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Abstract

In this paper we develop a method for constructing strong solutions
of one-dimensional SDE’s where the drift may be discontinuous and
unbounded. The driving noise is the Brownian Motion. In addition
to existence and uniqueness of the strong solution, we show that the
solution is Sobolev-differentiable in the initial condition and Malliavin
differentiable. The method is based on Malliavin calculus using a sim-
ilar technique as initiated in [11] and further developed in [10] and
[12] where the authors consider bounded coeflicients. This method is
not based on a pathwise uniqueness argument. We will apply these
results to the stochastic transport equation. More specifically, we ob-
tain a continuously differentiable solution of the stochastic transport
equation when the driving function is a step function.
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1 Introduction
It is well known (see e.g. [7], page 303) that when b is sublinear, i.e.
b(z)] < k1 + kal|, (1)
the Stochastic Differential Equation (SDE)

dX} =b(X})dt+ dB, @)
X5y ==,

has a weak solution which is unique in the sense of probability law. In fact,
this results holds for a possibly time inhomogenous coefficient b and in mul-
tipple dimensions. In this paper, we restrict our study to the one-dimensional



autonomous equation. We will, however, study strong solutions of (2) and
its regularity in the initial condition and its Malliavin differentiability.

SDE’s with discontinuous coefficients have been an important area of
study in stochastic analysis and other related fields of mathematics. In
the theory of Ordinary Differential Equations (ODE’s), the corresponding
equation to (2) reads

dX?
dtt = b(Xg:)
Xy ==

A solution to this equation may not be unique, and may not even exists
when b is non-Lipschitz. However, adding a Brownian motion regularizes
the equation. A breakthrough in the study of SDE’s is the result by Zvonkin
in [17]. Here, a global strong solution is constructed for b merely bounded and
measurable. The technique is based on estimates of solutions of PDE’s and
the Yamada-Watanabe principle. Since the Yamada-Watanabe principle is
an “indirect” technique, which relies on a purely measuretheoretical argument
to obtain unique strong solutions of SDE’s, the dependence of solutions on
the initial condition is not so transparent.

Later, this subject has been studied by the authors in [10] and [12].
See also [4] where the authors use a different method to construct Sobolev-
differentiable flow. The method is based on estimates on solutions to the
backward Kolmogorov equation.

The method presented in this paper is based on Malliavin calculus coupled
with probabilistic estimates on the weak derivative of the initial condition
in the solution of the SDE (2).

In the study of stochastic (and deterministic) dynamical systems, the
classical approach is to show that the flow ’inherits’ the spatial regularity
from the diffusion coefficient (see e.g. [8]). In this sense, the result presented
in this paper (and in the papers mentioned above) is counter intuitive.

In this paper we will establish the existence of a Sobolev-differentiable
stochastic flow

RxRXxR3(s,t,z) — ¢si(z) €R

for the SDE .
X5 — 34 / b(X57)du + By — By, 3)
S

where b is assumed merely to satisfy (1), and the equation is driven by
a standard one-dimensional Brownian motion B. The notion of Sobolev-
differentiability will be in the sense that for a given p > 1 we have that
bsi(-) € L2( WHP(R, e~*"dz)) when |t — s| < & where & depends on ks.
Here, WHP(R, e_$4dx) denotes a weighted Sobolev-space. In addition, we
shall show that ¢s.(x) € DV? - the space of square-integrable Malliavin
differentiable random variables.

The paper is organized as follows: In Section 2 we give the framework of
the paper. The basic consepts of Gaussian white noise theory and Malliavin



calculus is presented. In Section 3 we prove the existence of a solution to (3)
with the above mentioned regularity. In Section 4.1 we use the technique in
Section 3 to study 2 when b is a step-function. For such b it is shown that
x — X! is in C*(U) (Holder space) for U C R open and bounded, and for
all @ < 1.5. In particular, it is continuously differentiable. In Section 5 the
results of Section 4.1 is applied to the stochastic transport equation:

diu(t, z) 4+ b(z)0yu(t, x)dt + Oyu(t,x) o dB; = 0 (@)
uw(0,z) = wp(z),

where b is a step function and ug € C}(R). Note that the corresponding
deterministic transport equation is in general not well posed, even when b is
continuous.

2 Framework

In this section we recall some facts from Gaussian white noise analysis and
Malliavin calculus, which we aim at employing in Section 3 to construct
strong solutions of SDE’s. See [6, 14] for more information on white noise
theory. As for Malliavin calculus the reader is referred to [13].

2.1 Basic Facts of Gaussian White Noise Theory

Throughout this paper we work with the white noise probability space
(2, F, 1) = (8'([0,T7), B(S'([0,70)), ),

where §’([0,77]) is the dual space of S([0,T]) - the Schwarz space on [0,T].
B(S'([0,T7])) is the Borel o-algebra from the weak topology on §'([0,77]) and
w is the probability measure such that

/ eZ<w,¢>dlu(w) _ 2”¢)“L2([0T
'([0,77)

It can be verified that the process B;(w) = (w, 1/ () obtained as a limit in
L?() is a Brownian motion.
The Wiener-It6 chaos decomposition (see e.g. [13]), gives that

@ <L2 ([0, T] ))

=0

where I, : L%([0,T]") — L2(Q) is the iterated Ito integral defined on
L2([0, T]™) - the subspace of L2([0,T]") consisting of symmetric functions.
Using the iterated Itd integral, one can lift the structure of the Gel’fand
triple
S([0,77") < L*([0,7]") < S'([0,T]")



to construct a Gel'fand triple
(S) c L*(Q) C (S)*.

