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Sobolev Differentiable Stochastic Flows for SDE’s with Singular
Coeflicients: Applications to the Transport Equation
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Abstract
In this paper, we establish the existence of a stochastic flow of Sobolev diffeomorphisms
RY> 2z — ¢, (z) €RY, st €R,
for a stochastic differential equation (SDE) of the form
dX, =b(t,X;)dt + dB;, s,t e R, X, =uxecR%

The above SDE is driven by a bounded measurable drift coefficient b : R x R* — R% and
a d-dimensional Brownian motion B. More specifically, we show that the stochastic flow
¢5.4(-) of the SDE lives in the space L2(Q; WHP(RY, w)) for all s,t and all p > 1, where
WP (RY, w) denotes a weighted Sobolev space with weight w possessing a p-th moment with
respect to Lebesgue measure on R?. This result is counter-intuitive, since the dominant
‘culture’ in stochastic (and deterministic) dynamical systems is that the flow ‘inherits’ its
spatial regularity from the driving vector fields.

The spatial regularity of the stochastic flow yields existence and uniqueness of a Sobolev
differentiable weak solution of the (Stratonovich) stochastic transport equation

{ du(t, )+ (b(t, ) - Du(t,x))dt + X% e; - Du(t, ) o dBi = 0,
U(O,JZ) = ’U,O(IL' )

where b is bounded and measurable, ug is C} and {e;}%_, a basis for R Tt is well-known that

the deterministic counter part of the above equation does not in general have a solution.
Using stochastic perturbations and our analysis of the above SDE, we establish a deter-

ministic flow of Sobolev diffeomorphisms for classical one-dimensional (deterministic) ODE’s
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driven by discontinuous vector fields. Furthermore, and as a corollary of the latter result, we
construct a Sobolev stochastic flow of diffeomorphisms for one-dimensional SDE’s driven by
discontinuous diffusion coefficients.
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1 Introduction

In this article we analyze the spatial regularity in the initial condition € R? for strong
solutions X* to the d-dimensional stochastic differential equation (SDE)

t
X5 gt / b(u, X3%)du + By — Bs, st € R. (1)
S

In the above SDE, the drift coefficient b : RxR? — R? is only Borel measurable and bounded,
and the equation is driven by standard Brownian motion B. in R

More specifically, we construct a two-parameter pathwise Sobolev differentiable stochastic
flow

RxRxR?> (s,t,2) — ¢, ,(x) € R?
for the SDE (1) such that each flow map

R? >z — $s4(2) € R
is a Sobolev diffeomorphism in the sense that
bse() and ¢} (1) € L2(Q,WHP(R% w)) (2)

for all s,t € R, all p > 1. In (2) above, W'P(R? w) denotes a weighted Sobolev space of
mappings R? — R with any measurable weight function w : R — [0, 00) satisfying the
integrability requirement

/ (1+ |2[")w(z)dr < . (3)
Rd

In particular, ¢,(-) is locally a—Hélder continuous for all o < 1. When the SDE (1) is
autonomous, we show further that the stochastic flow corresponds to a Sobolev differentiable
perfect cocycle on R?. For precise statements of the above results, see Theorem 3 and
Corollary 5 in the next section.

In this article we offer a novel approach for constructing a Sobolev differentiable stochastic
flow for the SDE (1). Our approach is based on Malliavin calculus ideas coupled with new
probabilistic estimates on the spatial weak derivatives of solutions of the SDE. A unique
(pleasantly surprising) feature of these estimates is that they do not depend on the spatial
regularity of the drift coefficient b. Needless to say, the existence of differentiable flows for
SDE’s with measurable drifts is counter-intuitive: The dominant ‘culture’ in stochastic (and



deterministic) dynamical systems is that the flow ‘inherits’ its spatial regularity from the

driving vector fields. Furthermore, in the stochastic setting, the stochastic flow is in general

even a little ‘rougher’ in the space variable than the driving vector fields. (cf. [22], [28]).
The existence of a Sobolev differentiable stochastic flow for the SDE (1) is exploited

(Section 3) to obtain a unique weak solution u(¢, z) of the (Stratonovich) stochastic transport

equation

{ du(t,x)+  (b(t, ) - Du(t,x))dt + 3L e; - Du(t,z) o dBi = 0 )

U(O, .’B) = Uuo (':U )

when b is just bounded and measurable, ug € C} (R%), and {e;}, a basis for R%. This result
is surprising since the corresponding deterministic transport equation is in general ill-posed.
Cf. [1], [8]. We also note that our result holds without the existence of the divergence of b;
and furthermore, our solutions are spatially (and also Malliavin) Sobolev differentiable (cf.
[14]).
In Section 4, we apply the ideas of Section 2 to show the existence of a family of solutions
f(f of the one-dimensional ODE
%:b(}h), teR, Xo=zcR, (5)
which are locally of class W2 in & (Theorem 26, Section 4). This result is obtained under
the requirement that the coefficient b is monotone decreasing and is either bounded above or
below. The proof of the result uses a stochastic perturbation argument via small Brownian
noise coupled with local time techniques. As far as we know, it appears that the above result
is new. Furthermore, solutions to the ODE (5) generate a one-parameter group of W2
diffeomorphisms of R onto itself. As a consequence of the above result, we construct a W2
perfect cocycle of diffeomorphisms for solutions of the one-dimensional Stratonovich SDE:

dXF =b(X?) odB;, t e R, X =umz€R. (6)

It is surprising that such regularity of the flow is feasible despite the inherent discontinuities
in the driving vector field of in the ODE (5) and the SDE (6). SDE’s with discontinuous
coefficients and driven by Brownian motion (or more general noise) have been an important
area of study in stochastic analysis and other related branches of mathematics. Important
applications of this class of SDE’s pertain to the modeling of the dynamics of interacting
particles in statistical mechanics and the description of a variety of other random phenomena
in areas such as biology or engineering. See e.g. [33] or [23] and the references therein.
Using estimates of solutions of parabolic PDE’s and the Yamada-Watanabe principle, the
existence of a global unique strong solution to the SDE (1) was first established by A.K.
Zvonkin [41] in the 1—dimensional case, when b is bounded and measurable. The latter work
is a significant development in the theory of SDE’s. Subsequently, the result was generalized
by A.Y. Veretennikov [39] to the multi-dimensional case. More recently, N.V. Krylov and
M. Rockner employed local integrability criteria on the drift coefficient b to obtain unique
strong solutions of (1) by using an argument of N. I. Portenko [33]. An alternative approach,
which doesn’t rely on a pathwise uniqueness argument and which also yields the Malliavin
differentiability of solutions to (1) was recently developed in [27], [26]. We also refer to the
recent article [5] for an extension of the previous results to a Hilbert space setting. In [5], the
authors employ techniques based on solutions of infinite-dimensional Kolmogorov equations.



Another important issue in the study of SDE‘s with (bounded) measurable coefficients is
the regularity of their solutions with respect to the initial data and the existence of stochastic
flows. See [22], [28] for more information on the existence and regularity of stochastic flows
for SDE’s, and [29], [30] in the case of stochastic differential systems with memory. Using the
method of stochastic characteristics, stochastic flows may be employed to prove uniqueness
of solutions of stochastic transport equations under weak regularity hypotheses on the drift
coefficient b. See for example [14], where the authors use estimates of solutions of backward
Kolmogorov equations to show the existence of a stochastic flow of diffeomorphisms with
o/-Holder continuous derivatives for o' < «, where b € C([0,1]; C2(R?)), and C¢(R?) is the
space of bounded a—Hoélder continuous functions. A similar result also holds true, when
b € LI([0,1]; LP(RY)) for p,q such that p > 2,q > 2,% + % < 1. See [12]. Here the authors
construct, for any o € (0,1), a stochastic flow of a-Hoélder continuous homeomorphisms for
the SDE (1). Furthermore, it is shown in [12] that the map

R? 5z +— X% € LP([0,1] x Q;RY)

is differentiable in the LP(€2)—sense for every p > 2.

The approach used in [12] is based on a Zvonkin-type transformation [41] and estimates
of solutions of an associated backward parabolic PDE. We also mention the recent related
works [11], [10] and [2]. For an overview of this topic the reader may also consult the book
[15].5 In this connection, it should be noted that our method for constructing a stochastic
flow for the SDE (1) is heavily dependent on Malliavin calculus ideas together with some
difficult probabilistic estimates (cf. [26]).

Our paper is organized as follows: In Section, 2 we introduce basic definitions and nota-
tions and provide some auxiliary results that are needed to prove the existence of a Sobolev
differentiable stochastic flow for the SDE (1). See Theorem 3 and Corollary 5 in Section 2.
We also briefly discuss a specific extension of this result to SDE’s with multiplicative noise.
In Section 3 we give an application of our approach to the construction of a unique Sobolev
differentiable solution to the (Stratonovich) stochastic transport equation (4). Ideas devel-
oped in Section 2 are used in Section 4 to show the existence and regularity of a deterministic
flow for the one-dimensional ODE (5), and a perfect cocycle for the one-dimensional SDE

(6)-

2 Existence of a Sobolev Differentiable Stochastic Flow

Throughout this paper we denote by B; = (Bt(l), s Bt(d)), t € R, d—dimensional Brownian
motion on the complete Wiener space (Q, F, 1) where Q := C(R;R?) is given the compact
open topology and F is its u-completed Borel o-field with respect to Wiener measure pu.

In order to describe the cocycle associated with the stochastic flow of our SDE, we define
the p-preserving (ergodic) Wiener shift 6(t,-) : Q2 — Q by

O(t,w)(s) ==w(t+s)—w(t), we, t,seR.

5 After completing the preparation of this article, personal communication with F. Flandoli indicated work
in preparation with E. Fedrizzi [13] on similar issues regarding the regularity of stochastic flows for SDE’s,
using a different approach.



The Brownian motion is then a perfect heliz with respect to #: That is

By, 41, (w) — By, (w) = By, (H(tlv w))

for all ¢1,t2 € R and all w € ). The above helix property is a convenient pathwise expression
of the fact that Brownian motion B has stationary ergodic increments.

Our main focus of study in this section is the d-dimensional SDE
t
X —:U+/ b(u, X3%)du + B; — By, s,t €R, z € R%, (7)
S

where the drift coefficient b : R x R — R? is a bounded Borel measurable function.

It is known that the above SDE has a unique strong global solution X** for each z € R?
( [39] or [26], [27]).

