ON TTE-REPRESENTATIONS AND BOREL
COMPLEXITY

BY

ARNFINN AAMODT

A thesis submitted in fulfilment of the requirements

for the degree of MASTER OF SCIENCE

DEPARTMENT OF MATHEMATICS
FAcULTY OF MATHEMATICS AND NATURAL SCIENCES
UNIVERSITY OF OSLO

DECEMBER 2012


http://www.mn.uio.no/math/english/
http://www.mn.uio.no/english/
http://www.uio.no/english/

“Wir miissen wissen, wir werden wissen.”

David Hilbert



ABSTRACT

We give a summary of the TTE-approach to computable anlysis, as background for
a discussion about Borel complexity on represented spaces. We study the hyperspace
A(X) of closed subsets of a separable metric space X, and consider the representations
¥_, 1y and ¥ of this space, corresponding to the upper Fell topology, lower Fell topology
and Fell topology, respectively. All of these representations are Borel equivalent, and
admits Borel measurable liftings of the Cantor derivative, if X is compact. However, if
X is an uncountable Polish space, the map A — Ap sending a closed subset to its perfect
component, which corresponds to the transfinitely iterated Cantor derivative, does not
have a Borel measurable lifting relative to any of these representations. Finally, we study
a representation ¢ of the Borel algebra B(X) on a topological space X, reflecting the
way the Borel sets are generated from the open sets. We show that complementation,
binary union and countable union all have computable liftings relative to ¢, and we
find conditions ensuring that the dual of a continuous function has a continuous lifting.

Background from descriptive set theory is provided in an appendix.
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Symbols

o
yw

wu, Wp
wEu,wlp
w<u,w <P
f: X—>Y
<>

A finite alphabet with {0,1} C X.

The set of finite strings over X..

The set of infinite strings over X.

Concatenation of w € ¥* with u € ¥* or p € X%.

w € X* is a prefix of u € ¥* or p € 3.

w € X* is a subword of u € ¥* or p € X%,

A function from X into Y, which might not be total.
A tupling function, which might depend on context.



Chapter 1

Introduction

In Chapter 2 we give a summary of the TTE-approach to computable anlysis. First
we introduce Type-2 machines, capable of handling infinite input and output. Then we
transfer the resulting computability concepts to other spaces by naming systems, that
is surjective functions from the set of finite or infinite string over an alphabet ¥ onto
other spaces.

We define several levels of equivalence between naming systems, ensuring that the com-
putability, continuity or Borel measurability induced by equivalent systems are the same.
Of these classes, we consider the class of admissible representations, which is maximal
under continuous reductions, to be the most natural one. This chapter is essentially a

summary of the presentation given by K. Weihrauch, see [1] for more information.

The introduction of naming systems in Chapter 2 provides the context for our discussion
of complexity on represented spaces in Chapter 3. We study the hyperspace A(X) of
closed subsets of a separable metric space X, and consider the representations ¢_, ¢
and 9 of this space, corresponding to necessary negative information about the elements
of A(X), full positive information about the elements of A(X) and both, respectively.
The main source for this chapter is the article [2] by V. Brattka and G. Gherardi. The
main difference is that we are not particularly concerned with the effective Borel hier-
archy, only the classical Borel hierarchy. This makes sense, considering that our main
result is negative.

We construct Borel measurable liftings of the identity and the Cantor derivative with re-
spect to these representations. In particular, if X is compact, all of these representations
are Borel equivalent, and admits Borel measurable liftings of the Cantor derivative.
However, if X is an uncountable Polish space, then the transfinitely iterated Cantor
derivative does not have a Borel measurable lifting relative to any of these representa-

tions. The transfinitely iterated derivative is the map A — Ap sending a closed subset to
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its unique perfect component, which exists by the Cantor-Bendixson theorem. The non-
existence of Borel measurable liftings of this map is the main result of this chapter, and
in fact of this thesis. It illustrates a theorem from reversed mathematics, which says that
Cantor-Bendixson is equivalent to IT}-comprehension modulo elementary second order

number theory.

Finally, in Chapter 4 we construct a representation ¢ of the Borel algebra B(X) on a
topological space X, reflecting the way the Borel sets are generated from the open sets.
We show that complementation, binary union and countable union all have computable
liftings relative to ¢, and ask for conditions ensuring that the dual of a Borel measurable
function has a continuous lifting. It turns out that this will hold for continuous functions,

if we start with only countably many names for the basis elements.

Background from descriptive set theory is provided in Appendix A, and is mostly from
Moschovakis book [3].



Chapter 2

Computable analysis via

TTE-representations

2.1 A two-step approach

The TTE (Type Two Enumeration) approach to computable analysis cosists of two

steps:

1. Introduce a concept of computability on infinite strings of symbols.

2. Name elements of other sets by infinite strings and consider the induced com-

putability.

For countable sets like the rationals, naming by finite strings of symbols would suffice,
but for uncountable sets the first step is essential. We handle this by generalizing Turing
machines to Type-2 machines with, possibly, infinite input and output. Computations
on Type-2 machines might go on forever, but we will ensure that any initial seqment of
the output can be obtained in a finite number of steps from an initial segment of the

input.

The second step introduces computability concepts on arbitrary named spaces. However,
the induced computability depends on the chosen naming system. Even if we consider
naming systems to be equivalent when they give rise to the same computability concepts,
we will in general obtain multiple equivalence classes. Among these, we will christen
the class of admissible representations as the “natural” one. We will consider second

countable Ty spaces, and define this class directly by a canonical representative. As we
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shall see, there is an equivalent characterization, in terms of maximality under continuous
reduction. This equivalent characterization can be extended to other topological spaces,
but all spaces we consider will be second countable and T, hence we have little need for
this [4].

2.2 Infinite computations

A Type-2 machine takes a number of finite or infinite strings of symbols as input, and
gives a single finite or infinte string of symbols as output. In a successful computation,
the machine first reads a finite portion of the input, while doing all the necessary book-
keeping on designated work tapes, then, after a while, the machine writes some finite
portion of the output, only to start over again from the top, reading some more input.
This goes on until the machine halts, in the case of finite output, or forever, in the case
of infinite output. In the latter case it is important to note that the machine will always
continue to write, ensuring that some infinite string is being produced on the output

tape.

Definition 2.1 (Type-2 machine). A k-ary Type-2 machine M consists of:

1. A Turing machine over a input/output alphabet ¥ with k& one-way, read-only input
tapes, a finite number of two-way work tapes, and a single one-way, write-only

output tape.

2. A type specification (Yi,...,Ys,Yy), where Y; € {¥* 3¢} for each i = 0,1,...,k,
specifying whether the input/output on tape i is a finite or infinite string of sym-
bols.

The type specification allows us to interpret the behaviour of the machine differently,
depending on what kind of output we expect, which is important for the definition of

the function fas: Y7 X -+ X Yy — Yy computed by a machine M.

Definition 2.2 (Function computed by a Type-2 machine). Let M be a k-ary Type-2
machine with type specification (Y1,..., Y%, Yp). We define the function

fMZY1X--'><Yk—>YE)
computed by the machine M by:
1. Yp=3%"

far(yi,y .o, yk) = yo iff M halts on input (y1, ..., yx) after a finite number of steps,
with yo on the output tape. Otherwise, (yi,...,yx) ¢ dom(far).
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2. Yo =2%:
far(yi, .o yk) = yo iff M computes forever on input (y1,...,yx) and writes yo on

the output tape. Otherwise, (y1,...,yx) ¢ dom(far).

Note that this definition requires every finite portion of an infinite output to be produced
within finitely many steps, because otherwise the output will not be written in w steps,

wich is what “forever” means here.

Definition 2.3 (Computable string function). A string function f: Y] x --- x Yy — Y)
is computable iff f = fpr for some Type-2 machine M.

We give 3 and X* the discrete topologies, and we give >“ the topology induced by the

basis
{Buwlwes , Bw={peX¥:wLCp}.

Unless otherwise specified, products are given the usual product topologies.

Theorem 2.4 (Computable implies continuous). Any computable function,
f:Y1x---xY, =Y,

where Y; € {¥*, X%} for i =0,1,...,k, is continuous.

Proof. Let M be a Type-2 machine computing f. If (yo,...,yx) € dom(f), then, by
definition, M writes any initial segment of f(y1,...,yx) in a finite number of steps.
Consequently, each finite initial segment of the output of f can only depend on a finite
initial portions of the inputs. With respect to the chosen topologies, this is equivalent

to continuity of f, even in the trivial case of finite input. O

Proposition 2.5 (Computable extension of composition). Suppose f : Y1 x---xY, — Y
and g : Yoy — Y are computable functions. Then their composition go f has a computable
extension h, such that g o f is exactly the restriction of h to dom(f). If Yy = X* or
Y = X%, the composition g o f itself is computable.

Proof. Let My and M, be Type-2 machines computing f and g, respectively. If Yy = X%,
we might construct a machine M computing go f, simply by first running My, then M.
Unfortunately, this does not work if Yy = X, because My computes forever, meaning
that M, never gets started. We remedy this by letting M, make one step each time M
writes a symbol, before My is allowed to continue. The cost of this approach is that the
resulting machine M may, in general, terminate on some inputs not in the domain of
f. However, if Y = ¥, this cannot happen, since M, only makes finitely many steps if

M does not produce an infinite sequence. O
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For a set A C X*, we say that A is decidable if its characteristic function is computable,
and we say that A is semidecidable, if A is the domain of a computable function. It is
a wellknown fact that according to this definition A C ¥* is decidable iff both A and
¥*\ A are semidecidable. This is the motivation behind the following definition.

Definition 2.6 (Semidecidable and decidable subsets). Let Y = Y] x --- x Y}, where
Y, e {¥*, X%} fori=0,1,...,k. Aset ACY is semidecidable in Y if A is the domain of
a computable function with finite output. If A C Z C Y, we say that A is semidecidable
in Z if A is the intersection of Z and a semidecidable set. In any case, A is decidable if

both A and its complement are semidecidable.

