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Abstract

A celebrated financial application of convex duality theory gives an explicit relation
between the following two quantities:

(i) The optimal terminal wealth X*(T") := X«(T) of the classical problem to maxi-
mize the expected U-utility of the terminal wealth X, (T') generated by admissible
portfolios ¢(t);0 < ¢t < T in a market with the risky asset price process modeled
as a semimartingale

(ii) The optimal scenario dd% of the dual problem to minimize the expected V-value
of % over a family of equivalent local martingale measures (). Here V is the
convex dual function of the concave function U.

In this paper we consider markets modeled by It6-Lévy processes, and in the first
part we give a new proof of the above result in this setting, based on the maximum
principle in stochastic control theory. An advantage with our approach is that it also
gives an explicit relation between the optimal portfolio ¢* and the optimal measure
Q*, in terms of backward stochastic differential equations.

In the second part we present robust (model uncertainty) versions of the optimiza-
tion problems in (i) and (ii), and we prove a relation between them. In particular, we
show explicitly how to get from the solution of one of the problems to the solution of
the other.

We illustrate the results with explicit examples.
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1 Introduction

The purpose of this paper is to use stochastic control theory to obtain new results and new
proofs of important known results in mathematical finance, which have been proved using
convex duality theory.

The advantage with this approach is that it gives an explicit relation between the optimal
scenario in the dual formulation and the optimal portfolio in the primal formulation. We
now explain this in more detail.

First, let us briefly recall the terminology and main results from the duality method in
mathematical finance, as presented in e.g. [7]:

Let U : [0,00] — R be a given utility function, assumed to be strictly increasing, strictly
concave, continuously differentiable (C') and satisfying the Inada conditions:

U'(0) = lim U'(x) = oo

z—07F
U'(0) = lim U'(x) = 0.
Let S(t) = S(t,w); 0 <t <T,w €, represent the discounted unit price of a risky asset at
time ¢ in a financial market. We assume that S() is a semimartingale on a filtered probability
space (Q, F,{Fi}i>0, P). Let ©(t) be an Fi-predictable portfolio process, giving the number
of units held of the risky asset at time ¢. If ¢(t) is self-financing, the corresponding wealth
process X (t) = XZ(t) is given by

X(t):x—l—/tgp(s)dS(s) ; 0<t<T, (1.1)

where T" > 0 is a fixed terminal time and x > 0 is the initial value of the wealth. We say
that ¢ is admissible and write ¢ € A if the integral in (1.1) converges and

X,(t) >0 forall t € 0,77, as.. (1.2)

The classical optimal portfolio problem in finance is to find ¢* € A (called an optimal
portfolio) such that
u(z) := sup E[U(XZ(T))] = E[U(X,.(T))]. (1.3)

peA

The duality approach to this problem is as follows: Let

V(y) == sup{U(z) —zy}; y >0 (1.4)

>0

be the conver dual of U. Then it is well-known that V' is strictly convex, decreasing, C! and
satisfies

V'(0) = —o0, V'(c0) =0, V(0) = U(cc) and V(oo) = U(0). (1.5)
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Moreover,

U(z) = inf{V(y) + 2y} 5 = >0, (1.6)

and
Ul)=yexz=-V'(y). (1.7)
Let M be the set of probability measures ) which are equivalent local martingale mea-
sures (ELMM), in the sense that @ is equivalent to P and S(t) is a local martingale with
respect to (. We assume that M # (), which means absence of arbitrage opportunities on

the financial market. The dual problem to (1.3) is for given y > 0 to find Q* € M (called
an optimal scenario measure) such that

o= ot £ v (529)] - £ (2] 0

One of the main results in [7] is that, under some conditions, ¢* and Q* both exist and
they are related by

U'(X2.(T)) = ycigk with y = u'(z) (1.9)
le. .
X, (T) ==V (yigj ) with x = —v'(y). (1.10)

In this paper we will give a new proof of a result of this type by using stochastic control
theory. We will work in the slightly more special market setting with a risky asset price S(t)
described by an Ito-Lévy process. This enables us to use the machinery of the maximum
principle and backward stochastic differential equations (BSDE) driven by Brownian motion
B(t) and a compensated Poisson random measure N(dt,d¢) ; t > 0; ¢ € Ry := R\{0}. The
advantage with this approach is that it gives explicit relation between the optimal scenario
and the optimal portfolio. This is shown in Section 3 (see Theorem 3.1). As a step on the
way, we prove in Section 2 a result of independent interest, namely that the existence of an
optimal scenario is equivalent to the replicability of a related T-claim. In Section 4 we extend
the discussion to robust (model uncertainty) optimal portfolio problems. More precisely, we
formulate robust versions of the primal problem (1.3) and of the dual problem (1.8) and we
show explicitly how to get from the solution of one to the solution of the other.

