,.

We shall mostly be working on the space of L? functions relative
to whichever line bundle we are currently working on. This space is
defined as follows:

Definition 3.3. Let M/ be a complex manifold with smooth Hermitian
metric w = e””gdz N dz, and let L — M be a holomorphic line
bundle, equipped with a Hermitian metric e?. The L?(L, o)-norm

on L is defined by
full iz = / juf2e—7du,
M

Whenever o is obvious from the context, we shall usually just write

I [l2-

We shall frequently demand that the Ricci curvature of L is bounded
from below by some real number c. By this, we shall actually mean
that the Gaussian curvature of (), g) is bounded from below by ¢;
that is,

dd)
dvg

>c

3.2. Bounded Geometry. We shall now proceed to define the no-
tions of bounded geometry and radius for a manifold. These are con-
ditions on the metric and line bundle over M, and grant important
information; information we will use frequently.

Definition 3.4. We define the radius r(|-|) of a hermitian metric |- |
of L as the supremum of the set of real numbers r > 0 such that, for
every point z € M there exists a biholomorphism

z: By(z,r) = U,

to an open set U, C C sending « to 0 and such that z is 2-bilipschitz
when we equip U, with the standard euclidian metric on C". In par-
ticular, this means that g is complete.

If r(|-|) > 0 and the Ricci curvature of g is uniformly bounded
from below on M, we say that |- | is of bounded geometry.

As an additional remark, Deroin requires that the radius is greater
than or equal to r only if there for all x exists some holomorphic
section s : By(x,r) — L satisfying, for all y € B,(z,r),

e~ 2@ < |g(y)| < e do(@)?/2
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This section shall only be used, and mentioned, in the next lemma,
as well as Section 5; for all other purposes, we shall refrain from
discussing it.

Example 3.5. Consider D) with the standard Poincaré metric e~2%2(1—I2)*,
kdzdz

with line bundle taken to some power £; in this case, g = CEEEE
The Ricci curvature of g is uniformly bounded from below on M, as
dd®p = ﬁdz A dz. We assert that the radius r is greater than Vk:
for we can define the map

20 : By(0,Vk) = Uy C C
by
2(z) == Viz

This map is biholomoprhic and 2-bilipschitz; a simple permutation
allows us to make a similar map for any point p € D.

Lemma 3.6. Let M be any compact Riemann surface with smooth Her-

mitian metric w = e ¥¥71dz A dz, and let L — M be a holomorphic
line bundle, equipped with a Hermitian metric e=°. Then M has bounded
geometry.

Proof. The Ricci curvature is bounded from below, because we can
consider the expression % as a continuous function, and by the
compactness of X, this function is bounded.

The radius is strictly positive; for, by the definition of a Riemann
surface, there exists around any point € X a neighbourhood V, C
X such that we have a coordinate system (, : V, — U, C C, with
0 € U,. For some subset U, C U,, (;'|v; is 2-bilipshictz and bi-
holomorphic. Now we can take a subset V/ of (;*(U.) such that
there exists some r, such that, for all y € V/, there exists a ball
B,(y,r) C ¢;*(UL). Since M is compact, cover M by {V/},cn and
take a finite subcover {V; }1<j<n; now the radius of M is bounded
below by min({rxj}1§j§m> > 0. O

For many applications, we will require specific lower bounds on
the Ricci curvature and radii. The next lemma tells us that, as long
as some bounds exist, we can obtain the required bounds by substi-
tuting our line bundle for some power of itself.

Lemma 3.7. If L — M is a hermitian holomorphic line bundle of strictly
positive curvature and bounded geometry, with Ricci curvature bounded
from below by —c, then the radii of the powers | - |** satisfy, for all k > 0,

r(|- %) = VEr(l-))
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Additionally, the Ricci curvature of the metrics gy induced by | -|** tend
uniformly towards 0 as k tends to infinity.

Proof. For each integer £ > 1, consider k-th powers; the metrics oy,
of L®*, and kdhlerian metrics g, = kg on M. At all points z € M,
the coordinates 2, = V/kz effect a 2-bilipschitz biholomorphism of
By, (z,7Vk) in the open ViU, C C, and we also have sections s* :
V. — L% satisfying

e 2o V) < | ()] < e an(@0)*/2

for each y € B, (,7Vk). Then the radius r(|-|®¥) must be larger
than v&r(|-|). Additionally, the Ricci curvature of the metric gy,
tends uniformly towards 0 as k tends to infinity, as

dd®p  dd“

dv,, — kdv,

[l

3.3. Curvature and J-solutions. We want to use the above defini-
tions to solve the 5b-equations with some extra degree of detail based
on manifolds satisfying conditions tied to the above definitions. The
following, which can be found in [4], is due to Hérmander:

Theorem 3.8. Let M be a Riemann surface with smooth Hermitian metric
w=eV @dz NdZz, and let L — M be a holomorphic line bundle equipped
with a metric e~ whose curvature satisfies

dd®(o + 1) > c- dv,

for some strictly positive constant c. If v is a smooth, L*(o) (0,1)-form
taking values in L, then there exists a smooth, L?(o) section u of L such
that

1
V] 2y < E|U|L2(a)

In the next section, we will show that, if the Ricci curvature and
radius are bounded in a certain way, then sufficiently nice sums on
the form Y e %) converge. As such, we would like the ability
to solve the Cauchy-Riemann equations in L?(e%(*)|.|)-norm; this,
combined with some later results, shall allow us to find L?(o) solu-
tions.

However, the problem with this approach is twofold: In order to
use Theorem 3.8, we would need to be able to estimate dd(d,(z, -))
- and this is not necessarily well defined, because d,(z, -) is not nec-
essarily a smooth function; and even if we could estimate it, there is
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no guarantee that the positivity condition in Theorem 3.8 is satistied
for the line bundle we are currently working on.

We can, however, find a smooth function ¢, which closely approx-
imates d,(x,-) and use |- |, := e’"|-| instead; this, combined with
taking an if necessary even larger power of the line bundle, will al-
low us to find actual L?(e% ()| .|)-minimal solutions. First, a defini-
tion, and then a lemma taken almost word-for-word from Deroin’s
article.

Definition 3.9. Consider a manifold (M, g). For any real number
d > 0, we say that a subset = of M is d-separated if, for any pair of

points &, & € E, & # &,
dg(’517£2) Z 5

Lemma 3.10. Let 0 < € < 9§ be two real numbers. There exists a finite
number of 6-separated subsets Ty, - - -, T}, such that the union of these sets
is e-dense in M.

Proof. If a subset is e-separated and maximal with respect to inclu-
sion, then it is clearly also e-dense in M. So let us take any such sub-
set T'. We then let 77 C T be some J-separated subset of 7" which is
also maximal with respect to inclusion. We then inductively choose
T, C T\ Uf;ll T; as d-separated subsets, maximal with respect to in-
clusion.

We claim that there must exist some | € N such that Uézl T, ="T.
For suppose there existsat € T'such thatt ¢ T,,, form =1,--- ,l. As
each 7, is maximal, there exists a ¢,,, € T;,, N B,(t, d) for each m. As
T, N1y, = 0 for each my # ma, ty, # tm,. Thus, there are at least
[+1 points of T in By(t, ), and the [+ 1 balls of radius ¢/2 centered in
these points are all disjoint. With these conditions, [ + 1 is bounded,
dependent only on the Ricci curvature of g. 0

This shall allow us to define the ¢, mentioned above:

Lemma 3.11. Consider (M, g). There exists positive real numbers ¢y, ro S0
the if Ricci curvature is bounded from below by —c, and so that the radius
is greater than r(, then for every x € M there exists a smooth function ¢,
such that

|¢w() - dg(wa )|oo <1
and such that
ddc¢x 2 —A- d’Ug

for some positive constant A not dependent on x.
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Proof. By Lemma 3.10, there exists an integer n and a family of 3r,-
separated sets {Z,}1<;<, € M such that their union is ro-dense.