Here, we will establish the existence of a Sobolev-differentiable stochastic flow of diffeo-
morphisms for the SDE (7).

Definition 1 A map R x R x R? 5 (s,t,2,w) — bs (7, w) € RY is a stochastic flow of
homeomorphisms for the SDE (7) if there exists a universal set Q* € F of full Wiener
measure such that for all w € QF, the following statements are true:

(i) For any x € R, the process ¢, (z,w), s,t € R, is a strong global solution to the SDE (7).
(ii) ¢g4(x,w) is continuous in (s, t,x) € R x R x R%.

(“Z) ¢s,t('vw) = ¢u,t('vw) ° ¢s,u('7w) for all s,u,t € R.

(iv) ¢s s(v,w) =z for all v € RY and s € R.

(v) ¢s (- w) : R? — R? are homeomorphisms for all s,t € R.

A stochastic flow ¢, ,(-,w) of homeomorphisms is said to be Sobolev-differentiable if for
all s,t € R, the maps ¢, 4(-,w) and gbs_’tl(-, w) are Sobolev-differentiable in the sense described
below.

From now on we use || to denote the norm of a vector in R or a matrix in R*9,

In order to prove the existence of a Sobolev differentiable flow for the SDE (7), we need to
introduce a suitable class of weighted Sobolev spaces. Fix p € (1, 00) and let w : R? — (0, 00)
be a Borel measurable function satisfying

/ (1+ |z|P)w(z)dx < . (8)
Rd

Let LP(RY, w) denote the Banach space of all Borel measurable functions u = (u, ..., ug) :
R? — R? such that

/ lu(z)|P w(z)dr < oo, 9)
R4

and equipped with the norm

1/p
lll ) = [ / |u<x>|pw<x>dw] .
]Rd



Furthermore, denote by WP (R% w) the linear space of functions v € LP(RY, w) with weak
partial derivatives Dju € LP (RY,w) for j = 1,...,d. We equip this space with the complete

norm
d

lly s 2= el sy + 3 D50l gy (10)
ij=1
We will show that the strong solution X, of the SDE (7) is in L?(2, LP(R?,w)) when
p > 1 (see Corollary 11). In fact, the SDE (7) implies the following estimate:

X7 < eplal” + [t = s[” 1Bl + [Be — Bsl”).

for all s,t € R, z € RY,

On the other hand, it is easy to see that the solutions X, of SDE (7) are in general not
in LP(R?, dx) with respect to Lebesgue measure dz on RY: Just consider the special trivial
case b = 0. This implies that solutions of the SDE (7) (if they exist) may not belong to
the Sobolev space WP (Rd, dz),p > 1. However, we will show that such solutions do indeed
belong to the weighted Sobolev spaces WP (R?, w) for p > 1.

Remark 2 (i) Let w : R? — (0,00) be a weight function in Muckenhoupt’s A,—-class
(1 < p < o0), that is a locally (Lebesgue) integrable function on R® such that

where the supremum is taken over all balls B in R® and \g is Lebesque measure on R%. For
exzample the function w(z) = |x|7 is an A,—weight iff —d < v < d(p — 1). Other examples
of weights are given by positive superharmonic functions. See e.g. [18] and [21] and the
references therein. Denote by H'P(R? w) the completion of C®(RY) with respect to the
norm |||y, ., @ (10). If w is a Ap—weight, then we have

WP (RY, w) = HYP(RY, w)

forall1 <p < oco. See e.g. [18].
(ii) Let po = inf{q > 1: w is a A;—weight} and let u € WYP(RY, w). If py < p/d, then u is
locally Holder continuous with any exponent o such that 0 < o < 1 — dpg/p.

We now state our main result in this section which gives the existence of a Sobolev
differentiable stochastic flow for the SDE (7).

Theorem 3 In the SDDE (7), assume that the drift coefficient b is Borel-measurable and
bounded. Then the SDE (7) has a Sobolev differentiable stochastic flow ¢, : R — RY, 5.t €
R: That is

0st() and ¢.; () € L2(Q,WHP (R, w))

for all s,t € R and all p > 1.

Remark 4 If w is a Ap—weight then it follows from Remark 2 (ii) that a version of ¢ (-)
1s locally Holder continuous for all 0 < o < 1 and all s,t.



The following corollary is a consequence of Theorem 3 and the helix property of the
Brownian motion.

Corollary 5 Consider the autonomous SDE
t
X" :1:+/ b(X;*)du+ By — Bs, s,t € R, (11)
S

with bounded Borel-measurable drift b : R — R%. Then the stochastic flow of the SDE
(11) has a version which generates a perfect Sobolev-differentiable cocycle (¢q 4, 0(t,-)) where
0(t,-) : Q@ — Q is the u-preserving Wiener shift. More specifically, the following perfect
cocycle property holds for all w € Q and all t1,t2 € R:

¢0,t1+t2(.’w) = ¢0,t2('7 g(tl’w)) © ¢0,t1("w)

We will prove Theorem 3 through a sequence of lemmas and propositions. We begin by
stating our main proposition:

Proposition 6 Let b : R x R* — R be bounded and measurable. Let U be an open and
bounded subset of RY. For each t € R and p > 1 we have

X, € LA(Q;WhP(U))

We will prove Proposition 6 using two steps. In the first step , we show that for a bounded
smooth function b : [0, 1] x R? — R with compact support, it is possible to estimate the
norm of X; in L?(Q, W'P(U)) independently of the size of b, with the estimate depending
only on ||b]|sc. To do this we use the same technique as introduced in [26].

In the second step, we will approximate our bounded measurable coefficient b by a
sequence {b, }5° ; of smooth compactly supported functions as in step 1. We then show that
the corresponding sequence X," of solutions is relatively compact in L?(£2) when integrated
against a test function on R%. By step 1 we use weak compactness of the above sequence in
L2(Q,WLP(U)) to conclude that the limit point X; of the above sequence must also lie in
this space.

We now turn to the first step of our procedure. Note that if b is a compactly supported
smooth function, the corresponding solution of the SDE (1) is (strongly) differentiable with
respect to x, and the first order spatial Jacobian 8%Xgﬂ satisfies the linearized random ODE

p@ﬁ—ymﬁ&mﬁ (12)

2 %0 = La

where Z is the d x d identity matrix and b/(¢t,z) = (%b(j)(t, x)) ey denotes the spatial
¢ 727]7

Jacobian derivative of b.
A key estimate in the first step of the argument is provided by the following proposition:

Proposition 7 Assume that b is a smooth function with compact support. Then for any
p € [1,00) and t € R, we have the following estimate for the solution of the linearized
equation (12):

sup Bl X7 PP} < Caylb]1)

z€R4 T
where Cqp is an increasing continuous function depending only on d and p.



The proof of Proposition 7 relies on the following of sequence lemmas which provide
estimates on expressions depending on the Gaussian distribution and its derivatives. To this
end we define for P(t,z) := (2mt)¥2e~12F/2 ¢ > 0, where |z| is the Euclidean norm of a
vector z € R,

Lemma 8 Let ¢,h : [0,1] x R? — R be measurable functions such that |¢(s,z)| < e~ lI=17/3s
and ||hso < 1. Also let a, B € {0,1}¢ be multiindices such that |a| = |8| = 1. Then there
exists a universal constant C (independent of ¢, h, a and [3) such that

1 gt
/ / / d(s, 2)h(t,y)D*DPP(t — s,y — z)dydzdsdt| < C.
1/2 Jt/2 JRd JRd

Furthermore, there is a universal positive constant (also denoted by) C such that for measur-
able functions g and h bounded by 1, we have

<C

1 t
1/2 Jt/2 JRd JRd

and

1t
/ / / / g(s,2)DVP(s,2)h(t,y)D*DPP(t — s,y — z)dydzdsdt| < C'.
172 Jt/2 Jrd JRd

Proof.

We will only give a proof of the first estimate in the lemma. The proofs of the second
and third estimates are left to the reader.

Denote the first integral in the lemma by I. Let I,m € Z% and define [I,] + 1) :=
(DD 4 1) x - x [1D 1@ 4 1) and similarly for [m, m + 1). Truncate the functions ¢, h
by setting le(sv Z) = ¢(Sv Z)l[l,l—i-l)(z) and hm(tvy) = h(tay)l[m,m+1)(y)'

In the first integral, we replace ¢, h by ¢;, hy, respectively, and thus define

1 gt
I = / / / d1(5,2) b (t,y) DO DPP(t — s,y — 2)dydzdsdt
1/2 Jt/2 Jrd JRd

Therefore we can write I = Zl,mEZd I . Below we let C' be a generic constant that may
vary from line to line.

Assume ||l — m)|oo := max; [I) —m@| > 2. For z € [I,1+1) and y € [m,m + 1) we have
Iz =yl > ||l = m|lco — 1. If & # 8 we have that

(200 — y@)(20) — 4(@))
(t—s)?

DDPP(t —s,2—y) = P(t—s,y—=2)

for a suitable choice of 7, j. Then we can find C such that
|IDYDPP(t — s,z — y)| < Celi=mlleo=2)2/4,

If @ = B, we have

(D*)2P(t — s,y — 2) = <(y(i) —2 1) Pl—sy=z)

t—s t—s



and similarly we find C such that
(D¥2P(t — 5,y — 2)] < Ce~h-mllw=2P/4

In both cases we have |Ij,,| < Ce Il /8e=(li=mlle=2)*/4 and it follows that

> Lml<C

[l=mlloc=>2

Assume ||l —m||oc < 1 and let ¢;(s,u) and (¢, u) be the Fourier transform in the second
variable, defined by

B (t,u) == (27) "2 [ h(t, z)e (") dg
Rd

and similar for ¢;(s,u). By the Plancherel theorem we have that

/ &Sl(s,u)Qdu = / qbl(s,z)de < C’e_W||2/6
R4 Rd
for all s € [0,1] and

/ B (t, 1) % du :/ P (t, y)2dy < 1.
Rd

R4

We can write
1 gt
I m = / / &1 (8, 1) han (8, —u)uDu) (¢ — s)e_(t_s)”“HQMdudsdt. (13)
1/2 Jt/2 JRd

To see this, start with the right hand side. Then we have by Fubini’s theorem

/ il’m(tv —U)Q%I(S, U)UZUJ (t — 3)6_(t_5)“u“2/2du

R

= (27T)d/ / / B (t, x)ei(u,sc)d)l(s7 y)efi(u,y)uiuj (t — S)e,(t,s)Huuz/Zdudxdy _
R4 JRd JRd