2 Optimal scenario and replicability

We now specialize the setting described in Section 1 as follows:
Suppose the financial market has a risk free asset with unit price Syo(t) = 1 for all ¢ and
a risky asset with price S(t) given by

dS(t) = S(t7) (b(t)dt +o(t)dB(t) + / y(t,g)N(dt,dC)) ;0<t<T
S(0) >0

(2.1)



where b(t),o(t) and 7(¢, () are predictable processes satisfying v > —1 and

B[ [ {bor o+ [ 2600 ) a

Here B(t) and N(dt,d¢) := N(dt,d¢) — v(d¢)dt is a Brownian motion and an indepen-
dent compensated Poisson random measure, respectively, on a filtered probability space
(Q, F, {Fi >0, P) satisfying the usual conditions, P is a reference probability measure and
v is the Lévy measure of N. In the following we assume that

< 00. (2.2)

o(t) # 0 for all t € [0,T]. (2.3)

This is more because of convenience and notational simplicity than of necessity. See the
remark after Theorem 2.2. Note that this assumption is not used before (2.19).
Let ¢(t), A be as in Section 1, with the condition

E [/OTgp(t)ZS(t)Q {b(t)2 + o (t) + /Rny(t, g)y(dg)} dt] < 0.

Let X (t) = X7(t) be the corresponding wealth process given by

dX(t) = p(t)S(t7) [b(t)dt +a(t)dB(t) + [yt ON(dt, dg)} L0<t<T 2.4
X(0) =z > 0. '
For ¢ to be admissible we require moreover that we have, for some € > 0
T
E[/ |X ()|**dt] < o0 (2.5)
0
and
E[U(X(T))*"] < co. (2.6)
As in (1.3), for given x > 0, we want to find ¢* € A such that
u(x) = SEBE[U(XE(T))] = E[U(X,.(T))]. (2.7)
©
In our model we represent M by the family of positive measures ) = )y of the form
dQy(w) = Gy(T)dP(w) on Fr, (2.8)
where .
dGo(t) = Gy(t) [Qo(t)dB(t) + [ 04(t, QN (dt, dg)] 0<t<T 25)
GO(O) =Yy > 07



and 0 = (6y,0,) is a predictable process satisfying the conditions

E [/0 {eg(tw/Ref(t,oy(dg)}dt} <00, 0i(t,C) > —1 as. (2.10)
and
b0+ o080 + [ 2L Cu(d) =0 t € 0.7) (2.11)

If y = 1 this condition characterises (Jy as an equivalent local martingale measure (ELMM)
for this market. See e.g. [12, Chapter 1].

We let © denote the set of all Fi-predictable processes 6 = (6, 0;) satisfying the above
conditions.

Thus the dual problem corresponding to (1.8) is for given y > 0 to find * € © and v(y)
such that

~u(y) o= sup BV (GH(T))] = B[V (G (D)) (2.12)

We will use the maximum principle for stochastic control to study the problem (2.12)
and relate it to (2.7).

We first prove the following useful auxiliary result, which may be regarded as a special
case of Proposition 4.4 in [4].

Proposition 2.1 Let ¢(t) € A. Then ¢(t) is optimal for the primal problem (2.7) if and
only if the (unique) solution (p,q,r) of the BSDE

dp(t) = ¢(t)dB(t) + /Rf(t, ON(dt,d¢); 0<t<T (2.13)
5(T) = U'(X2(T)).
satisfies the equation
b)) + r(1)at) + / At Ot Qu(de) = 05 ¢ € 0,7 (2.14)

Proof. (i) First assume that ¢ € A is optimal for the primal problem (2.7). Then by the
necessary maximum principle (Theorem A.2) the corresponding Hamiltonian, given by

H(t,z,0,p,q,7) = @S(t)(b(t)p + 0q + /R’Y(t> O)r(QN(dt, dc)) (2.15)

satisfies

OH . SO
%(t T, Qpap(t)a Q(t)a T(t> )) ’4,0:‘{3(0: O’

where (p, ¢, 7) satisfies (2.13). This implies (2.14).



(ii) Conversely, suppose the solution (p, ¢, ) of the BSDE (2.13) satisfies (2.14). Then
¢, with the associated (p, ¢, ) satisfies the conditions for the sufficient maximum principle
(Theorem A.1) and hence ¢ is optimal. O

We now turn to the dual problem (2.12). The Hamiltonian H associated to (2.12) is, by
(2.9)
H(t7 g, 007 017p7 q, T) = gHOQ + g/ 91 (C)T(g)y(dC) (216)
R
(We refer to e.g. [12] for more information about the maximum principle).
The adjoint equation for (p, g, r) is the following backward stochastic differential equation
(BSDE):

dp(t) —%—?t,c:@(t),eo(t),el(u )p(t). a(), (¢, )t

+q(t)dB(t) +/7’(t,C)]\7(dt,d§) L 0<t<T (2.17)
p(T) - _V/(GQ(T))

In our setting this equation becomes

dplt) = - [eo<t>q<t> + [ el<t7c>r<t,c>u<dc>} i
(t.0)

Lq(t)dB() +/7“ £, ON(dt,dC); 0<t<T (2.18)
p(T) = —V(Go(T)).
By (2.3) the constraint (2.11) can be written
_ 1
00 = Bult) =~ {b(t) + [eom, <>u<d<>} e (219)

Substituting this into (2.16) we get
Hl(tag7 917p7 q, T) = H(tagu 507 017])7 q, T)

—o (=L + [eonma}+ [aoromao). @

and this gives

mc)el(t,ou(do}

+/R (tC@l(t,C } dt
La(t)dB(t) + /( OR(dtd); 0<t<T
(1) = ~V/(Gy(T))




1.e.