Note that while the semidecidable sets of Z C Y are exactly the intersections of semide-
cidable subset of Y with Z, the intersections of decidable subset of Y with Z are merely
a subcollection of the decidable sets of Z C Y. This is because the restrictions of two
sets to Z might be complements of each other, even though the original two sets was

not.

Proposition 2.7 (Semidecidable set are open). LetY =Yy x---xYy, withY; € {¥*, 3¢}
fori=0,1,...,k, and let AC Z CY. If A is semidecidable in Z, then A is open in Z,
and if A is decidable in Z, then A is clopen in Z".

Proof. Follows directly from the definition of semidecidable, since the topology of ¥* is

discrete, and computable functions are continuous. ]

Proposition 2.8 (Inverse images of computable functions preserves effectiveness). Sup-
pose f: Y1 X -xY, = Yy, withY; € {¥*, X}, is computable, and suppose A C Z C Y.
If A is (semi)decidable in Z, then f~1(A) is (semi)decidable in f~1(Z).

Proof. Let A = dom(g) N Z, where g : Yy — ¥* is a computable function. Let h be a
computable extension of g o f, such that dom(g o f) = dom(h) N dom(f). Then

F7H(A) = f~H(dom(g)) N f~1(Z) = dom(g o f) N f~(Z)
= dom(h) Ndom(f) N f~1(Z) = dom(h) N f~1(2).

Inverse images preserves complements, so the result for decidability follows immediately.
O

We now define a function that allows us to unambiguously code multiple finite strings

by a single finite or infinite string.

!We say that A is clopen in Z if both A and Z \ A are open in Z.
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Definition 2.9 (Wrapping function). Define the wrapping function ¢ : ¥* — ¥* by

t(aray . ..a,) = 110a10a20. .. 0a,011.

This definition ensures that ¢(v) < ¢(u) = v = u and that any combined suffix of ¢(v)
and prefix of +(u) must be one of A, 1,11, ¢(v).

2.3 Computing on names

We can transfer the computability concepts defined via Type-2 machines to any set X
that is not to large, by naming the elements of X by either finite or infinite strings,
and then interpreting computations on names as computations on the corresponding

elements of X.

Definition 2.10 (Naming systems). A naming system for a set X is a surjective function
Y :Y — X, where Y € {¥* ¥¢}. We call ¥ a notation if Y = ¥*, and a representation
if Y =3v.

If ¢(y) = z, we say that y is a ¥-name for x.

Definition 2.11 (Naming systems for N and NY). We let vy : 2* — N to be the usual
binary notation of the natural numbers.

We also define a binary representation oy : 2¢ — NN of Baire space, by
p € dom(dyn) < p(i) = 1 for infinitely many i’s,

and
S (070101021 ... = (ig, i1, i2, - - -),

where each 7,, is a natural number.

We can transfer all kinds of concepts from ¥* or ¥“ to any named set X.
Definition 2.12 (Classes of subsets of named spaces). Let ¢ : ¥ — X be a naming
system, and suppose A C X. Then

1. A is 1-decidable iff the set of names for A is a decidable subset of dom(v)).

2. A is 1-open iff the set of names for A is an open subset of dom(1)).

3. A is ¢-Borel iff the set of names for A is a Borel subset of dom()).
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Let 7, denote the collection of all ¢-open subsets of X. It is trivial to check that 7, is
a topology, the final topology of 1 on X. As we will see later, the 1-Borel subsets of X

are exactly the members of the Borel algebra generated by 7.

Definition 2.13 (Liftings of functions between named spaces). Let ¢ : Y — X and
Y'Y — X’ be two naming systems. A (¢, ’)-lifting of a function f : X — X' is a
function F : Y — Y’ such that ¢/ o F(y) = f o9 (y) for all y € dom(f o).

Definition 2.14 (Classes of functions on named spaces). Let ¢ : Y — X and ¢/ : Y/ —

X’ be two naming systems.

1. A function f: Y — Y is (¢,9)-computable iff it has a computable (v, ¢)')-lifting.
2. A function f:Y — Y is (¢, ¢')-continuous iff it has a continuous (¢, ¢’)-lifting.

3. A function f : Y — Y’ is (¥, 4')-Borel measurable iff it has a Borel measurable

(v, 4')-lifting.

It is now natural to ask: Is (¢, ¢’)-continuity and (1, v’)-Borel measurability the same
as continuity and Borel measurability with respect to the induced topologies 7, and
Ty? We will answer this question for the admissible representations at the end of this

section.

Definition 2.15 (Computable functions on N and NV). A function f : N — N is
computable iff it is (vy, vy)-computable.

A function f: NN — NN is computable iff it is (g, Oppv)-computable.

For functions from N to N this is of course nothing else than the usual definition in terms

of Turing machines.

We now turn our attention to relationships between different naming systems?.

Definition 2.16 (Translations between naming systems). Let ¢ : ¥ — X and ¢’ :
Y’ — X' be two naming systems®. We say that F : Y — Y’ translates 1 to ¢’ iff for

any 1-name of x € X, F gives a 1'-name of x, that is

Yy € dom(y)). (¢ o F)(y) = ¥(y).

2Here we focus on naming systems, but the definitions of translation and reduction are the same for
arbitrary functions.
3We do not require X = X', but see the comment after the definition
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Note that, assuming the Axiom of choice, 1) : Y — X can be translated to ¢’ : Y/ — X’
iff X C X', and that a translation of ¢ to ¢’ is the same as a (¢, v’)-lifting of the
identity on X.

Definition 2.17 (Levels of reducibility and equivalence). Let ¢ : Y — X and ¢’ : Y —

X’ be two naming systems.

1. 1 is reducible to 1)’, ¢ < 1)/, iff 1) can be translated to ¢/’ by a computable function.

2. 1) is continuously reducible to v)’, ¢ <, 1/, iff ¢ can be translated to ' by a

continuous function.

3. 1 is Borel reducible to ', ¥ <g ', iff ¢ can be translated to ¢’ by a Borel

measurable function.
4op= e <P AY <.
5. )=, &<, W AY <,
6. ¢ =p ¥ < ¢ <p ¥ AW <p ¢.

The composition of computable functions has a computable extension, the composition of
continuous functions is continuous, and the composition of Borel measurable functions is
Borel measurable. Furthermore, the identity function is computable, hence continuous,
and of course Borel measurable. Thus <, <,,<g are pre-orders, and =,=,, =g are
equivalence relations on the class? of naming systems. The next result tells us that
these equivalences between naming systems correspond exactly to equivalence of induced

concepts.

Theorem 2.18 (Equivalent naming systems induces the same concepts). Let ¢ : Y —

X, ¢ :Y' — X be two naming systems.

1. The naming systems 1,1’ induces the same computability iff 1 = i'.
2. The naming systems 1,1’ induces the same continuity iff 1 =, 1'.

3. The naming systems 1,1’ induces the same Borel measurability iff 1 =g .

Proof. («<=):
Functions: Suppose vy : Yo — Xo and ¢, : Y — X are naming systems for some space
Xo. Furthermore, suppose

W < Ao <1

“Even though we refer to class-relations, any restriction to a set contained in the class of naming
systems will be a relation in the usual sense, i.e. a set of ordered pairs.
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Suppose f : X — Xj is (9, 1p)-computable. Choose a computable (1, ¢y)-lifting F :
Y = Yy of f. Let p: Y’ — Y be a computable reduction of ¢’ to 1, and let pg : Yy — Y|
be a computable reduction of 1y to ¢). Then pyo F o p has a computable extension F”,
which is a (¢, ¢p)-lifting of f =idx, o foidx. So f is (¢, ()-computable. The reverse

direction follows by symmetry, so if
v =9 Ao =g,

then any function f: X — X is (¢, ¢)-computable iff it is (¢, ¢);)-computable.
Subsets: Suppose A C Y is 1)-decidable. Choose a computable reduction p’ : Y’ — Y of
Y to 1. Then ¢p~1(A) C dom(v)) is decidable, that is, ¥ "*(A) = B N dom(v)) for some
decidable B C X. Hence

()7 (A) = (o)~ (B N dom(v)) N dom(y)')
= (p)"(B) N (p)) ™" (dom(4)) N dom(y))
= ()71 (B) N dom(y)

is decidable in dom(v’), since inverse images of computable functions preserves decid-
ability. Consequently, A is 1)'-decidable.

(=):

Suppose ¥ and 1) induces the same computability. Then in particular, sinceidyx : X — X
is (1, 1)-computable, it is (1, ’)-computable and (', 1)-computable. Thus 1) = 1)’

The other cases are proved in the same way, the crucial properties being closure under
composition, relativization of concepts to subsets and preservation under inverse images.

O]

There will in general be many non-eqivalent naming systems. We now define the ad-
missible representations, which are maximal with respect to continuity, and which will
ensure that the notions of (1, v’)-continuity and (1, ¢’)-Borel measurability correspond

to the usual notions of continuity and Borel measurability.

Definition 2.19 (Effective and computable spaces). An effective topological space is a
triple (X, 0,v), where v : ¥* — o is a notation for a covering o C P(X) of X, such that

the topology induced by o as a subbasis is Tj, or equivalently

r=ye{Aco:zecA}={Aco:yec A}
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We say that X is a computable space iff the relation
u,v € dom(v) A v(u) = v(v)
is semidecidable.

The elements of A € o are often called atomic properties. In this terminology the Tj-
requirement amounts to saying that the elements of X are identified by their atomic
properties. Note also that the basis induced by o is countable, since, by assumption,
o has a notation and thus is countable, so any effective topological space is second

countable.

Definition 2.20 (Standard representation of an effective space). Let (X,o,v) be an
effective topological space. The standard representation of X induced by v is the function
0y : X% — X defined by

p € dom(d,) = {w : «(w) < p} C dom(v)®

p)=x{Aco:ze A} ={v(w): (w) <p},
and p ¢ dom(d,) otherwise.

The standard representation of an effective space X will be the canonical element from

the class of admissible represtations for X.

Proposition 2.21 (The standard representation is continuous and open). Let (X, 0, v)
be an effective topological space. The standard representation 9, is continuous and open

with respect to the topology induced by o.

Proof. If A is an element of the subbasis o, then
6,1 (A) = {p: v(w) < p for some v-name w of A}.

