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ABSTRACT

The mysterious nature of the dark sector of the Λ-cold-dark-matter (ΛCDM) model is one of the main motivators behind the study
of alternative cosmological models. A central quantity of interest for these models is the matter power spectrum, which quantifies
structure formation on various scales and can be cross-validated through theory, simulations, and observations. Here, we present
a tool that can be used to create emulators for the non-linear matter power spectrum, and similar global clustering statistics, for
models beyond ΛCDM with very little computation effort and without the need for supercomputers. We use fast approximate N-body
simulations to emulate the boost, B(k, z) = Pbeyond−ΛCDM(k, z)/PΛCDM(k, z), and then rely on existing high-quality emulators made
for ΛCDM to isolate Pbeyond−ΛCDM(k, z). Since both the ΛCDM and beyond-ΛCDM models are simulated in our approach, some
of the lack of power on small scales due to the low force-resolution in the simulations is factored out, allowing us to extend the
emulator to k ∼ 3−5 h Mpc−1 and still maintain good accuracy. In addition, errors from the simulation and emulation process can
easily be estimated and factored into the covariance when using the emulator on data. As an example of using the pipeline, we create
an emulator for the well-studied f (R) model with massive neutrinos, using approximately 3000 CPU hours of computation time.
Provided with the paper is a fully functioning pipeline that generates parameter samples, runs a Boltzmann solver to produce initial
conditions, runs the simulations, and then gathers all the data and runs it through a machine learning module to develop the emulator.
This tool, named Sesame, can be used by anyone to generate a power spectrum emulator for the cosmological model of their choice.
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1. Introduction

The Λ-cold-dark-matter (ΛCDM) model describes our Universe
well, yet two of its main components remain elusive. The true
natures of dark matter and dark energy are still unknown, but
their impact on the Universe has been, and continues to be,
widely studied across multiple research fields. In an attempt
to forego the dark energy component of the ΛCDM model,
alternative theories of gravity have become a popular avenue
to explore. These beyond-ΛCDM models (see e.g. Clifton et al.
2012; Koyama 2016; Wright et al. 2023) have an effect on struc-
ture formation, leaving an imprint on the matter power spectrum.
This can be further studied through the use of cosmological sim-
ulations, which typically require a large amount of computing
resources for high-resolution simulations capable of accurately
distinguishing between models down to small scales. In addi-
tion, a simulation is only performed for a specified set of cosmo-
logical parameters, requiring a rerun for any parameter changes.
To forgo both of these issues, emulators can be created for
desired statistical observables, like the matter power spectrum
- a key observable whose theoretical prediction is needed to con-
strain beyond-ΛCDM models in current and near-future weak-
lensing surveys (J-PAS Collaboration 2014; LSST Collaboration
2019; DES Collaboration 2021; Euclid Collaboration 2022).
The emulators (Heitmann et al. 2013; Kwan et al. 2015;
Giblin et al. 2019; Nishimichi et al. 2019; Angulo et al. 2021;
Euclid Collaboration 2021; Moran et al. 2023) are typically con-
structed by performing a high number of N-body simulations
within some parameter space, and then interpolating to access

any desired parameter value. This can be done, for example,
through the use of machine learning, training a neural network
on highly accurate simulation data. As mentioned above, the
simulation step can be computationally expensive, but once it
is performed and the following training is done, the emulators
are simple to use and have both minimal time and memory
requirements.

Although highly accurate, a limit of this approach is the abil-
ity to easily extend the resulting emulator to new cosmologi-
cal models. In this paper, we present a full pipeline using fast
approximate N-body simulations and neural network training to
create an emulator for the matter power spectrum boost, B(k, z) =
Pbeyond−ΛCDM(k, z)/PΛCDM(k, z). The approximate simulations
employ the comoving Lagrangian acceleration (COLA) method
(Tassev et al. 2013) to simulate both the ΛCDM and beyond-
ΛCDM models (Valogiannis & Bean 2017; Winther et al. 2017;
Wright et al. 2017, 2023; Brando et al. 2022; Fiorini et al. 2022;
Brando et al. 2023), allowing us to extract the boost up to scales
of k ∼ 3 − 5 h Mpc−1 to a few percent accuracy. The pipeline is
named Sesame – from simulations to emulators using approx-
imate methods. As a demonstration of Sesame, we create an
emulator for the boost between the Hu-Sawicki f (R) model
(Hu & Sawicki 2007) and a dynamical dark energy model,
w0waCDM. In f (R)-modified gravity, an additional function of
the Ricci scalar, R, is added to the general relativity (GR) frame-
work (Buchdahl 1970). This function can be designed to recreate
a similar expansion history as ΛCDM, without the need for dark
energy. Still, as the nature of gravity is modified, resulting obser-
vational signals are expected (see e.g. de Felice & Tsujikawa
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2010, for a detailed review). One such signal is the enhancement
of structure formation on scales smaller than the Compton wave-
length of the scalaron – the scalar degree of freedom of the f (R)
theory, d f /dR (e.g. Hu & Sawicki 2007; Pogosian & Silvestri
2008; Cataneo et al. 2015). This shows up in the matter power
spectrum.