:/ / B (t, )y (s, 9)(t — s) [(27r)_d/ et =v)yyigd e~ (=)ull*/2 gy | ddy
Rd JRd R4

Now look at the expression in the square brackets. Substitute v =/t — su to get

(2m)~¢ / i =y) i d o= (=) [ul2/2 g,
R4

v v/

Vi—8s\t—s
z—y

— 2 (e — ) (= o)t [T e g
R4

=yt — ) [ S
R4




Now put f(v) = e I"I°/2 and p(v) = v®v1). From properties of the Fourier transform we
know that pf = D*DPf and f = f. This gives that the above expression is equal to

(@2m)%(t — )" ¥2(t — 5) "' DD’ f ( xt—_y3> — (t— ) 'D*DPP(t — 5,2 — y)

This gives the equation (13). ) ) .
Applying ab < %a2c + %b%_l with a = (;Sl(s,u)u(i), b= hn(t, —u)u(J) and ¢ = ellll*/12 we

get
Tym| < / / / uld)? /12 N2 dudsdy
;/ / / (b, —10)2 (D)2 P2 = (=) el /2 gy g sy
;/ // w)?|ul|2e 1P/ 12— C=)llul*/2 gy g st

For the first term, integrate first with respect to ¢ in order to get

1 t
/ / (%l(sau)2HUH2€Hl”2/1267(t75)HuH2/2dudet < C€7Hl||2/12
/2 Jt/2 JRA

and for the second term, integrate with respect to s first to get

/ / / w)?|ul?e” 1012 /12 g~ (t=)llull®/2 gy g s qt < Ce=I1HI*/12
12 Je/2 Jra

which gives |1} | < CeI1I*/12 and hence

Z |Il,m| <C.

[l=mlleo<1
]
Using the previous lemma we can show the following:

Lemma 9 There is a universal constant C such that for every Borel-measurable functions g
and h bounded by 1, and r > 0

t t1
/ / / / g(t2, 2) P(ts — to, 2)h(t1, y) D*DP Pty — to,y — 2)(t — t1) dydedtadty
to Jto R4 JRA

<COA+r)7 Yt —to)

t1
/ / / / (t2, 2) DV P(ts — to, 2)h(t1,y)D*DP P(ty — ta,y — 2)(t — t1) dydzdtadty
to Rd

< C( 7“) 1/2( _t0>r+1/2_




Proof.
We begin by proving the estimate for ¢t = 1,9 = 0. From Lemma 9 we have that for each
k>0

2k t
/ / / / 9(s,2)P(s,2)h(t, y)DaDBP(t — s,y — 2)(1 —t)"dydzdsdt
2-k=1 J¢/2 JRd JRA

<O —27Fra=k,

To see this, make the substitutions t’ = 25t and s’ = 2Fs. Use the easily verified fact that

P(at,z) = a~%?P(t,a"'/?z) and substitute 2’ = 252z and y = 2¥/2y. Using h(t,y) :=

%h(u y) in Lemma (9), the result follows.
Summing this equation over k gives

<C(l+n)t

1 gt
/ / / / g(s,2)P(s,2)h(t,y)D*DPP(t — s,y — 2)(1 — t)"dydzdsdt
0 Jt/2 Jrd JRd

Moreover from the bound (?7?)

1 pt)2
/ / / / g(s,2)P(s,2)h(t,y)D*DPP(t — s,y — 2)(1 — t)"dydzdsdt
o Jo JraJRre

1 )2
< 0/ / (t— )~ (1 — ) dsdt < C(1 + 1)~
0 0

and combining these bounds gives the first assertion for t = 1,9 = 0. For general ¢ and tg

use the change of variables ¢} = tg:t?, to = %, y = (t —tg)" /2y and 2/ = (t — to) /22

The second assertion is proved similarly. =

We now turn to the following key estimate (cf. [6, Proposition 2.2]):

Lemma 10 Let B be a d-dimensional Brownian Motion starting from the origin and by, ..., b,
be compactly supported continuously differentiable functions b; : [0,1] x R* — R for i =
1,2,...n. Let o; € {0,1}¢ be a multiindex such that |o;| = 1 fori = 1,2,...,n. Then there
exists a universal constant C (independent of {b;}i, n, and {a;};) such that

/ [[ Dbt + By,) | dts ... dty,
to<t1<---<tn<t i=1

O™ Ty billoo (2 — o)™
L5 +1)

where T is the Gamma-function and x € RY. Here D% denotes the partial derivative with

respect to the j'th space variable, where j is the position of the 1 in «;.

E

<

(14)

Proof. Without loss of generality, assume that ||b;||cc < 1 for ¢ = 1,2...,n. Using the
Gaussian density we write the left hand side of the estimate (14) in the form

n
/ / H Daibi(ti, T+ Zi)P(tl' —ti—1,%; — zi,l)dzl Lo dzpdty .. dty,) .
to<t1<--<tp<t JRIM ;5



Introduce the notation

n

Jg(to,t,Z[)) = / / Daibi(ti,l’—}—zi)P(ti—tifl,Zi—Zifl)dzl .. .dzndtl . ..dtn
to<t1<--<tn<t JRI" ;7
where o = (... ) € {0,114, We shall show that |J%(to, t, 20)| < C™(t—to)™?/T'(n/24+1),
thus proving the proposition.

To do this, we will use integration by parts to shift the derivatives onto the Gaussian
kernel. This will be done by introducing the alphabet

Al(a) ={P,D*'P,...,D*"P,D**D*?P,... D*~1 D% P}

where D D% D%+ denotes the derivatives in z of P(t, z).
Take a string S = S1--- S, in A(a) and define

n
Ig(to,t,Z()) = / / Hbl(t@,w+zl)5’l(tz —ti,l,zi —zi,l)dzl...dzndtl...dtn
to < <tp<t JRIM 77y

We will need only a special type of strings: Say that a string is allowed if, when all the D% P’s
are removed from the string, a string of the form P . D% D%+1P . P . DY+1D¥+2P ... P .
Do D+1P for s > 1, r < n — 1 remains. Also, we will require that the first derivatives
D% P are written in an increasing order with respect to 1.

‘We now claim that we can write
on— 1

w(to,t,20) = Y €1g; (to, t, 20)
7j=1

where each ¢; is either —1 or 1 and each S/ is an allowed string in A(c). To see this, we
proceed by induction:

The equation obviously holds for n = 1. Assume the equation holds for n > 1, and let by
be another function satisfying the requirements of the proposition. Likewise with aqg. Then

t
Jr(zioia) (to,t,20) Z/ , D*bo(t1, + 21) P(t1 — to, 21 — 20)Jy; (t1, 1, 21)dz1dty
to JR
t
— / / bo(tl, x + Zl)DaOP(tl — to, zZ1 — Zo)Jg(tl, t, zl)dzldtl
to JR4

t
— / / bo(tl, T + Zl)P(tl — 10,21 — Zo)Dang(tl, t, zl)dzldtl .
to JR4

Notice that

DTG (t,t, 21) = —15" (11, 1, 21)
where
G_ [ D¥P S-S,  HS=P-S--8,
~\ DD P.Sy---S, ifS=DMP-S,---5,.



Here, S is not an allowed string in A(a). So from the induction hypothesis D .J% (tg, t, zo) =
221_1 —eJI(ao’ )(to,t, 2p) this gives

Jj=1 S
2n71 gn— 1
(c0,) _ (0,
Jop1 = E :_EJ DaoPSJ+ E :EJ pP.Si
Jj=1

It is easily checked that when S7 is an allowed string in A(a), both D®P - S7 and P- 57 are
allowed strings in A(«g, @).

This proves the claim.

For the rest of the proof of Lemma 10 we will bound Ig when S is an allowed string, i.e.
we show that there is a positive constant M such that

M"(t — to)"/?

Ia(t07t7 ZO) S
S T(2+1)

for all integers n > 1 and for each allowed string S in the alphabet A(«).
We proceed by induction: The case n = 0 is immediate, so assume n > 0 and that this
holds for all allowed strings of length less than n. There are three cases:

1. S=D*P.S" where S’ is a string in A(¢/) and o/ := (a2, ..., an)
2. S=P-D“D*P.S" where S’ is a string in A(a/) and o/ := (as, ..., ay)
3. S=P.-D*P...D¥ P . D¥mt1Dm+2P . §' where S’ is a string in A(/) and o/ :=

(43, -+ Qp).

In each case, S’ is an allowed string in the given alphabet.

1. We use the inductive hypothesis to bound I% (t,¢, 1) and the bound
/ |D*P(t, 2)|dz < Ct~1/? (15)
Rd
to get

|[§‘(t0, L 2:0)| =

t
/ / b1 (tl, Zl)Da1P<t1 — to, zZ1 — ZO)I?/I (tl, t, zl)dzldtl
to JRA

n—1

t
< o /(t—t ) 1/2/ | D™ P(t1 — to, 21 — 20)|dz1dt
F(T) to

Mn—lc /t
<= [ (=t D2t —to)" 2ty
F(nT—H) to
Mn_ICﬁ(t _ to)k‘/Q
[(5+1)

The result follows if M is large enough.

2. For this case we can write

t et
Ig(to,t,zo):/// / bi(t1, 21)ba(t2, 22)
to Jt1 JRA JR4

X P(t1 — to, Z1 — Zo)DalDQQP(tQ — tl, zZ9 — Zl)Ig/l (tg, t, Zg)dzleththl.



/

We set h(ta, z2) := ba(ta, 22)I (ta, 22)(t — t2)'™"/% so that by the inductive hypothesis
we have

[h]lco < M™2/T(n/2).