_ [a®) q(t)
) = | 20000+ [ 00.0) (2000 = r(0.0) ) viao) | ar
+a0dBO) + [ (O (e o<t <T (221
R
p(T) = =V'(Go(T)).
If there exists a maximiser él for H; then
(Vo Hi)g,_g, =0, (2.22)
ie. t)
q —0-
Substituting this into (2.21) we get
{dp(t) = % [b(t)dt + o(t)dB(t) + /R’y(t,g“)]v(dt,dg)] ;0<t<T (2.24)
p(T) = =V'(G4(T)).
Equation (2.24) states that the contingent claim F' := —V’(G4(T)) is replicable, with
replicating portfolio (t) given by
__a)
o(t) == R t € 0,7). (2.25)

and initial value = = p(0). We have proved (i) = (ii) in the following theorem:

Theorem 2.2 The following are equivalent:

(i) For given y > 0, there exists § € © such that

zggE[—V(GZ(T))] = E[-V(G3(T))] < oc.

(ii) For giveny > 0, there exists 0 € © such that the claim F := —V'(G3(T)) is replicable,
with initial value x = p(0), where p solves (2.24).
Moreover, if (i) or (ii) holds, then
q(t)
t) =
SNTOR G
is a replicating portfolio for F:= —V'(G3(T)), where (p(t), 4(t), 7(t,()) is the solution of the
linear BSDE

{dﬁ(t) = @b(t)dt +4(t)dB(t) + / #(t,O)N(dt,d¢); 0<t<T

(2.26)

o(t)
p(T) = =V'(GZ(T)).

(2.27)



Proof. It remains to prove that (i) = (i): Suppose that (f,0;) € © is such that F :=
—V'(G4(T)) is replicable with initial value x = p(0), and let ¢ € A be a replicating portfolio.
Then X (t) = X{(t) satisfies the equation

dX(t) = ¢(t)S(t7) b(t)dt+a(t)dB(t)+/Ry(t,g)N(dt,dg)] ;0<t<T

(2.28)
X(T) = =V'(Go(T)).
Define
p(t) == X(t),q(t) := o(t)o(t)S(t™) and #(t, ) := @(t)y(t, ¢)S (7). (2.29)
Then by (2.28), (p, ,7) satisfies the BSDE
IRN(()) . A X .
dp(t) = Wb(t)dt + ¢(t)dB(t) + /Rr(t, ON(dt,d¢); 0<t<T (2.30)

and p(0) = X(0) = = = p(0). Since (fy,0;) € © we get by (2.11) and (2.29) that (2.30) can
be written

ap(0) =~ [t + [ (0.0, Otac)|
R
+4(t)dB(t) + / P(t, QN (dt,dC) ; 0 <t<T (2.31)
R
p(T) = =V(Gy(T)).
Comparing with (2.18) we see that this is the BSDE for the adjoint equation corresponding
to the stochastic control problem (2.12). Therefore, since the functions g — —V(g) and

g — sup Hu(t, 9,00, (1), 4(0), 11, ) = —g 2D p(r)
01 U(t)

are concave, it follows from the sufficient maximum principle that (90, él) is optimal for the
problem (2.12). Hence (i) holds.

The last statement follows from (2.24) and (2.25). O

Remark 2.8 So far we have assumed that (2.3) holds. This is convenient, because it allows
us to rewrite the constraint (2.11) in the form (2.19). If we do not assume (2.3), then we
can use the Lagrange multiplier method in stead, as follows:

Let A(t) be the Lagrange multiplier process and consider

Hy(60,01, \) = g00d + ¢ / 0,(O)r(C)w(dC)

#30) (0 + o)+ [ 400wt ). (2.32)



Maximising H; over all 6y and 6, gives the following first order conditions

9q+ A(t)o(t) =0 (2.33)
gr(-) + X#)y(t,-) = 0. (2.34)
Since g = Gy(t) # 0, we can write these as follows:
i(0) =~ o) (2.)
A
T(t7 C) - Gg(t)%t’ C) (236)
Substituting this into (2.18) we get
i) =% ot - [ 0.0 0ma0)} a
) t+fR7t§ (dtdg)],ogth (2.37)
p(T) = —V’(G,,(T)).