For every element p € 6, }(A), any initial segment of p coding at least one v-name of A
will give a neighbourhood of p contained in 4, 1(A).

It is a bit more complicated to prove that J, is open. For a general word w, note that
w = vv’, where v is either the empty word or ends in 11, and there is no v € ¥* such
that (u) <. In any case, if we let w’ = w0*11 = vv’0*11, then t(u) <w’ iff t(u) < w iff
t(u) <v. Thus, any € X named by vp € vv'¥% = wX¥ also have a name w'p € w'>%,
SO

S(wX¥) = §(w's¥) = {z : 2 € 1(u) for all 1(u) <w'} = ﬂ v(u),
v(u)<w’

which is of course open. O
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Corollary 2.22 (Standard representation induces the topology of an effective space).
Let (X,0,v) be an effective topological space. The topology of X generateds by o is
exactly the final topology of the standard representation 6, .

Note that since the standard representation is surjective, continuous and open, it is in
particular a quotient map from its domain onto X, and the topology of X is in fact

nothing else than the unique quotient topology induced by this quotient map.

Proposition 2.23 (The standard representation is maximal w.r.t <;). Let (X,o,v)
be an effective topological space. Then any continuous naming system ¢ :' Y — X 1is

continuously reducible to the standard representation 0, .

Proof. The result is trivial if ¢ is a notation. Otherwise, for each -name p, we need to

code all w € ¥* such that 1(p) € v(w) into a corresponding d,-name. Note that
Y(p) € v(w) & Y(p<pX®) C v(w) for some n € N.
Let wp, w1, ... be a list of dom(v). Then we can define a continuous translation of ¥ to

0, by

where
vwi)  if p(p<nX¥) C v(wy),

11 otherwise.

h(<i,n>)=

O

Using this lemma once for each standard representation, we immediately obtain the

following corollary.

Corollary 2.24 (Topology of a space determines the standard representation). If (X, o, v)
and (X,0',V') are effective topological spaces such that the topologies induced by o and

o' are the same, then the standard representations induced by v and V' are equivalent,

51, =r 5,,/ .

In other words, the standard representation of a second countable Ty-space X depend
only on the topology of X. Hence, as long as a topology of X is already given, we will,
from now on, just write dx for the standard representation of X. More importantly, we

can now define the admissible naming systems.

Definition 2.25 (Admissible naming systems). A naming system ¢ : ¥ — X of some
second countable Ty-space X is admissible iff it is continuously equivalent to the standard

representation dx of X.
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Lemma 2.26 (Admissible implies continuous). Fvery admissible naming system 1) :

Y — X of some second countable Ty-space X is continuous.

Proof. Suppose B C X is open. Let g : Y — ¥ be a continuous translation of ¢ to
the standard representation §x : X — X of X. Choose an open set A C 3“ such that
6y (B) = Andom(dy). Then

Y71 (B) = g7 (65 (B)) Ndom(y) = g~ (AN dom(dx)) N dom(y) = g~ (A) N dom(s)),

which is open in dom(%)). O

Corollary 2.27 (Alternative characterization of admissible naming systems). Let X
be a second countable Ty-space. A naming system ¢ : Y — X is admissible iff it is

continuous and a mazimal naming system for X with respect to <.

Proof. This follows trivially from assumptions by the known properties of <, and the

previous lemma. O

Proposition 2.28 (A space admits a notation iff it is discrete). Let X be a second
countable Ty space. Then X has an admissible notation iff every notation for X is

admissible iff X is discrete.

Proof. If X has an admissible notation, then using the Axiom of choice and the fact
that any function from a discrete space is continuous, we see that any notation of X
is admissible. But obviously, since X has the final topology of any admissible naming
system, this means that X is discrete. Suppose X is discrete. Then o = {{zo}, {z1},...}
is a subbasis for X. Fix a notation p : ¥* — o of 0. Then (X, 0, ) is an effective

topological space. Define a notation v : 3* — X of X by
uw(w) ={v(w)}, forallw e X*.

Let 6x : 3 — X be the standard representation of X. We can define a continuous

reduction p : ¥ — X* of x to v by
p(p) = w, where w is the first word such that ¢(w) <p .

Hence v is an admissible notation for X. O

Example 2.1 (Admissible naming systems for N and NY). The binary notation vy for
natural numbers is admissible.
The binary representation dyn of Baire space is continuously reducible to the standard

representation of NN, and hence in particular admissible.
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Proof. That vy is admissible follows from the fact that N is discrete.
O

We now want to introduce naming by elements of N or NN as equivalent, but more
practical, variants of naming by >* and 3%, respectively. We will temporarily introduce
parallel terminology, but after we have seen that naming by N and NY in a natural way
is equivalent to naming by finite and infinite strings over a finite alphabet, we will just

use the language we are already familiar with.

Definition 2.29 (N/NY-naming systems). We call any surjective function 1 : Z — X,
where Z € {N,N"}, a N/NN-naming system for X. We call ¢ a N-notation if Z = N,

and a NN-representation if Z = NN,

Definition 2.30 (N-notated effective and computable spaces). A N-notated effective
topological space is a triple (X,o,7), where 7 : N — ¢ is a notation for a covering

o C P(X) of X, such that the topology induced by o as a subbasis is Tp, or equivalently
r=ys{Aco:xeA}={Aco:yc A}
We say that X is a N-notated computable space iff the relation
i,7 € dom(v) A p(i) = v(y)
is semidecidable.

Definition 2.31 (Standard NN-representation of a N-notated effective space). Let (X, o, D)
be a N-notated effective topological space. The standard NN-representation of X induced
by ¥ is the function 85 : NN — X defined by

a € dom(dy) = {i:i+ 1 € range(a)} C dom(7)

bp(a) =z {Aco:xe A ={i(i):i+1 € range(a)},

and o € dom(0;) otherwise.

Note that unless we are interested in the computability part of the last two definitions,
the function 7 is superfluous, and we might just work with a general enumerated subbasis
instead. We will do this whenever it is convenient.

In any case, the results 2.21-2.24 goes through for N/NN-naming systems, with only
trivial modifications of the proofs. So in particular, the standard NN-representation of a
second countable Tj space depends only on the topology, and we are justified in making

the following definition.
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Definition 2.32 (Admissible N/NN-naming systems). A N/NY-naming system 1 : Z —
X of some second countable Ty-space X is admissible iff it is continuously equivalent to

the standard N/NN-representation ox of X.

Again, admissible N/NN-naming systems are continuous, and again, we obtain an alter-

native characterization in terms of maximality under continuous reductions.

Corollary 2.33 (Alternative characterization of admissible N/NN-naming systems). Let
X be a second countable Ty-space. An N/NN-naming system 1 : Z — X is admissible

iff it is continuous and a mazimal N/NN-naming system for X with respect to <.

We are now at the point where we can tie all of this together. To see that the topological
concepts related to admissible naming systems are the same, we only need to show that
the standard representation dx and the standard NN-representation dx are continuously

equivalent.

Proposition 2.34 (5 x 18 continuously equivalent to dx). Suppose X is a second count-
able Ty space, with standard representation dx and standard NN -representation dx. Then

5X =r SX.
Proof. O

Note that this discussion also indicates that it does not matter which finite alphabet X
we use, as long as Y contains two or more symbols.

From now on we will no longer distinguish between naming by N or NN, and naming by
finite or infinite sequences of symbols over a finite alphabet. In practice, we will only

work with N and NV, because it is so much easier.

Example 2.2 (Admissible representation of £2(R)). Fiz an enumeration {qo,q1,...} of
the rationals, and for each s € N, define v5 = (q(s)lvq(s)27'"7Q(s)‘s‘,170707'")' Then
{7s}sen is a countable dense subset of £ = (>(R), and o = {Bs} is a (sub)basis for the
topology of 2, where Bs = B(s, q(s)o). Hence, the representation 6p2 : NN — (2 defined
by

Op(a) =7y & {s:y€ Bs} ={s:s+ 1 €range(a)}

is the standard representation of €%, and hence admissible. Furthermore, if we let v :
N — o be the obvious notation defined by v(s) = Bs, then ({?,0,v) is a computable

topological space.
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Proof. First, lets check that {7}y is dense in £2. Note that for any y € 2,

00 n—1
Jim (3 (@) = lim (] = (@)
i=n 1=0

n—1
2 . -\ 12
I = 1im (3 h))
=0
= |71 = Il = 0.

. . 2
Hence, given any € > 0, we can choose an n such that > ;2 |v(i)|* < &. Furthermore,

since the rationals are dense in the reals, we can choose s; € N such that

2 €
— )] <
a5, —ali) < o
for 0 <7 <n —1 Then, if we let s =< 0, sg, $1,...,S,—1 >, we have

=7l = S 1) — %P + 3 )R
=0 i=n

2 2
€ € 9

54_7 €.

< =
2

Second, we should also note that the relation

s,t € dom(v) A v(s) =v(t) & v(s) =rv(t)

& (Isl = [tl A Vi <[sl. (s)i = (£)i) V ((s)o SO A (t)o < 0)

is semidecidable, and actually even primitive recursive. The crucial observation here is
that By = B; only if they have the same center and the same radius, or otherwise, if

they are both empty. The rest is obviously true. O

Proposition 2.35 (Borel measurable right inverse of admissible representations). [2]
Every admissible representation of a second countable Ty space X has a AS-measurable

right inverse.

Proof. Tt suffices to consider the standard representation dx : NN — X. Since we are
not interested in effectivity at the moment, we might just assume that { By, By,...} is a

countable subbasis for X, and that dx is defined by

x(a)=x < {i:xe B} ={i:i+1¢€range(a)}.
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We can define a right inverse of ex : X — NN by

) i+1, ifzeB;,
ex(z)(i) =
0, otherwise.

To analyse the complexity of ey, it suffices to consider inverse images of subbasis ele-
ments of NN, which are of the form B jy = {a: a(i) = j}. There are three cases to
consider.
j =0: Then e (B ) = X \ B;
j =1+ 1: Then e}l(B(m-_,_l)) = B;
j#0Aj#i+1: Then ey (B ) =0, by definition of ex.
In conclusion, ex is Borel measurable, and even AY. Furthermore, ex(X) C dom(dx),
so for any B ¢ NN,

ex' (BNdom(dx)) = ex'(B).