Fix any 2o € M and any j, 1 < j < n. For each { € Z;, define
¢5 = d9<x07€>'

Now for every B,({,79) we want to define o, as a smooth cut-off
with |d(dag)| < A for some positive constant A, and with d(dag) = 0
outside B,(2¢,79). In Euclidean space, this is the case for functions
of the type G, := e'/06-1*=¢*)_ As such, we can define a function
n : C* — [0, 1] which is 0 outside Be,(0, 1/2), which is smooth and
with |d(dn)| < A. Then we define o := n(2¢(y)/2) on By(&,79) and 0
everywhere else.

Since by the definition of {B,(, r0) }1<j<n ez, each point of M can
be in no more than n of these sets, we can modify the o to a¢ so that

D i<jen 2uges, Qe(y) = 1forally € M.

Thus ¢(y) = > i<jcn Doces, (y)9e(y) is our required function.
U

We shall now combine Theorem 3.8 together with the ¢, we cre-
ated, and then use the fact that e?|-| and e%(®)|.| are uniformly
comparable to find actual L?(e?(*)].|) solutions.

Lemma 3.12. Assume that M is a manifold with smooth hermitian metric

w = e‘lp@dz A dz, and assume L — M is a line bundle with positive
metric e?. Then there exists positive real numbers cqy,ro such that if the
Ricci curvature is bounded from below by —c, and if that the geometry is
bounded with radius greater than r,, then there exists a positive constant
C and an integer k such that, for any v € M, the following is true:

Consider the norm |-|, = e%@)|.|. For any k > ko there exists a
positive constant C such that for any smooth, L*(| - |.) (0, 1)-form v taking
coefficients in L®*, there exists a smooth, L*(|-|,) section u of L®* such
that Ou = v and such that

julz < Clol,
Proof. Assume that ¢y and r, satisfy the conditions in the previous

lemma. Consider the norm | - || := e%|-|, as introduced earlier. Note
that it is uniformly equivalent to | - |, with estimate

e < e <€
It is also smooth, with curvature
dd“(¢ + ) = dd°¢ + ddyp > —(A+ ¢o) - dv,

This is all independent of the line bundle. Thus if we take a & large
enough so that, when regarding (L®*, o), we have dd°c), > (A+co+
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¢) - dvg, for some ¢ > 0, then
dd(op + U + @) > - dug,

and we can use Theorem 3.8 to find a positive constant C, indepen-
dent of v, and a smooth, L*(] - ) section «’ satisfying v’ = v and

W'l < Clol,
<e™Clv|,
But u’ is also L?(|-|,), since
’u/|1‘ < 62T00|U‘x
Thus there exist smooth, L?(|-|,) sections u of L&* solving du = v,
and the L*(] - |,)-minimal of these (found by subtracting the projec-

tion onto the holomorphic sections) satisfies the required inequality,
since some solution does. O
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4. VOLUME COMPARISON

As stated in the previous section, we would want to show that,
given sufficient conditions on the Ricci curvature and radius of a
line bundle, some sums of type Y, e~%(®*) converge.

We will achieve this through geometrical observations; by com-
paring the volume of balls in M with balls in simpler spaces, we
shall be able to convert the problem of convergent sums into a much
simpler problem of convergent integrals over euclidean space.

4.1. Constant-Curvature Space Form Comparison. For our proof,
the following result, whose proof can be found for example in [5],
will be crucial:

Lemma 4.1. Let (M, g) be a complete n-dimensional Riemannian manifold
whose Ricci curvature is bounded from below by (n — 1) - k for some real
number k. Then for any p € M,

. vol B(p, )
v(n, k,r)

is a non-increasing function which tends to 1 as r — 0; here v(n, k,r)

denotes the volume of a ball of radius r in the constant-curvature space

form St - for k < 0, this has Ricci curvature .

Here a constant-curvature space form M is a complete Riemannian
manifold of constant Ricci curvature. This gives us the following
corollary:

Lemma 4.2. For any real number o« > 0, there exists a real number ky < 0
and a constant C' > 0 depending only on o such that if the Ricci curvature
of (M, o) is bounded from below by (n — 1) - ko, then

vol B,y (p,r) < Cler/?
for all points p € M.

Proof. From [6] it is known that if £ < 0, then, by setting R = 1/v/—k,
we have

v(n, k,7) = nR*sinh (2r/R) — 2w R*r
and so, by the definition of sinh, it follows that
v(n, k,r) < TR* /R
It follows that if we have ky = —a?/16, then

v(n, ko,7) < dwa~teor/?
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and so our proof goes through by demanding C' > 4ra ™!, as, by the
previous lemma,

VOIB.Q(pu T) S 'U(TL, kOa T')
O

Example 4.3. With the terminology above, consider M = D with
where g = % for some constant £ > 0. This means that the
length of any curve v : [0, 1] — D is given by

1 . k,
I “)'\/ = hore "

and the distance between two points is given by the infimum of these
integrals for curves beginning in one of the points and ending in the
other. In particular, for any z = |z|e? € D, this comes from the curve
v(t) = t|z]e® - refer for example to [7] - and so

d,(0,2) = /01 eVE

1 —¢2]z]2

VE . 142
= —log

2 1—|z|

Note that if d,(0,z) = r, then by a simple calculation we have that
|z| = % we shorthand this as r’. Now the area of a ball of radius

r centered at 0 is given by

volB,(0,r) :/ dv,
Bgy(0,r)
k
:/ —dzdz
B, (0 (1 — IZI )?
27
=k d&d
/ / 1— g

-« f ﬁdﬂ

1 r/k
:kﬂ(l_T/—l):k:W(e2/ - 1)

2r/k

and this is obviously smaller than kre®/* on D.

4.2. Sum Convergence. It turns out that this Comparison resultis all
we need to show that sums of the type Y e~%(¢») converge over any
d-separated subset for all p € M:
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Lemma 4.4. Let L — M be a holomorphic line bundle with metric o, and
let g be the associated kihlerian metric. Then there exists constant cq > 0,
ro > 0 such that if the Ricci curvature of g is uniformly bounded from
below by —co and the radius r is greater than ro, then for every real number
d > 0, every 6-separated subset = of M and every p € M, the sum

Ze 9(&:p)

£e=

conoverges.

Proof. As = is d-separated, we have that

Z —dg(§,p) <ZE§ / o (,p) dvg( )

EE” 56” 56/2)
< E(5)/ e~ds(=P) qdy (1)
M

where E(§) := € /(inf crr vol(B,(y, /2))) - the denominator is never
0 by Definition 3.4, since if 6/2 < r, we have a 2-bilipschitz map from
By(y,6/2) into an open set in C", and if §/2 > r( then we clearly have
volB,(y,d/2) > volB,(y,d/2) > 0.