In view of (2.11) this can be written

{dp<t> = otk [oar s otas + [eoN@a| soesT
p(T) = =V'(Go(T))
Note that ) ) q(t)
If o(t) # 0 then Gt ~ 5 0) (2.39)
If y(t,¢) # 0 then — A _ ) (2.40)

Go(t) (¢ Q)
If o(t) = v(¢t,{) = 0, then by (2.35) and (2.36) we have ¢(t) = r(¢t,{) = 0 and hence by
(2.18) we have dp(t) = 0. Therefore we can summarize the above as follows:

Define o .0
_ 1 ri,
p(t) = O_(t)s<t_)XJ(t)7éO + TS C)S(t_)xg(t)zoﬂ(t,o#o. (2.41)

Then by (2.38)

{dp(t) = (t)S(t7) |b(t)dt + o(t)dB(t) + / y(t, ON(at, dC)}  0<t<T (2.42)

p(T) = =V'(Go(T)).

Therefore —V'(Gy(T')) is replicable, with replicating portfolio ¢(t) given by (2.41).
Thus we see that Theorem 2.2 still holds without assumption (2.4), if we replace (2.26)
by (2.41).



3 Optimal scenario and optimal portfolio

We proceed to show that the method above actually gives an explicit connection between an
optimal 6 € © for problem (2.12) and an optimal portfolio ¢ € A for problem (2.7):

Theorem 3.1 a) Suppose ¢ € A is optimal for problem (2.7) with initial value x. Let
(p1(t), q1(t),m1(t,C)) be the solution of the BSDE

{dpl(t) = qu(t)dB(t) + /er(t, QN(dt,d¢); 0<t<T (3.1)
pi(T) = U(XZ(T)).
v 0 (.0
Ao al(t) 5 (¢, ¢
i) = 2400, - LS, 32)
Suppose .
E| /0 {02(t) + /R 02(t, O)v(dC)Ydt] < oo; 6y > —1. (3.3)
Then 0 = (6, 6,) € © is optimal for problem (2.12) with initial value y = p;(0) and
Gy(T) = U'(X3(T)). (3.4)

b) Conversely, suppose 6 = (éo,él) € O is optimal for problem (2.12) with initial value y.
Let (p(t),q(t),r(t,C)) be the solution of the BSDE

dp(t) = %b(t)dt +q(t)dB(t) + / r(t, )N (dt,d¢); 0<t<T
p(T) = =V'(G4(T).

Suppose the portfolio

(3.5)

o(t) 22%;0&5ST (3.6)

is admissible. Then ¢ is an optimal portfolio for problem (2.7) with initial value z = p(0)

and
X;’g(T) = —V’(GZ(T)). (3.7)

O

Proof.
a) Suppose ¢ is optimal for problem (2.7) with initial value x. Then the adjoint processes
p1(t), q1(t), r1(t, ¢) for problem (2.7) satisfy both the BSDE

dpy () = i (0)dB(t) + / (L ON(dLC) : 0<t<T s
p(T) = U'(XE(T))
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and the equation (see [4, Proposition 4.4])

b(t)pr(t) + o (t)qa (t) + /}Rv(t,C)Tl(t,C)V(dC) = 0. (3.9)
Define 0 (t.0)
n L q1 0 L L,
90(1;) T pl(t_)a 61(t7C) T pl(t_) : (310)

Then (A, 6;) € © and (3.1) can be written

{dpl(t) = pu(t) [éo(t)dB(t)—F/Rél(ta C)N(dt,dé)l (3.11)

pi(T) = U(XZ(T)).

Therefore G(t) := p1(t) satisfies the equation (2.9) with initial value y = p;(0) > 0 and we
have that, by (1.7)

U'(X3(T)) = GY(T), i.e. X3(T)=-V(G4T)). (3.12)
Therefore —V'(GZ(T)) is replicable and by Theorem 2.2 we conclude that 0 := 0 is optimal

for problem (2.12).

b) Suppose § € © is optimal for problem (2.12) with initial value y. Let p(t), q(t),r(, ) be
the associated adjoint processes, solution of the BSDE (3.5). Then by (2.24), they satisfy
the equation

{dp(t) = % [b(t)dtJra(t)dB(t) + /R ~(t, C)N(dt,d()} (3.13)
p(T) = =V'(Gy(T)).
Define 0
~ L q
o(t) == S (3.14)
Then
X3(T) = =V'(GY(T)) ie. GY(T) =U'(X3(T)), (3.15)
with z = p(0). Therefore G7(t) = G,(t) satisfies the equation
{dGé(t) = Gy(t") |:é0(t)dB(t) + éél(t,C)N(dt,dC) ;0<t<T (3.16)
Gy(T) = U(XZ(T)).
Define R X
po(t) == Gy(t), qo(t) == G4(t)0(t),10(t, () := G4(t)b1 (1, C). (3.17)
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Then by (3.16) (po, qo, 7o) solves the BSDE

dpo(t) = qo(t)dB(t) + / ro(t, O)N(dt,d¢); 0<t<T

R (3.18)
po(T) = U'(X3(T)).
Moreover, since § € © we have, by (2.11)
b(t) + o (t)fo(t) + / Yt Qi Qr(d¢) =05 0<t < T (3.19)
R
i.e., (po, qo, o) satisfies the equation
(1) / ro(t, ¢)
b(t) +o(t)—=+ | v(t,¢ v(d¢)=0;0<t<T. 3.20
1)+ o + [ 4.0 S v(d) (320)
It follows from Proposition 2.1 that ¢ := ¢ is an optimal portfolio for problem (2.7) with
initial value x = p(0). O

Example 3.1 As an illustration of Theorem 3.1 let us apply it to the situation when there
are no jumps (N = 0). Then O has just one element 6 given by

o(t) = —s((—?.