Hence, since ex : X — NY is Borel, the restriction e’ : X — dom(dx) is also Borel.
In general, we may restrict the codomain of a Borel function to any set containing the

range of the function, and still get a Borel function. O

Note that the right inverse defined in the proof above is Borel measurable with respect

to the Borel algebra B(X) built up from the open subsets of X.

Proposition 2.36 (Admissible representations induce the usual Borel structure). The

-Borel subsets of X are exactly the members of the Borel algebra B(X) generated by
Tip-

Proof. Suppose A C X is in B(X). Then since inverse images of Borel sets under Borel
functions are Borel, and v is continuous, ¢ ~}(A) € B(dom(z)), so A is ¢-Borel.

On the other hand, if A C X is ¢-Borel, then by definition, 1~!(A) € B(dom(¢)). Let
e : X — dom(¢) be a Borel measurable right inverse of v». Then A = e~!(yy~1(A)) €

B(X), since e is Borel mesurable. O

The main result of this section tells us that admissible naming systems of second count-
able Ty spaces induces exactly the same continuity and Borel measurability as the usual
topological notions, supporting the claim that the class of admissible naming systems is

particularly natural.

Theorem 2.37. Suppose ¢ : Y — X and ¢ : Y' — X' are admissible naming systems

of second countable Ty-spaces X and X'.

1. A function f: X — X' is continuous iff it is (1, )")-continuous.
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2. A function f: X — X' is Borel iff it is (¢, ¢')-Borel.[2]

Proof. 1.): (=): Suppose f : X — X' is continuous. Then fo1 is a continuous function
into X’. Hence there exists a continuous reduction F': Y — Y’ of f o1 to ¢/. But then,
for every o € dom(f o),

(f o) (@) = (¥ 0 F)(a),

so F is a continuous (¢, ¢’)-lifting of f, and f is (4, 1’)-continuous.
(<): Suppose that f : X — X'is (¢, ¢’)-continuous, and let F': Y — Y’ be a continuous
(¢, 4")-lifting of F. Then for every o € dom(f o)),

(f o) (@) = (¥ 0 F)(a),

so f o) is continuous, which means that f is continuous, since X has the final topology
of 1.

2.): (=): Suppose f : X — X' is Borel measurable. Let ¢/ : X’ — Y’ be a Borel
measurable right inverse of ¢//. Then F = €’ o f o1} is Borel measurable (¢, ¢’)-lifting of
7.

(<): Suppose f: X — X' is (1,9)-Borel, and let F: Y — Y’ be a Borel measurable
lifting of F'. Let e : X — Y be a Borel measurable right inveres of 1. Then f = v¢’oFoe

is Borel measurable. O



Chapter 3

Borel complexity of the Cantor

derivative

3.1 Representations of the hyperspace of closed sets

Suppose X is a separable metric space, with a countable dense subset {rg,r1,...}. As-
sume further that {qo,qi,...} is an enumeration of the rationals. We define By =

B(7(s)9,4(s),)» that is, the open ball with center 7, and radius q(y),, and we let B, be

1
the corresponding closed ball. Of course, {Bs}sen is a countable basis for X. Note that
relations between basis elements can be coded as relations between their indexes, which,
as subsets of discrete spaces, are trivially é? We will freely abuse notation, and write
things like

SCt@BSCBt,

whenever the intended meaning is clear from the context.

We will be interested in the hyperspace A(X) of closed subsets of X. We will give three

different representations of this set.

Definition 3.1. Define a representation ¢ : NY¥ — A(X) by

Y-(0) =X\ (J

s+1€range(a)

The representation t_ identifies the elements of X by sufficient negative information,

and is admissible with respect to the upper Fell topology, which is generated by the

19
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subbasis of all sets of the form
K ={Ace AX): AnK = 0},

where K is a compact subset of X.

Definition 3.2. Define a representation ¢, : NN — A(X) by

Yi(a) =A< {Bs: AN Bs} = {Bs : s+ 1 € range(a)}.

The representation 1, identifies the elements of X by full positive information, and is
admissible with respect to the lower Fell topology, with subbasis consisting of all sets of
the form

Ut ={Ac AX): ANU # 0},
where U is an open subset of X.

Definition 3.3. Define ¢y = ¥ _ A 4, that is,

Pla) =A & P (o) =ANpy(ay) = A,

where a_ (1) = @(2i) and a4 (i) = a(2¢ + 1) for all 7 € N.

The representation 1 identifies the elements of X by both sufficient negative information
and full positive information. It is admissible with respect to the Fell topology, wich has
a subbasis consisting of all sets of the form K~, where K C X is compact, and all sets

of the form U™, where U C X is open.

3.2 Borel measurable liftings of the identity and the Can-

tor derivative

It might be useful to know when the representations ¢ _, 1, and 1 are Borel equivalent.
Hence, we will first try to construct Borel reductions between these representations, that
is, Borel measurable liftings of the identity with respect to different representations.
This should also give some idea of the problems involved in passing between these

representations.

Lemma 3.4. Suppose X is a separable metric space. The identity function on the
hyperspace of closed subsets of X, id : A(X) — A(X), has a

1. AY-measurable (1, )-lifting 1~
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2. AY-measurable (1,1 )-lifting T,

3. AY-measurable (Y, p_)-lifting 17,

4. AY-measurable (Vg ,v)-lifting 1,

5. ég—measumble (Y, ) -lifting It , provided X is compact,

6. AS-measurable (1, 1)-lifting 1_, provided X is compact.

Proof. 1.) Define I~ : NN — NN by 17 (a)(s) = a(2s), for all @« € NN and s € N. The
inverse image of a subasis element B(; ;) = {a : a(i) = j} is the subasis element By j),

which is clopen.

2.) Define I'T : NN — NN by I (a)(s) = a(2s+1), for all « € N¥ and s € N. The inverse

image of a subasis element By; ;) is the subasis element B(y;11 j), which is clopen.

3.) Define 17 : NN — NN for all « € N¥ and s € N, by

N 0, if Ji.a(i) =s+1,
I (a)(s) =
s+1 if -Fi.a(i) =s+1.

To analyse the Borel complexity of 17, it suffices to consider subbasis elements of NN,
of the form B, ;) = {a : a(s) = j}. There are three cases to consider.

j = 0: Then (I7)"}(B(s0)) = {a : Ji.a(i) = s + 1} is XY, since the evaluation map
(o, i) — (i) is continuous.

j=s+1: Then (I7) ' (B s41)) = {o: ~Fi.a(i) = s + 1} is IIY.

j#0Aj#s+1: Then (I7) (B ) = 0, by definition of I7.

In conclusion, I is A%-measurable.

4.) Define I, : NN — NN for all « € N¥ and s € N, by

I (a)(i), ifs=2i,
a(i), if s =2i+ 1.

It suffices to consider subbasis elements B, ;) = {a : a(s) = j}. There are two cases.
s = 2¢: Then (I+)71(B(2i7j)) = (I:r)il(B(L])) is ég, by 3)
s =2i+1: Then (I;)"*(Bi41,j)) = B ;) which is X9.

In conclusion, I is AS-measurable.

Z,J)
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5.) This case is complicated by the fact that we do not have full information to begin

with. However, assuming that X is compact, we can remedy this. Define a relation

DISJOINT_ (v, s) < BsN_(a) # 0,
& Blr(, 4,) < U, Bo.t)
& V(o = (s)o A gy, < d(s),) = Bi C Ul Ba, )]

& YE[((H)o = (8)o A gy, < q(s),) = Im.(B; C UKm B, @)l

where
<0,0>, ifi=0,

i—1, otherwise,

so in particular B, ) = (). The relation DisjoiNT_ C NN x N is I19, since the relation
(t,w) =4 Et C (B(w)o U (B(w)1 U...u B(w)\w|—1)

is trivially A, and the map (o, m) —< a(0),a(1),...,a(m — 1) > is continuous. Now
we can define IT : NN — NN by

s+1, if =DIsJOINT(q, s),
T (a)(s) = (%)
0, if DISJOINT(«, $),

for all & € NN and s € N. Again we consider subbasis elements By j) of NN, There are
three cases.

j=s+1: Then (I") (B 541)) = {o : "DISJOINT (v, 5)} is X9.

j =0: Then (Ii‘)’l(B(S,O)) = {a : D1SJOINT(cx, 8)} is TI9.

j#0Aj#s+1: Then (IT) (B ;) = 0.

In conclusion, I7 is A%measurable.
T4 =3

6.) Suppose X is compact. Then we can define I_ : NN — NN for all « € NN and s € N,
by

a(i), if s = 24,

[ (a)(s) =

I (a)(i), ifs=2i+1.
Consider inverse images of subbasis elements B(, ;) = {a : a(s) = j}. There are two
cases.
s = 2i: Then (I_)"'(B; ) = B, which is 9.
s =2i+1: Then (I_)"*(Bi1,5) = (I7) (B, ) is A, by 5.).

In conclusion, I; is AJ-measurable. O
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The Cantor derivative is the the function d : A(X) — A(X) mapping a closed set A to
the set A’ of all limit points of A. In other words, the Cantor derivative strips a closed
set of all its isolated points. However, this does not exclude the possibility that A’ might
have isolated points which was not isolated in A. To get a perfect subset of A, that is,
a closed subset without isolated points, we have to iterate the Cantor derivative more
than countably many times. We will discuss this in more detail in the next section.
Now we construct Borel-measurable liftings of the Cantor derivative, relative to the
representations ¥_, ¥4 and .

In general, we must at least assume that the space X is o-compact, as the Cantor

derivative is not Borel measurable relative to (1,14 ) unless X is o-compact [2].