Use this in the first part of Lemma 9 with g = b; and integrate with respect to ¢y first,
to get

MP2(t — ¢ n/2
2 (to, 1, 29)| < CM(L = to)

nl'(n/2) ’
and the result follows if M is large enough.
. We have
m+2
I (to, t, 20) = / / P(ty —to,z1 — 20) | [ b(ts: %))
to<...tmio<t JR(Mm+2)d =1

m
X H DajP(tj — tj_l, Z2j — Zj_l)Dam+1Dam+2P(tm+2 — tm+1s Pm+2 — Zm+1)
Jj=2

X Ig: (tm+2, t, Zm_|_2)d2’1 e dzm+2dt1 e dtm+2 .
Let h(tm+2, Zm—i—?) = bm+2 (tm+27 Zm+2).[§/, (tm+2, t, Z)(t — tm+2)(2+m_n)/2, so that from
the inductive hypothesis we have ||h||oc < M ™72/T((n — m)/2). Write

Qtm, 2m) = /t /t / b1 (tm+15 Zma1) P(tma2, Zm+2)
tm Jtmy1 JR2E
X (t =t y2) "D P (L1 — by 21 — 2)
X DY D2 Pt 10—t 1, Zmt2 — Zmt1)dzm1dzmaadtm 1 dty g2,
so that from Lemma (9) we have that

C(n—m) " YV2Mr=—m=2(t — t,,)(n—m=1)/2
r(g™) '

’Q(tmazm” <

Using this in

Ig(t07 ta 20) = /

to<...tm42<t

m
Pty —tg, 21 — 2 bi(t;, z;
/R<m+2>d (t1 —to, 21 0)}1;[1 i (t5,25)
m—1
X H DOéjP(tj —tj1,25 — Zj_l)Q(tm,Zm)dzl codzpdty .. dty,
j=1

and using the bound (15) several times gives

a m4ly, o \—1/2 M2
13(t0.1.20)] < ¥ — )2

((n—m)/2)

x / (ta —t) "2 (b — tme1) Y2t — ) O 248, by,
to<...t;m <t

Mn—m—Zﬂ.(m—l)/QF(n—gm—i-l)

5205 + 1)

— omtl (n _ m)71/2 (t - to)n/2 7

and the result follows when M is large enough, thus proving the induction step.



]
We are now ready to complete the proof of Proposition 7.

Proof of Proposition 7. Iterating the linearized equation (12) we obtain

o0

Qth =14+ Z/ b/(sl,X;i) e b’(sn,an)dsl ...dsy,
0

Oz 1 J0<s1< s <t

Let p € [1,00) and choose 7, s € [1,00) such that sp = 2¢ for some integer g and % + % =1.
Then by Girsanov’s theorem and Holder’s inequality

0
5|1 xir| =5

« 5(/01 bu, o + Bu)dBu)}

‘Id‘FZ/ sl,x—i—le) e b/(Sn,x‘i‘Bsn)dSl---dSn‘p

0<s1<...5n<t

p
< Ci([[blloo)

9

Lep (pu,RAx)

Id+2/ b (s1,2+ Bs,): -+ :V(sp, o+ B, )dsy...ds,

0<s1<...5n<t

where 5(]01 b(u,x + B,,)dB,,) is the Doleans-Dade exponential of the martingale fol b(u,z +
B,)dB, = Z;l:l fol b9 (u, z 4+ B,)dB], and C} is a continuous increasing function.
Then we obtain

Bl va\p
p

< C1(][b]]oo) Id+Z/ V(s1,0+ Bs,) i+ : V(sp, o+ Bg,)dsy ...dsy

0<s1<...8n<t

< C1([1b]o0) 1+ZZ Z

n=14,j=111,..

Lo (p,REx )

0 b (s1, 2 + By,) 0 b1 (sy, 2+ Bs,) ...

/t<s1<~~<sn<s 85611 8xl2
p
LPS(MR))

0 0
A :—/ b (s1, 2+ B b (89, 24+Bs,) . ...
0<s1< - <sp <t 81.11 ( ' 1)axlz ( ? 2)

0
G—%b( n— 1)(sn, x + By, )ds1 .. .dsy

Now consider the expression

aflnb(l") (Sn,x+Bs,)ds1 .. .dsy

Then, using (deterministic) integration by parts, repeatedly, it is easy to see that A% can be
written as a sum of at most 22" terms of the form

/ gl(sl) . QQn(SQn)d51 Ce dSQn s (16)
0<s1< <89, <t

where g; € { b (,z+B):1<i,j< d}, l=1,2...2n. Similarly, by induction it follows

that A% is the sum of at most 272" terms of the form

/ 91(81) Ce ggqn(SQqn)dsl e ngqn y (17)
0<s1 < <89n <t

P



Combining this with (10), we obtain the following estimate:

ib(l”—l)(sn, x + Bs,)ds .. .dsy,

b (9,2 + By,) ... 5
Lj

0 0
(4)
/0 —b (Sl,x—i-le)ax

<s1< <<t axll lo L29 (uR)

_ (e monop
- (27 1n + 1) = ((2a- )27’

a x
B Iz

dn+22qncn bl
YA <1+2 e ) (1Pl

Then it follows that

The right hand side of this inequality is independent of 2 € R?, and the result follows. m
As a consequence of Proposition 7 we obtain the following result:

Corollary 11 Let X*% be the unique strong solution to the SDE (7) and ¢ > 1 an integer.
Then there ezists a constant C' = C(d, ||b]|, ,q) < oo such that

E (| X0 — X272 < C(]s — s2|2 4 |t1 — o] + |21 — @)

for all s1,s2,t1,t2,71,22.
In particular, there exists a continuous version of the random field (s,t,z) — X" with
Hélder continuous trajectories of Hélder constant o < % in s,t and o < 1 in x, locally (see

[22]).

Proof. Let b, : [0,1] x R? — R% n > 1 be a sequence of compactly supported smooth
functions and let b : [0,1] x R — R be a bounded Borel measurable function. Suppose
that by, (t,x) — b(t, x) dt x de—a.e. and such that |b,(t,z)] < M < oo for all n, t, x for some
constant M.

Denote by X™%% the solution of (7) associated with the coefficient b,,n > 1. Without



loss of generality let 0 < s1 < 89 < t1 < to. Then
Xgl7sl7x1 o X?7827x2
1 2
11 to
= —$2+/ bn(u,Xg’sl’zl)du—/ by (1, X1252%2) duy
S1 59

+(Bt1 - le) - (Bt2 - BS2)

52 t1
= xl—xg—i—/ b (u, X”Sl’xl)du—l—/ by (u, X% ) du

t1 ' ts
—/ bn( anQ’xQ / bn anz,xQ)d
S92 tl
+(Bt1 — BtQ) ( 59 — )
to
= xl—x2—|—/ b (u X{f“’“)du—/ b (u XLZSQ,&?Q)du
S1 t1
t1
+ / (b (11, XTo5191) — by (u, XTo5122)) g
52

t1
+ / (b (11, XT25172) — by, (w, X725272))

2

+(Bt1 - Btz) + (352 - BSI)'
So due to the uniform boundedness of b,,n > 1 we get

n,81,T1 n,s2,r2 |4
E[‘th’ ’ 7Xt7 ' ‘]

2
< Cyllz — wol? + |81 — 52|Q/2 + |t — 752|q/2
q

El

t1
/ (b 1ty XT5171) — by, X172 )l |

52

q

t1
+E[/ (b (u, X7%02) = b (u, X,7°72) ) du ). (18)

52

Using the fact that X;""* is a stochastic flow of diffeomorphisms (see e.g. [22]), the mean
value theorem and Proposition 7, we get

t1 q
E[ / (bn(u,X;L,S17x1) _ bn(u, Xg,sl,xg))du ]
52
b 0 q
g ‘-/L'l - ,fL'2|q E[ / / (b;q{(u) X37317$1+T($2_131))67X3751’$1+T(1:2_$1))d7_du ]
52 0 T
' " 0 q
S ‘1131 - .’E2|q/ E[ (bl ( Xn 81,$1+T(£E27:L'1))8 Xn 51,01 +7 (20— xl))du ]dT
X
_ _ q v n 517061-1—7' T2—1) g nys1,2147(za—11) q
a ‘xl x2| axXSQ ]dT
o q
< Cq ‘$1 - .7)2|q sup E[‘Xg,sl,m ]
tefsi1]zerd | O
< Caglbllag) lzr — 2|7 1)



Finally we observe that estimation of the last term of the right hand side of (18) can be
reduced to the previous case (19) by applying the Markov property, since

t1 q
/ (b (1, XT5172) — by (1, X522 )| |

52

El

t1
BfJb(u, XJ72) = by (u, X[272) 7] du

IN

s2

t1
= [ BB X0 — by, X)) gy

52

< CEHX;’;SI,"E2 _ xQ‘q] — CEHXSVLQ,sl,:m B X;’Sl’mQ‘q]

Mq ’82 — 81|q/2

IA

for a positive constant M, < co.
Therefore, we have

EHXZTSLM _ XZ,SQ,IQ}Q] < Cq(|81 _ S2|Q/2 + [t — t2|q/2 T x2|fI)

for a constant C; independent of n.
To complete the proof, we use the fact that X;**" — X V' and X°2% — X;>%
in L2(u) for n — oo (see [26]) together with Fatou’s lemma applied to a.e. convergent

1,581,211 00 7,52,22 7 00
subsequences of { X/ oy and { X, >, .

This concludes step one of our program.

We now proceed to Step 2.

As before, we continue to approximate the bounded Borel-measurable coefficient b by a
uniformly bounded sequence {b,}>2; of smooth functions with compact support. We then
consider the corresponding sequence of solutions when b in (4) is replaced by b,, and denoted
it by {X;"}°2,. The following lemma establishes relative compactness of the above sequence:

Lemma 12 For any ¢ € C°(R%RY) and t € [0, 1] the sequence

(X19) = [ (X0 pla))sada

is relatively compact in L*(Q, 1). Moreover, there exists a subsequence converging to (Xy, )

in L2(Q, ).

Proof. Denote by D, the Malliavin derivative (see the Appendix) and by U the compact
support of ¢. By noting the inequalities

E[|Ds(X{", 9)1’] = E[[(Ds X[, ) )
< 16122 g U sup B[ DX 2
zelU

and
E[|Do(X{', 0} p2may — Do (X1, )]

= B[[(Ds X' = Dy X[, ¢)[’]



‘]

< HQDH%Q(Rd)‘U| suBEHDSXt”w — Dy X"
TE

we can invoke Corollary 32 together with Lemma 3.5 [26] to obtain a subsequence (X" (k), P) 12 (R
converging in L?(, 1) as k — co. Denote the limit by Y (¢).

Taking the S-transform (see [19] or [32]) for the definition; or alternatively just use the
Wiener transform on the Wiener space) of (X}, ¢) and (X3, ¢) ((Xt, ¢) is well-defined because
of Corollary 11) we see that for any ¢ € S([0, 1]) (Schwartz test function space on [0, 1])

[SUXT, 0)(9) = S({Xe, ) ()] = [(S(X]' — Xi)(9), )

< IelBaquey [ 190X = Xp)(0) P

1
<ol [ OBV exp(68 [ o) ds)da,
where C is a constant and

In(z) = Z <2 /1 <b,(1j)(u,x + By) — b9 (u, z + Bu)>2du
~ 0

Jj=1

+ (/01 ‘(bgp(u, 2+ By)? — (09 (u,z + Bu)ﬂ du)2> .