In addition to exploring universe models besides ΛCDM,
calculations and simulations within the ΛCDM framework
are continuously expanded to reach higher levels of accu-
racy. One such extension is the inclusion of massive neu-
trinos. These lightweight particles have often been excluded
from cosmological simulations due to their low impact com-
pared to cold dark matter (cdm), which makes up about 84%
(Planck Collaboration VI 2020) of the matter content of the
Universe. However, improvements in telescopes and satellites
now give us an observational accuracy high enough to mea-
sure the impact of neutrinos on structure formation – sup-
pression on scales smaller than the neutrino free-streaming
length (Lesgourgues & Pastor 2006). Surveys like the newly
launched Euclid satellite (Laureijs et al. 2011) and the ongo-
ing DESI (Dark Energy Spectroscopic Instrument) experiment1
(DESI Collaboration 2016) can measure the effect of mas-
sive neutrinos and thereby put tighter constraints on the neu-
trino mass scale. Because of this, we include modified gravity,
massive neutrinos, and dark energy in the form of the well-
known w0wa Chevallier-Polarski-Linder (CPL) parametrisation
(Chevallier & Polarski 2001; Linder 2003) when creating our
emulator. The inclusion of massive neutrinos in the f (R) sim-
ulations is also particularly important, due to the degeneracy
between the effects of neutrinos and f (R)-modified gravity on
structure formation on non-linear scales (e.g. Baldi et al. 2014).

Simulations including massive neutrinos (Potter et al.
2017; Adamek et al. 2017; Liu et al. 2018; Dakin et al. 2019;
Partmann et al. 2020; Weinberger et al. 2020; Springel et al.
2021; Euclid Consortium 2023), modified gravity (Li et al.
2012; Puchwein et al. 2013; Llinares et al. 2014; Winther et al.
2015; Hassani & Lombriser 2020; Ruan et al. 2022;
Wright et al. 2023), and both (Baldi et al. 2014; Wright et al.
2017; Giocoli et al. 2018; Mauland et al. 2023) already exist
with various methods of implementation, along with models,
fits, and emulators to extract the boost or the matter power spec-
trum directly for these cosmological models (e.g. Zhao 2014;
Winther et al. 2019; Hannestad et al. 2020; Bose et al. 2020,
2021, 2023; Ramachandra et al. 2021; Euclid Collaboration
2021; Arnold et al. 2022; Gupta et al. 2023; Moran et al. 2023).
The main takeaway from this paper is therefore not the f (R)-
modified gravity emulator (although it will be provided), but the
full pipeline, Sesame, which includes the drawing of parameter
samples, running the simulations, training the neural network,
and creating the emulator for the boost, B(k, z). This tool can be
used to produce an emulator for a desired cosmological model
by implementing said model into the simulations and using a
suitable Boltzmann solver to extract the initial conditions. The
resulting accuracy of both the simulations and the emulator can
be tuned by the choice of simulation settings and neural network
architecture.

This paper is structured as follows: In Sect. 2, we present
some background theory for the matter power spectrum, f (R)-
modified gravity, and massive neutrinos. This is followed by an
outline of the methods applied in Sect. 3, including a description
of the full pipeline. In Sect. 4 we go through some simulation

1 https://www.desi.lbl.gov

details, and then present our results in Sect. 5. Finally, we con-
clude in Sect. 6.

2. Theory

In this section, we present some background information for
the key components of this work. We first outline the necessary
details on the matter power spectrum, followed by f (R)-modified
gravity and massive neutrinos.

2.1. Matter power spectrum

The matter power spectrum, P(k), is defined as (e.g. Peebles
1980; Dodelson & Schmidt 2020):

(2π)3P(k)δD(k − k′) = 〈δ̃(k)δ̃(k′)∗〉, (1)

where k is the wavenumber, δD is the Dirac-delta function, and
δ̃(k) is the Fourier transform of the overdensity field, δ(x). The
power spectrum is the Fourier transform of the two-point cor-
relation function, ξ(r), which describes the excess probability,
over random, of finding two objects separated by a distance r.
Analysing the matter power spectrum gives great insight into the
clustering of matter at different times and scales, in addition to
how variations in cosmological parameters affect structure for-
mation.