We call (S) the space of Hida stochastic test functions and (S)* the space
of Hida stochastic distributions.
For an element ® € (S)* we define its S-transform

(52)(¢) = (2, E((, 9)))

where (-, -) is the dual pairing between (S)* and (S), and

£((0)) = exp{(8) — 516320}

Here, ¢ € Sc([0,T]) - the complexification of S([0,7]). It can be proved
that if for ®, ¥ € (S)* we have S® = SV, then ® = V.

The Wick product of two elements @, ¥ € (S)* is defined as the unique
element ® o ¥ € (S)* such that

S(®oW)(¢) = (SP)(P)(SV)(9).

Finally, we mention a useful application of the white noise setting to the
study of SDE’s. This result was discovered in [9].

Proposition 2.1. Suppose that the drift coefficient b : R — R in 2 is
bounded and Lipschitz continuous. Let (Q,]:",ﬁ), B be a copy of the quad-
ruple (2, F, n), B. Then the unique strong solution X7 allows for the explicit
representation B

(X)) = Ealp(z + B)Ep(b(- + 2))]
for all ¢ : R — R such that ¢(x + B;) € L?(2) for all0 <t < T. The object
EL(b(-+ 1)) can be defined as the mapping

EX(b(-+ 1)) : Q— (S)

such that composing with the S-transform (on the original tripel (0, F, u)),
gives

1

T T
SEL(b(-4x))(¢) = exp {/0 b(x + Bs) + ¢(s)dBs — = /0 (b(z + By) + ¢(s))2ds} .

2

Here, Ej denotes the Pettis integral of random variables ® : Q — (S)* with
respect to [i.



2.2 Basic elements of Malliavin Calculus

In this Section we briefly elaborate a framework for Malliavin calculus.
We call a random variable smooth if it is on the form

T T
F:f(/o hl(s)st,...,/O hn(s)dBy)

where f € S(R") and hyq,...h, € L?([0,T]). The Malliavin derivative of a
smooth F'is defined as the stochastic process

n o T T
D,F = Zzl 8xif(/0 h1(s)dBs, ... ’/0 hy(s)dBs)h;(t),

where t € [0,T]. For a smooth random variable we may define the norm
IFT, = HFH%%Q) + HD'FH%Q(QX[O,T])

and we denote by D'? the closure of the set of all smooth random variables
with respect to || - ||1,2. The Malliavin derivative operator D is then a closed
linear operator from DY? to L2(Q x [0,T]). We shall say that a random
variable is Malliavin differentiable if it is in D2

3 Main Results

In this section we will study the SDE
t
X' =x+ / b(X>*)du + By — By
S

where the drift coefficient b: R — R is merely measurable and sublinear:
b(z)| < k1 + Koz

It is known that the above SDE has a unique strong solution in the case of
ko = 0, and a weak solution when ko > 0, unique in the sense of probability
law.

Here we will establish the existence of a Sobolev differentiable flow of
homeomorphisms for the SDE.

Definition 3.1. 4 map R xR x R 3 (s,t,z,w) — ¢s¢(x,w) € R is a
stochastic flow of homeomorphisms for the SDE (3) if there exists a universal
set Q* € F of full Wiener measure such that for all w € QF, the following
statements are true:

(1) For any x € R, the process ¢s(x,w),s,t € R, is a strong global solution
to the SDE (3).

(it) ¢si(x,w) is continuous in (s, t,x) € R x R x R.

(111) Pps(-,w) = Put(-, w) 0 Psu(-,w) for all s,u,t € R.

(i) ¢ps.s(z,w) =z for all z € R and s € R.

(v) ¢st(-,w) : R — R are homeomorphisms for all s,t € R.



A stochastic flow ¢, (-,w) of homeomorphisms is said to be Sobolev-
differentiable if for all s,t € R, the maps ¢, +(-,w) and qS;%(,w) are Sobolev-
differentiable in the sense described below.

In order to prove the existence of a Sobolev differentiable flow for the SDE
(3), we need to introduce a suitable class of weighted Sobolev spaces. Let
LP(R, e dz) denote the space of all Borel measurable functions v : R — R
such that

/ lu(z)|P e dx < oo. (5)
R

Furthermore, denote by WP (R, e*m4dm) the linear space of functions
u € LP(R, e dz) with a weak derivatives Du € LP(R, e *"dz). We equip
this space with the complete norm

el p = 1wl o e—ot gy + 1P Lo oot g - (6)

We will show that the strong solution X, of the SDE (3) is in
L2(, LP(R, e *"dx)) when p > 1. In fact, the SDE (3) implies the following
estimate:

t
X7 < epl|afP + BDJt — s|P + ké’/ [ X" Pdu+ | By — Bs|?)
S

< c(|afP + KP|t — P + | By — By|P)es !5,

where the last inequality is due to Gronwall’s lemma.

In particular, for fixed z we have X;** € L?(Q). From Proposition 3.10
page 304 in [7] we get that a solution, if it exists, must be unique in law.

On the other hand, it is easy to see that solutions X, are in general not
in LP(R, dx) with respect to the Lebesgue measure dz on R: Just consider the
special trivial case b = 0. This implies that solutions of the SDE (3) (if they
exist) may not belong to the Sobolev space WP(R,dx),p > 1. However,
we will show that such solutions do indeed belong to the weighted Sobolev
spaces WHP(R, e*m4dx) for p > 1.

We now state our main result in this section which gives the existence of
a Sobolev differentiable stochastic flow for the SDE (3).

Theorem 3.2. There ezists a stochastic flow ¢s4(x) of the SDE (8). Moreover,
the flow is differentiable on small time intervals in the sense that given p > 1
there exists a § > 0 such that

$at() and ¢, 1 (-) € LA WP(R, e~ da)),

whenever |t — s| < 6.