See [27] for a proof. Since {b,} is uniformly bounded, using dominated convergence, we get
that

(Xt ) = (Xi, 0)

in (S)* (Hida distribution space [19]), and in particular weakly in L?(Q, ). By uniqueness
of the limits we can conclude that

Y(p) = (Xt ).

We are now able to finalize the proof of Proposition 6.
Proof of Proposition 6. We know that {X,""},en is relatively compact in L?($, u) for
each fixed t € [0,1] and z € R?. In particular, let ¢ € [0,1] fixed and consider x = 0. Then
we can choose a subsequence such that

X0 X0 0 12(Q, p)
We now claim that for any ¢ € C§°(U), the following convergence

<Xt a90> — <Xt7 90> in L2(Qwu)

holds for the same subsequence, {n(k)}. To see this, assume that there exists a ¢ € C§°(U),
an € > 0 and a subsequence n(k(j)) such that

XD o) — (X, D)2 > €



By Lemma (12) we may extract a further subsequence (X’ (k(G )), ©) converging to (X, ¢)
giving the desired contradiction.
Using Proposition (7), we have

Fl||l—X P .
Sup [|8x ¢ P < oo

Hence there exists a subsequence of a%th (k). (still denoted by n(k) for simplicity) converging

in the weak topology of L?(2, LP(U)) to an element Y. Then we have for any A € F and
v € C(U)
BlLa{X;,¢)] = lim BLax;",¢)]
= lim —E[1A<%Xt( )

k—o0

o)l = —E[La(Y, ¢)].
Hence we have

<Xta SD,> = _<Yv S0>
P-a.s. for every ¢ € Cg° which gives the result. m

Remark 13 By a similar argument to the above proof we can show that there exists a sub-
sequence {n(k)} such that

X[ X
in L2(Q) for all (t,z) € [0,1] x R

We now return to the weighted Sobolev spaces. Using the same techniques as in the above
lemma, we prove the following

Lemma 14 For all p € (1,00) we have
X; € L*(Q, WHP(RY, w))

Proof. For simplicity, we consider the case d = 1. It suffices to show that E[( [ \%Xﬂpw(aﬁ)daﬁ)z/p] <
co. To this end, let X;"" denote the sequence approximating X as in the previous lemma.
Assume first that p > 2. Then by Hoélder’s inequality w.r.t. the Wiener measure p we have

Bl [ 15 X0 o))

0 n,xr 2/p 2 0 n,xr
< (B[ 1gpxPuaan) < ([’ s Bl X7

z€R4

For 1 < p < 2, by Hélder’s inequality w.r.t. w(xz)dx we have

B[ 1o X0 Pula)dn)?] < ([ w(e)da) 97 sup B[

X2,
z€ERI Ox ! ‘]

In both cases we can find a subsequence converging to an element Y € L%(Q, LP(R?, w))
in the weak topology, in particular for every A € F and f € LI(R% w) (¢ is the Sobolev
conjugate of p) we have

lim E[l4 / %X{L(k)’m f(2)w(z)dz] = E[l4 / Y (2) f(2)w(x)da]

k—00

P



by choosing f such that fw € LI(R,dz) (e.g. put f(z) = e @ p(z) for ¢ € C(R)), it
follows that Y must coincide with the weak derivative of X[. This proves the lemma. ®

We now complete the proof of our main theorem in this section (Theorem (3)) and its
corollary:

Proof of Theorem 3. Denote by R x R x R? 5 (s,t,2) — ¢,.(z) € R? the continuous
version of the solution map (s,t,z) — X;* provided by Corollary 11. Let Q* be the set
of all w € Q such that the SDE (7) has a unique spatially Sobolev differentiable family of
solutions. Then by completeness of the probability space (2, F, u), it follows that Q* € F
and p(2*) = 1. Furthermore, by uniqueness of solutions of the SDE (7), it is easy to check
that the following two-parameter group property

(bs,t('?w) - ¢u,t('7w) © ¢s,u('7w>v (z)s,s(wi) =z, (20)

holds for all s,u,t € R, all € R? and all w € Q*. Finally, we apply Lemma 14 and use the
relation ¢, (-, w) = d);sl(-, w), to complete the proof of the theorem. m

Proof of Corollary 5. Let Q* denote the set of full Wiener measure introduced in the
above proof of Theorem 3. We claim that 0(¢,-)(Q*) = Q* for all ¢ € R. To see this, let
w € QF and fix an arbitrary ¢; € R. Then from the autonomous SDE (11) it follows that

t+t1
Xg = et [ BTt B @) - B, nteR (@)
1

By the helix property of B and a simple change of variable the above relation implies
t
Xtt}rfl (w)==2x —l—/o b(X;iﬂfg1 (w))du + By(0(t1(w))), t €R, (22)

The above relation implies that the SDE (11) admits a Sobolev differentiable family of so-
lutions when w is replaced by 6(t1,w). Hence (t1,w) € Q*. Thus 0(¢1,-)(2*) C QF, and
since t; € R is arbitrary, this proves our claim. Furthermore, using uniqueness in the integral

equation (21) it follows that
X, (@) = X0 (0(t1,w)) (23)

for all t;,t, € R, all z € R and w € Q*. To prove the following cocycle property for all
w e N*

(Z)O,tl—i-tg('? w) = ¢O,t2 ('7 Q(tl, w)) © ¢0,t1 ('7 w)
we rewrite the identity (23) in the form
¢t1,t1+t2(x7w) = ¢0,t2(xa 0(“7“’))7 ti,t2 €ER, z € Rde € Q*v (24)

replace x by ¢, (z,w) in the above identity and invoke the two-parameter flow property
(20). This completes the proof of Corollary 5. m

Finally, we give an extension of Theorem 3 to a class of non-degenerate d—dimensional
Ito-diffusions.



Theorem 15 Consider the time-homogeneous R*—valued SDE
dXT = b(XF)dt + o(XF)dBy, X§ =z €R? 0<t <1, (25)

where the coefficients b : R — R? and o : R — R4x Reare Borel measurable. Suppose
that o(x) has an inverse o~ (x) for all x € RY. Further assume that 0! : R — R4x R? s
continuously differentiable such that

o . 9 _

—0,. = —0O
aﬂfk Ly 8xj tk

for alll,k,j =1,...,d. In addition, require that the function A : R* — R¢ defined by

1
A(z) ::/0 o tx) - xdt

possesses a Lipschitz continuous inverse A~ : R4 — RY. Let DA : R — L (Rd,Rd) and
D?A:RY — L (Rd x R4, Rd) be the existing corresponding derivatives of A.
Assume that the function b* : R¢ — R given by

b*(x) := DA (A_1 (CC)) [b(A_1 (:U))]
d d

+5 DA (A (@) [Z oA @) [ei], S oA (@) fed

i=1 i=1
is bounded and Borel measurable, where e;, i =1, ....d, is a basis of R?.
Then there exists a stochastic flow (s,t,x) — ¢, 4(x) of the SDE (25) such that
sa(-) € LP(QWP(R?, w))
forall0 <s<t<1andallp>1.

Proof. Because of our assumptions we see that A~! is twice continuously differentiable and
that

for all y € RY.
Then It6’s Lemma applied to (1) implies that

dY{ = DA(ATH(Y)) (AT (V)]
#RDM AT 07) | o0 () e D oA 07 e+,
Yy = A(z), 0<t<1,

where Y* = A (X[) . Because of Theorem 3 and a chain rule for functions in Sobolev spaces
(see e.g. [40]) there exists a stochastic flow (s,t,2) —— ¢, ,(x) of the SDE (25) such that
Goi(-) € LHQWP(RY w)) forall 0<s<t<landallp>1 m



3 Application to the Stochastic Transport Equation

In this section we will study the stochastic transport equation

{ dyu(t,z)+  (b(t, ) - Du(t, z))dt + XL e; - Du(t,z) o dBi =0 (26)
u(0,z) = wup(x),

where e1, . .. eq is the canonical basis of R?, b : [0,1] x R? — R?is a given bounded measurable
vector field and ug : R — R is a given initial data. The stochastic integration is understood
in the Stratonovich sense.

In [22] it is proved that for smooth data and sufficiently regular vector field b, (26) has
an explicit solution u(t, z) = ug(¢; *(z)) where ¢,(z) is the flow map generated by the strong
solutions (X[)¢>o of the SDE (1). In fact this solution of the transport equation is strong in
the sense that u(t,-) is differentiable everywhere in x almost surely for all ¢, and it satisfies
the integral equation

t d
u(t, ) + / Du(s,x) - b(s,z)ds + Z/ e; - Du(s, x) o dB% = ug(x)
0 = Jo

almost surely, for every t.
We shall use the following notion of weak solution (cf. Definition 12 in [14].

Definition 16 Let b be bounded and measurable and ug € L>®°(R?). A differentiable, weak
L>®-solution of the transport equation (26) is a stochastic process u € L>®(Qx[0,1] x R?) such
that, for everyt, the function u(t, ) is weakly differentiable a.s. with supy<s<q zera B[ Du(s, )|
0o and for every test function 0 € C3°(R?), the process [pq 0(x)u(t,z)dz has a continuous
modification which is an Fi-semi-martingale and

4]<

/R Ba)ult,2)dz = / 0(z)uo(z)da

Rd

—/ Du(s,x) - b(s, x)0(x)dxds
0 JRd

+§;/Ot (/Rdu(s,a:)DZ-H(m)dx) o dBi, (27)

where Du(t, z) is the weak derivative of u(t,x) in the space-variable.

Our definition of weak solution differs slightly from that in [14] due to the fact that we do
not require any regularity on the coefficient b except Borel measurability and boundedness.
To compensate for it, the expression depends on the weak derivative of u(t, ).

It is easy to see that equation (26) can be written in the equivalent It6 form:

Lemma 17 A process u € L>®(Q x [0,1] x RY) is a differentiable, weak L™ solution of
the transport equation (26) if and only if, for every test function 0 € C3°(R?), the process



f]Rd u(t,z)dz has a continuous Fy-adapted modification and
O(x)u(t,x)dx = 0(x)up(x)dx
Rd Rd

—/ Du(s,x) - b(s, x)0(x)dxds
0o Jrd

+Z/ (/ (s,2) Dbz )dx>dBi
- /0 /R uls, )M drds.