When studying alternative models to the concordance
ΛCDM model of our Universe, the ratio between the power spec-
trum in the alternative model and that of ΛCDM holds valu-
able information about the deviations between them. Different
components of a cosmological model, like massive neutrinos
or modified gravity, have theoretically predicted impacts on the
power spectrum (e.g. Lesgourgues & Pastor 2006; Song et al.
2007; Koyama et al. 2009). As the matter power spectrum
can be observed from various surveys (Chabanier et al. 2019;
LSST Collaboration 2019; Euclid Collaboration 2022), its shape
is well known, and it can therefore be used to constrain these cos-
mological models. As an example in this paper, we are interested
in the differences in the power spectrum between a w0waCDM
universe with GR as the gravity model and one with f (R)-
modified gravity as the gravity model, both with the inclusion
of massive neutrinos,

B(k, z) =
Pf(R)(k, z | ΩΛ,Ωcdm,Ωb, ns, σ

f(R)
8 ,w0,wa, h,Mν, fR0)

PGR(k, z | ΩΛ,Ωcdm,Ωb, ns, σ8,w0,wa, h,Mν)
·

(2)

Here, ΩΛ, ΩCDM, and Ωb are the energy densities of dark energy,
dark matter, and baryons respectively; ns is the scalar spectral
index; h is the Hubble constant today; σ8 and σf(R)

8 denote the
normalisation of the linear matter power-spectra at z = 0; fR0 is
the Hu-Sawicki f (R)-modified gravity parameter (see Sect. 2.2);
Mν denotes the sum of the neutrino masses, and w0 and wa are
dynamical dark energy parameters for the CPL parametrisation
of the dark energy equation of state (Chevallier & Polarski 2001;
Linder 2003),

w = w0 + wa
z

1 + z
, (3)

where w0 = −1 and wa = 0 correspond to a cosmological
constant.
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2.2. Beyond-ΛCDM models

A vast number of beyond-ΛCDM models are proposed in the
literature, and not all of them can be covered here. For a review,
we therefore refer the reader to Bull et al. (2016).

The simplest models are dark energy models that mainly
modify the background evolution through the Hubble function,
H(a). These are the so-called quintessence models (Wetterich
1988) and parametrised models for the dark energy equation
of state, w(a), like CPL. Next in the level of complexity, we
have models where the quintessence field is coupled to mat-
ter (often only dark matter), dubbed coupled-quintessence mod-
els (Amendola 2000). Then we have modified gravity models,
where an extra degree of freedom is introduced, giving rise
to a fifth force for the full matter sector. To be able to evade
local gravity constraints, these models often need a screening
mechanism to hide the modifications in high-density environ-
ments where such gravity tests have been performed (see e.g.
Khoury & Weltman 2004a; Clifton et al. 2012; Koyama 2016).
In addition to the models mentioned so far, we also have models
of dark matter beyond cold dark matter (e.g. axions Marsh 2016),
non-standard inflationary models (Martin et al. 2014), and many
more. The model we use here for demonstrating how an emulator
can be created using Sesame is a f (R) modified gravity model.
This is chosen as it is well known and because it is already imple-
mented in the applied code base.

f (R)-modified gravity

In f (R)-modified gravity theory (Sotiriou & Faraoni 2010), the
Einstein-Hilbert action of GR is extended by a function, f (R),

S =

(∫
R + f (R)

16πG
+Lm

)
√
−gd4x. (4)

Here, R is the Ricci scalar, G is the Newtonian gravitational con-
stant, Lm is the matter Lagrangian density, and g is the determi-
nant of the metric tensor, gµν. The f (R) function can take many
forms, one of which is given by

f (R) = −m2 c1(R/m2)n

c2(R/m2)n + 1
, (5)

proposed by Hu & Sawicki (2007). Here c1, c2, and n are dimen-
sionless, constant, and non-negative parameters of the model
and m2 = H2

0Ωcdm, with H0 the value of the Hubble parame-
ter today. This f (R) function was designed so that cosmological
tests at high redshifts yield the same results as for GR. In addi-
tion, in the limit where c2(R/m2)n � 1, Eq. (5) can be written
as f (R) = −m2c1/c2 + O((m2/R)n), showing that a cosmological
constant, and thereby a similar background evolution to that of
ΛCDM, can be obtained by equating −m2c1/c2 with −2Λ. This
corresponds to a relation given by c1/c2 = 6ΩΛ/Ωcdm between
the two parameters c1 and c2. The equation of motion of the
scalar degree of freedom, fR, of the f (R)-model is then given
by

fR ≡
d f (R)

dR
≈ −n

c1

c2

(
m2

R

)n+1

. (6)

By fixing the value of fR0, the present-day background value of
the scalar degree of freedom, an independent connection can be
found for c1 and c2. This enables the model to be fully specified
by the parameters fR0 and n. We apply n = 1 in this paper.