Remark 3.3. Note from the proof of Lemma 3.5 that the size of § > 0
depends only on ko. In particular, if ke = 0, i.e. the function is bounded, we
have that x — ¢4 (x) is weakly differentiable for every t,s € R.

We will prove this theorem through a sequence of lemmas and proposi-
tions. We begin by stating the main proposition:

Proposition 3.4. Let b: R — R be measurable and sublinear. Let U be an
open and bounded subset of R and p > 1. Then there exists a T > 0 such
that there exists a solution X} to the SDE (2) on [0,T]. Morover, we have

X; € LX(Q;W'P(U)),

and for each t € [0,T] and z € R, X¥ € DH2.

We shall prove Proposition 3.4 in a smiliar manner as in [12]. That is, we
assume first that b is smooth and has compact support. It is then possible
to bound the Malliavin derivative, D. X[, and the spatial derivative, %Xf,
independently of the size of &’. In fact, we will use a bound depending only
on k; and ko from (1).

Then, assuming b to be merely sublinear, we pick a sequence {b, },>1 of
smooth functions with compact support such that b,(x) — b(x) Lebesgue
almost everywhere, and such that

sup by ()| < k1 + kalz].
n>1

We denote by X;"* the corresponding sequence of solutions of (2) when b
is replaced by b,,. Using the a priori estimates in Lemma 3.5 in connection
with a compactness criterium based on Malliavin Calculus we can extract a
converging subsequence in the strong topology of L?(Q) and verify that this
limit is in fact the solution to (2). Moreover, since X;"" is also bounded in
L2(Q; WLP(U)) we use a weak compactness argument to show that the limit
is also in L2(Q; WP (U)).

We now turn to proving the a priori estimates. Note that when b is a com-
pactly supported smooth function, the corresponding solution of the SDE (2)
is both Malliavin differentiable and continuously differentiable with respect
to x. Moreover, these derivatives can be expressed through the following
linear ODE’s, respectively (see [13] and [8], respectively)

t
DsXP =1 +/ V(XD)Ds X2 du, for s <t (7)
and
dxs 1y /t y(xo)-Lxzq (8)
de” bt 0 w/ gy et



Lemma 3.5. Let b € C! have compact support. We may choose T > 0 such
that there exists constants C' = C(ky,ka,T) and ¢ (independent of ki, ky and
T') such that for every t,s € [0,T], s < t we have

E[(Dthx)Q] < ech%a:QC(t . 8)_1/48_1/4 (9)

and

Bl(Dyy X{ =Dy X§)?) < e85 sy (¢ = s0) 785y Vo 4 (= s2) o, )
(10)

Proof. We note first that the linear ODE (7) is uniquely solved by

t
D, X! = exp{/ V(XT)du}.

Using the Girsanov theorem we get

t 1
B{(D.X7)?] = Elexp{2 / V(2 + Bu)du}E( /O b + B.)dB.).

S

By Ito’s formula, with b(z) := [*__b(y)dy we have

B t 1 t
b(z + By) = b(z + By) + / b(z + B,)dB, + 3 / b (z + By)du

so that
B B t T
E{(DsX1)2] = Elexp{d(b(a+By)—b(a+Bs)— / b(a-+Bu)dBu) }E( / b(a+By)dBy)|
s 0
N B t t

< | exp{4(b(+By)—b(a+ Ba)} | 2y | exp{—4 / b+ B.)dB.)}E( / b+ Bu)dB.) | 12 (o)
by Holder’s inequality. For the first term, by (1)

B _ 1

|b(z + By) — b(x + Bs)| = | / b(x + Bs + 0(By — Bs))d0|| B, — By|

0

1
< / ki + ko|z + Bs + 0(B; — By)|df| By — B|
0
ko

Skl‘i‘kQ‘x‘i‘BsHBt_Bs‘+E(Bt_Bs)2
ky o k29 2
§k1+z$ +ZBs+k2(Bt_Bs) ;



so that
Elexp{8(b(z+B,) —b(z+ B,))}] < e¥17222” EBlexp{2ky B2+ 8ko (B, — By )2}

_ 68k1+2k2$2E[eXp{QkQBz}]E[eXp{8k2(Bt — Bs)Q}]
2

z
2(t —s)
where we have used independence of the increments of the Brownian motion.

Both integrals are finite for small 7. This gives that

lexp{d(b(z + Br) = bz + Bo) Y2 < (t — 8) " As™ etk oy (1y),

where

2
:68k1+2k2$2(271)_1((t—s)s)_1/2/exp{4/<:2z2+%}dz/exp{8k222 }dz,
R R

c1(ky) == (2n)7 ! /Rexp{z2(4k2 - %)}dz/Rexp{zQ(Skzg - %)}dz.

For the second term consider

t t

E[exp{—S/ b(x + Bu)dBu}E(/ b(x + By,)dBy)?]

t t
_ Blexp{—6 / b + By)dB, — / W(z + By)du)]
t t t
= E[exp{—G/ b(az—l—Bu)dBu—oz/ b2 (x+ B, )du} exp{(a—l)/ b2 (z+B,)du}]
t t
< eXp{—G/ b(x + By)dB, — a/ v (z + Bu)dul| 20

x|l exp{(a - 1) / Bz + Bu)du}|| 2 ).