The main result of this section is the following existence and uniqueness theorem for
solutions of the stochastic transport equation (26):

Theorem 18 Let b be bounded and Borel measurable. Suppose ug € C’I}(Rd). Then there ex-
ists a unique W1 weak solution u(t, ) to the stochastic transport equation (26). (Moreover,
for fized t and x, this solution is Malliavin-differentiable.)

Remark 19 As noted in [14], the deterministic transport equation is generally ill-posed un-
der the conditions of Theorem 18. It is remarkable that Brownian forcing on the transport
equation induces uniqueness and reqularity of the solution.

We shall prove Theorem (18) using a sequence b, : [0, 1] x R? — R? of uniformly bounded
sequence of smooth functions with compact support converging almost everywhere to b. We
then study the corresponding sequence of solutions of the transport equation (26) when b is
replaced by b,.

For the rest of this section we denote by ¢, the flow of the SDE (1) driven by the vector
field b, and by ¢,, ; the flow of the SDE (1) with b, in place of b.

Following Remark (13), we will from now on assume that {¢, ,(z)} is the subsequence
chosen independently of s and x. In particular, reference to ‘convergence of a sequence’
indicates the ‘convergence of a subsequence’ of the sequence in question.

We begin with the following lemma:

Lemma 20 Let up € C}(R?) and f € L'(R?). Then the sequence

(Lo wentanreas)

converges to [oa uo(d; ' (x)) f(x)dx in L*(Q) for every s € [0,1].

Proof. Consider

I ] woib@nse)dn = [ uoloy@)f@)delzzo

< /Rd luo (s (@) — wo(¢5 ™ (2)) 12( | £ () |dx



We have [lug(¢,,5(2)) = uo(d5 " () L2() < [[Duollool|dns(x) = 5 ()] 2() which goes to
zero for every s and = by remark 13. Now

luo(¢rs) — uo(é5 2@l f| < 2lluollocl f] € LHR?)

and the result follows by dominated convergence. m

We also need the following result (see Theorem 2 in [17] and also [35], [36]):

Theorem 21 Let U be open subset of RY and f € WY4(U) be a homeomorphism. Then f
satisfies the Lusin’s condition, that is

EcU, |E|=0 = |f(E) =0.

Here |A| stands for the Lebesgue measure of a set A.
Moreover, for every measurable function g : U — [0,00) and measurable set E C U the
following change of variable formula is valid:

/ (g0 f) det J f] dr = / o()dy,
E f(E)

where det J f is the determinant of the Jacobian of f.

Remark 22 The random diffeomorphisms ¢,(-), o7 *(-) € VVll’p(]Rd) a.e. satisfy the condi-

oc
tions of Theorem 21 on each bounded and open subset U of RZ.

We are now ready to prove Theorem 18:

Proof of Theorem 18.

1. Existence of a weak solution:

We consider the approximation {b,} of b as described in Corollary 13. Then we know that
there exists a unique strong solution to the transport equation (26) when b is replaced by by,
which is uniquely given by w,(t,z) = uo(@_lé(x)), n > 1. In particular, u,, is a differentiable,

weak L>-solution, such that for every § € C*°(R?)
O(x)un(t,z)de = 0(x)up(x)dx
R4 R4

t
- / Duy(s,x) - by(s,x)0(x)dzds
0 JRd

+sz;/0t (/Rd un(s,x)DiH(m)dx> dB!

t
—l—l// U (s, ) A0 (x)dxds.
2 0 Rd



Let’s now define u(t, ) := ug(¢; *(x)) so that u € L=(Q x [0,1] x R%), and u(t,-) is weakly
differentiable, a.s. We now let n go to infinity to get that u(¢, z) is a solution of the transport
equation.

The following two limits exist in L?(Q2) by Lemma 20 and dominated convergence:

/ 0(x)un(t, x)dz — O(x)u(t,x)dz
Rd Rd

/Ot /]Rd un(s, ) A(x)dxrds — /ot /Rd u(s, £)A0(z)dzds

By the It6 isometry we have

g/ot </Rd “n(sal‘)DiH(l')dl‘) dB; — g/ot </]Rd u(s,:z‘)Dﬂ(:z:)dx) dB:

in L2(2). Finally, we claim that

/ Duy(s,x) - bp(s, z)0(x)dxds — / Du(s,x) - b(s,x)0(x)dxds
0 Jrd 0 Jre

in L2(Q). To see this observe that

(/ot R Dun(s, z) - bn(s, w)ﬁ(a:)dxds>

n

is convergent in L2(€2) because of the convergence of the other terms in equality (28). Then
the claim is proved once we show that fg Jga Dun(s,x) - by(s, z)0(x)dzds converges weakly

to [ Jra Du(s,z) - b(s,x)0(x)dxds. Then the strong and weak limit must coincide.
To prove weak convergence, we write the difference in three parts, namely:

/ Duy(s,x) - bp(s, z)0(x)dxds — / Du(s,x) - b(s,z)0(x)dzxds
0 JRd 0 Jrd

= / Duy(s,z) - by(s,x)0(x)dzds — / Duy(s,z) - b(s,x)0(x)dzds
0o JRrd 0o Jrd
+/ DUO(%,i(ﬂf))D%,i(«’U)'b(&56)9($)d$d8—/ Dug(¢5 " (2)) Dy (2)-b(s, )0 (x)dwds
0 JRd 0 JRrd

+/ Duo(qﬁs_l(x))qu;é(x)-b(s,x)&(m)dasds—/ Dug(¢7(x)) Do ()-b(s, 2)0(x)dxds
0 JRd 0 JRrd

= (i) + (19)p + (idi)y
We shall deal with these terms separately.

(a): The first term (i), converges to 0 strongly in L?(Q) as n — oo, since by Holder’s
inequality and Fubini’s theorem

</0t | Dun(5,2) - (ba(s, 2) = b(s, x))ﬁ(x)dxd8>2]



t
S/O » E[|Dun(s, z)[*]|bn(s, ) — b(s, x)|*|0(x)|dx|0]| 11 ()

We have that
E[|Dun(s,2)|’] < || Duol%E[| D, ()]

which is uniformly bounded in n, s and z by Proposition 7. Then, using dominated conver-

gence, we obtain lim (7), = 0.
n—oo

(B): The second term converges strongly to 0 in L?(Q2), because of the following estimates:

2
E[(i)?) < [b]%E (/ [ 1Dus(o @) - Duo<¢s1<x>>r|D¢n;<x>|w<x>|dxds)

< IIblliotWIILl(Rd)/ /dE[IDUO(qu,IS(SC)) — Dug(¢; 1 (2)) Dby, 5 () ?)|6(x) | dads

1/2

< ol t161] 1 ey / / E[|Duo(7(x)) — Duo(7 (2)[)? (E[Do7 () ) V2 0(a)| derds

B 1/2
< Bl t161] 1 ey sup (ENDe; LI Y)
k,ry

12 |0(x)|dzds.

t

<[] (E1Duor k@) = Duoles @)1

The above estimates are consequences of Holder’s inequality. Since Dug is bounded and con-

tinuous, the right hand side of the above inequality converges to 0 by dominated convergence.
(7): For the last term, let X € L?(Q) and consider

B[(iii), X] = /0 B[ Duo(67 () (Dér4(x) — D7 () - bls, 2)0() Xlalds

Now, for each s, since Dug, b and 6 are bounded and D(Z)S_l is the weak limit of Dd);é, this
expression tends to 0 as n — oo.

2. Uniqueness of weak solutions:

Let us assume that u is a weak solution to the stochastic transport equation (27) with
SUP)<s<1,zeRd E[|Du(s, z)|*] < co. We will show that

u(t, z) = up(dy ' (z) a.e.

This will guarantee uniqueness of the solution to the transport equation. So let V be a
bounded and open subset of R? and consider for the locally integrable function w(t,-) on R?
its mollification

wltr) = (wsn) = [ ultwnle =)y,

with respect to the standard mollifier 7.
We observe that u. satisfies the equation

Ue(t,x) = uge(x) — /0 (b Du)(s, x)ds —/0 (Du)(s, ) o dBs.



Then using the Itd-Ventzell formula applied to ue and ¢,(x) (see [22]) gives

uc(t, ¢y () ZUO,e(w)Jr/O ((Du)e(s, ds(x)) - b(s, @s(x)) = (b Du)e(s, ¢5(x)))ds.  (29)

Now let 7 € L*(Q2) and € be a smooth function with compact support in V. Then it
follows from (29) that

Elr | 0a)ucle,a))ds
/9 UOe dIL‘ (30)
ET/O /Vﬁw (Du)e(s, ds(x)) - b(s, ¢5(2)) = (b~ Du)e(s, ¢5(x)))dxds].  (31)

Using Theorem 21 applied to ¢; !(-) we obtain

E[ 7'/ / O(z)((Du)(s, dg(x)) - b(s, pg(x)) — (b Du)(s, dg(x)))dxds]
= / /R Xou(v (2))((Du)e(s,x) - b(s, ) — (b~ Du)c(s,x)) |det(Jo; ()| duds]
= Il +IQ, (32)

where

I = Elr /0 /R Xou (@007 @) (Du)e(s,2) - b(s, 2)) |det(Jo;  (2) duds]  (33)

and

/ / Xg, (V (2))(b- Du)(s,x) ‘det (Jp;1( )| dxds]. (34)
Rd
Since V is bounded, there exists a n € N such that V C V. C W := (—n, n)d. Then we get

1(Dw)ell 26, 1) 1Dl L2, wy) -

- Du)ellpzgs, vy < N0~ Dl gz wy)

18]l |1 Dtll 2, a1y - (35)

VARRVANNVAN



Using (35), Holder’s inequality, Fubini’s theorem and Theorem 21, we obtain

L < CH| /0 ( / (o ()06 (2))b(s, ) | det (67 () ) 2dr) B
N / X, (@) | Du(s, 7) 2 dz) ]

IN

c / / Yo (2)0(65 1 (2))b(s, ) |det (T3 (2))])2da]

[/Rd Xo, (w) (T ) |Du(s, z)|? da:]%ds

< C/ /Rdx‘f’ z) |det(Jo;  (2))]” da]?
B / Yo (@) [ Dus, 2)|? da] ¥ ds

1

c/ ([ Bl @ Elldet( 65" (a)| 12

([ Bl o) @) B Du(s, )] o) s

C  sup  Eldet(Jo; (2)[]2  sup  E[|Du(s,z)["]2

0<s<1,x€R4 0<s<1,zcRd

L B @t dyas

C// [Xo,(v)(2)]2dz)ds (36)

for a constant C depending on the sizes of V', § and b, since

N|=

IN

IN

IN

sup E[‘det(Jqﬁs_l(x))rl] <M < o0
0<s<1,z€Rd

because of Lemma 7 applied to ¢, ' ().