From theory and simulations, the impact of this form
of f (R)-modified gravity on structure formation, and thereby

the matter power spectrum, can be predicted for various val-
ues of fR0. In general, this modification to gravity enhances
structure formation on small scales (Hu & Sawicki 2007;
Pogosian & Silvestri 2008; Cataneo et al. 2015), as a result of an
attractive force, dubbed the fifth force, which appears in addition
to Newtonian gravity. The effects of this, in order for the theory
to be compatible with observations (Will 2014), are suppressed
in high-density regions due to a chameleon screening effect
(Khoury & Weltman 2004b; Brax et al. 2008). The value of fR0
controls the threshold at which the screening kicks in and recov-
ers GR. Values above fR0 ∼ −10−5 are in general ruled out from
cosmological observations (Cataneo et al. 2015; Koyama 2016),
although massive neutrinos, which have the opposite effect on
structure formation, have not always been taken into account in
these analyses (Baldi et al. 2014).

2.3. Massive neutrinos

From particle physics, we know that there are three neutrino
mass states, νi with i = 1, 2, 3 (e.g. Thomson 2013). The absolute
mass scale, mνi (often shortened to mi), of each state is unknown,
but neutrino oscillation experiments give us constraints on the
mass difference between the states (Particle Data Group 2022)

∆m2
21 = (7.53 ± 0.18) × 10−5 eV2,

∆m2
32 = (−2.519 ± 0.033) × 10−3 eV2 (IH), (7)

∆m2
32 = (2.437 ± 0.033) × 10−3 eV2 (NH),

where IH denotes the inverted hierarchy (m3 � m1 < m2) and
NH the normal hierarchy (m1 < m2 � m3). This gives a lower
bound of

∑
mν & 0.1 eV and

∑
mν & 0.06 eV for the sum of the

neutrino masses for the inverted and normal hierarchies respec-
tively. An upper bound is given by

∑
mν . 2.4 eV, based on the

KATRIN single β-decay experiment (KATRIN Collaboration
2022).

In addition to particle physics experiments, the sum of the
neutrino masses can be constrained through cosmological obser-
vations. As neutrinos make up a fraction of the energy content
of the Universe, given by (Lesgourgues & Pastor 2006)

Ων ≈

∑
mν

93.14 eV h2 , (8)

they affect the formation of structure. At early times, the mas-
sive neutrinos are relativistic, and free-stream out of overdense
regions. This, in addition to alterations of the background evo-
lution, like the time of matter-radiation equality, leads to a sup-
pression of the matter power spectrum on scales smaller than the
neutrino free-streaming length (Lesgourgues & Pastor 2006),

λFS = 7.7
1 + z√

ΩΛ + Ωm(1 + z)3

(
1 eV∑

mν

)
h−1 Mpc. (9)

Here, Ωm = Ωcdm + Ωb + Ων is the total energy density of
matter and the other parameters are as explained before. The
suppression of structure formation is observable and can help
constrain the sum of the neutrino masses. A recent combina-
tion of various probes finds

∑
mν . 0.09 eV at 95% confidence

(Di Valentino et al. 2021) and one of the science goals of the
Euclid mission is to measure

∑
mν to more than 0.03 eV pre-

cision through the use of weak gravitational lensing and galaxy
clustering (Laureijs et al. 2011).

Although cosmological observations can be used to obtain
tighter upper bounds on the sum of the neutrino masses, it is
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important to take into account the dependence on the choice
of a cosmological model. Hu-sawicki f (R)-modified gravity,
as mentioned above, has the opposite effect of massive neu-
trinos on structure formation, and thus results in degenerate
observables like the matter power spectrum, halo mass func-
tion (HMF), halo bias, and void-galaxy cross-correlation func-
tion (Baldi et al. 2014; Mauland et al. 2023).

3. Method

In this section, we introduce the methods behind the simulations
and machine learning codes used to create the emulator. We also
detail the steps that need to be taken before applying the pipeline
and the steps taken within the pipeline itself.

3.1. Simulations

The simulations in this paper were performed with the
COLASolver implemented in the FML library2. This is a fast and
approximate particle-mesh (PM) N-body code which employs
the COLA method introduced by Tassev et al. (2013). The
COLASolver succeeds the MG-PICOLA3 code (Winther et al.
2017) and has various options for cosmologies and gravity mod-
els, including dynamical dark energy and f (R)-modified gravity.
It also contains massive neutrinos, using a grid-based method
as proposed in Brandbyge & Hannestad (2009), which is imple-
mented and tested in Wright et al. (2017).

3.1.1. The COLA method

The COLA method (Tassev et al. 2013) is based on the fact
that structure formation on large scales is well described by
Lagrangian perturbation theory (LPT). We can use this to our
advantage and solve for the displacement, δx, between a parti-
cle’s LPT trajectory, xLPT, and its full trajectory, x. The geodesic
equation for the particles is given by

dx
dτ

= u, (10)

du
dτ

= −∇Φ, (11)

which, when setting x = δx + xLPT, becomes

dδx
dτ

= δu, (12)

dδu
dτ

= −∇Φ −
d2xLPT

dτ2 · (13)

The additional COLA force is easily computed from the dis-
placement fields that are already calculated when creating the
initial conditions. In this COLA frame (the frame co-moving
with the LPT trajectories), the initial velocity of the particles
is simply δu = 0, and stays small on large scales during the
evolution. This allows us to take much larger time steps than in
usual N-body simulations, while still maintaining high accuracy
on the largest scales, reducing the simulation time substantially.
When increasing the number of timesteps, the method converges
towards a full PM N-body code. The COLA method has become
an increasingly popular method for cheaply generating simula-
tions and mock galaxy catalogues (Tassev et al. 2015; Feng et al.