S
If we now choose a such that 3(—12b(z + B,))? = 2ab?*(z + B,), that
is @ = 36, the process exp{—12 f; b(x + B,)dB, — 36 f; b (z + By)du =
5(];(—126(36 + B,))dB,) is a martingale, hence has expectation equal to 1.
Using (1), we get that the second term is bounded by

Elexp{70 /t V2 (x + By)du}] < Elexp{70 /t(krl + ko|z 4 By|)?du}]

S

< Blosp{T0(t — 5)(k1 + by ax o+ B}



Define Y, = exp{35(t — s)(k1 + ka|x + By|)*} which is readily seen to be a
submartingale. By Doob’s Maximal inequality we get the following bound

Elexp{70(t — 5)(k1 + kox + Bf)?}] = E[sup Y;?]
u<t
< 4E[Y?] = 4E[exp{70(t — 5)(k1 + ko|x + By|)?}]
< 4(2mt) Y2 exp{170t(k? + 2koz?)}

1
X / exp{ (140tk3 — —)2*}dz.
= 2t

The latter integral is finite for small 7. This proves (9).
For the second estimate, assume s; < s we write

t t
Dy, X! — D, X7 = exp{/ V(XT)du} — exp{/ b (XT)du}
S1 52

<

exp] / t V(XT)du} + expf / t B (X)du)

52
| / V(X dul,

S1

where we have used the inequality |e¥ —e?| < |e¥+€*||y—z|. Using Girsanov’s
theorem we get
E[(Dé‘le - DS2X£B)2]

S1

< BJ( / W (4-By)du)x <exp{ / t B (X)du} + exp{ / t b’(Xff)du})Q &( /0 ' b(a+B,)dBy,)]

S92 t T
< / b'<w+Bu>du>2an(m2(uexp{ / 2 (X7)du} € /0 b+ Bu)dB,)|| 12y +
S S1

1

t T
| exp / 2 (X7)du}E /O bz + Bu>dBu>||Lz<m> |

For the first term rewrite

( / TV (e + By)du)t <2 ( /0 b+ B, + 0(Ba, — Bo))d8(Be, — le)>4

1 . .
49 (/ b(x + Bu)dBu>
S1

2 4
<23 (kl + kolx + Bs,| + ?2|Bs2 — le|> (Bs, — 331)4

S92 4
+23 </ b(x + Bu)dBu> .
S1

10



We can estimate

B / P b+ Bu)dB.)Y] < 36(s0 — s1) / * Bl(b(z + Bu))du

S1

< 36(sa —s1)? sup E[(b(z + Bu))",

s1<u<sg

which is finite since b satisfies (1).
Similarly as before, we may estimate

t T
|| exp{ / 2 (X2 )du}E( / b(z+ B,)dB,)||2(q) < eTH7°C (¢ —5) 7185718,
s 0

This proves (10).
O

We see that equation (8) is the same equation as (7) when we put s = 0.
Using this fact in connection with a similar proof as above, replacing the
Malliavin derivative Dy by %, we immediately arrive at the following result:

Proposition 3.6. Let b € C' have compact support, and let p > 1. We
may choose T > 0 such that there exists constants C = C(ky, ks, T,p) and ¢
(independent of ki, ko, p and T ) such that

d
B[l X7 < ePTh3E> 0y =1/2, (11)

Using Lemma 3.5 together with Corollary 6.3 we immediately obtain the
following Corollary:

Corollary 3.7. Let b, : R — R, n > 1 be a sequence of continuously
differentiable bounded functions that satisfies (1) uniformly in n, i.e.

sup |by(2)] < k1 + ko|z|.
n>1
Denote by X{"" the corresponding sequence of strong solutions. Then { X" },>1
is relatively compact in L?(€).
We are now ready to prove that the SDE (2) has a strong solution.
Proposition 3.8. Retain the above assumptions and notation. Define
X7 1= Byl + B)EXB(- + )

which is a well defined random variable in L*(). Assume that by,(y) — b(y)
Lebesgue almost every y € R. Then there exists a T > 0 and a subsequence

th(k)’gﬁ which converges in L*(Q) to XF for all t € [0,T]. Moreover, X{ is
the unique solution to (2) and it is Malliavin differentiable, that is X¥ € D2,

11



Proof. By Corollary 3.7 we know that there exists a subsequence, still de-
noted X, for simplicity, converging in L?(£2). The above definition of X}
is a well defined object in (S)* for small 7' (see [11], Lemma 11). Taking the
S-transform we get (see [11], Lemma 12)

T
[S(XP)(9) = S(XF)(9)] < C(B[Jn()])"/? exp{34/0 |6(s)|*ds}

where

T
Jp(x) == 2/0 (bp(x + By) — b(z + By))* du
2

+ </OT (b (z + Bu))* — (b(z + By))?| du>

By the uniform sublinearity we may invoke dominated convergence to
conclude that E[J,(z)] — 0 as n — oo, so that X;"" — X¥ in (S)*. It
follows that this convergence is actually in L?(Q) by uniqueness of the limits.

We now claim that for any function ¢ such that o(z + B;) € L*(Q) we
have

p(X{) = Eple(z + B)E°(b(- + x))]. (12)

To see this, assume first that ¢ € C}(R). We know from Proposition 2.1
that for every n we have

P(X{") = Eplp(x + B)E (bn(- + 2))].
We have that o(X;"") — ¢(X¥) in L*(Q) since
Elle(X) — o(X7)?] < ¢ 1% EI1X — XP).

On the other hand we get that ¢(X;"") — Ez[e(x + B)E°(b(- + x))] in (8)*
as long as E[J,,(z)] — 0 by a similar argument as in [11], Lemma 12. This
proves (12) for ¢ € C}(R). The general case follows by approximation in
connection with the monotone class theorem. -

To verify that X7 indeed solves (2), notice that B; is a weak solution to
(2) if the drift is replaced by b(-) + ¢(s) with respect to the measure

dp* =€ ( /0 Tb(Eu) + gzs(u)d]éu) dj.