Further, it follows from Girsanov’s theorem, Holder’s inequality and the symmetry of the
distribution of the Brownian motion that

[ [ Ece,an et asds

- / [ (67 @) € W) s

< C/ /Rd(,u(BswLxEW))}ldxds

_ c// B+ € (—n,n)") dads
c/ / (1—@ ”“’)) dy)ds, (37)

where ® is the standard normal distribution function.

IN



On the other hand we know that
1-@(z) < ! (—2%/2)
— ®(x ——exp(—z
— 2nx P

for all > 0 (see [3]).

So
¢ 1
/ / EX¢> w)(@)]2dxds

< c/ / (1— @ ”+y 4dy+2/noo(1—<13(_7z/§y))idy)dds

< K/ (- ”“’)) gy (0= e s

< M(1+ / (f °°<27T(*/g s exp(=(y = /25)) k) )

— M1+ / / S exp(—y?/25)) Hly) )

_ MO+ /0 /0 V(g exp(=1f/2)) )y ds)

< L< . (38)

Furthermore, since

(Du)e — Du in L

loc

(RY)

for all p > 1 and since

[ (o @003 @))bls. ) det (767 @) Pl < o0 e

because of the above estimates, we obtain
/ ) (@)8(65 (@) ((Du)e(s, ) - b(s, x)) |det(Jo; ' (x))] dx
— [ X @065 @) (D)) - bls,)) [det(T; )] da

for e (0 p x ds—a.e.
On the other hand the latter expression w.r.t. € is dominated by the integrable term

_ 1 1
([ Ot @605 (@)b(s,2) [den (765 @) )| 000 D, ) d) .
So using dominated convergence it follows from (36) and (38) that
I (39)

/ /Rdm (2))((Du)(s, ) - b(s, ) |det(Jo7 (x))| dads]
fore N\, 0.



Similarly to I; we also get

L = I (40)

//]Rd Xo,(v)( s 1(2)) (b Du)(s, z) |det( Jo7( (2))| dzds]
fore

and

/9 Jue(t, ¢y (x))dx] — ElT /«9 u(t, ¢y (x))dx] (41)
as € \,0.

In addition, because of the assumptions on ug it is clear that

Elr /V 0(x)uo (x)dz] —> Elr /v 0(2)uo () da]
as € \,0.

Altogether we can conclude that
E[r | 0(x)u(t,¢(z))dex = E[T | 0(x)up(z)dz]
Rd Rd
for all 7 € L*°(€2) and compactly supported smooth functions 6. Hence

u(t, ¢y(x)) = uo(x)

X dr—a.e.
Since ¢; ' (-) satisfies the Lusin condition in Theorem 21 on bounded open subsets we can
find a Q* with p(2*) = 1 such that for all w € Q*

u(t, z) = up(d; ' (x)) dr — a.e.

Due to the continuity of u with respect to time the latter relation also holds uniformly in ¢.

Finally, the Malliavin differentiability of (a version) of u(¢,z) is a consequence of the fact
that ¢; ' () is Malliavin differentiable (see [26]) and of the chain rule for Malliavin derivatives
(see [31]). m

4 Application to ODE’s

In this section we employ the approach developed in Section 2 to study the existence of
absolutely continuous solutions z — X[ of the time-homogeneous (deterministic) ODE

dXP =b(X[)dt,Xo =z € Rt € R, (42)

where b : R — R is a discontinuous function. More precisely, we show that the sequence of
solutions X™* n > 1 to the perturbed equation

1
dX{"" = b(X;"")dt + ~dBy, X§* =z €Rt €R,
n

converge to a solution X™* of the ODE (42). Furthermore, we show that this family of
solutions to the ODE is absolutely continuous in « € R.
We begin with the following observation:



Proposition 23 Let b = (by,...,bg) : [0,1] x R — R be a bounded Borel measurable
function with at most countably many points of discontinuities in the space variable uniformly
in time. Further, suppose that there exist constants m; > 0,i =1, ...,d such that for each i

either m; < bi(t,y) for all t,y or bi(t,y) < —m; for all t,y. (43)
Then there exists for all initial values © € R? a solution to the ODE
dX}P =b(t, X])dt, Xo = 2,0 <t <1. (44)
Proof. By a result of A. Y. Veretennikov [39] we know that the perturbed equation
1
dX"" =b(t, X" )dt + —dBy, X" =z € RL0O<t <1
n

has a unique strong solution X™* with continuous paths for all n > 1.

On the other hand, we also know that the Brownian paths are a—Holder continuous a.e.
for all @ < 3 See e.g. [20]. Let us fix a w in some Q* with £(Q2*) = 1 on which all those
solutions and Brownian paths are concentrated. Then there exists a constant C = C(w) < 00
such that for all 0 < ¢y, <landn>1

1

C
| X0 — X7 < M|t1—t2\+g|t1—t2|a
< Mty —to| + CJty — to|

for a constant M < oo. Clearly, we also have

sup |X;""
0<t<1

<M<

uniformly in n for some M. So it follows from the theorem of Arzela-Ascoli that

Xt — X7 = (X0, LX) in 0 (0, 1:RY

k—o0

for some subsequence {n;}7°, of {n};2;. Thus
: t
Xtm’(j) =z;+ lim bi(s, XJ*")ds

n—aoo 0

for all ¢ € [0,1],7 € {1,2,--- ,d}. So we obtain from (43) that for each 1 < j < d either

. . to
X;Ul,(]) _ Xf;(]) — nEI)IOO 5 bj(S,X;lk’x)dS > m; > O,tl <ty
or .
. . 2
Xfl’(]) — Xi’m = lim bi(s, X ")ds < —my < 0,t1 < to.

n——aoo t
1

So any of the components X2 of X" is a bijection on [0, 1]. Hence Xf’(j) can only hit the
j—th projection of the points of discontinuities of b in the space variable at most countably
many times for ¢ € [0, 1]. Therefore X} doesn’t hit the discontinuity points of b t—a.e. Finally,
using dominated convergence we get

t
X :x—i—/ b(s, X3)ds,0 <t <1.
0



Remark 24 In [38] it is shown that even if b : [0,00) — [a, b] with a > 0 is Borel measur-
able, then the ODE (44) has a solution in [0, c0).

In the sequel let us denote by

t
/ / F(s,9)LX" (dy, ds) (45)
0 R

the integral of a bounded measurable function f : [0,1] x R — R with respect to the local
time LX"(dy,ds) of X* := X%% (in time and space). For more information about local
time-space integration the reader is referred to [9] or [37].

We also need the following auxiliary result:

Lemma 25 Let b : R — R be a bounded Borel measurable function and let (by)n>1 C
C3(R) be a sequence of functions such that

bn(y) — b(y) ae.,

n—aoo

and
lbn(y)| < C

for allmn > 1,y € R and some finite positive constant C'. Denote by X™ the unique strong
solution to
dX;"" = b, (X" )dt + 6dBy, X" =2 € R,0< ¢ < 1,

where § > 0 is a constant. Let b;L be the derivative of b, for each n > 1.
Then the following convergence

¢ 1/t z
exp( [ ¥,000)) > exp(-; [ [ b)Y (dds)
0 n—»00 0“ Jo Jr
holds weakly in L*(U x [0,1] x Q,dx x dt x du) for all bounded open sets U C R.

Proof.
We start by noting that the set of functions

(90 ® exp{/o1 h(S)st}) :

is total in L2(U x [0,1] x Q, dz x dt x duu) when ¢ ranges through C§°(U x [0, 1]) and h ranges
through the step functions defined on |0, 1].
By Girsanov’s theorem we have



<<p®exp{/ dB}exp/ —exp(— // VLA (dy, ds) ) R,
_ // (2.7) exp{/ $)AX ™Y exp{— / (z + B, )ds}é‘(/ (2 + Bu)dBy)]drdz

_ / / (2, 7) Elexp{ / §)dX" }exp{—— / / VLB (s dy) L / b(& + Bu)dBy)drdx
/R /0 (2,7)E <exp{ / $)AX T} — exp{ / §)dX* }>

xexp{/b (x + Bs) ds}é’/ bp(z + By)dB,)|drdx

/ / Elexp] / §)dXT)

<exp{/ (z + Bs)ds} — exp{— = /t/ VLB F2(ds, dy)}> 5(/01bn(x+Bu)dBu)]drdx

// exp{/ s)dX? }exp{—/ / VLOPH (ds, dy)}

x <5(/0 by(z + By)dBy) — 5(/O b(x + B,)dB, )>]d da
= )p + 00 + §00)n

IA

+

For the first term, since

Xp{/ (z + By)ds} = 1+Z/ b, (x + By,)ds1 . .. dsp,

0<s1<.. m<t

we get that the sequence

{exp{/ot b (z+ Bs)ds}é'(/o1 by (x + Bu)dBu)}

n>1

is bounded in L?(2) and we have



//wmnexp{/ X“w}—exp{/ $)AX2 Y| 2oy

||exp{/ b’x—irB)ds}é’(/ (& + Bu)dB,)| 2y dadr.

We know that X" — X in L?(Q2) and since h is a step function we get by dominated
convergence that

lim %), = 0.

n—oo

For the second term, by [9, Theorem 3.1] we have

t
/ b,(6Bs + ) / / —5bn(y) LB (ds, dy)
0 R 1)
for all t, p—a.e.