2 https://github.com/HAWinther/FML/tree/master/FML/
COLASolver
3 https://github.com/HAWinther/MG-PICOLA-PUBLIC

2016; Izard et al. 2016; Koda et al. 2016; Leclercq et al. 2020;
Brando et al. 2023; Wright et al. 2023).

3.1.2. Screened modified gravity

The COLASolver we use already contains implementa-
tions of a wide range of modified gravity models, like
f (R) gravity, the symmetron, DGP, and Jordan-Brans-Dicke
(de Felice & Tsujikawa 2010; Hinterbichler et al. 2011;
Dvali et al. 2000; Joudaki et al. 2022). A typical modified grav-
ity model has a Poisson equation which in linear perturbation
theory, and in Fourier space, reads (see e.g. Winther et al. 2017)

Φ(k, z) = −
3

2k2 Ωmaδm(k, z)
Geff(k, z)

G
· (14)

Here, Geff(k, z)/G represents an effective Newtons constant,
which might depend on both time and scale. For example, for
the f (R) model, we have

Geff(k, z)
G

= 1 +
1
3

k2

k2 + a2m2
f(R)

, (15)

where m−1
f(R) is the range of the fifth-force. This is exact on linear

scales, but it does not include the important screening effect seen
in many modified gravity models. To accurately take this into
account, one must solve the non-linear partial differential equa-
tion (PDE) for the extra degree of freedom of the theory (e.g. the
scalar field, fR, for the case of f (R) gravity). The COLASolver
includes the possibility of doing exactly this, but it is quite
time-consuming. Instead, we therefore rely on the method of
Winther & Ferreira (2015). Here, the Poisson equation is taken
to be

Φ(k, z) = ΦN(k, z) −
3

2k2 Ωmaδeff
m (k, z)

(
Geff(k, z)

G
− 1

)
, (16)

where the first term is standard Newtonian gravity and the sec-
ond term is the contribution from the fifth force. The effective
density, δeff

m , (in real space) is given by

δeff
m (x, z) = δm(x, z)F(ΦN,∇ΦN,∇

2ΦN, . . .), (17)

where the function F estimates the screening. In this way, F = 1
corresponds to no screening. For different models, we can use
spherical symmetry to compute the F function. For example, for
f (R), we have

F = min

1, 3| fR0|

2|ΦN|

(
Ωm + 4ΩΛ

Ωma−3 + 4ΩΛ

)n+1 , (18)

which only depends on the local value of the standard Newto-
nian potential. This is easily (and cheaply) computed in the code
using Fourier transforms, making the cost an order of magnitude
lower than solving the full equation of motion.

In the COLASolver, different screening methods are already
implemented for a wide range of models. The above approxima-
tion is accurate, but it is not perfect (depending on the model).
Because of this, one should always compare the results to full
N-body simulations, to assess the accuracy. If higher accuracy
is needed, there is a possibility of improving it. One simple fix
is to modify the screening method by introducing a fudge factor
(or function), γ(a), to scale F with. Then, γ(a) can be adjusted
by comparing to exact simulations. This is done for f (R) in
Winther & Ferreira (2015), by fitting a constant factor to match
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a particular redshift. As the main purpose of this paper is to set
up a general pipeline, and because emulators for the particular
example model used here already exist (e.g. Ramachandra et al.
2021; Arnold et al. 2022; Sáez-Casares et al. 2024), we choose
to not adjust γ(a) and our screened simulations thus have γ = 1.
The implication this has for the simulations we run is that it over-
estimates the screening, giving a conservative estimate for the
actual boost with respect to ΛCDM.

3.1.3. Massive neutrinos

Massive neutrinos were for a long time considered beyond
ΛCDM, at least from the perspective of N-body simulations.
This has changed over the last decade, and most simulations
these days do include the effect of massive neutrinos.

In the COLASolver, massive neutrinos are treated as
a field evolving according to linear theory, as proposed
by Brandbyge & Hannestad (2009). After creating the
CDM+baryon particles, we compute and store the initial
density field, δcb(k, zini), and evaluate

δν(k, z) =
Tν(k, z)

Tν(k, zini)
Tν(k, zinit)
Tcb(k, zinit)

δcb(k, zini), (19)

where Tcb and Tν are the CDM+baryon and neutrino transfer
functions respectively. This is then added as a source to the Pois-
son equation (here for GR)

Φ = −
3

2k2 Ωma
[
(1 − fν)δcdm + fνδν

]
, (20)

where fν = Ων/Ωm. For more information about the neutrino
implementation, see Wright et al. (2017). The implementation of
massive neutrinos used here is also included in a massive neu-
trino code comparison project (Euclid Consortium 2023), where
it shows percent level agreement in the power spectrum com-
pared to more exact methods of including massive neutrinos.