So for any given y > 0, 6 is optimal for the problem (2.12), and

~—

T b(s) 1 " b%(s)
G4(T) = yexp (—/0 EdB(S) — 5/0 02(s)d8> . (3.21)
Then, by Therem 3.1b), if (p, q) is the solution of the BSDE
dp(t) = Mb(t)dt +qt)dB(t); 0<t<T
(t) == (3.22)
p(T) = =V'(G4(T)),
then ¢(t) := a() is an optimal portfolio for the problem
o(t)S(t7)

sup E[U(X,(T))]

peA

with initial value = = p(0).
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1
In particular, if U(z) = Inx, then V(y) = —lny — 1 and V'(y) = ——. So the BSDE

Y
(3.22) becomes
_q(®) ,
dp(t) = ﬁb(t)dt +qt)dB(t); 0<t<T
o
3.23)
1 T h(s) 17 1) (
pT:—exp(/ st+—/ ds).
=522 s@™ 2 )y, 2
To solve this equation we try
b(t)
t) =p(t)—=. 3.24
0(0) = pl0) 2 (321)
Then (1) b)
t t
dp(t) = p(t dt dB(t 3.25
b(0) = p(0)| e + 2o (3.25)
which has the solution
L b(s) 1 ["V3(s)
t) =p(0 ——=dB = ds) ; 0<t<T. 3.26
o) =pO e ([ 25ane+ 5 [ Hihas) o< (3.26)
Hence (3.23) holds and we conclude that the optimal portfolio is
. b(t)
t)=p(t) =—=—. 3.27
(1) p()02<t)5<t_) (3.27)
for the primal problem with initial value x = i Note that with this portfolio we get
b(t)
dXp(t) = p(t) 2(1) [b(t)dt + o (t)dB(t)]
() ., b(t)
=p(t dt dB(t)| = dp(t). 3.28
1) | Zaydt + 5y dB)| = dnlt) (3.25)
Therefore
A1) = X)) (3.20)
T e s |
which means that the optimal fraction of wealth to be placed in the risky asset is
p(t)S(t~ b(t

Xp(t)  o*(t)

which agrees with the classical result of Merton.
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4 Robust duality

4.1 The robust primal problem

In this section we extend our study to a robust optimal portfolio problem and its dual. Thus
we replace the price process S(t) in (2.1) by the perturbed process

dS,(t) = Su(7)[(0(t) + u(t)o(t))dt + o (t)dB(t) + / Yt ON(dt ()]s 0<t < T

S,(0) >0,
(4.1)
for some perturbation process p(t), assumed to be predictable and satisfy

< 00.

2| [ oo

We let M denote this set of perturbation processes .
Let A denote the set of portfolios ¢(t) such that

ay (175, (17 {0+ oy + a2+ [ 2eomao ] <o @)

Xopu(t) >0forallt €[0,7] as. , (4.3)
(2.5), and (2.5), where X (t) = X, ,(t) is the wealth corresponding to ¢ and , i.e.

dX(t) = e()Su(t7)[(b(t) + p(t)o(t))dt + o (t)dB(t) + /RW(RC)N(dt,dC)] ,0<t<T
X(0)=z>0.

(4.4)
Let p: R — R be a convex penalty function, assumed to be C*.
Definition 4.1 The robust primal problem is to find (¢, 1) € A x M such that
inf sup I(@, u) = I(p, 1) = sup inf I(p, ), 4.5
Jnf sup 1, 1) = 1, 1) = sup inf, 1, 1) (4.5)
where .
o) = B |00+ [ plutt)ar] (4.6)
0

where U is as in Section 1.

The problem (4.5) is a stochastic differential game. To handle this, we use an extension of
the maximum principle to games, as presented in e.g. [13]. Define the Hamiltonian by

Hi(t,z, ¢, 1,01, q1,71) = p(p) + @Su(t7) [(b(t) + po(t)pr + o(t)q + /Rv(t, Qri(Qv(dQ) | -
(4.7)
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The associated BSDE for the adjoint processes (p1,q1,71) is

Apr (1) = = D, X (), 0(0), 10, (6, (1) ra (1)
La(bdB(H) + /R (L QON(ddC) ; 0<t< T
pi(T) = U'(Xyu(T)).
Since %t = 0, this reduces to

{dpl(t) = qt)dB(t) + fri(t.ON(dt,d¢); 0 <t < T 43

pi(T) = U'(Xyu(T)).