12



Taking the S-transform we get

~ T ~ ~
S(XP)(6) = ExlBie ( /0 b(B.) + ¢<s>st)]
= E,+[By]

= Byl [ 0B+ o(5)ds

_ /Ot Ealb (/ (u)dBa >]ds + S(By)(9).

By (12) we get that

S(X7)() = S( /O b(X7)ds)(6) + S(Bo)(o).

Since S is injective, this proves that the F;-adapted X[ solves the equation.
Since sup,,>1 [|D.X{"" || r2(ax[o,r]) < oo it follows that X} € D2,
To see that X is the unique solution to (2) we first note that for 7' small
enough, the Novikov condition is satisfied with respect to b(XZ, ,), since

T T T
Plexo [ 1DXE)Pds}] = Blesp(g [ a+BPdse( | bla+B.)aB,)

1T T
< ”eXp{§/0 |b(z +BS)‘2ds}”L2(Q)”€(/O b(w + Bs)dBs)|| 12(q)

Since the solution is unique in law, the Novikov condition is then auto-
matically satisfied for any other strong solution. Then the proof of Propos-
ition 2.1 (see e.g. [9]) shows that any other solution necessarily takes the
form

Egl(z + B)ER(b(- + 2))]

We are now ready to prove Proposition 3.4.

Proof of 3.4. Existence, uniqueness and Malliavin differentiability of X[ is
contained in Proposition 3.8. It remains to show that X; € L?(Q; WLP(U)).
To this end, we observe that given p > 1, there exists a T' > 0 such that for
any ¢ € C§°(U) the sequence

(X[ o /an

13



is relatively compact for ¢ € [0,7]. To see this we use the compactness
criterion of Corollary 6.3. Note that since the Malliavin derivative is a closed
linear operator we have

E[(Ds(X{, ¢))%) = E[(/U Dy X} p(2)dx)?] < [l 72 (1) leb(U) EEBE[(DSXZ“W]

and similary

E[(Ds, (X7, 0)=Dsy (X7, 9))°] < el 720 A(U) SUBE[(Dlef’x—DszXf’x)2],
re
which shows that (X', ) is relatively compact. Denote by Y;(p) its limit
after taking an (if necessary) subsequence.
Taking the S-transform of (X', ¢) and (Xy, p) we see that for any ¢ €
Sc([0,T7)

ISXT, ) (9) = S(Xe, ) (9)]° = [(S(XF — Xi)(9), o)

<llelage [ 18O = X7)(@)Pda

T
<l [ CEU exp(os [ fo(o) Pds)da,

where C'is a constant and J,,(z) as in Proposition 3.8. Since {b,,} is uniformly
sublinear, using dominated convergence, we get that

(X' ) = (X1, 90)

in (S)*, and thus in particular weakly in L?(Q2). By uniqueness of the limits
we can conclude that

Y(p) = (Xt ) pras.,

thus proving the assertion.

Note that there exists a subsequence n(k) such that (X;" (k), ©) converges
for every ¢, that is, n(k) is independent of ¢. To see this, let x = 0 and
choose n(k) such that

th(k)p — Xl?

in L?(2). If there exists ¢ € C§°(R) and € > 0 such that H(th(k),@ —

(X1, ¢)|| > € we may by the above extract a further subsequence <Xf(k(j)), ©)
converging to (X¢, ¢), which gives a contradiction. From now we denote this
subsequence by n for simplicity.

We now proceed to prove that (z — X¥) € L?(Q; WHP(U)): Because
of Lemma 3.5 we get that (z — X,;"") is bounded in L?(Q; W1P(U)), thus
relatively compact in the weak topology. Then there exists a subsequence

14



n(k) such that th(k)" converges weakly to an Y € L?(Q; W1P(U)). Then
for all A € F and ¢ € C§° we have

E[1a(Xe.¢)] = lim E[14(X;/Y, o))

d XMB) oV = —E[14(Y, 9)].

hm E[lA(d

Hence we have
(Xe, @) ==Y, ) pras. (13)
Finally, we need to show that there exists a measurable set Qo C 2 with
full measure such that X; has a weak derivative on this subset. To this end
choose a sequence {p,} in C*°(R) dense in I/VO1 P(U). Choose a measurable
subset €, of Q with full measure such that (13) holds on €2, with ¢ replaced
by ¢,. Then Qg := N;,>1€), satisfies the desired property.
O

Remark 3.9. By a similar argument as in the above proof, one can show
that there exists a subsequence n(k) such that th(k)’m — X¥ in L*(2) for all
t and x, i.e. the choice of subsequence is independent of t and x. From now
on we shall always use this subsequence, for simplicity denoted by n.

Lemma 3.10. For all p € (1,00) there exists a T > 0 such that we have
X; € LX(Q,WYP(R, e~ d))
for every t € [0,T].

Proof. It suffices to show that E[( [p |-L XF[Pe=® "dx)?/P] < co. To this end,
let X;"" denote the sequence approximating X7 as in the previous lemma.
Assume first that p > 2. Then by Holder’s inequality w.r.t. p we have

/| e da)27
d s \P

< |\ B[] |=X""Pe™
_< [/erx nejpe dx) ]

which is finite from Fubini’s theorem in connection with the bound in 3.5.
For 1 < p <2, by Hélder’s inequality w.r.t. e~*"dz we have

BI([ 1P ) < ([ wi@dn)® P [ B xR .
R R dx

In both cases we can find a subsequence converging to an element Y &
L?(Q, LP(R, e_“’Adx)) in the weak topology, in particular for every A € F
and f € LY(R, e ""dz) (q is the Holder conjugate of p) we have

lim ElA/ 2 X7 () e ) :E[lA/]RY(m)f(x)ex4dx].

k—o0

15



If we let f(z) = e () for ¢ € CS°(R)) we see from the previous theorem
that ¥ must coincide with the weak derivative of X. This proves the claim.