3.2. Machine learning

To create an emulator for the power spectrum boost, B(k, z),
we utilise PyTorch-Lightening4, a lightweight wrapper for
the Python PyTorch package5. PyTorch is a machine-learning
framework focusing on deep learning, and it provides the tools
necessary to train neural networks with multiple layers. It
requires our data as input, separated into three different cate-
gories: training, testing, and validation. The training data is used
to train the neural network. This is the data that the neural net-
work learns from. During the learning process, the neural net-
work occasionally sees the validation data, as a means to help
tune the model, but does not learn from it. Once the neural
network is fully trained and the emulator is created, it can be
evaluated against the test data to assess its performance. The
architecture of the neural network training can be designed by
the user by deciding the number of hidden dimensions, num-
ber of neurons, the batch size, and more6. The number of hid-
den dimensions governs how many layers there are between the
input and output layers. Each of these layers has a given num-
ber of neurons, which perform computations on the training data
before passing it to the next layer. The data is also commonly

4 https://www.pytorchlightning.ai/index.html
5 https://github.com/pytorch/pytorch, https://pytorch.
org/
6 See the PyTorch-Lightening documentation for detailed
instructions.

divided into smaller subsets, containing a set number of samples
in each batch. This allows for a more efficient training process.

For our neural network training, we assigned data to the
training, validation, and test sets by drawing Latin hypercube
samples (McKay et al. 1979; Heitmann et al. 2006) for each data
set, corresponding to a 80−10−10 percent distribution. This
ensured that each set had an even distribution of parameters in
the available parameter set. We also tested both two and three
hidden layers, in addition to varying the number of neurons
in each layer, ranging from 8−512 in different combinations.
Finally, we tested the batch size, varying from 16−256. From our
example case of f (R)-modified gravity, we created three differ-
ent emulators, two including unscreened f (R) gravity, one for the
linear power spectrum boost and one for the non-linear, and one
for the non-linear screened f (R) gravity power spectrum boost.
They all had a batch size of 64 and two hidden layers, but the
two unscreened f (R) emulators used 16 neurons in the first hid-
den layer and 8 in the second, while the screened f (R) emula-
tor had 32 and 16 neurons due to a more complicated shape for
some of the curves. This can be further optimised and changed
by the user based on the desired accuracy of the training process
and will depend on the simulations and the parameters that are
varied.

3.3. Pipeline

The full pipeline used for this work is made available to the pub-
lic7, including instructions on how to use it. It can be applied
as is for cosmologies with f (R) modified gravity and massive
neutrinos, or extended to different cosmologies as wished. Here
follows an outline of the steps necessary both to use the pipeline,
and taken inside the pipeline itself:

First of all, the desired cosmological model, if not already
included in the COLASolver, is implemented. Likewise, the
model is implemented in a Boltzmann solver in order to obtain
the initial conditions, or an already existing solver with the nec-
essary cosmology can be used. Once this is done, the simulation
setup is tested for the model in question to obtain the number
of time steps, box size, grid resolution, and so on, that gives
the desired convergence within the code itself. With the optimal
setup obtained, the boosts dependence on cosmological param-
eters is tested in order to determine which parameters should
be included when creating the emulator. When this is decided,
the priors on the parameters is chosen, along with a fiducial
cosmology and the number of desired samples to simulate for
the neural network to work on. These are the steps that need
to be taken outside of the pipeline. Once this is in order, Latin
hypercube sampling is employed to sample the parameter space
evenly. The way the pipeline is set up now, individual param-
eter samples are drawn for the training, testing, and validation
sets so that they make up an 80−10−10 percentile distribution
of the total amount of samples. Alternatively, one can draw all
the samples at once and then distribute the samples into data
sets later. The desired amount of samples for the various cos-
mological parameters is written to file, together with the desired
simulation settings of the COLASolver. The information in this
file is then used to generate a bash script where new parameter
files for the COLASolver are created. This script is then acti-
vated and the simulations are run for both the beyond-ΛCDM
and ΛCDM model for all the samples. This creates multiple
outputs of the matter power spectrum at various redshifts in
each case. The boost, B(k, z) = Pbeyond−ΛCDM(k, z)/PΛCDM(k, z),

7 https://github.com/renmau/Sesame_pipeline
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is then calculated for each parameter combination and redshift,
and smoothed with a Savitzky–Golay filter (Savitzky & Golay
1964). The smoothing is performed to reduce small fluctuations
and thereby make the curves easier to estimate for the neural
network. The parameter values, redshifts, log10 k, and B(k, z) are
written into three separate files that go into the neural network
learning. 80% of the sample data goes into a training file, 10%
into a validation file, and the remaining 10% into a test file, as
mentioned above. These are then fed to the neural network, and
the power spectrum ratio emulator is created. In this step, the
architecture of the neural network must also be decided. This
might take some trial and error, in order to obtain the desired
accuracy.