The first order conditions for a maximum point ¢ and a minimum point i, respectively, for
the Hamiltonian are

(b(t) + (t)o(t))pr(t) + o (t)qu(t) + /R’Y(t7C)T1(t7<)V(dC> =0;t€l0,T] (4.9)

P (A1) + S St )o(t)pi(t) = 05 ¢t € 0, 7). (4.10)

Since H; is concave with respect to ¢ and convex with respect to u, these first order conditions
are also sufficient for ¢ and [ to be a maximum point and a minimum point, respectively.
Therefore we obtain the following characterization of a solution (saddle point) of (4.5):

Theorem 4.2 (Robust primal problem) A pair (¢, 1) € A x M is a solution of the robust
primal problem (4.5) if and only if the solution (p1,qi,71) of the BSDE

dpi(t) = q(t)dB(t) + / ri(t, Q)N (dt,d¢) ; 0 <t <T (4.11)
R .
pi(T) = U'(Xpu(T)).
satisfies (4.9), (4.10).
Alternatively, we can formulate this as follows:

(o, ) = (@, 1) € Ax M is optimal for (4.5) if and only if the solution (p1,q1,71) of the
FBSDE (4.4) and (4.8) satisfies (4.9)-(4.10).

4.2 The robust dual problem

It is not a priori clear what should be a dual formulation of the robust primal problem in
subsection 4.1. One formulation is studied in [5]. Here we will choose a different duality
model, as follows:

15



Definition 4.3 The robust dual problem is to find 6 € ©, i € M such that

sup sup J(0, u) = J(0, /) = sup sup J(6, n) (4.12)
HEM 6O 0€® peM

where .
J(0.) = B {—V(Ge(T)) - p(u(t))dt] | (4.13)

and V' 1s the convexr dual of U, as in Section 1.

Here Gy(t) = Gy, (t) is given by

%@@(MMPMMU /WM)WﬂﬂﬂSKT (4.14)

Gp(0) =y >0
with the constraint that if y = 1, then the measure )y defined by
ng = G@(T)dp on -FT

is an ELMM for the perturbed price process S,(t) in (4.1). By the Girsanov theorem for
[t6-Lévy processes [12] this is equivalent to requiring that (g, 0;) satisfies the equation

b(t) + n(t)a(t) + o (£)6(t) + / WE QOO = 05 te [0,T).  (4.15)

Substituting

Oo(t) — —% [b(t) + ot + /

R

001, (416)
into (4.14) we get
dGoft) = Galt™) (=5 o) + 000 + [ 20,080, wa0)] aste)
/9( O)N(
GQ(O) =y > 0.

ﬁdO L 0<t<T (4.17)

The Hamiltonian for the problem (4.12) then becomes

9% U
Hy(t, g, 01, p, p2, @2, 72) = —p(p) () {b(t)Jru (t)+/R

ny / 0,(C)ra(C)(do). (4.18)

v<uc>el<<>v<dc>}
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The BSDE for the adjoint processes (ps, g2, 72) is

[ dpa(t) = (W) {b(t) - ult)o() + / (O (£ O)w(dC)

o(t) R
- 91<t,<>r2<t,<>v<d<>) it
+q2(t)dB(t) +/r2(t,C)N(dt,d(); 0<t<T

(p2(T) = =V'(Go(T)).

(4.19)

The first order conditions for a maximum point (6, i) for H, are

(Vo Hy =) — 2O ¢y 4my(t,0) = 0 (4.20)

o(t)

(5 =) /o) + Gatomi o (121)
Substituting (4.20) into (4.19) we get

dra(t) = 22 000) + (o))

+q2(t)dB(t) +/r2(t, C)N(dt,d¢) ; t € 0,7 (4.22)
pa(T) = =V'(G4(T)).

Therefore we get the following.

Theorem 4.4 (Robust dual problem) A pair (6, i) € © x M is a solution of the robust
dual problem (4.12)-(4.13) if and only the solution (p2, g2, T2) of the BSDE (4.22) also satisfies
(4.20)-(4.21).

Alternatively, we can formulate this as follows:

(0,1) € © x M is optimal for (4.12)-(4.13) if and only if the solution (ps, qs,72) of the
FBSDE (4.17) & (4.22) satisfies (4.20)-(4.21).

4.3 From robust primal to robust dual

We now use the characterizations above of the solutions (¢, i) € Ax M and (6, i) € © x M
of the robust primal and the robust dual problem, respectively, to find the relations between
them.

First, assume that (¢, 1) € A x M is a solution of the robust primal problem and let
(p1,q1,71) be as in Theorem 4.2, i.e. assume that (py, q1,71) solves the FBSDE (4.4) & (4.11)
and satisfies (4.9)-(4.10).
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We want to find the solution (6, 1) € © x M of the robust dual problem. By Theorem
4.4 this means that we must find a solution (ps, g2, 72) of the FBSDE (4.17) & (4.22) which

satisfies (4.20)-(4.21).
To this end, choose

and define

Then by (4.9) we have

b(t) + fu(t)a(t) + o (t)0o(t) +/R’V(t> ¢)01(t, Qv (d¢) = 0.