Proposition 3.5. The Cantor derivative d : A(X) — A(X) has a

1. AY-measurable (Y, 1p_)-lifting F,

2. AY-measurable (Y, vy)-lifting F, provided X is compact,
3. AY-measurable (14, )-lifting F, provided X is compact,
4. AY-measurable (¢y—,v_)-lifting F~, provided X is compact,

5. Al-measurable (¥_, 1 )-lifting F*, provided X is compact,

6. Ad-measurable (¢_,)-lifting F_, provided X is compact,
7. AY-measurable (1, _)-lifting F~,
8. AY-measurable (¢, 14)-lifting FT, provided X is compact,

9. AY-measurable (1,v)-lifting F, provided X is compact.

Proof. 1.) Suppose « is a ¥y-name for the closed subset ¥4 (a) C X. We want to
find a ¢_-name F_(a) for ¢4 (o)’ C X. Since 1_ is a representation by only suffi-
cient negative information and {Bs}scn is a basis for X, we only need to make sure
that every number s + 1 for which Bs N 14 («) is empty or a singleton is included in

range(F| («)). Remembering that X is Hausdorff, we can conveniently define the useful
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relation MAXONE; C NN x N by

MAXONE4 (v, 8) < Bs N4 () contains at most one point.
& There are no two basis elements intersecting
14 () which are contained in By and disjoint from each other.
< There are no two numbers n + 1,m + 1 € range(a)
such that B, C Bs A B,,, C Bs A B,, N B,,, = 0.
< -Im.an.[(Fi.ali) =n+ 1) A (Fi.a(i) =m+1)

A(nCs)A(mcCs)A(nnm=0).

Note that the evaluation map ¢ : NN x N — N defined by ¢(a,4) = a(i) is continuous,
since
¢ ({i}) = {(, 1) : ai) = 5} = | By x {i},
€N
where each B(; ;y = {a : a(i) = j} is a subbasis element of NN, Thus it is easy to
see that the relation MAXONE, is IIY. Now we can simply define a (¢4, )-lifting
F_ NN — NN of the Cantor derivative by

B s+1, if MAXONE4 (e, s),
Fi(e)(s) =
0, if “MAXONE, (¢, s).

We now want to analyse the Borel complexity of F';. There are three cases to consider.
7 =0: Then
(F;) ' (Bs0)) = {o : "MAXONE, (a, 5)},

which is 39, since o — (v, 8) is continuous for each fixed number s.
j=s+1: Then
(F;)_I(B(s,s—i-l)) = {Oé : MAXONEJr(aa S)}v

which is IIY, since a — (a, s) is continuous for each fixed number s.
j#0Aj#s+1: Then (Fy) (B ) =0, by definition of F(7).

In conclusion, F; is AY-measurable.

2.) Suppose « is a ¢ -name for the closed subset 14 () C X. We want to find a
¢i-name F () for ¢4 (a) C X. The new challenge, compared to the problem of
constructing a (¢4, 1_)-lifting, is that because 1 is a representation by full positive
information, we now have to remove every number s+ 1 for which By N4 («) is discrete

from range(Fj(a)). However, this challenge is simplified by the assumption that X is
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compact. Since ¥4 («) is closed, it is compact, and
Bs N4 () is discrete < Bg N1y () is finite,

where we have also used the fact that X is 7. Hence it will be convenient to define a

relation FINITE; C NN x N by

FINITE, (, s) < Bs N4 () is a finite set.
< Bs N4 () is exhausted by some finite number of singletons.
< There is a t, such that for any n > t, if B, N4 (a) # 0 and B,, C B,
then there is an m < t such that |B,, N ¢4 ()| =1, and By, C B,
< JtVn.(n>tAJia(i)=n+1AnCs)

— Im < t.(Fj.a(j) = m+ 1 AMAXONEL(a,m) Am C n)

It is easy to check that the relation FINITE, is 39, and we can now define a (¢4, )-
lifting ij : NN — NN of the Cantor derivative by

0, if FINITE, (o, 5),
Fi(a)(s) =
s+1, if “FINITE; (o, s).

To analyse the Borel complexity of ij it is enough to consider subbasis elements By ;).
There are three cases.
4 =0: Then

(FF) ™ (B(sw) = {a: FINITE, (a, )},

which is of course gg
7 =5+ 1: Then
(FH) ' (Bss+1)) = {a : “"FINITEL (e, 5)},

which is easily seen to be II9.
j#0Aj#s+1: Then F{)Y(B; ;) = 0 by definition.

Consequently, Fj_r is AY-measurable.

3.) Define F, : NN — NN for all « € NN and s € N, by

F(a)(i), if s=2i,
Fr(a)(i), ifs=2i+1.

There are two cases to consider.
S = 22 Then (F+)71(B(2’L’])) = (F-:)71<B(’L,j)) iS ég, by 1)
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s =2i+1: Then (Fy) " (Bit1,)) = (F{) 1 (Bgy)) is A by 2.).

In conclusion, Fy is A}-measurable.

4.) Tt suffices to ensure that every number s + 1 for which Bs N¢_(«) is empty or a
singleton is included in range(F~ («)). If we assume that X is compact, then we can

define a relation MAXONE_ C NN x N by

MAXONE_ (e, s) < Bs N1_(a) contains at most one point
< There are no two basis elements intersecting
¥_(a) which are contained in By and disjoint from each other
< —3m.3In.[-DISJOINT_ (o, m) A =DISJOINT_ (o, n)

A(nCs)A(mCs)A(nnm=70),

where DISJOINT_ is the II9-relation defined in the proof of 3.5. Hence MAXONE_ is
also TI9. We can define a (1p_,1_)-lifting F~ : NN — NN of the Cantor derivative by

3 s+1, if MAXONE_(a, s),
FZ(a)(s) =

0, if “-MAXONE_ (¢, s).

There are three cases to consider.
7 =0: Then
(F2) ' (Bs0)) = {o : "MAXONE_(a, s)},

which is 39.
j=s+1: Then
(F:)_I(B(S’S_H)) = {a: MAXONE_(q, s)},

which is II9.
j#0Aj#s+1: Then (F2)" (B ) =0, by definition.

In conclusion, F~ is A-measurable.
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5.) If we assume that X is compact, it suffices to remove every s+ 1 such that BsNvy_ («)

is finite from range(F*(a)). We define a relation FINtTE_ € NN x N by

FINITE_ (o, s) < Bs N4 () is exhausted by some finite number of singletons.
< There is a t, such that for any n > ¢, if B, N¢Y_(a) # 0 and B, C By,
then there is an m < t such that |B,, N¢_(a)| =1, and B, C B,
< Jt.Vn.[(n >t A =DISIOINT(a,n) An C s)

— Im < t.(=DI1SJOINT(a, m) A MAXONE_ (o, ,n) A'm C n)]

Since DisjoINT_ and MAXONE_ are both II9, the relation FINITE_ is X2. We can
define a (¢_, vy )-lifting F* : NN — NN of the Cantor derivative by

0, if FINITE_ (o, 5),
F*(a)(s) = o)
s+1, if “FINITE_(a, s).

There are three cases to consider.
7 =0: Then
(F) ™ (Blg)) = {o : FINITE_ (a1, 5)},

which is 3.

j=s+1: Then
(FY) " (B(ss+1)) = {a: "FINITE_ (e, 5)},

which is IT9.
j#0Nj#s+1: Then Ff)_l(B(i’j)) = () by definition.

Consequently, F'* is AY-measurable.

6.) Define F_ : NN — NN for all o € NN and s € N, by

F~(a)(i), ifs=2i,

F_(a)(s) =
(e Fr(a)(i), ifs=2i+1,

There are two cases to consider.
s =2i: Then (F_)'(B; ) = (F2) ' (Bg) is Af by 4.).
s =2i+41: Then (F_)"Y(Bpiy1,5) = (F7) " (B)) is AQ by 5.).

In conclusion, F_ is AJ-measurable.

7.) Just define a (¢, 1_)-lifting F~ : NN — NN of the Cantor derivative by F~ = F_:oﬁ.

Then, since I is continuous, and F; is AY-measurable, so is F~.
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8.) Just define a (¢, ¢4 )-lifting £ : NN — NN of the Cantor derivative by F* = F oI'.

Then, since I is continuous, and ij is ég—measurable, sois F'~.

9.) Define F : NN — NN for all « € N¥ and s € N, by

F=(a)(d), if s=2i,
FHa)(i), ifs=2i+1.

Fa)(s) =

There are two cases to consider.
s =2i: Then F (B, ;) = (F7)"'(Bg; ) is AY, by 8.).
s =23 + 1: Then Fﬁl(B(2i+17j)> = F+)71(B(l7])) is 227 by 9)

In conclusion, F_ is A}-measurable.

3.3 Borel non-measurability of the transfinitely iterated

derivative

Suppose X is a Polish space, that is, a separable completely metrizable space. We say
that X is perfect if it has no isolated points, and we say that a subset Y C X is perfect
if it is closed and has no isolated points in the subspace topology. Every perfect subset
Y of X is itself a perfect Polish space, since the restriction of any complete metric on X
is a complete metric on Y. Since each perfect Polish space is Borel isomorphic to Baire
space, this means, in particular, that any perfect Y C X has cardinality |Y| = [NN| = &;.
By the Cantor-Bendixon theorem, every closed subset A C X of a Polish space has a
unique decompositon
A= ApU Ag,

where Ap is perfect and Ag is countable. In particular, the continuum hypothesis holds
for closed subsets of Polish spaces!. Since the decomposition of a closed set into a perfect

part and a scattered part is unige, we are justified in making the following definition.

Definition 3.6. Suppose X is a Polish space. The perfection map on A(X) is the
function P : A(X) — A(X) defined by

P(A) = Ap,

Via the notion of k-Suslin sets one can prove that every Z]} subset of a Polish space contains a
perfect subset, confirming the continuum hypothesis for analytic subsets of Polish spaces.



Chapter 3. Borel complezity of the Cantor derivative 29

for all A € A(z). In other words, P maps every closed subset to its perfect component.

In this section, we will prove that the perfection map does not have a Borel measurable
lifting relative to any of the representations v _, ¥4 or 1, unless X is countable, in which
case P(A) = () for any closed A C X.