At this point, the boost emulator for the desired cosmol-
ogy has been created. To extract Pbeyond−ΛCDM(k, z), we can
now depend on already existing high-quality emulators for
ΛCDM (e.g. Angulo et al. 2021; Euclid Collaboration 2021;
Moran et al. 2023). Ideally, the final step should be to run a high
resolution N-body simulation to determine the accuracy of the
boost within the COLASolver. This would likely be the most
expensive part to perform out of everything detailed above, but
would give us an estimate of the simulation errors. Alternatively,
if high-resolution simulations already exist for the cosmologi-
cal model of interest, these can be used instead. In addition to
this, we can get an estimate of the emulator errors by compar-
ing the emulator performance to the test set. Both of these error
estimates can then be baked into the covariance when using the
emulator to fit to data, to ensure that all errors are included.

4. Simulations

For the example case of the f (R) model, we performed two main
sets of simulations with the COLASolver (Sect. 3.1) to obtain the
power spectrum boost. One setup had unscreened f (R) gravity,
while the other included screening mechanisms. For these runs,
we picked 550 samples of five cosmological parameters, varied
within the intervals

σ8 ∈ [0.66, 0.98],
Ωcdm ∈ [0.20, 0.34],
w0 ∈ [−1.3,−0.7], (21)
wa ∈ [−0.7, 0.7],
log10 fR0 ∈ [−8.0,−4.0].

These intervals, with the exception of log10 fR0, are based on the
EuclidEmulator2, and are either the same (w0, wa) or slightly
larger (Ωcdm, σ8) than the intervals used by Euclid Collaboration
(2021)8. A sample selection of 100 parameter samples can be
seen in Fig. 1.

The simulation setup and the fiducial cosmology are given in
Table 1. In each case, we had Lbox = 350 h−1 Mpc, Ngrid = 768,
and Npart = 640. The simulations were started at zini = 30.0 and
used 30 timesteps up until z = 0.0. Regarding the simulation
setup we used, note that COLA simulations in general often use
a large force-grid with Ngrid = (2 − 3)Npart (see e.g. Izard et al.
2016). This is in order to have enough force-resolution to be
able to create and resolve small halos – a crucial property if
one is to create mock galaxy catalogues. The dark matter power-
spectrum, on the other hand, is less sensitive to this, and we can
therefore get away with using a smaller grid. When it comes to

8 A convenience of using the COLASolver to perform the simulations
is that it is fast, and therefore, extending the parameter intervals is com-
putationally cheap compared to more accurate full N-body simulations.
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Fig. 1. Sample distribution for 100 of the total 550 samples. The bur-
gundy dot shows the fiducial cosmology parameter values, as given in
Table 1.

Table 1. Fiducial values for the main simulations and for parameter
variation tests run with a slightly different setup.

Parameter Fiducial value Test value

As 2.1 × 10−9 2.1 × 10−9

σ8 0.82 0.83
ns 0.96 0.96
h 0.67 0.67
Mν 0.058 0.0
Ωcdm 0.27 0.27
Ωb 0.049 0.05
w0 −1.0 −1.0
wa 0.0 0.0
log10 fR0 −5.0 −5.0

Notes. If a parameter does not vary, this is its default value. The Mν

parameter refers to the sum of the neutrino masses and is given in
eV. The main simulations have Lbox = 350 h−1 Mpc, Ngrid = 768, and
Npart = 640. The parameter test runs have Lbox = 350 h−1 Mpc and
Ngrid = Npart = 640.

choosing the final simulation setup, it is important to always per-
form convergence tests of how the boost, B, changes with respect
to the box size, the number of particles, the force resolution (the
grid size), the number of time-steps, and other accuracy param-
eters like the initial redshift. This is essential to ensure that the
result within COLA is converged. This is done for the setup used
here, as seen in Fig. 2. Once this is done, the true accuracy can
be assessed by comparing the COLA result to high-resolution
N-body simulations. The power spectrum boost for the 100
parameter samples mentioned above can be seen in Fig. 3 for
three different scenarios; linear boost with unscreened f (R) grav-
ity, non-linear boost with unscreened f (R) gravity, and non-
linear boost with screened f (R) gravity.