Assume that (2.10) holds. Then 6§ € ©.
Substituting (4.24) into (4.8), we obtain
{dmt) () {éoa)dB(t) -/ é1<t,oN<dt,dc>} e 0T
R
pi(T) = U'(Xp4(T))-
Comparing with (4.14) we see that

dG;(t)  dpi(t)
Gy(t)  p(t)

and hence, for y = G4(0) = p1(0) > 0 we have

p(t) = Gy(t) ; t € 0,T7.

In particular,

Define

pa(t) = X (1), @2(1) 1= @(8)o ()5, (1), 7a(t, €)= p() 7 (¢, O)S,u(t™).

Then by (4.4) and (4.28), combined with (1.7),

dp2(t) = ()S,(t7) | (b(t) + iu(t)o(t))dt + o(t)dB(t) + /]R V(tC)N(dt,dC)}
q2

[b(t) + fu(t)o(t)]dt + ga(t)dB(t) + /R?“z(t,C)N(dt,dC) ; 0<t<T

—~
-
N—

—~
~
N—

g

p2(T) = Xpu(T) = =V'(G4(T)).
Hence (p2, g2, 72) solves the BSDE (4.22), as requested.
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It remains to verify that (4.20) and (4.21) hold: By (4.29) we have

Cf((;)v(t, )+ ra(t,¢) = —@()S, ()Y (t, C) + P()S,u(t7)v(t, ¢) = 0,

which is (4.20).
By (4.23), (4.27), (4.29) and (4.10),

S
~
~
S—
Q
~~
~
N—
N
—
B
N—
I
“O

p'(f) + Gg(t)qz(t) = p'(f1) + pi(t)

which is (4.21).
We have thus proved the theorem:

Theorem 4.5 Assume (¢, 1) € A x M is a solution of the robust primal problem and let
(p1,q1,71) be the associated adjoint processes satisfying (4.11). Define

= [ (4.31)

5 a() 5 r1(t, )

Oo(t) := s 01(t, () = ——==. 4.32
and suppose they satisfy (2.10). Then, they are optimal for the dual problem with initial
value y = p1(0).

4.4 From robust dual to robust primal

Next, assume that (6, i) € © x M is optimal for the robust dual problem (4.12)-(4.13) and
let (pa, ga, T2) be as in Theorem 4.4.
We will find (¢, 1) € A x M and (p1,q1,71) satisfying Theorem 4.2. Choose

~

fi=f (4.33)
and define
. te[0,T). (4.34)

Assume that ¢ is admissible. Then by (4.22) and (4.20)

dpa(t) = G(0)S(E) | (b() + At)o(6))dt + o(t)dB(t) + / At QN (dt, do} 0<t<T
po(T) = ~V/(Gy(T)).

Hence
dps(t) = dXp (1)
and we obtain that, for z = py(0) > 0,

p2(T) = Xpu(T). (4.35)
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Therefore,

Xoa(T) = =V(Gg(T)), ie. G5(T') = U'(Xpa(T))- (4.36)
We now verify that with ¢ = ¢, u = @1, and py, q1, 1, defined by
p(t) == Gi(t), q1(t) := Gy(t)0o(t), 71(£,C) = Gy(t)0r (£, ). (4.37)

all the conditions of Theorem 4.2 hold: By (4.17) and (4.36),

dpi(t) = dGy(t) = (

/Glt( dtdg)) 0<
pi(T) = G3(T) = U'(Xp4(T)).

@#\_/

{ /RV(th@l(t;C)V(dC) dB(t)
<T

(4.38)
Hence (4.11) holds. .
It remains to verify (4.9) and (4.10). By (4.37) and (4.15) for 8 = 6, we get

(b(t) + A(E)o (O)pa(t) + o(E)as (1) + / At O, Op(dC)
— Gy(t) [b(t) Ao (t) + o (0d(E) + / (1, OB (8, ) r(dC)

which is (4.9).
By (4.33), (4.47), (4.37) and (4.21) we get
P () + @(8)Su (7)o (t)pr(t) = p'((t)) + q2(t)G4(t) =0,

which is (4.10).
We have thus proved the theorem

Theorem 4.6 Let (é, f) € © x M be optimal for the robust dual problem and let (pa, g, 2)
be the associated adjoint processes satisfying (4.22). Define

[=Q (4.39)

Gy = #(2_) . te0,7). (4.40)

Assume that ¢ € A. Then (i, $;) are optimal for primal problem with initial value x = py(0).