O

In the sequel let us denote by

/R Fy)dLY(X7) (14)

the integral of a measurable function f : R — R with respect to the local time
of X in space. For more information about local time spatial integration,
the reader is referred to [2| and [15].

Proposition 3.11. The spatial and Malliavin derivatives of the solution X}
to (2) have the following explicit representations, respectively,

XF = exp{= [ bdLi(x7) (15)

— exp(2 /0 CBOXT 4 (1— 0)2)d0(XE — ) — 2 /0 “p(XT)axT) (16)

which holds A x p almost everywhere, and for a fivred x € R we have

D.XF = expl= [ B)LI(X) + [ bu)dr(x7) (17)

R

1 t
= exp{Q/O bOXT + (1 — 0)XT)dO(XP — X7) — 2/ b(XF)dXE}
(18)

w-almost surely.

Proof. We will prove that the following convergence

X - el [ bz}

holds weakly in L2(U x Q) for any U C R open and bounded. This will
prove (15). To see (16), we refer to [15].

To this end we will use the fact that the set of functions {p®exp{ fo s)dBs}}
is total in L2(U x Q) when ¢ ranges through C§°(U) and h ranges through
the step functions defined on [0,7]. We have by the Girsanov’s theorem

‘ so®exp{/ s)dB } X" — exp{— / ALY (X)}) 12U x)

/ eXp{/ §)AX ™"} exp{— / y)dLY (z + B. )}5(/; (2 + By)dB.)|dz

16



/ exp{/ $)dX"} exp{— / (y)dLY(x + B. )}5(/0t b(z + By,)dB,)|ds

S‘/ o(z)E (exp{/ (s)dX"} = exp{/ s)dX{} >

« exp{ / (2 + By)ds}&( / (2 + Bu)dBy)]dx
/ exp{/ s)dX7}

« <exp{ / V. (z + B,)ds} — exp{— / b(y)dLY (z + B.)> £( /O ool + By)dB,)dx
‘/ eXp{/ $)dXT} exp{— / y)dLY (z + B}

x (5(/0 bn (2 + Bu)dB,) — 5(/: b(z + Bu)dBu)>]dx
= 0+ i) + 1)

_l’_

For the first term, since {eXp{fO bl (v + Bs)ds}E( fo (x + By)dBy)}n>1 is
bounded in LQ(Q) provided T is small enough we have

< [ leta ruexp{/ (s)dX77} — exp{/ $)AXH| 200y X

t ¢
I exp{/ b (x + Bs)ds}g(/ bn(z + Bu)dBy)|| 2 q)dx
0 0

We know that X;"" — X7 for all t and x (see Remark 3.9) in L?($). In par-
ticular, there exists a subsequence (still denoted n for simplicity) Converglng
1 almost surely. Since h is a step function we get fo 5)dXs" — fo s)dX?
w1 almost surely. By dominated convergence we have

lim i), = 0.

n—0o0

For the second term we use (see [15]) the following equality

t v, (z + Bs)ds = — [ b,(y)dL{(x + B.)
J /

0 R

1 t
= 2/ bn (2 + 0B;)dOB; — 2/ bn(x + By)dB,
0 0

and

1 t
/ b(y)dLY(z + B) = —2 / bz + 0B,)dOB, + 2 / b(w + By)dB,.
R 0 0

17



It is readily seen that (for a subsequence if neccessary)

/ bn(y)dLY(z + B.) — / b(y)dL{(xz + B.)
R R

w almost surely. Using dominated convergence similar as for the first term
we get

lim i), = 0.
n—oo

For the last term notice that 6'(f(;t bp(z+ B,)dB,) — S(fot b(z+ By,)dB,)
p-almost surely (possibly for a subsequence. We note that {&( fot bp(x +
B.)dBy)}n>1 is bounded in, say, L*(Q2) as long as T is small enough. By
uniform integrability we get

e[ nte+ BB ~ ([ b+ BB 130) — 0
as n — o0o. Using dominated convergence we get
i)y, — 0,
which completes the proof.

The equality (17) is proved similary.

We now prove the main theorem:

Proof of 3.2. We let § = T where T is as in Proposition 3.8. Let t,s € R
and let k € Z be such that

(k—1)0 <t—s<Kkd.
If k is positive, define

Gs,t(T) = Phstst © Pk—1)54s,ké+s O © Ps.65(T),

and for negative k we define

Gs,t(T) = Ptk © Pro(kt1)6,44k5 © *** © Pt t—5(T).

It is readily checked that this is a solution to (3). O

18



4 Two Examples

In this section we will consider two specific examples of irregular drift coeffi-

cients which fit into the previous results. However, it is shown here that the

solutions to these equations actually have a continuously differentiable flow.
We shall need two preliminary results.

Lemma 4.1. Let a € (0,1) be given. Then there exists a T, > 0 such
that for every t € [0,Ty] the solution X has a Hélder continuous version of
exponent o in x on bounded sets.

Proof. For t = 0 this is obvious, so assume ¢ > 0. We know that X;"* — X}
in L2(Q) and we may extract a subsequence which converges p-a.s. (still
denoted by n). Let k € N be such that % > « and choose T}, such that

_ 2
sup E[| ¢y, ,(x)[F] < 7%
n

xT

for some constant c. Since x — X, is continuously differentiable we have

1
El|¢ni(z) = dni(y)"] = E| /0 SOz + (1 —0)y)do|*]jx — y|*

1
< / $1/260(0a+(1=001)° gg g0 g |k,
0

Letting n tend to infinity and applying Fatou’s lemma we get

El|¢i(x) — ¢u(y)*] < C(t, 2, y)le — yl*.
By Kolmogorov’s lemma we get the result with T, = T}. O

Lemma 4.2. Let —co < a < b < oo. For every v < 1/2 there exists
an interval [0,T] such that there exists a Hoélder continuous version of the

mapping .
xr—>/ 1(a,b}(Xff)dBu
0

with exponent . Similary for every v < 1 there exists a Holder continuous
version of the mapping

¢
- / o (X7)du
0
with exponent .