On the other hand, we also know (see [37, p. 220]) that

t
1
—/0 Aﬁbn(y)LéB+x(d8,dy)

t
1
— AFy(6Bs +2) — Fy(x) — / S0u(0B, +2)3dB,)
0

where F,( foy 612b u)du. The last expressions holds is true when b, is replaced by b.
We see that the convergence

t t
/ b,(6Bs + x)ds — — / / %b(y)Lw”(ds,dy)
0 0 JR 1)

holds p almost surely (possibly on a subequence). Similary as for 7),, we may invoke domi-
nated convergence to conclude
lim i), = 0.

n—0o0

For the last term notice that &( fo (x+ By)dBy) — & fol (z+ By)dB,) p-almost surely
(p0531b1y on a subsequence). Since b, is uniformly bounded we get that £( fo (x+By)dBy)—

fo r + B,)dB,) is bounded in, say, L*(Q), and thus the same sequence is uniformly
integrable when squared. We then get that

1 1
Hs(/ bl + By)dBy) — 5(/ b + Bu)dB,)|| 2y — 0
0 0
by the Vitali Convergence theorem. By dominated convergence we get

lim iii), = 0.
n—oo



Theorem 26 Letb: R — R be a bounded decreasing function such that either m < b(y) for
all y or b(y) < —m for all y for some constant m > 0. Then there exists a unique continuous
function (t,x) — XF on R X R such that

o~ t ~
Xo =g+ / b(X7)ds, (46)
0

for allt,z € R. Moreover, the map
(t,z) — X7

belongs to L*([0,1]; WH2(U)) for any bounded open interval U in R. The family R 3 x —
XF) € R, t €R, is a group of WH? Sobolev diffeomorphisms on R.

Proof. Uniqueness is easy. Indeed, suppose Y;* is any solution of equation (46). Then
d d

A T\2 _ i

d - - -
S YO)(&E = ¥7) = 200(X7) - b)) (XY - ¥7) <0
since b is decreasing. Integrating the above inequality from 0 to ¢, we get

(XF - Y < (X5 - Y§)? =0

This proves uniqueness.

We next prove existence of the flow for the ODE (46). It is sufficient to prove existence
for Let € U, an open bounded interval in R and for ¢ € [0,1]. Suppose b,,,m > 11is a
sequence of decreasing functions in C§°(R) such that b,,(y) — b(y) a.e. m — oo a.e. and
b ()| < C < oo for all m,y and for some positive constant C'.

Consider the solution X™"™* of the SDE

t
1
Xy +/ b (XY ds + — By, 0 < t < 1
0 n

forall x € U,n,m > 1 p—a.e.
We have (see [22])

éXm’n’m =1+ /t b, (Xm’"’z)ng’”’mds 0<t<1
ozt N g Tt ox ° A
forall x € U,n,m > 1 u—a.e.
Therefore,
8 m,n,xr t
=X = e /0 by (X)), (47)

Let ¢ € Cg°(U), & € L>®(Q),h € L*>([0,1]).
Now from the proof of Lemma 14 in Section 2, it follows that for each n > 1 and p > 1

P
| <M < o0,

0
sup sup sup E[‘innx
0<t<lzeUUm>1 |0

where M = M (n,p) is a positive constant.



The latter proof also shows that

_ / / LB ;; (a)dtd
=1 / / BIXPElh(t) 5~ p(a)didr.

Since the map (¢,2) — X" belongs to L*([0, 1] x ; W'?({)), then it has a continuous
version (t,x) — X;"* which is absolutely continuous in z.
Using (47) and Lemma 25 we find

1 0
= [ [ B n) et
uJo L
1
| [ Bl xeehptitds

=y / Bl / [ b (s )t (o)itda.

X = expl~ / / VEX™ (ds, dy)) (48)

for all n > 1,dt x du x dr—a.e. So we may identify %th’x with the process on the right
hand side of (48). Then (¢, z) — X;"* is continuous p—a.s.

Furthermore, since b),(y) < 0,y € R in (47) we can argue by weak convergence that the
right hand side of (48) is dominated by a constant K > 0 uniformly in n,z,t, u—a.e.

Thus

Hence

sup ‘)N(Zl’xl — X" < K |z — 29|

0<t<1

for all x1,20 €U,n > 1 p—a.e.
On the other hand we may assume by Corollary 11 that (f,z) — X~
p—a.e. Hence we have

n,r .
is continuous

t
~ ~ 1
X =z +/ b(X")ds + — By
0 n

forall m > 1,t,x, p—a.e.
So using the a—Holder continuity of Brownian paths, it follows that (for a fixed w)

v N,T v N,T
X7 =Xy,

<M |t1 — t2’ + C(w) ‘tl — t2|a (49)

for all 0 < #1,t2 <1,n > 1 and all z € U, where a < 3, C(w) = C(w,a) < co and M < cc.

Let V be a compact sub-interval of . Fix an appropriate w € 2. Then by the Arzela-
Ascoli theorem there is a subsequence (ny) such that (z — X"™%), k > 1 converges in
C(V; C([0,1]). Then repeated application of a weak compactness argument it follows that the
limit, say (t,2) — X, belongs to L?([0,1]; W1 2(V)) (V the interior of V). Finally, and as in
the proof of Proposition 23, it follows that X' solves the ODE (46) for all z in V. m



Remark 27 Using techniques of Malliavin calculus the authors in [25] prove that, for fived
z € R, the sequence {X]""}°° | in the proof of Theorem 8 converges to XF in L2(u) as
n —» 0o.

Curiously enough, the next theorem is a consequence of the determlmstlc result in The-
orem 26 above. It establishes the existence of a perfect cocycle of W —Sobolev diffeomor-
phisms for solutions of the one-dimensional Stratonovich SDE:

dX! =b(X[)odW(t), te R, Xg =2 €R,

driven by a bounded decreasing diffusion coefficient b : R — R satisfying the conditions of
Theorem 26.

Theorem 28 Let b: R — R be a bounded decreasing function with a positive constant m
such that either m < b(y) for ally € R or b(y) < —m for ally € R. Suppose W : Rx Q — R
is one-dimensional Brownian motion such that W(0) =0, and 6 : R x Q — Q is the Wiener
shift. Consider the Stratonovich SDE

t
X =2z +/ b(XT) o dW(s), t,z €R. (50)
0

Then the above SDE has a family of strong pathwise contmuous solutions R x R > (t,z) —
X! € R such that (X;,0(t,-)) is a perfect cocycle of W, loc %_Sobolev diffeomorphisms on R.

Proof. The idea of the proof is simple: We rescale the deterministic flow of the ODE (46)
using the one-dimensional Brownian motion W. This is feasible by an appropriate application
of It6’s formula due to Félmer, Protter and Shiryayev [16].

To simplify notation, we denote by Y (¢,z) := X, ¢,z € R, the deterministic flow of the
ODE (46). Define the random field:

XZ =Y(W(t),z), tzeR (51)

We claim that the following equality

W) ¢
/ b(Y (u,z))du = / b(XY)odW(u), ,Xo=x €R, (52)
0 0

holds for all z € R a.s. for all t € R. To prove (52), we apply It6’s formula using the
z
absolutely continuous change of variable F'(z) := / b(Y(u,x))du, z € R. Note that F' is

0
locally of class W12 because F'(z) = b(Y (z,)) for a.e. z € R. So by Itd’s formula ([16]), it
follows that

t
rove) = | F’(W(u))dW(u)+§[F’(W>,W]<t>
/ " F WV () o dW ()
0
fu

b(X7) o dW (u) (53)



a.s. for all ¢ > 0. In the above relation, the bracket [-, -] stands for the quadratic covariation.
This proves our claim (52). Using (51), (46) and (52), we get

X = Y(W(t),2)

W (t)
= a:+/0 b(Y (u,x))du
= z+ /0 b(X3) o dW (u) (54)

a.s. for all £ > 0. Hence X7, ¢,z € R, is a family of solutions of the SDE (50). Since
the map [0,1] > t — Y (¢,-) € WL2(U) belongs to C([0,1], W12(U)), then so do the maps
[0,1] 3t = X;(w) € WH2(U) for a.a. w € 2, where U is any bounded open interval in R.
To prove the cocycle property for (X;,0(t,-)), we use the group property for the ODE
(46):
Y(tl, ) o Y(tg, ) = Y(tl + to, ) t1,to € R. (55)

Hence,

(X4, (0(t1,w)) 0 Xi, (w)](x) Y((0(t1,w)(t2), Y (w(t1), z))
Y(w(t1 + tg), .Z')

= th1+t2 (W), z,t1,t2 €R, we . (56)

This completes the proof of the corollary. m

Remark 29 It is rather remarkable that the Stratonovich SDE (50) admits the existence of
a perfect cocycle of VVZIO’CQ-Sobolev diffeomorphisms with respect to a discontinuous diffusion
coefficient. On the other hand, it is conceivable that the SDE (50) has more than one solution.
In fact, we haven’t even been able to find similar examples to (50) in the literature.

5 Appendix

The following result which is due to [4] provides a compactness criterion for subsets of
L?(p; RY) using Malliavin calculus. See e.g. [31], [24] or [7] for more information about
Malliavin calculus.

Theorem 30 Let {(2, A, P); H} be a Gaussian probability space, that is (2, A, P) is a proba-
bility space and H a separable closed subspace of Gaussian random variables of L*(Q), which
generate the o-field A. Denote by D the derivative operator acting on elementary smooth
random variables in the sense that

D(f(h1,...,hn)) = > 0if(h1,... . hn)hi, hi € H, f € C5°(R™).
=1

Further let Dy be the closure of the family of elementary smooth random wvariables with
respect to the norm

1Fll12 = [IFll 2y + IDFl 200, 1) -



Assume that C' is a self-adjoint compact operator on H with dense image. Then for any ¢ > 0
the set
G ={GeDi2: Gl + [CTDE o < ¢}

is relatively compact in L*(Q).

In order to formulate compactness criteria useful for our purposes, we need the following
technical result which also can be found in [4].

Lemma 31 Let vs,s > 0 be the Haar basis of L*([0,1]). For any 0 < a < 1/2 define the
operator A, on L*([0,1]) by

Ajvs = Qkavs, if s = oF +7

fork20,0§j§2k and
Al =1.

Then for all B with a < B < (1/2), there exists a constant c¢; such that

e —ser N\
lAaf] < e ||f||m([0,m+(/0 /0 Wdtdt’)

A direct consequence of Theorem 30 and Lemma 31 is now the following compactness
criterion which is essential for the proof of Lemma 12:

Corollary 32 Let X,, € Do, n = 1,2..., be a sequence of Fi-measurable random variables
such that there are constants o > 0 and C > 0 with

sup B[] X,|*] < C,
n

sup E [||DiX,, — Dy Xn|?] < CJt —t'|*
n

for0<t' <t<1 and

sup sup FE [||DtXn||2] <C.
n 0<t<1

where Dy denotes Malliavin differentiation. Then the sequence X,, n = 1,2..., is relatively
compact in L?(Q) (D; the Malliavin derivative).
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