The next result, which is suggested as an exercise in [3], sheds some light on why this is

to be expected, and also gives a proof of the Cantor-Bendixson theorem.
Proposition 3.7. Define the iterated Cantor derivatives d" : A(X) — A(X) by the
TECUTSION

1. d°(A) = A,

2. dTFI(A) = d(d"(4)),

S d"=Neeyy dS(A), if n is a limit ordinal.
Then P = d™.
Proof. (Proposition 3.7 and the Cantor-Bendizson theorem). If A C X is closed, define

1. Ag = A,
2. Ayi1 = d(Ay),

3. Ay =Ne<y Ae, if 1 is a limit ordinal.

Suppose C' C X is closed. Any limit point of d(C) is in particular a limit point of C,
and hence a member of d(C'). Thus, since intersections of closed sets are closed, an easy
induction on 1 shows that each A, is closed. So it suffices to prove that for any closed

subset A of X, there exists a countable ordinal A, such that

(i) A\ A, is countable.

(ii) A, has no isolated points.

(i): Let Y C X. For any isolated point y € Y, there exists a basis element B, such
that {y} = Y N B. Since X is second countable, this means that Y contains at most
countably many isolated points. Consequently, |4, \ A,+1] = Ng for each ordinal 7.
Because countable unions of countable sets are countable, this implies that A\ A, is
countable for every countable ordinal .

(i1): Assume, for contradiction, that A, contains at least one isolated point for each
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countable ordinal 7. Then, if n is countable, A,/ \ A, # 0 for every n’ < n. Fix a
countable basis o for the topology of X. For each n < Ny, choose x, such that x, € A,
for all ' < n, but z,, ¢ A,. Then, since z,, ¢ A, = A,, there exists a basis element
B, € o, such that B, N A, = 0, but x,, € B, implying B, N A,y # 0 for all / < 7.
Consequently, B, # B,y if n # 1/, contradicting the assumption that o contains only

countably many elements.

Set Ap = d™1(A) and Ag = A\ Ap, so A= ApUAg. To prove uniqueness, suppose also
that A = ALUAY, where A’ is perfect, A is countable, and AN A = 0. No point of A
removed in the process of iterating the Cantor derivative can be a member of any perfect
subset of A, since isolated points are preserved by subspaces. Hence d™(A) = Ap is the
largest perfect subset of A, and therefore A% C Ap.

If Ay C Ag as well, uniqueness follows. To prove this, it suffices to show that Ap \ A%
is either empty or uncountable. Fix some complete metric on the perfect Polish space
Xp, and suppose Ap \ A, # 0. Since Ap is a perfect metric space, any open subset
of Ap contains two disjoint, non-empty closed balls. Using this fact repeatedly, we can

assign to each finite sequence w € 2* a closed ball B,, = B(zy, €,) C Ap\ A such that

1. wC v = By D By,
2. WZvAvZw = By NB, =0,

3. €y < 2_|w|,

for all w,v € 2*. This gives a Cauchy sequence corresponding to each a € 2V, and each

of these sequences will have distinct limits?. Hence [Ap \ A%| > [2V] > N. O

We have seen that even in the least complicated cases, it is difficult to find simple liftings
of the Cantor derivative. Moreover, it has actually been proven that d” : A(2Y) — A(2Y),
where n € N, does not have a 39 -measurable (1, )-lifting [2]. Thus, as long as we
restrict our attention to the Cantor space, one possible approach might be to extend
this result to transfinite ordinals 77, and then prove that P # d" for all n < R; 3. We will
not adopt this strategy, partly because we would also have to show that the composition
d? is in fact more complex than its components. However, it is a wortwhile exercise to
check that P # d" for any n € N, especially since the demonstration of this fact gives

one of the key ideas for our subsequent approach.

Proposition 3.8. Let P : A(2Y) — A(2Y) be the perfection map, and let d* : A(2Y) —
A(2Y) be the n times iterated Cantor derivative. Then P # d™ for alln € N.

2 Actually, this construction gives a continuous injection of 2% into any perfect Polish space.
3This is not true in general, recall that the perfection map is trivial for countable spaces.
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Proof. Tt suffices to show that for any n, there exists a countable closed subset C,, C 2V,
such that d"(C),) # (). Define recursively:

CO = SO?
Cn+1 = Sn+1 U Cna

where S, = {a : a(i) = 1 for exactly n indices i € N}. Each a € S, is the limit of
{B € Spy1: Vi[(a(i) = 1) — (B(i) = 1)]}. On the other hand, every € S, 41 is an
isolated point of C),41, since no other sequence in C, 11 agrees with § any further than
to the last index i such that f(i + 1) = 1. Hence d(Cp41) = C,, for all n € N, and
consequently d"(C,) = Cy # 0. O

The idea we extract from this proof is that the set P~!({()}) might be very complicated.
Perhaps it wont even be Borel. Then if F : N¥ — NN is a lifting of the perfection map,
maybe the subsets F~1 (¢~ ({0})), F~* (v ({0})) and F~*(y~1({0})) of dom(F) wont

be Borel either?. Because
{0} = AR\ 2N =(2%)"

is Borel for each of these three representations, that would prove the non-existence of a
Borel measurable lifting for the perfection map on A(2Y).

However, we promised to settle the question for all Polish spaces, not just Cantor space.
The next result tells us that neither this restriction, nor the particular choice of repre-

sentations among ¥_, ¢4 and 1, cause any loss of generality.

Lemma 3.9. Suppose the perfection map Pyx) : A(X) — A(X) has a Borel measurable
lifting with respect to some combination of the representations ¥_, ¥4 or v, for some
uncountable Polish space X. Then Pgony : A@2Y) — A(2YN) has a Borel measurable

lifting with respect to any combinations of these representations.

Proof. Since X is uncountable, by Cantor-Bendixson, X has a non-empty perfect sub-
space Xp. Then there exists a continuous injection 7 : 2 — Xp°. Since Cantor space is
compact and continuous maps preserves compactness, ¥ = 7r(2N ) is a compact subspace
of Xp. But Xp is Hausdorff, so Y is closed in Xp, and therefore also in X, since Xp is
closed. Consequently, A(Y) = {4 € A(X) : A C Y}, and there is an obvious bijective

* Actually, since, for example, F~!(xp=*({0}))Ndom(zp—) = ¥— (F~*({0})), Borel sets are well behaved
with respect to subspaces, and every admissible representation has a Borel measurable right inverse, this
would follow.

5See the proof of proposition 3.7.



Chapter 3. Borel complezity of the Cantor derivative 32

correspondence @ : A(2N) — A(Y), defined by

We will show that this function is actually a Borel isomorphism for all the relevant
topologies. Since both 2V and Y are compact, the representations v_, 1, and 1 of
these spaces are all Borel equivalent, as we saw in section 3.2. Consequently, it suffices
to consider the lower Fell topology induced by ., with subbasis elements of the form
Ut ={A:UnNA#0}, where U is open. Since

B(A) € Ut & m(A) AU #
S ANt YW U)#0

s Aen Y U)T,

® is a homeomorphism, and thus, in particular, a Borel isomorphism. If Py x) : A(X) —
A(X) is Borel measurable relative to some of the Fell topologies, then so is the restriction
Puyy + AY) = A(Y). Then, by the discussion above, P o) = 1o Pyyyo® is Borel

measurable with respect to any combination of the Fell topologies. ]

This lemma tells us that if the perfection map P v : A2Y) — A(2Y) does not have
a Borel measurable lifting relative to, say, (¢4, ), then Pyx) : A(X) — A(X) does
not have a Borel measurable lifting relative to any combination of ¢_, ¥4 and %, for
any uncountable Polish space X.

Hence, it suffices to show that if F' : NN — NN is a (1, )-lifting of the perfection
map, then F~1(y;'({0})) C dom(F) is not Borel, and consequently, F is not Borel.
But how do we show that a set is not Borel? Well, because B(X) | N C ot NN
and B(X) is closed under Borel substitutions, it suffices to show that F~1(p7!({0})) is
ITi-complete with respect to Borel reductions, that is, any IIi-set is the inverse image
of F71(y;'({0})) under a Borel measurable function. Furthermore, it is enough to
show that some set which we already know to be ITi-complete is Borel reducible to

F~1 (71 ({0})) € dom(F). The next result gives such a set [5].

Proposition 3.10. Suppose a bijective enumeration QN1 = {qo,q1,-..} of the rational

unit interval is given. Identify P(QNI) with the Cantor space 2N wia the correspondence

Y & ay,
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where Y C QNI, ay €2V, and oy is defined by

L, ifgey,

Oéy(i) =

Define

WO = {a € 2V The restriction of <g to Y, is a well-ordering.},

IF = 2Y\ WO = {a € 2V : The restriction of <g to Y, is not a well-ordering.}.
The set WO is E%—complete, and the set IF is g%womplete.

We will allow ourself to use notation for sets to write things like « C 8 & Y, C Y3

whenever we find this convenient. Recall that

FH(y3 ' ({03) ndom(yy) = ¢ (PTH({0})) € dom(F).

We will try to construct a Borel reduction of IF to F~1(y;'({0})) by passing through
P~1({0}). First we need to describe this set.

Lemma 3.11. Let P : A(2Y) — A(2Y) be the perfection map. Then
PH{0}) = {A € A(2Y) : |A] < No}.
That is, P~1({0}) consists exactly of the countable closed subsets of Cantor space.

Proof. By Cantor-Bendixson, every closed A C 2V can be written as a disjoint union
A = ApU Ag of one perfect and one countable subset in a unique way. If A is countable,
then A = ) U A, and by uniqueness, Ap = (. On the other hand, if A is uncountable,
then Ap # (), since otherwise we would have Ag = A, contradicting countability of
Ag. Alternatively, P(A) = Ap # 0 because Ap = d*(A) for some countable ordinal \,

meaning that we have only removed countably many points of A. O

So we want to construct a function pg : 2% — A(2Y) such that pg(a) € P~1({0}) when
a € IF, and po(a) € A(2Y) \ P71({0}) when o € WO.

In other words, we need to assign some countable closed subset of Cantor space to every
well-ordered subset of the rational unit interval, and some uncountable closed subset of

Cantor space to every ill-founded subset of the rational unit interval.