Proof. We begin by noting that there exists a constant C), such that
t
Bll [ 10 (XS]] < Colo = ul” (19)
0
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for every u,v € R. Indeed, we have

|/ ] (XT)ds["] |/ LY(X7)dy|"]

<@-ut [ By
and since b is sub-linear we have by ihe BGD-lemma that
BILYX)") < ol BN —al)+2! | (ko + kol X s + 6172,
where the right-hand side is independent of y. Inequality (19) follows.
Let @ € (0,1). Let T be as in Lemma 4.1. For K € N define the stopping

time
TK = inf{t >0: HXtHCO‘ > K}

By the BGD-lemma
tATK
B[ /0 (Lo (X2) = 1y (X2)) dB.)*] <C1E[( /0 (Lo (X2) — 10y (X2))?du)")
tATK
<O (E[(/ Lixze(ap), xv<a}dw)"]
tATK ’
B[ oxgetanson o))
Ot/\TK
+E(( /O 1 xtetasxz <o d0)")

tATK
+ E[(/o 1{X3€(a,b],xg>b}du)n]> .

For the first term, since X2 — K|z — y|* < X4, we get

Lixse(ap,xy<a) < L{Xze(ab) X2 —K|z—y|*<a}
and

tATK
B /0 Lz <bnas Kio—yfoyy )] < Cicnlz — y|™

from (19). The other terms are dealt with similarly. This leads to

t/\TK i
E[(/O L) (X2) = Lo (XD)dB,)?"] < Crenla — g™

For a given v € (0, ) we see that we can choose o and n such that we may
invoke Kolmogorov’s lemma to get the result.
The second assertion is proved similarly.
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4.1 Step functions

In this section we will consider the case where b is a step function. More
precisely, we assume that there are real numbers —co < y; < -+ < yy < 0
and by,...by € R such that

N-1

b(y) = > bil(y,yern(¥)- (20)

=1

In particular, we have k; = max;<;<n |b;| and k2 = 0 in (1). From Proposi-
tion 3.11 we get that the corresponding solution of (2) is weakly differentiable
and

XF = exp{= [ bdLi(x7)
N-1
= exp{— Y bi(L{" (X7) — LI (X7)}.
1=1

Recall that the local time of X* (at the point y) can be defined as the
following process

t
L{(XT) = X =yl — |z —y| —/ sgn(X§ — y)d Xy, (21)
0

Let 0 < o < 1. By Lemma 4.1 we can pick a version of X} of which every
trajectory is Holder continuous in x of order . We then see that the first
term in the right hand side of (21) is also C*. The second term is obviously
Lipschitz in x.

For the remaining term, we write

t t
/0 sgn(X3—y)dXs = Z b; </ sgn(Xg — y)1(y, v (X5)ds —i—/o sgn(Xy — y)st> .

(22)
If we now write

t t t
/O sgn(X? — y)dB, = /O 1y.oe (X2)dB, — /0 1oy (XT)dB,

and .
/0 sgn(Xg — y)l(yi,yiﬂ}(Xg)dS
f(;t 1(yi7yi+1](Xsm)dS , Y > Yirl

= - fé 1(yi7yi+1](X§)dS . s Y S Y s
- fo Ly, ) (X7)ds + fo 1(y,yi+1](X;E)dS Y € (Yi, Vi)
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we get from (22) and (21) that there exists a version of 2 — LY(X?) which
is Holder continuous of order av < 1/2.

Combining the above with the explicit representation of the spatial de-
rivative of X we can summarize:

Theorem 4.3. Assumeb is a step function of the form (20). For any number
0 < a < 1.5 the corresponding solution X7 to (2) has a version which is
Hoélder continuous of order o in x. In particular, the mapping x — X[ is
continuously differentiable.

4.2 Continuous and Unbounded drift

In this section we consider the drift b(y) = yli.)(y) where ¢ € R. By
Proposition 3.4 we know that there exists an interval [0, 7] and a solution
on this interval:

t
XP =g+ / X200 (XE)du + By,
0

which is weakly differentiable in x and Malliavin differentiable in w.
Moreover, we have

d t
EXE = exp{eLi (X7 + [ Moo (XE)du) (23

for Lebesgue almost every z and p-a.s. The Malliavin derivative can be
expressed

t
DLXF = explel( LX) ~ LX) + [ Lo (XD du)

To see this we note that by Proposition 3.11 it is enough to prove that

t
- /R Yooy ()dLY (X7) = /0 ooy (XZ)du + cL(X).

We start by noting that y — L}(X?) has a continuous modification.
Indeed, by [15], Chapter VI. Local Times, we get that there exists a cadlag
modification of y — LY(X*) and we have

t
LI(X®) - L} (X7) = 2/ Lix,—yyb(Xs)ds = 0.
0
Fix z and Qo C Q with full measure such that y — L7(X?) is continuous

and the equalities (15) and (17) hold on €.
Define an approximating sequence

0 ,yﬁc—%
bu(y) =< ney+c(l—ne) ,e—L<y<e
) ,CS Y
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Then each by, is differentiable almost everywhere and b, (y) — b(y) for every
y e R.
It can be verified that

t t
/ bn(X2)dX? — / b(XD)dXZ, p—a.s.
0 0

as n — 00, and so that
1 t
/bn(y)de{(X_m) :2/ b (60X — (1 —0)r)dd( X} —x) — / b (X)d X
R 0 0
1 t
—>2/ b(OXY — (1 —0)x)do(X] — = —2/ b(X:)dX,
0 0

= / b(y)dLY(X*), p— a.s.
R

as n — oo. Furthermore, we notice that since b, is almost everywhere
differentiable we have

- / ba(y)dLY(X7) = / b, (y) LY (X®)dy
R R

The last term can be rewritten

t
/R ooo) (0) LY (X)dy = /0 1o o) (X2)du

and by the continuity of y — LY(X?) the first term converges to cL§(X7).