Let us assume that ¢, is small enough and r large enough to sat-
isfy the conditions of Lemma 4.2 with o = 1. Now define A; :=
By(p,1), and, by induction, A, := By(p,n)\A,_; for alln > 2. As
volA,, < volB,(p,n), we can use Lemma 4.2 to transfer the problem

to R™:
/ e~ @P) dy, (z) < Ze‘"HVOIAn
M

neN

<e Z 6—n/2

neN

S C/ eiy/2 deucly
0
<(C <

where C'is a constant that depends only on . Note in particular that
by the same logic as above, we can, for any real number ¢ > 0, find
a real number Ry > 0 such that 3=, o cn 5, (. 10) e~%(EP) < ¢ for all
p e M. O
kdzdz
(1-[z[%)%”
k > 4. In Example 4.3, we showed that d,(0, z) = £log (H‘z') Thus,

Example 4.5. Let us again consider D with g = and assume
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for any J-separated subset of D and any = € DD, there exists positive
constants C, €', C" depending only on ¢ such that

Ze—dg(:vé) < E((g)/e—dg(%OLdzdz

2 ¢ A= PP
k
<0 et / " gz
2" om TP
k
< C/Zefn . 771-62”/]6
neN
=kC'Y e
neN

< k" / e 2dy < oo
0

Corollary 4.6. Let X be a compact Riemann surface of genus greater than
or equal to 1, and let L — X be a positive holomorphic line bundle with
metric o; suppose that there exist positive constants c and r such that the
Ricci curvature is bounded from below by —c and the geometry is bounded
with radius greater than r. Let f : M — X be the universal covering of
X, where M is either C or D, and let I" be the Deck group of f. Then there
exists some positive constant § such that for all x € M, the set {¢(x)}per
is 9-separated with respect to the d, derived from o.

Proof. This follows from the fact that every ¢ € I' is an automor-
phism on M, together with choosing an open set U C M such that
UnNp(U) # 0 only if ¢ = id. O



ON SOLVING THE 9-EQUATION ON LAMINATIONS OF RIEMANN SURFACES 17

5. EXTENSION OF JETS

In this section, we shall give the proof of one of the theorems from
[1]; although the result itself shall not prove important to us, we shall
adopt some part of the methodology.

Theorem 5.1. Let (M, g) be a complete Hermitian manifold, and L —
M a holomorphic line bundle admitting a Hermitian metric of bounded
geometry such that the curvature ) satisfies all inequalities on the form

ég(u) < Qu, vV—1u) < Cg(u)

for some constant C' > 1 independent of u. Then there exists an integer N
and a bilipschitz, locally holomorphic immersion « : (M, g) — CP".

5.1. Jets. Deroin’s method relies on using the conditions on the cur-
vature to create local holomorphic sections with certain estimates.
Using this to create holomorphic sections extending so-called 1-jets,
he arrives at his result. Our main interest shall be the method of ex-
tension, rather than the result, but for completion we shall demon-
strate as much as possible.

Definition 5.2. In Euclidean space, the concept of a k-jet of a smooth
function f in the point x is well-defined as the space of functions
whose values, as well as derivatives up to and including the k-th or-
der, agree at z. It can be shown that, by use of coordinate system,
this notion can be extended to jets of holomorphic sections on com-
plex manifolds; this notion is well-defined and independent on the
choice of coordinate system.

One of the most important tools in Deroin’s proof is the Garding
inequality, which can be found in [8]:

Lemma 5.3. If | - | is a strictly positive metric of bounded geometry with
radius r(|-|) = r, then we have the uniform Garding inequalities: For
each holomorphic section T : By(y,r) — E, we have

|7 (y)| < C(r) \// 2)|2dvy(2)
By(y,r)

where Jy7(y) is the 1-jet of T at y, and where C(r) depends only on r
and decreases as r increases. In the same manner, we conclude that any
holomorphic section h : M — L of L2(| - |s.) satisfies the estimate

[A(y)| < Clhlzape @Y

for every y € M, where C' is a constant depending only on r.
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5.2. Extension. Deroin uses the notation |- |, := e*%@")|.|, which
we shall adopt. The main result for extending jets is the following:

Lemma 5.4. There exist real numbers o« > 0, ro > 0 and C > 0 such
that if E — M is a holomorphic line bundle equipped with a metric |- | of
strictly positive curvature and of bounded geometry with radius satisfying
r(|-]) > 7o, and for which the Ricci curvature of g is uniformly bounded
from below by —1, then each 1-jet j of a holomorphic section of M in E in a
point x extends to a holomorphic section h : M — E of L(| - |s.o.) of norm

less than C'|j|.

In order to prove this, we shall need some intermediate results.
From Lemma 3.12, we have the following corollary, telling us that
sections that are "almost holomorphic" in a certain sense can be ap-
proximated by actual holomorphic sections.

Corollary 5.5. Suppose s is a smooth, L(|-|') section of M in L, and
suppose as well that |0sl|, < § for some constant §. By Lemma 3.12, there
exists a constant C, independent of s, and a smooth, L’(| -|') section u of
M in L satisfying the estimates O(s — u) = 0 and |ul) < C|dsl}, for some
universal constant C'. The section h = s — u is holomorphic, and we have
that |s — hl|, < C0.

The following lemma is due to [9]:

Lemma 5.6. Let L — M be a holomorphic line bundle and let |- | be a
metric of strictly positive curvature and of radius r := r(|-|) > 0. Then the
following is true: Let x be a point in M, and let j be a 1-jet of a holomorphic
section of L centered in x. Then there exists a smooth, compactly supported
section 5§ : M — L which passes through j and which is holomorphic on
By(x,7/3), such that there exists some universal constant C with
Slez < C1j| and 98]0 < <1

Proof. Let s : By(x,r) — L be the section defined in Definition 3.4,
and let P be a polynomial that is linear in the coordinates z of Defi-
nition 3.4 centered in x such that j = J;(Ps)(z). We define the section
5 := ¢s, where ¢ : By(z,r) — R is a smooth function which is identi-
cally 1 on By(x,r/3) and identically 0 outside of B,(z,2r/3). We also
demand that ¢ takes values between 0 and 1 and that there exists
some universal constant C' such that

|doly < C/r

We can for example construct this function by considering a function
¥ ¢ Bewa(0, %) — R with the same properties we demanded from ¢;
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we could then define ¢ := ¥ (z(y)/2r). We now have that
- - C
’as‘x,aQ == ‘a(¢)P5’x,a,2 S ?‘Ps‘z,aﬁ

By the linearity of P, we have that
[P(y)l < CljI(1 + d(z, y))

As such we have

|PS|z,02 < C’\//B ( )(1 + d(z, y))2ecd@y)—d@v)? du, (y)

This integral converges, as the integral
[k 22 )

in C" also converges, and this is greater (bar multiplication by some
constant) than our last term by the fact that there exists a holomor-
phic, 2-bilipschitz coordinate chart on B (x,r), as stated in Definition
3.4. O

We are now ready to prove Lemma 5.4:

Proof of Lemma 5.4. Let | - | be a metric of L of strictly positive curva-
ture and of bounded geometry, for which the Ricci curvature of the
associated kdhlerian metric g is bounded from below by —}L, and for
which the radius r(] - |) is greater than 1. Let = be a point of M, and
let j be a 1-jet in x of some holomorphic section of M in L. Consider
the section 5 from Lemma 5.6 relative to j, and permute it by way of
Corollary 5.5 to some holomorphic section h : M — Lin L(] - |z.4);
h satisfies
‘h - <§|z,a,2 < %
”

The section i — 5 is holomorphic on the ball B,(z,r/3); the Garding
inequality gives us
. Cly
|Jih — j| < % 1)

for some universal constant C. We choose r so that C/r = , where
C'is the constant from 1. By Lemma 5.6 we have that

|§|x,a,2 S C’|j|
and so we have

‘h‘z,aﬁ S %
r
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Let H(-) be a rule which assigns to any jet the appropriate holo-
morphic section as constructed above (that is, H(j) = h), define
hy := H(j) = h, and define, by induction, h, :== H(j — J1(>_;_{ hi))
for ¢ > 2. For all ¢ > 1 we now have that

i=q

. 1., . 1., .