Remark 4.7 Note that the optimal adjoint process p; for the robust primal problem coin-
cides with the optimal density process Gj for the robust dual problem.
Similarly, the optimal adjoint process ps for the robust dual problem coincides with the
optimal state process X for the robust primal problem.
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Example 4.1 We consider a robust version of Example 3.1. We want to study the robust
primal problem
T

inf sup F {U(X%M(T)) ~|—/ p(u(t))dt] . (4.41)

HEM peA 0
in the case with no jumps (N =~ = 0). In this case there is only one ELMM for the price
process S,(t) for each given pu(t). So the corresponding robust dual problem simplifies to a
plain stochastic control problem

T
sup E {—v%ca473>—-j/ ;xﬂ<w>d4 , (4.42)
pnemM 0
where ;
dG, (1) = =G, (1)~ OdB,: 0<t<T
) = =Gl + (D)5 0 <t < )
GL(0)=y>0.
The first order conditions for the Hamiltonian reduces to:
i(t) = (0) " (=Galt)q(t)) (4.44)
which substituted into the adjoint BSDE equation gives:
by
dp(t) = q(t)[— NH=GL(t)q(t)]dt YdBy; : te€[0,T
p(6) = a1 + () (~Gatha(®)ldt + a(t)dBi; ; t € [0.T) )

p(T) = =V (Gu(T)).

We get that /i is optimal for the robust dual problem if and only if there is a solution (p, ¢, G)
of the FBSDE consisting of (4.45) and

b AaB0<i<T

dG(t) = —Gﬂ(t‘)[at (4.46)

Ga(0) =y >0

Hence , the optimal ji for the primal robust problem is given by j := fi, and the optimal

portfolio is

Gr = % L te0,T]. (4.47)

We have proved:

Theorem 4.8 The solution [i,$ of the robust primal problem (4.41) is given by (4.44) and
(4.47), respectively, where (G, p,q) is the solution of the FBSDE (4.46)-(4.45).
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A Maximum principles for optimal control

Consider the following controlled stochastic differential equation

dX (t) = b(t, X (t), u(t), w)dt + o (t, X (), u(t),w)dB(t) (A1)
+ [0 X 0. 00).0.ON e d0) s 0 < e < T
X(0)=z€R

The performance functional is given by

Jw) = F [ /O £t X (1), ul(t), w)dt + o(X (T), w) (A.2)

where T > 0 and u is in a given family A of admissible F-predictable controls. For u € A
we let X"(t) be the solution of (A.1). We assume this solution exists, is unique and satisfies,
for some € > 0,

T
E| / X () [24d] < oo. (A.3)
0
We want to find u* € A such that
sup J(u) = J(u"). (A.4)
ucA
We make the following assumptions
T
feC!and E[/ IV f?(t)dt] < oo, (A.5)
0
T
b,o,v € C' and E[/ (|Vb]* + |Val* + |V (t)dt] < oo, (A.6)
0

where [V(t, )| i= [ 72(0,0w(d)
¢ € C! and for all u € A, Jes.t. E[¢'(X(T))*"] < oo. (A7)

Let U be a convex closed set containing all possible control values u(t);t € [0, 7.
The Hamiltonian associated to the problem (A.4) is defined by

H:0,T]xRxUxRxRxRxQ—R

H(t,z,u,p,q,r,w) = f(t,x,u,w)+b(t,x,u,w)p+a(t,x,u,w)q+/’y(t,x,u,C,w)r(t,()y(d().
R

For simplicity of notation the dependence on w is suppressed in the following. We assume

that H is Fréchet differentiable in the variables z, u. We let m denote the Lebesgue measure
on [0, 7.
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The associated BSDE for the adjoint processes (p, q,7) is

oOH .
dp(t) = =50 + a(0dB(O) + [ rt.ON(dtde)s 0<t<T
R
p(T) = ¢'(X(T)).
Here and in the following we are using the abbreviated notation

OH 0
%(t) = %(t,X(t),u(t)) etc

We first formulate a sufficient maximum principle, with weaker conditions than in [13].

Theorem A.1 (Sufficient maximum principle) Let @ € A with corresponding solutions
X, p,q,7 of equations (A.1)-(A.8). Assume the following:

e The function x — ¢(x) is concave

e (The Arrow condition) The function

H(z) :=sup H(t,z,v,p(t),q(t),7(t,)) (A.9)

velU

is concave for all t € [0,T].

sup H<t7 X@)u U,ﬁ(t), Cj(t)v f’(tv )) = H(tv X(t)v ﬁ’(t)vﬁ(t)v qA(t)> 72<t7 ))7 te [07 T]'

velU

Then @ is an optimal control for the problem (A.4).

Next, we state a necessary maximum principle. For this, we need the following assump-
tions:

e For all ¢, € [0,7] and all bounded F;,-measurable random variables a(w) the control

B(t) = Xy (H)a(w)
belongs to A.

e For all u, 5 € A with $ bounded, there exists § > 0 such that the control
a(t) == u(t) + ap(t); t € [0,T]

belongs to A for all a € (=4, 0).

23



e The derivative process

d u-ra,
x(t) :== %X B4 |40,

exists and belongs to L?(dm x dP), and

da(?) —{—<> <>+§<> B}t + (5 (1) (t) + S (030} BL

/ (Ot alt) + 220,80} N, ) (A1)

Theorem A.2 (Necessary maximum principle) The following are equivalent

[ ]
d
%J(u + af) |a=o= 0 for all bounded € A
) OH
%(t) =0 for allt € ]0,T).
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