Finally, we show that x — %Xf actually has a continuous modification
using the representation (23).

Continuity of z — fot Lie,00) (X3 )du follows by a similar argument as in
Section 4.1.

To see that L{(X™) is continuous in z we rewrite

t t
LX) = 1XF — o~ el = [ sgn(X] = Ol (X2)XEds — | sgn(XF - c)ab.
0 0

¢ ¢
7 =l o —el = [ Lom(XDXTds — [ sgn(x7 - c)ab,
0 0
t
=Xy —¢c|—|lzv—c - (X —2x—By) — / sgn(X7 — ¢)dBs,
0

since X[’ solves the SDE. Similar as above we can prove that x — fg sgn(XZ—
¢)dB; has a continuous version and likewise for x — L§(X7).
Then we see that

d

t
X7 = exp{eLf(X7) + [ 1o (X0}
0

has a continuous modification.
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5 Stochastic Transport Equation

In this section we will apply the results of the previous section to obtain
continuously differentiable solutions of the Stochastic Transport Equation.
This section will not include detailed proofs as the result is built on the
existing result found in [12].

The stochastic transport equation is the following equation

{ dyu(t,z)+ blz)Zu(t,z)dt + Lu(t,x) o dBy =0
u(0,z) = uo(x),
where b : R — R is a given function and ug : R — R is a given initial data.
The stochastic integration is understood in the Stratonovich sense.

By a continuously differentiable, weak L°°-solution of the transport equa-
tion (24) we mean a stochastic process u € L*°(£2 x [0,T] x R) such that, for

(24)

every ¢, the function u(t, -) is continuously differentiable a.s. with E[| a%u(t, x) {4] <
oo and for every test function § € C§°(R), the process [g 0(x)u(t, z)dz has

a continuous modification which is an F;-semi martingale and

/R 0(z)u(t, z)dx = / 0(z)uo(z)dx

R
_ /0 t /R %u(S,x)b(:ﬂ)H(:ﬂ)dxds

" /0 ( /R u(s,x)@'(:v)dx) o dB,. (25)

Remark 5.1. Note that the Stratonovich integral may be written

/O t ( /R u(s,x)@'(x)dx) o dB,
_ /0 t ( /R u(s,x)@'(:v)dx) dBS+% /0 t < /R u(s,x)ﬂ”(x)dx) ds.

Since we don’t know if u(s, ) is twice differentiable, we cannot use integration
by parts in the last term. Thus, we need to integrate agains test-functions
for this definition.

Theorem 5.2. Let b be a step function as in (20), and let ug € CL(R?).
Then there exists a unique continuously differentiable, weak L°°-solution
u(t,x) to (24). Moreover, for fized t and x, this solution is Malliavin-
differentiable.

Proof. Since b is bounded, we get by [12] that (24) is uniquely solved by the
weakly differentiable funtion

u(t, ) = uo(¢y ' (x)).

By Theorem 4.3 we know that there exists a version of  — ¢; ! () which is
continuously differentiable. This proves the claim. O
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6 Appendix

The following result which is due to [1] provides a compactness criterion for
subsets of L?(11) using Malliavin calculus. See e.g. [13] for more information
about Malliavin calculus.

Theorem 6.1. Let {(2, A, P); H} be a Gaussian probability space, that is
(Q, A, P) is a probability space and H a separable closed subspace of Gaussian
random variables of L?(QY), which generate the o-field A. Denote by D the
derivative operator acting on elementary smooth random variables in the
sense that

D(f(h1,.. hn)) =D 0if(ha,... . hn)hi, hi € H, | € C3°(R™).
=1
Further let D12 be the closure of the family of elementary smooth random
variables with respect to the norm
1E1 2 = 1Fll L2y + D 200y -

Assume that C is a self-adjoint compact operator on H with dense image.
Then for any ¢ > 0 the set

G ={G €Dz Gllzg + [CTD G| o <}

is relatively compact in L*(9).

In order to formulate compactness criteria useful for our purposes, we
need the following technical result which also can be found in [1].

Lemma 6.2. Let vs, s > 0 be the Haar basis of L2([0,1]). For any 0 < a <
1/2 define the operator A, on L*([0,1]) by

Aqvg = 2k if s =2F +

fork20,0§j§2k and
Al =1.

Then for all B with o < < (1/2), there exists a constant ¢1 such that

Lo -sF )
Aafl < e Wlooay + ([ [

A direct consequence of Theorem 6.1 and Lemma 6.2 is now the following
compactness criterion which is essential for the proof of Corollary 3.7 and
Proposition 3.4:

25



Corollary 6.3. Let X, € D2, n =1,2..., be a sequence of F\-measurable
random variables such that there are constants > 0 and C > 0 with

SupHX HL2 ) < C

LR ||DtX ~DeXlP]
SUP — p/[1+28 =

and

1
Sup/ E (| DX, |?] dt < C.
n Jo

where Dy denotes Malliavin differentiation. Then the sequence X,, n =
1,2..., is relatively compact in L*(Q).
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