Ul(z hi) —jl < (5)%’7 |hgii]zaz < C(ﬁ)q’]‘
i=1

As such, the series >>'_7 h; converges to a holomorphic section 7’ :
M — Lin LY(| - |+.o) which passes through j such that

|h,|x,a72 < C|]|
where C is a universal constant. O

5.3. Fuchsian series. Let L — M be a holomorphic line bundle equipped
with a metric |- | of strictly positive curvature and of bounded ge-
ometry. Let g be the kdhlerian metric associated with the curvature
form of |- |. Let us assume that the Ricci curvature of g is uniformly
bounded from below by —1, and that the radius r(| - |) of | - | is greater
than some real number r.

With these assumptions, every 1-jet j of a holomorphic section in
L*(] - |2.) extends to some holomorphic section in L?(| - |, o) of norm
less than C|j|, where C' > 0 is a universal constant (see the preceding
lemma). Let us by m(j) : M — E denote the extension of lowest
norm.

Definition 5.7. Recall that we say that a subset 7' C M is d-separated
for some real number ¢ > 0 if for each pair of distinct points of 7', the
distance between them is at least 9.

So let T C M be a d-separated subset, and let j = {j;};er be a
family of 1-jets of holomorphic sections of M in E defined on 7. The
series

o(j) = _m(j)
teT
is the fuchsian series associated with j.

We shall show that these series indeed do converge, and, what is
more, that they define an extension of the entire family {j; };er.

Lemma 5.8. There exists a constant co > 0 such that if the Ricci curvature
of g is uniformly bounded from below by —c, then the fuchsian series o ()
converges uniformly on every compact subset of M, towards a holomorphic
section of E, satisfying

|U<j)|OO,M < C(5>|j|oo,T
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for every o-separated subset of T' and every bounded family j of 1-jets de-
fined on T'. In addition, we have

|JIU(]> - j’oo,T < D(5>|j’oo,T
where D tends to 0 as § tends to infinity. In particular, there exists a dy
such that, as long as § > 0y, every bounded family {j:}ier of 1-jets of
holomorphic sections on T extend to a bounded holomorphic section o :
M — FE satisfying
o]0 < Clilocr
where C'is a universal constant.

Proof. By the Garding inequalities and by the result we derived by
way of Hormander, we have

() <D Im(G) )]

teT

S Z C’1 |m(jt)|ac,a,2e_ad(z")
teT

S Z 0102’jt|x,o¢,26_ad(x7.)
teT

But we also that have that, for every y € M,

Ze_ad(w) < E(0) Z/

e~ (=) dvy(2)
teT teT Y Bg(t.6/2)

< E(é)/ e~d=Y) qy, (2)
M
where E(6§) = e /v(6/2) and v(8) = inf,en vol(By(z,d)). By Lemma
4.2 for every r > 1, there exists a universal constant C' such that
vol(By(z,r)) < Ce®/?

and that this means that there exists a universal constant such that

the integrals
/ e~ =) do, (2)
M

are all bounded by this constant. This proves the first inequality.
Now assume that § > 2. Again, by the Garding inequality, we
have that, forally € T,

[ho(y) =gl < D [hm(i) )

teT t#y

< Cljloe Z e—ad(ty)

teT t#y
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so we have
)y y ea —ad(z
|J10(y) — Jyl §C|J|oo—/ e~ =) du, (2)
v(1) Jyu-By -1

As we have that the functions

fsyeMw— e~ =) do, (2)
M—Bgy(y,6—1)
converge uniformly to 0 as J tends to infinity, the second inequality
has been shown.
For the third part of the lemma, we start by defining o, = o(j),
and then recursively, 0,11 = o(j — Ji(01 + - - - + 0,)) for each integer
q > 1. For every ¢, the previous results give the inequalities

. 4 1
|.7 - Jl(al + -+ Oq)‘oo,T < |j|oo<§)qa

RS SO
Oaloer < C0)liloc(5)"!

The series ) 0, converges uniformly on M towards a holomorphic
section ¢ : M — E bounded by Cj|« and extending the family of
jets j. The constant C is universal, as we can choose C' to be decreas-
ing with 4. O

5.4. Immersion Into Projective Space. We will now prove Theorem
5.1. By the observations of Lemma 3.7, we can, for any ry,co > 0,
assume that the geometry of (1, g) with line bundle L is bounded
with radius greater than r; and Ricci curvature bounded from below
by —cy. We will construct an immersion on the form 7 = |15 : --- :
7~] : M — CPY for some N > n, where n is the dimension of M.

Lemma 5.9. There exists a real number € > 0 such that for any 6 > 0 and
any o0-separated subset T C M, there exists a meromorphic function r :
M — CP™ on the form np = |1y : --- : T,), where the 7, are holomorphic
sections of L which are bounded by some universal constant, and which are
well defined on the e-neighbourhood T, of T', and such that there exists some
constant C' > 0 with ©5.Q > CC.

Proof. In each point t € T, define the 1-jets jy(), ..., jn(t) of holomor-
phic sections of T; M in L by

Jo(t) = Ji(s8),41(t) = J1(218),..0n(t) = Ji(208)

in the coordinates z centred at ¢t from Definition 3.4, where s is the
section from the same definition. These jets are bounded by 1, and by
5.8, they can be extended to holomorphic sections 7, ..., 7,, : M — L
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such that the norm is bounded by some constant C' depending only
on o.

The quotient 7/ s is a holomorphic function taking values in C, de-
fined on the ball B,(t, ) and bounded by C exp(2r). By Schwarz’s
lemma, |75] > 1/2 on the union of balls B,(t, ¢;) centred at a point
t € T of radius €; > 0, with ¢; depending only on r; and d.

Additionally, the function

T1 Tn
=)
is a holomorphic function B,(t,r) — C", bounded by a constant de-
pending only on C, § and ry and such that the derivative in 0, when
viewed in the coordinates z, is the identity. Another use of Schwarz’s
lemma gives us that ||df,|| > 1/2 for each point z € B,(t, €3), where
€9 is a real number depending only on 7y, and dy. Thus setting ¢ =
min(e, €2) gives us the required result. O

Now recall Lemma 3.10; it allowed us to, for any two real numbers
0 < € < § to choose a finite family {7}, }1<n<; of é-separated subsets
T,, C M such that their union was e-dense.

So for each 7, construct the 7,0, ..., 7., from the lemma above,
and define

N
T = [Tmjli<m<io<j<n : M — CP

where N = (n + 1)l — 1. Composition with the projections p,, :
CPY — CP™ we find meromorphic functions p,, o = 77,,. As such
we have 72 > () for some strictly positive constant C.

In addition, for each point x € M we have that at least one of the
sections 7, ; is of norm greater than 1/2, and they are all bounded by
some universal constant. As such, 7 is lipschitz. This 7 thus satisfies
all the conditions of, and proves, Theorem 5.1.

As an example, 7 : X — CP" exists when X is a Riemann surface,
by the logic above combined with Lemma 3.6.
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6. CONTINUITY OF SOLUTIONS

In this section, we shall use the results from Sections 3 and 4 to
show that when we consider similar-looking (0, 1)-forms on similar-
looking manifolds with similar-looking line bundles, their L*-minimal
solutions, too, will be quite similar.

Let {M,} ;-1 2 be two Riemann surfaces, and let {p; : L; — M;, j =
1,2} be two holomorphic line bundles, with |- |; smooth hermitian
metrics on L; of strictly positive curvature and of bounded geome-
try for j = 1,2. Suppose that for j = 1,2 there exists positive real
numbers 7y, ¢y so that the radius (|- |;) is greater than 7, and that
the Ricci curvature of the kdhlerian metric g;, induced by | - |; on A/},
is bounded from below by —c.