Lemma 3.12. Define pg : 28 — A(2Y) by

pO(a) = SOM
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where

Sa = {8 : 8 C a A DECSEQREP(B)},

with
DECSEQREP(a) & Vi.Vj[(a(i) =1Aa(j) =1Ni<j) = ¢ > g

Then |Say | < Ng if Y is a well-ordered subset of the rational unit interval, and |Sq, | > No
if Y is an ill-founded subset of the rational unit interval. Hence po(WO) C P~1({0}),
and po(IF) C A(2%) \ P~1({0}).

Proof. Suppose Y C QN 1. Note that
ay € IF < Y contains an infinite decreasing sequence.

Since every subset of a decreasing sequence is again a decreasing sequence, and since

there are only countably many finite sequences from a countable set, it follows that
ay € IF < Y contains more than countably many decreasing sequences.

Soeach Y € P(QNI), or ay € 2N naturally corresponds to an uncountable subset of
P(QnNTI) =2V if Y € IF, and to a countable subset if Y € WO.

This seems to be exactly what we asked for. There are, however, two problems to over-
come. Firstly, we would like to specify the decreasing sequences of Y C Q N1, hence in
particular, we wish for a formula expressing that o € 2V codes a decreasing sequence.
Secondly, we have no guarantee that the subset of 2V consisting of codes for decreasing
sequences in Y will be closed. We could try to fix this by taking closures, but we risk
accidentally passing from a countable set to an uncountable set in the process. Further-
more, it is possible that taking closures would significantly increase the complexity of
the function we are trying to construct. It is hard to tell how severe these problems are,
but they might turn out to be less serious if, in solving the first problem, we take care
to keep the set S,, assigned to oy small, and the assignment simple.

Hence, we might optimistically try to solve the first problem by defining a relation
DECSEQREP(a) & ViVj[(a(i) =1Aa(j) =1Ni<j) = ¢ > g

Intuitively, if DECSEQREP(«y), then the representation ay of Y explicitly lists the
elements of Y in decreasing order. This is not true in general for the representation ay

of a decreasing sequence Y,

Y is a decreasing sequence of rationals # DECSEQREP(ay ).
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But of course
DECSEQREP(ay) = Y is a decreasing sequence of rationals,

and
DECSEQREP(a) A f C o = DECSEQREP(S).

Furthermore, for every infinite decreasing sequence Y, it is easy to explicitly define by

recursion an infinite decreasing subsequence Z C Y such that DECSEQREP(«z). Hence,
ay €IF & S,, ={8: 5 C a A DECSEQREP(f)} is uncountable.
But is S,, closed? Note that

M\ Soy ={B:8 ¢ ay}U{B: -DECSEQREP(B)}

Suppose 8 ¢ ay, and let n be the first index such that f(n) = 1 and ay(n) = 0. Then
{7 : 7<n = PB<n} is a neighbourhood of 5 contained in {5 : 8 & ay}, so {f: 5 ¢ ay} is
open.

Suppose "DECSEQREP(f3). Let n be the least index such that
Bn)=1ATFi<n.(B()=1AN¢g < qn).

Then {7 : y<» = B<n} is a neighbourhood of 3 contained in {5 : “-DECSEQREP(3)}, so
{8 : “DECSEQREP(S)} is open. So by a stroke of good fortune Sy is actually closed,
and we can just define pg : 2% — A(2Y) by

po(ay) = Sy.

O]

Lemma 3.13. Suppose F' : NN — NN is a (14, )-lifting of the perfection map P :
A@2N) — A(2N). Then there is a Borel measurable function p : 2~ — dom(F) such that

p(IF) c F~H (v ({0}))
p(2¥ \IF) € dom(F) \ F~ (v ({0}))

Consequently, F' is not Borel measurable.

Proof. Let e g : A(2Y) — NN be the Borel measurable right inverse of the standard
representation ¢4 = 0 4oy of A(2Y) with the lower Fell topology which we discussed in
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section 2.3, that is,
n+1, if Ae B,

ey (A4)(n) =
0, otherwise.

Define p = € 4(am) 0 po. We need to show that that p is Borel measurable, or equivalently,
that the graph G, of p is 1. Since

Gpla,7) & eq@n(Sa) =7
& Vn[(Sa € By Avy(n) =n+1)V (Sa & By Ay(n) =0)],

and
Sa € Bl & 38.5.(8) A Bu(f)
< 38.8 C a A DECSEQREP(S) A B,(5)
is Borel, G, is Borel. The result follows. O

We have now arrived at the main result of this thesis.

Theorem 3.14. Suppose X is a Polish space.

If X is countable, then the perfection map P : A(X) — A(X) is constant, P(A) =0 for
all A € A(X), and in particular, P has a continuous (0, 8")-lifting for any representations
5, 6" of A(X)S.

If X is uncountable, then P has no Borel measurable (8, 8")-lifting for any representations

575/ € {¢—:¢+a¢}-

51f ¢ has a computable §’-name, then P even has a computable lifting when X is countable



Chapter 4

Computable and continuous

operations on B(X)

4.1 A representation of the Borel algebra

Suppose X is a topological space. Lets assume that we are already given a representation
NN o 7y

of the open subsets of X, or if X is second countable, a representation
v NN 5 oy

of a countable basis for X, which we might assume have countable domain. We want
to construct a representation of B(X) that reflects the way the Borel algebra is built up
recursively from the open sets by the operations of complement and countable union.
Hence, in the case where X is second countable, and we have a representation of a basis,
we will in any case get a representation of the open sets. Thus we can forget about
this distinction for the moment. It will however be important in the last section of this

chapter.

First we define some functions which will be useful to us later.

Definition 4.1. We define:
1. The tupling function ¢ : (NY)N — NN by

Olag, an,...) =< ag, a1,... >= f3,

37
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where 5(< n,i >) = a(i).

2. The shift map * : NN — NN by

3. The function +,, : NN — NN by
+n(a) = (a(0) +n, (1) +n,...)
4. The negation map 1: NN — NN by
T(a) = (1,a(0), a(1),...)
5. The countable union map | [ : NY¥ — NN by
| (@) = 2.0(0),a(1),..)
6. The binary union map U : N¥ x NN — N by
(ew ) =] [
where v =< o, 3,3%,3“,... >.

Note that all of these functions are continuous and injective, and that the tupling func-
tion ¢ is actually a homeomorphism between (NY)N and NY. This demonstrates a
peculiar feature of Baire space, namely, Baire space is homeomorphic to the countable

product of Baire space with itself.

Now we define a new representation v’ : NN — NN of the open subsets of X, by

dom(¢) = +4(dom())), /(@) =b(+7'(a))

This leaves the numbers 0, 1,2, 3 free to convey extra information, or no information at

all. We are ready to define a representation for B(X).

Definition 4.2. We define a representation ¢ : NN — B(X) of the Borel algebra on X.
The domain of ¢ is defined recursively by

1. dom(¢)') C dom(¢),
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2. a € dom(¢) = T(a) € dom(o),

3. a1,ag,... €dom(¢) = | |“(O(a1,ag,...)) € dom(¢).

The value of ¢ is defined by recursion on complexity of a by

L 9(e)) = =(a),
2. (L)) = Unew 2(mn (071 (@),
3. () = (a), if a(0) & {1,2}.

4.2 Computable liftings of complement and union

We now prove that the topological operations of complementation and union are (¢, ¢)-

computable.

Proposition 4.3. Complementation —: B(X) — B(X) has a computable (¢, ¢)-lifting.

Proof. The function 77 : NN — NV is a lifting of complementation. We say that a function
on NN is computable iff it is (6, Sy )-computable. A computable (S, Sy )-lifting is

given by p +— 0'1p. O

Proposition 4.4. Binary union U : B(X) x B(X) — B(X) has a computable (¢, $)-
lifting.

Of course, LI : NN x NN — NN ig a lifting of binary union. A (dyw, dyn )-computable lifting
N N
of LI is given by
(p,q) — 0?107@107M 1

where the value
a((s)2), if (s)1 =0,
1(8) = B((s)2), if (s)1=1,
3 otherwise.

is clearly computable by a Type-2 machine which takes as input dyn-names p, ¢ for a,

B respectively, since (-); and (+)2 are computable.

Before we can discuss computability of countable union, we must agree on a represen-

tation for B(X). The following definition should come as no surprise.
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Definition 4.5. Define a representation ¢ : NN — B(X)N by

a € dom(¢¥) © a(0) =0Aa* € O({(ap, a1, ...) : Vi.a; € dom(o)}),
¢w((0, < op, 01, .. >>) = ((Z)(Oéo), ¢(O¢1), .. )

Proposition 4.6. Countable union | J* : BY — B(X) has a computable (¢*, ¢)-lifting.

Proof. Of course, | | ox is a (¢, ¢)-lifting for countable union. A computable (dyw, oy, )-
lifting for | | ox is given by 0010%10%1... > 0110711041. ... O

4.3 Continuous lifting of the dual of Borel functions

Let X and Y be topological spaces with representations ¥y : NN — ox and ¢y : NN —
oy, where ox and oy are bases for X and Y, respectively. Suppose f: X — Y is a

Borel measurable function. Then we can define a dual
f:B(Y)— B(X)

by

that is, f is the operation of taking inverse images of f.

We want to explore the possibility of finding conditions such that:
f is Borel continuous = f has a continuous (py, px)-lifting.

Note that if we knew how to lift the operation f on the the basis elements of Y, we
would automatically know how to lift the operation on all of B(Y'). Because B(Y) is
the closure of oy under complements and countable unions, f is the unique extension
of f [ oy to B(X) that preserves these operations. Suppose f is defined for all B € oy.

Then we can define f recursively by

L. f(=B) = ~f(B),

2. f(Uz Bi) = U’L f(Bz)

Note that this might cause us to define f on the same input many times, but these

definitions must always agree, so this is not a problem.



Chapter 4. Computable and continuous operations on B(X) 41

Similarly, suppose we have defined a lifting F' for every o € dom(ty ), that is, for every

¢y-name of a basis element. Then we can define recursively

L F(T(e) = T(f(a)),

2. F(J"(a)) = LI F(a).

A function G : NN — NV is continuous if and only if, for any o € dom(G), and any
m € N, there exists an n € N such that, for any 8 € dom(G), if 8 agrees with « up
to n, then G(«) agrees with G(5) up to m. Hence it is obvious that if we start with
a continuous function G = F | dom(1)y ), then the extension defined by the recursion

above will also be continuous.