Now by the results of Sections 3 and 4, we can first take a power
ki so that, when considering ¢’ := gj,, 6-separated sums of the type
S e ' converge, and then a kg such that for all £k > k, and consider-
ing LS* and defining | - |, = e%'(")| .|, we can find smooth, L*(|-|,)-
mlmmal solutions u; for smooth, L*(] - |,) (0, 1)-forms v; taking coef-
ficients in L5*.

For any R > 0, consider domains D; and points z; € D; with
B(z;,R) C D;j C M;. We now suppose there exists a line bundle
isomorphism p : p;'(Dy) — p;y ' (Dy) and some real number 0 < € <
1 such that

o up is (1 + €)-bilipschitz,

e p<Sppid-i <ef|-pand e [y < pfpl- e < e

e For every x € M, every L*(] - |,()) section w, with coefficients
in Ly, and every smooth, L*(]-|,) (0,1)-form 7, with coeffi-
cients in L;, we have

|71 — Opwaly < |71 — pOwn] + €
By letting 1 and 2 swap place, we also require
|72 — Oumawily < |72 — praOuwn s + €

Here

dg, (€

-1 = e S iz o)

‘ ‘ €d92 (é

1o = 2220

Whenever the base point ¢ as well as 1 is obvious through context,
we shall use these norms with no change in notation.
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We shall henceforth suppress the R in pg, to avoid cluttering the
notation too greatly; however, ;1 should still very much be consid-
ered to be defined through R.

The main result of this section will show that, for such norms
centred sufficiently close to 0, closeness between (0, 1)-forms trans-
lates to closeness between their norm-minimal solutions. However,
if they are centred far from the origin, we shall be able to use the
remark at the end of Lemma 4.4, so this shall prove unproblematic.

Before we begin the proof, let us fix some £ € =N B, (0, R), and
define a smooth function ¢ : M; — [0, 1] which is identically 1
on By, (11(€), R), 0 outside B, (1(€),2R), and such that |dy| < C/R,
where C' is a constant which depends only on 7.

Consider as well for each for our chosen ¢ and the constructed v
the family H of smooth, L%(| - [,) sections A’ such that Oh' = 1vy; as vy
and v are both smooth, vy is L%(| - |5), and L?(Jebvs|y) < L?(|valh), we
have by Hormander that H is non-empty.

Proposition 6.1. Assume the above discussion. Then there exists some
integer kg such that for all integers k > ko, the following is true:

Consider £ € My N By1(0, R), some § > 0 and p relative to some R > 0.
Then there exists a function v(R, €) which tends to 0 as R tends to infinity
and e tends to 0, such that the following is true:

Let us assume that we are given a smooth (0, 1)-form v, taking coeffi-
cients in LT* with support on some ball B, (£,5). Let u; be the L*(|- )
minimal solution of Ou = v,. Additionally, let us assume that we are given
a smooth (0, 1)-form vy taking coefficients in L* with support on some ball
By, (11(£), 6). Let ug be the L*(| - |,))-minimal solution of Qu = vy. Then

|1y — ugly <
C(y(R, e)(max{lvi]y, [val5}) + max(|vr — p™valy, [v2 — pavnf5))
Proof. We begin by asserting that
[vs — O(pun )|y < A
for every t, where
Ay = [z = Opany + (C/R) |y
This follows from
[Yv2 — O(Ypaun)fy < [hvg — POpunly + |(O) et [y
< [v2 = O [y + (C/R)| [y

By Hormander, there must then exist some h, € H such that hy —
Y,y is the L2(] - |5)-minimal solution of du = vy — d(Yp.uy); that



26 CHRISTIAN AARSET

is, there exists a h, such that
|ho — Ypaun]y < CAy (%)

We want to show that h, is also sufficiently close to us. But, as v,
is compactly supported, then clearly we have can assume that R is
large enough that Ohy; = v,. In particular, this means that we have

|haly > [usly

since uy is L*(| - |¢,)-minimal and both h, and us, are solutions for vy.
Combining this with (x) we have

CAy > |hy — s
> holy— [l
> |ugly =t paun
which yields
[Ypsn]y 2 ualy—C A
By the bilipschitz-property of 1, we also have that there exists some
function strictly positive v : R* — R* with lin% V(1 +€) = 1so that
€E—>
[Ypsn]y < panly < v+ €)luly
This yields
usly = CAL < [Py < w1+ €)funfy

As the conditions on ;. are symmetric, we can repeat the exact same
construction, modified for p*uy — us, in order to receive

lup |} — C Ay < v(1 + €)|ualy
where
Ay = oy — Op'usly + (1/R)| i ualy
We can thus re-use (x) to receive
|haly < [y + CAy
< vl +6)|ur]y + CA
< V(14 ) |ugly + Cr(1 + €) Ay + CA

ha—uy is holomorphic; as ug is L*(| - |5)-minimal, hy —us is orthogonal
to uy. As such we have

|ha — ualy = v/([halh)? — (luals)?
< (V1 +e) = Dusly
+ 201/2(1 +6)(v(1 + €) Ay + Aq)|usly
+ 1+ Ay + A
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which yields our proof, as we have that

s — ualy < [hpaun — ualsy + [(1 — ¥) e 5
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7. SOLUTIONS ON LAMINATIONS

In this section, we shall use the methods developed in the previ-
ous sections to solve the Ji-equation on compact Riemann surface
laminations. We shall begin by showing how these methods apply
on the rather simple case of the lamination simply itself being a com-
pact Riemann surface, and then proceed to give examples for more
complex cases.

7.1. Case of a Single Riemann Surface. Let X be a compact Rie-
mann surface of genus greater than or equal to 1, and let f : M — X
be the universal covering; by [12] M is either C in the case that the
genus of X is 1, or D otherwise. Furthermore, denote by I' the Deck
group of f.

It is of course well known that one can solve 0 here; however, the
simplicity of the setting shall allow us to demonstrate the method
which we will generalise to use on more complicated cases.

So suppose we have a holomorphic line bundle L — X with her-
mitian metric o such that there exist real numbers ¢, ro > 0 such that
the Ricci curvature is bounded from below by —c; and the geometry
is bounded with radius greater than ry,. We would like to show that
if we pull back the line bundle to M/, we would still have these same
properties.

As before, we use the norm | - |, = e%’®7)|. | forall p € M.

Lemma 7.1. Assume that there exists positive constants cy, ro such that
(L,o) has Ricci curvature bounded from below by —co and has radius
greater than ro. Then with L:= f*Land & := f*o, the same statement is
true for L.

Proof. We have that the curvature Q of L — M has the same lower
bound as the curvature 2 of L — X, since

dd‘c = dd°f*o = f*dd°c > cy - f*dv, = ¢ - dvy

As for the radius, recall the definition in 3.4 - pushing forward with
f* allows us to fulfill the same condition on M. O

We will use this to solve the 9 equation on X:

Theorem 7.2. Suppose we are given X as above, with a positive holomor-
phic line bundle L — X. Then there exists an integer ko such that, given
any k > ko and any smooth (0, 1)-form v with coefficients in L®*, there
exists a smooth section u of L®* such that Oyu = v.
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Proof. We begin by determining k,. Consider, for any k, the positive,
holomorphic line bundle L&* — M defined by L®* := f*L®*, with
hermitian metric 6y, := f*o;. By Lemma 7.1, this line bundle has the
same lower bound on Ricci curvature and same positive radius as
L%k, By Lemma 4.2, there exists a k; and a constant C' > 0 such that
volB,(0,7) < Ce'/?, where ¢' := gy, is the kihlerian metric derived
from (L', Gy,) (the lack of ~on ¢ should not prove confusing). As
such, we know from Lemma 4.4 that > ", - e~40 (%) converges for all
x € M,all § > 0 and all )-separated sets = C M. Forall ¢ € T', we
can use this together with Lemma 3.12 to find a ky such that we can
find smooth, L?(eds¥(©:)|.|) solutions for smooth, L?(es(#(0):)].])
(0, 1)-forms with coefficients in L&* for all k > ko; combining this
with the above and with Corollary 4.6, we have that y___. e~% (#(0)
converges. This shall prove to be what we need.

Let {U,; }1<j<n be a cover of X by simply connected open sets. Let-
ting {o; }1<j<, be a partition of unity relative to {U;}1<j<,, we can
limit ourselves to solving dyu; = v; := a; - v for each j. Focusing on
one such j, we drop the subscript.

We shall write ¢ := f*v. Let U;, be a pre-image of f*U; for simplic-
ity, we will assume that 0 € U;y. Define U, := ¢(U;q) for all ¢ € T,
and let 9, := |y, .

Under these conditions, we can let @, be the L*(|-|,())-minimal
smooth solution of 9, as described in Lemma 3.12. Define @ = 1 G
This sum converges with @ € L?(5y), since, for any r > 0, there exists
constants C, ¢/, C" > 0 such that

D> gz, o) < €D e Dl
¥ @

©
©

< C"[0] g5 < 00

It remains to show that @ is actually well defined. By the definition
of f, this equates to showing that « = ¢*u for all ¢ € I it will
be sufficient to show that u,; = ¢*u, for all ¢ € I'. Since by the
definition of ¥ we have ¥,y = *?,, and dp*i, = P O, = ©*T,, it
remains to show that ;; and ¢*u,, are the same solution; that is, that
they are both L?(| - |o)-minimal.
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This is by definition true for ;4. For ¢*1,, this equates to saying
that, for any holomorphic section h of L®*, we have

/M<90*a<p>ﬁeak+dgl(of)dvgk =0
But we have that
/(‘P*aw)ﬁe_wrdg/(o’.)dvgk :/ (") he= 7+ ) dyy, ]
M (M)
_ /M i pohe 0 gy

as ¢ is an automorphism, so (M) = M, o, and dv,, are I'-invariant
by definition, ¢,h is still holomorphic, and @, is L*(] - |,(0))-minimal.

Pushing @ forward to X by defining u := f.4, we now have a
L?*(0}) section u solving dyu = v. O

7.2. Suspensions. For our first example, we shall work on so-called
suspensions; these can be thought of as being similar to tori, but
twisted in a sense that will be described below.

Definition 7.3. Let X be a Riemann surface, of genus one or greater;
as above, it is covered by either D or C, and we will again denote
it by M. Let I' be the Deck-group associated with the covering f :
M — X.

Let 7" be a compact smooth manifold, and assume that we are
given a homomorphism v : T — Diff(T). Let I be the group of
diffeomorphisms of M x T consisting of elements ¢ = (¢, 7(y¢))
for ¢ € . We consider the quotient Y := (M x T')/T, and denote
the quotient map by 7 : M x T — Y. We shall call the structure
M x T 5 (M x T)/T a suspension over X.

Y has the structure of a Riemann surface lamination, constructed
as follows: Let U C M be a domain with p(U)NU # 0, p €T = p =
id. Letting U := {[(2,1)]|z € U,t € T}, we define the coordinate chart
Oy :U — U xThy|(2,1)] = (2,1).

If V is another chart with U NV # (), then we must have points
(21,t1) € M x T, (29,t5) € M x T such that [(z1,t1)] = [(22,t2)];
that is, there must exist some ¢ € I" such that zy = ¢(z1) and t; =
v(¢)(t1). As such, the transition between ®;(U N V) and &y (T NV)
are given by (z,t) — (¢(2),7(¢)(t)). Furthermore, the map /' : ¥ —
X given by [(z,t)] — f([z]) is a natural projection, and F~!(z) is
diffeomorphic to T for all z.
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Suppose that we are given a line bundle L — X with metric o; we
define L* := F*L with metric o* = F”0.

Theorem 7.4. Let M x T 5 Y = (M x T)/T be a suspension over a
compact Riemann surface X, and assume we are given a line bundle L —
X with metric 0. Then there exists an integer ko such that, given any
k > ko and any smooth (0, 1)-form v on Y with coefficients in L*®*, there
exists a continuous section u : Y — L*®*, smooth on every leaf, satisfying
Oyt = 0.

Proof. We must again determine how large a ky we need; but this
process shall prove almost identical to the one used in the previ-
ous example; note in particular that Lemma 7.1 easily generalises to
saying that for the covering of each leaf, we have bounded geome-
try with the same estimates on Ricci curvature and radius as on the
leaves.

Let us work on the M’s. By Lemma 4.2, there exists a k; and a
constant C' > 0 such that vol B, (0,7) < Ce'/?, where ¢’ := gy, is the
kahlerian metric derived from (L%, 0y,). As such, Y = A
converges for all z € M, all § > 0 and all /-separated sets = C M.
For all ¢ € I', we can use this together with Lemma 3.12 to find a ky
such that we can find smooth, L?(e%(*()| .|} solutions for smooth,
L2(eds ©¢O)] 1) (0,1)-forms with coefficients in L®* for all k > k;
combining this with the above and with Lemma 4.6, we have that
> per € % ¥ converges.

Let {U;}1<j<n be a cover of X by simply connected open sets. Let-
ting {a;}1<j<, be a partition of unity relative to {U;}1<j<,, we can
limit ourselves to solving dyu; = v; := (a;j o F) - v for each j. Focus-
ing on one such j, we drop the subscript.

Let L denote the line bundle L := 7*L* with metric 5 := 7*0.
By pulling back v to M x T by ¢ := n*v and defining v; := o(-, 1),
we can simply use the same method as in 7.2 to find each ,, and
ftt = Z@GF 1’1@715.

It remains to show that when we regard it as a function of both
z and t, @ is continuous and well-defined. For the continuity part,
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assume that R > r; we use the results in Section 6, combined with

ey =ty | 1221, 0, ,5)

< C(T)Z 4 (Pl0 0)|u it _us@t2|80

pel’

< C(r) Z e~ 4?00 (|u<p t1|<p + |u<p,t2|eo(0))

¢(0)eM\ By (0,R)

+ C(r) Z e_dlg(W(O)’O)W%h = Uty |(0)
¢(0)€B4(0,R)

for some constant C'(r) depending only on r. The first term tends to
0 as R tends to infinity by the remark at the end of Lemma 4.4, since
both the norm terms are bounded by the fact that

<C<‘U¢t1‘w +|U90,t2’<p )
< O[04, |2 + |92, ]]2) < o0

‘/U/Saztl "P + ’uSO»tQ

while the third term tends to 0 by the convergence of the sum and
by the results of Section 6.

To be well defined, we need to have that 4, = ¢*t(,)r). It will
be sufficient to show that 5y = @ Uy, ~)¢) for all ¢ E F. Since
by the definition of © we have ;5; = go*fx%v(w)(t), and 9 iy () (1) =
@ Ol () (1) = L Vip~(0)(¢), it remains to show that g and ¢* iy, (o)1)
are the same solution; that is, that they are both L*(] - |o)-minimal.

This is by definition true for ;q;. For ¢, ,(4)@), this equates to
saying that, for any holomorphic section h of L®*, we have

/(90 T ()0 he 7 Oy =0
M
But we have that

/ (9 o (1) e 77 O, = / PP T ()1 ™7 g, ]
M (M)

:/ ﬂww(w)(t)meiaﬁd/ 20 dvg, =0
M

as ¢ is an automorphism, so (M) = M, o}, and dv,, are I'-invariant
by definition, since .0, = p.(7*0}) = 70} = ok, @.h is still holo-
morphic, and @y, ()@ 1S L*(| - |4(0))-minimal.