The next result gives conditions which ensure that a weaker version of the claim will
hold.

Proposition 4.7. Suppose X and Y are topological spaces, and x : NN — oy, by :
NN — oy are representations of bases for X, Y. Suppose the domains of 1x and by
are countable, so in particular, X and Y are second countable. Then if f: X — Y 1is

continuous, the dual f : B(Y) — B(X) has a continuous (¢y, ¢x )-lifting.

Proof. Let {aX} and {a}/} be enumeratons of dom(vx) and dom(vy ), respectively.
Write ox = {BX} and oy = {BJY} for the corresponding bases, that is ¥y (a;*) = B
and @Z)y(a;/) = B]Y. Suppose f : X — Y is continuous. Then for any basis element
BY CY,

FBY) = | (BX : $(BY) c B}

Define a relation IMAGEINC; C N x N by
IMAGEINC (i, §) < f(B;*) C B).

For a}/ € dom(vy ), we might define

where
B=<pBp,...>
with
o, if IMAGEING (i, §),

3¢, if ~IMAGEINC(1, 7).
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Then F | dom(ty) is trivially continuous, since it has discrete domain, and hence the

unique extension F' is continuous. O

The proof of this proposition hinges upon the fact that we only need to consider count-
ably many names, which enable us to shamelessly code any relation between basis ele-
ments by trivial functions and relations. It is therefore unlikely that we can extend this
result to the higher Borel classes, since we immediately will have to consider uncountably

many nammes.



Appendix A

Some definitions and results from

descriptive set theory

We start by discussing the Borel structure on arbitrary topological spaces, before we
restrict our attention to Polish spaces, that is, separable spaces which are completely
metrizable. Thus until otherwise stated, all definitions and results are with respect to

general topological spaces.

Definition A.1. Suppose X is a topological space. The Borel algebra B(X) on X is
the smallest collection of subsets of X, containing the open sets, that is closed under

complement and countable union. The members of B(X) are called the Borel sets of X.

Definition A.2. Let X be a topological space. The Borel class of order n restricted to
X, denoted by 297 I X, is defined recursively as follows for all ordinals 7 < Ni:

>0 I X = all open subsets of X.

;2 | X = all sets of the form U X \ P;, where each P; is a in lower Borel class.
1€N
The Borel class of order n, 29], is the proper class of all sets wich are elements of gg 'Y
for some topological space Y. The dual Borel class of order n, denoted by 1:[97, is the
class of all complements of members of gg, and the ambiguous Borel class of order n is

their intersection, A) = 232 NII.

This gives a quick and economical way of inductively defining the class g% for any
countable ordinal 7, and thereby, as the next result shows, B(X), for any topological

space X.

Proposition A.3. Suppose X is a topological space. The Borel algebra B(X) on X is

exactly the collection of all Borel subsets of X of countable order.

43
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Proof. 1 Set B ={A C X : A€ g% I X for some n < N;}. Of course, B contains
the open sets, and if A € 239], then X \ A € ESH, so B is closed under complements.
Furthermore, for each j € N, if A4; € 2%, then X \ 4; € Egﬁl, SO

U4, =Jx\(x\4)

JjEN jEN

is in g%, where 7 = sup({n; +2 : j € N}). Thus B is also closed under countable unions,
and hence B(X) C B. On the other hand, a trivial induction on 1 shows that for any
n <Ry, if Ae XY, then A € B(X). O

This recursive characterization of B(X) enables us to use proofs by transfinite induction

to obtain a number of useful facts about Borel sets and functions.

Proposition A.4. Suppose X is a topological space, and Y C X. Assume that Y is
given the subspace topology. Then B(Y)={BNY : B e B(X)}.

Proof. Let By = {BNY : B € B(X)}. Then By contains the open sets of Y, and if
A=BNY,then Y\ A= (X\B)NY, so By is obviously closed under complements.
Furthermore, if A; = B;NY for each i € N, then J;cyy 4i = (U;en Bi) Y. Hence By is

also closed under countable unions, and thus B(X) C By. On the other hand, an easy

€N

induction on n shows that any set of the form BNY, with B € 297 I X, is a member of
Be 22 I'Y. Consequently, By C B(Y). O

Definition A.5. Suppose X and Y are topological spaces. A function f : X — Y is
Borel measurable if f~1(U) is Borel whenever U is open, and gg—measumble if f=4U)

is in 22 whenever U is open.

Lemma A.6. The inverse image of a Borel set under a Borel measurable function is

again Borel.

Proof. Let f: X — Y be a Borel measurable function, and let B be a Borel set of Y. If
B is open, then f~!(B) is a Borel set of X by definition. Suppose the result is known
for any Borel set of order f <. If B € ;2, then by definition, there exists n; < n and
P e ggz I'Y, such that B = (J;cy Y \ P;. Consequently, since inverse images preserves

unions and complements,

e =iy =Ux\ ).

1€N 1€N

'Moschovakis [3] gives this proof in the setting of Polish spaces, but the same proof goes through for
general topological spaces.
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It follows from the induction hypothesis that f~1(B) € B(X), by closure of this collection

under complements and countable unions. ]

Corollary A.7. The composition of Borel measurable functions is Borel measurable.

We now restrict our attention to Polish spaces. So from now on all definitions and results

refer to Polish spaces, their subsets and classes of these subsets.

We summarize some useful facts about the Borel and Lusin classes of subsets of Polish
spaces from Moschovakis “Descriptive Set Theory” [3], to make our presentation as self-

contained as possible, but omit the proofs.

We first introduce some operators on sets and classes of sets, which will allow us to use
logical notation to define and discuss classes of sets. Let us agree to think of a set as a

property of its members and to use the notation

Alx) & x € A,
whenever this is convenient.
Definition A.8. The complementation operator — is defined by

—A=X\A4,
whenever A C X. If I is some class of sets, then we define
-I'={-B:BeTl}.

Strictly speaking, there is one complementation operator —x for each set X, but the

subscript is cumbersome and adds little in terms of clarity, so we will never bother to

write it down.

Definition A.9. The operation of projection along Y, denoted 3, is defined by
FA={recX:IyAxvy)}
whenever A C X x Y. If I is some class of sets, then we define

Fr={3"B: BT ABC X xY for some set X}.
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The other logical symbols also have corresponding operators, defined in a similar fashion.

For Polish spaces we usually define the Borel pointclasses of finite order recursively by

0 = all open subsets

0 N 0
gnJrl =3 _'gnv

rather than using the equivalent definition above. We could also define the Borel classes
of countable order in similar language. Hence, the following definition of the Lusin

classes of subsets of Polish spaces is a quite natural extension of the Borel hierarchy.

Definition A.10. The Lusin class of order n, denoted by X1, is defined recursively for

all n € N as follows:

2 =35

1 _ oW 1
gn-l—l_zl _'Z)n’

where X and all other classes of sets are understood to be restricted to subsets of Polish
spaces. The dual and ambiguous Lusin classes of finite order are defined by II} = =31

and Al = 31 NII! respectively.

Theorem A.11. Fach Borel class, dual Borel class and ambiguous Borel class is closed
under finite unions and intersections, and inverse images of continuous functions. Fur-
thermore, each Borel class is closed under countable unions, each dual Borel class is
closed under countable intersections, and each ambiguous Borel class is closed under
complements.

The following diagram of inclusions holds among the Borel classes:

9 )
C ¢ C e C ¢ C
AY A9 AY AdL
¢ C e & (& C ¢
i i

If we restrict these classes to one fized perfect Polish space, then this diagram holds with

strict inclusions.

Theorem A.12. Fach Lusin class, dual Lusin class and ambiguous Lusin class is closed
under countable unions and intersections, and inverse images of continuous functions.
Furthermore, each Lusin class is closed under 3, each dual Borel class is closed under

VY, and each ambiguous Borel class is closed under complements, where Y is any perfect
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Polish space.

The following diagram of inclusions holds among the Lusin classes:

b % %3
¢ S ¢ S ¢

1 1 1
L 115 3

If we restrict these classes to one fixed perfect Polish space, then this diagram holds with
strict inclusions.

In particular, any Borel set is Al.

Actually, Al is exactly the Borel sets, which follows from the more general Suslin theo-
rem, see Moschovakis for a proof of this [3]. Note that since inverse images of Borel sets
under Borel functions are again Borel, and B(NY) = Al | NN ¢ =1 [ NN, any subset of
Baire space which is $1-complete with respecct to Borel reductions is not Borel. This
observation will be important when we want to prove that a function F : NN — NN ig

not Borel measurable.

We now restrict our attention even further, to finite products of N and NV, and define
the effective Borel classes, starting with the semidecidable subsets? instead of the open

sets.

Definition A.13. We say that Y7 x ... x Y}, with the product topology, is of type 1 if
each Y; is either N or NN, with Y; = NN for at least one 1 < i < k. If ¥; = N for each
1 <1 <k, then we say that Y7 x --- x Y}, is of type 0.

From now on, all definitions and results will refer to spaces of type 1 or 0. Note that

these spaces might be considered to be Polish spaces.

Definition A.14. The effective Borel class of order n, denoted X9, is defined recursively

for all n € N as follows

»{ = all semidecidable sets

0 N 0
Zn+1 == 3 _‘ETH

2See Chapter 1.
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where ©{ and all other classes of sets are understood to be restricted to subsets of spaces
of type 1 or 0. The dual and ambiguous effective Borel classes are defined by 119 = —=%.2
and AY = 297 N9, respectively.

Definition A.15. The effective Lusin class of order n, denoted by X!, is defined re-

n’

cursively for all n € N as follows:

=l =3V-5?
E}l-ﬁ-l = ElNN_'Z}w
where 2(1) and all other classes of sets are understood to be restricted to subsets of spaces

of type 1 or 0. The dual and ambiguous effective Lusin classes are defined by IT} = =%1

and Al = 21 NI}, respectively.
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