Pushing @ forward to X by defining v := f.4, we now have a
continuous section u solving Jyu = v. O
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7.3. The "tower structure". In our second example, we shall show
that even for structures that might immediately appear quite differ-
ent from the case of suspensions, the method for solving 0, remains
much the same.

Definition 7.5. Let X; be a compact Riemann surface of genus greater
than or equal to one, and let f; : M — X; be a universal cov-
ering map, with Deck-group I'; here M is either C if the genus of
X is one, or D otherwise. Further, we have a sequence of compact
Riemann surfaces {X};cn such that for each j > 2 there exists a
w1 X; = X;_1 where 7;_; is an unbranched covering of X;_, by X;;
that is, m;_; is a covering that is also an immersion and globally m;
to 1, where m; is some integer depending on j.

We now define X, by letting it be the set of all points (z1, 22, ...)
of [ [, X such that ;1 (z;) = x;-1. The basis for the topology on X
is given as follows: Given a point = = (z1, 22, ...) of X and an open
disc U,, around z; in X}, the basis consists of all sets

Ug = {{y17y27 } | M O0Tg0--+0 7Tj(?/j+1) € Ua:pWithyhy?) ey Yn
uniquely determined by the lifting ofx1 to xs to - - - to xn}

We call the construction X; <+ X, <= ... and X, a tower over X;.

We shall show that there exists a compact topological space 7" and
a continuous surjective map fo : M x T'— X... Take y; := f1(0); we
then define T" := {(z1, 29, ...) € Xoo |71 = ¥1}.

This can be used to define the map f... For take any = = (z1, 22, ...) €
T. Then we can define f5 : M — X, as the uniquely determined lift-
ing of f; by m such that f7(0) = xo; inductively, let ff : M — X be
the uniquely determined lifting of f7 ; by m;_; such that f7(0) = z;,
and so on for all j > 2. We now set f.(z,Z) := (fi(2), f3(2),...).

Furthermore, given any z € T, consider, for any ¢ € I', the point
T = (ff(¢(0)), f3(¢(0)),...) € T. This relation means that there must
exist some homomorphism A : I' — Homeo(T) such that f(z,7) =
Joo(0™H(2), M)(7)) forall 2 € M and allz € T.

We will define coordinate charts on X, in the following manner:

Let U C M be a domain such that o(U)NU # 0, ¢ € T = ¢ = id.
We let U := {(f#(2), f3(2),..)|z € U,t € T}, and define ®; : U —
UxTby (fi(2), [5(2),..) = (s,2).

Suppose V' is another chart with U NV # (). Then there must be
apoint (z,Z) € U x T and a point (z/,7') € V x T with f.(z,%) =
foo(2',@"). This means that, for some ¢ € I', 2/ = p(z) and 7/ =
A()(Z). As such, the transition between ®;(U N V) and & (U N V)
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is given by (z,7) — (¢(2), A(¢)(Z)). Now X has the structure of a
Riemann surface lamination, with leaves given by fo (M x {t}). The
map F : X, — X, given by (21, z3,...) — = is a natural projection,
and each fibre X% := F~!(z) is homeomorphic to 7.

Suppose L; — X; is a positive holomorphic line bundle with met-
ric 1. Now Lo, := F*L, is a positive holomorphic line bundle with
metric oo, := F*0;. Given a smooth, L*(0.,) (0,1)-form v on X,
taking coefficients in L., we would like to find a smooth, L?(0.)
section solving d,u = v.

In order to do this, we will push the problem over to M x T and
solve it there, by use of Theorem 3.8, and then pull the solution back
to X... However, in order to do this, we would need to work on a
line bundle over M x T, with a corresponding metric, satisfying the
requirements of Theorem 3.8; that is, viewing the restriction of the
line bundle to every M x {t}, we would want the geometry to be
bounded with radius greater than 1, and the Ricci curvature to be
bounded from below by —1/4 - however, by exactly the same logic
as previously, this will be the case as long as we have such conditions
on Ll.

The theorem we want to prove is the following;:

Theorem 7.6. Assume that we are given X; <+~ X, <= --- and X, as
above, as well as a line bundle L, — X, with metric o;. Let L., be as
above. Then there exists an integer kg such that, given any k > ko and any
smooth (0, 1)-form v with coefficients in LE*, there exists a smooth section
uof Xoo in LEF such that Oyu = v.

Proof. We start by determining k; but this is done exactly as in the
previous example.

Let {U; }1<;<, be a cover of X; by simply connected open sets. Let-
ting {a;}1<j<, be a partition of unity relative to {U;}1<j<,, we can
limit ourselves to solving dyu; = v; := (o, o F) - v for each j. Focus-
ing on one such j, we drop the subscript.

We shall write v := f* v, and @, := 0(-, t). Let U,, be a pre-image of
f*U; for simplicity, we will assume that 0 € U;4. Define U,, := ¢(U,q)
for all ¢ € I', and let 0, := 7¢|y,. Again, we can just repeat the
process from the simple case on each leaf.

Now we can show that @, is continuous as a function of ¢, using
the results in Section 6; once again, this shall prove quite similar to
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the previous example, as
[, — UtQHLZ(L\Bq(M,a)

<C(r)Y e %P ONag g, o)
pel’

< O(T) Z e 4?00 (|ﬂ<p,t1|so(0) + ’a%t2|so(0))
»(0)eM\By(0,R)

+ C(T) Z e_dlgw(O),O”ﬂ%tl - 7“~L<,0,t2|t,9(0)
©(0)€By(0,R)

and this tends to 0 as R tends to infinity and ¢; and ¢, are chosen
sufficiently close by the exact same logic as in the previous example.

To be well defined, we need to have that 4, = "l @). It will
be sufficient to show that s = @™ U,z for all ¢ € I'. Since
by the definition of ¥ we have ¥;q; = ¢©* 0, z()), and 5@*12% M) () =
O Oy \p)(1) = P Vp A ()(t), it remains to show that g and ™ty z) 1)
are the same solution; that is, that they are both L*(] - |o)-minimal.

This is by definition true for ;q;. For ¢, \(,)@), this equates to
saying that, for any holomorphic section h of L®*, we have

/ (gp*aso,/\(so)(t))ﬁeiaﬁdg/(07.)dvgk =0
M
But we have that

/(90*@<p,/\(<p)(t))ﬁe_ak+d"/(O")dvgk :/ Pl (D U@y he” 7 O duy, ]
M (M)

- / 7l“"Ns@)(t)ﬂeigﬁdg/((P(O)")dvgk =0
M

as ¢ is an automorphism, so (M) = M, o, and dv,, are I'-invariant
by definition, ¢.h is still holomorphic, and @, xx) ) 15 L(] - |4(0))-
minimal.

All that remains is to regard #, as a function of z and ¢ and define
U = foo,T; it is now well defined, continuous, and solves ,u = v. O

We notice that after breaking down the structure of the two exam-
ples, the methods of solution are essentially identical. This shall give
us a good indication as to how to work even in more general cases.
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8. HYPERBOLIC LAMINATIONS

In the previous section, we demonstrated how to solve the Cauchy-
Riemann equations on some simpler laminations. However, we did
not utilise the full power of Section 6; if we could actually construct
the u-s, we could work on more advanced cases. In this section, we
would thus like to prove the main theorem.

In both our previous examples, we worked on line bundles orig-
inating on a simple Riemann surface. The main point of interest in
this section is to be able to work on line bundles originating on the
lamination itself.

8.1. Line Bundle Isomorphisms. Another point is that in our pre-
vious examples, the covering map was the same for each leaf. How-
ever, this might not always be the case. However, as long as all leaves
are hyperbolic, that is, as long as each leaf is covered by D, the follow-
ing result, whose proof can be found in [11], states that the covering
maps indeed vary with some form of regularity.

Theorem 8.1. Let X be a compact Riemann surface lamination, and as-
sume that all leaves in X are hyperbolic. Then, if x; is a sequence of
points in X converging to a point vy € X, if v; is a sequence of tangent
vectors at the points x; converging to a nonzero tangent vector vy at x,
and if f; : D — L,, are the universal covering maps with f;(0) = z;,
f;(0) = X;j - v; for some real numbers \; > 0, then the sequence f; con-
verges uniformly on compacts to the universal covering map f, : D — L,
with f(0) = x and f'(0) = Ao - vg for Ao > 0.

By mimicking the methods from the previous section, it becomes
easy to find solutions on the universal cover of each leaf, and show
that these solutions are well defined when pushed forward to the
lamination. Demonstrating continuity, however, relies on the exis-
tence of the pi-s. This will follow from the following;:

Proposition 8.2. Suppose X is a compact hyperbolic manifold, and let
L* — X be a positive holomorphic line bundle. Let L — D x T be defined
by Lipxgy := fiL*. Then forany 0 < r < 1 there exists an isomorphism
., : L(r) — (D, x T') x C, where L(r) := L|p, -

Proof. As X is compact, we can find a finite covering {V } of simply
connected open sets, along with the lamination-defining homeomor-
phisms ¢, : V, = D xT,, such that the line bundle is trivial over each
V.
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For any «, ¢V, can be written as a locally finite covering {U,} of
D x T,, with L trivial on the restriction to each U, - working on any
one of the a, we henceforth drop the subscript.

Now we view the line bundle L as the covering {U,} and a family
of functions f;;(z,t) € O*(U; N U;) satisfying the condition f;; - fj -
sz‘ =1lon UZ N Uj N Uk for all i,j, k.

As the line bundle is trivial over U;, and as any line bundle over
D is trivial (see for example [12]), we can choose branches g;;(z,t) :=
log fi;(z,t), smooth in z and continuous in ¢, such that we have g;; +
9ik + gri = 0.

Now we construct a smooth partition of unity {«;} relative to
{U;}. By the local finiteness of the covering, we can repeat the con-
struction from Lemma 3.11 to create o that are smooth in z and con-
tinuous in ¢. So define

gi(z,1) Zakzt -log fij(z,t)

Clearly we have

— g Z (0770 lOg fkj log sz Z ay - IOg fZJ = gij
k

And, as {U;} is locally finite, g;(z,t) is smooth in z and continuous
in t.

Now define w = 5bgj; this is well defined, as, since f;;(z,t) €
O*(U; N U;), we have, on U; N Uj,

(g5 — g;) = Olog fi; =0

Thus w is smooth in z and continuous in .
_ Now define x,(z) : D — R as a smooth function identically 1 on
D,, with compact support, and x,(z,t) : D x T — R by x,(z,t) :=
Xr(2).

From [13], we know that the fact that there exists some function
hr(z,t) with Oh = xg - w, on the form

hi(z,t) == —L/MAdg

2mi Jp ¢ — 2

In particular, Ohr = wonDg, and so gj—hgisholomorphic on U;NDg
for every j. Furthermore we see from the above formula that iy is
smooth in z and continous in ¢.

Thus defining f; := % "% on U; N Dg, we have that on (U; N U; N
DR) x T,

fi_lfj = 979 = % = fij



38 CHRISTIAN AARSET

In particular, this means that we have found a splitting of the line
bundle L|p,«r, and this means the required ¢ exists by standard
line bundle theory. O

Thus the required pp from M; to M; would be the CI)j%vth oDpry,.
8.2. Proof of Theorem 1.1.

Proof. Since X is compact, we can take a finite covering {V,,} of open
sets. Consider, for any given «, the flow-box

Vo = (Zayta) : Vo = D x Ty,

and let T;) denote the transversal ¢_'({0} x T'). For each t € Ty, let
L, be the leaf through ¢, and let f, : D — £, be a universal covering
map with f,(0) = ¢.

For each ¢, consider L; := f;L with metric o, := f 0. We begin
by determining ky; this will prove to be almost identical to doing
this in the case of a single Riemann surface, for by a simple gener-
alisation of Lemma 7.1, bounds on the geometry of the leaves of X
give us similar bounds on the geometry of each D x {¢}. Thus, there
exist k; and kg such that, for all ¢, and all £ > kj;, we know from
Lemma 4.4 that )", e~% ("% converges for all z € D, all § > 0 and
all o-separated sets = C D, where g, := g;, is the kdhlerian metric
derived from (L*' oy4,). Letting T, be the Deck group of f;, then
for any ¢ € I';, we can use this together with Lemma 3.12 to find a ky
such that we can find smooth, L?(e? (*(9:)| .|) solutions for smooth,
L (e% )] . 1) (0, 1)-forms with coefficients in L for all k > ko, and
again by Corollary 4.6, we have that 3 __. e~ ©#() converges.

Thus, we can on D x {t} look at the Deck group I'; and construct
Ut 3= ) er, Upy; as in the case of a single Riemann surface, this sum
converges. We would want to define u := (f;).(3_ cr, Uy,t) On each
L;. It remains to check that this notion is well defined, and that it is
continuous.

To check that it is well defined, consider any two points t;, t; € Tj
both contained in the leaf £; (they may be the same point). We would
want to show that if there is some v € Aut;,D such that f;, = f;, 07,
then u;, = y*uy,.

For any ¢ € I'y, we have that v,;, = 7*vy(,)+, and would want
to show that ug;, = Y*Uy(y)s- Thus since both u, s, and *uy(y) 4,
are solutions for v, ,,, we would want to show that they are both
L*(Ly,| - |(0))-minimal. This follows from the fact that, for any holo-
morphic section h of L;,, we have (dropping the index k and writing
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1 and 2 in place of ¢; and ¢, for ease of notation)

I oo+d 4 0), * I U+d/
e T (R R R
Y

_ / uw(mﬂe—mdﬁ (vo((0),)) dv,, =0
D

since ()1 is L2(e" 5,020 D) ) minimal, and because v(D) = D,

7v«h is holomorphic, and, as Ly = f; L = v*(f{L), we have v.092 = 0y
and .dvg, = dvg,, and .dg, (((0), -)) = dg; (v 0 ¢((0), -)).

As for continuity, this proof works just like in the two examples
we worked on, although p is now as described above, rather than
being completely trivial; again we use the convention of dropping k
and writing 1 and 2 instead of ¢; and ¢,, for simplicity. So as long as
we at least have R > r,

HUQ - ,Ul'%*uluL2 (L2|Bg, (0,r),02)
Z e P00 uy — ppui o)

p€ells

< C(r) Z e~ 4o (¥(0) (|u2|¢ + |NR*U1|90(0))
¢(0)€D\ By, (0,R/8)

+ C(r) Z o2 (P(00) |, — PR« | o(0)
#(0)€Bg, (0,12/8)

for some constant C'(r) depending only on r; and by the exact same
logic as in our two examples, coupled with the fact that when ¢, is
sufficiently close to ¢, 15 is 2-bilipschitz, this can be made arbitrarily

small by making R sufficiently large and ¢, and ¢; sufficiently close.
O

8.3. Closing Observations. Although we were able to find a some-
what generalised result, the method has further potential. In partic-
ular, the u-s of Section 6 allow for the leaves to not have the same
universal covering space, as opposed to only not having the same
covering map. Furthermore, the concepts of bounded goemetry and
convergence of J-separated sums makes sense even on more compli-
cated spaces than C or D.
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