For every sample, COLASolver was run twice, once with
f (R)-modified gravity and the selected value of fR0, and once
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Fig. 2. Convergence test for the COLASolver simulation setup for the
screened boost between a f (R) gravity simulation with | fR0| = 10−5

and Mν = 0.2 eV, and a ΛCDM simulation with massless neutri-
nos, at z = 0.0. This ratio is denoted r, and is shown in comparison
to a fiducial simulation setup. The fiducial setup is the same as the
test setup in Table 1, namely Ntime = 30, Ngrid = Npart = 640, and
Lbox = 350 h−1 Mpc. Here, Ntime denotes the number of time steps. The
only parameter changed from the test setup to the final setup is Ngrid,
which was increased to Ngrid = 786 due to the resolution on non-linear
scales.

with regular GR. We ran our simulations for GR and f (R) using
the same initial conditions (i.e. we used the same value of As),
which translates into(
σf(R)

8

)2
=

∫
k3

2π2 PGR(k, z = 0)
(

Df(R)(k, z)
DGR(z)

)2 dk
k
, (22)

where the growth factors, D, are normalised to unity in the early
Universe. This ensures that the boost, B, is unity at early times,
while today σf(R)

8 is slightly higher for our f (R) simulations
than our GR simulations. We used amplitude-fixed initial condi-
tions (Angulo & Pontzen 2016; Villaescusa-Navarro et al. 2018;
Klypin et al. 2020) for our simulations to suppress the effects of
cosmic variance.

In order to know which cosmological parameter to include as
variables in the emulator training, we performed some test simu-
lations. Figure 4 displays the non-linear boost for the unscreened
f (R) case, with | fR0| = 10−5, when different parameters are
allowed to vary. From this, it is clear thatσ8, Ωcdm, w0, and possi-
bly wa are the most influential parameters on the power spectrum
ratio. Because of this, σ8, Ωcdm, w0, wa, and log10 fR0, in addition
to z and k, were chosen as the parameters to vary when producing
the data used to train the neural network when creating the boost
emulator. Tests performed where σ8 was not kept fixed for the
f (R) and GR initial conditions showed a larger variation for all
the parameters in general. However, fixing σ8 showed that some
of this effect was due to the difference in clustering. We also per-
formed tests with screened f (R) gravity and a different value for
fR0. These tests also pointed toward the same parameter choices.

5. Results

In this section, we present the results for our example boost emu-
lator with f (R)-modified gravity for three different cases: the lin-
ear power spectrum boost with unscreened f (R) gravity, the non-
linear power spectrum boost with unscreened f (R) gravity, and
the non-linear power spectrum boost with screened f (R) gravity.
The emulator results compared to the test data sets can be seen
in Figs. 5–7 respectively, for three different redshifts.

1.0

1.2

1.4

1.6

1.8

2.0

B
(k

)
=
P

L
in

f
(R

) L
in
/
P

L
in

G
R

1.0

1.1

1.2

1.3

1.4

1.5

1.6

B
(k

)
=
P
f

(R
) L

in
/
P

G
R

10−1 100

k [hMpc−1]

1.0

1.1

1.2

1.3

1.4

1.5

1.6

B
(k

)
=
P
f

(R
)
/
P

G
R

Fig. 3. Matter power spectrum (CDM + baryons) boost for modified
gravity and GR for the 100 samples shown in Fig. 1 at z = 0.0.
The upper and middle panel shows the linear and non-linear boost for
unscreened f (R) gravity. The lower panel shows the non-linear boost
for screened f (R) gravity. The burgundy line displays the boost for the
fiducial cosmology, as listed in Table 1.

In general, we see that the fully linear case has better agree-
ment between the emulator and test data for all redshifts, com-
pared to the non-linear cases. This is most likely due to the sim-
plicity of the boost curve, making it easier for the neural net-
work to predict. The same effect is also seen for higher redshifts
in all three cases, where the curves flatten out and become eas-
ier for the learning processes to capture accurately. Overall, the
fully linear boost emulator agrees with the COLASolver simu-
lations to below one percent accuracy on all scales and all red-
shifts (Fig. 5). For the non-linear unscreened f (R) case (Fig. 6),
we have agreement to below or around 1% at all scales for red-
shifts z = 1.58 and z = 0.55, with only a few exceptions showing
slightly larger discrepancies at small scales. For z = 0.00, we
have below 1% agreement up to k ∼ 0.3 h Mpc−1, and between
2−2.5% agreement otherwise. For the non-linear boost in the
screened f (R) gravity case (Fig. 7), we have below or around one
percent accuracy at all scales for z = 1.58 and z = 0.55. When
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Fig. 4. Boost for modified gravity with fR0 = −10−5 and GR for differ-
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different parameter values, with the middle value as the baseline. The
parameters are varied while holding the rest constant, and the fiducial
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ing invoked for the f (R) simulations. The Mν parameter refers to the
sum of the neutrino masses and is given in eV. Note the different axes
for the first row narrow panels compared to the rest.

we reach redshift zero there are a few outliers, resulting in some
differences around 2.5%, although the bulk of the set stays below
1%. Still, for the non-linear boost emulator, both in the case of
screened and unscreened f (R) gravity, it is clear, when compared
to Fig. 3, that the curves with the largest discrepancy between
predictions and simulations can differ quite a lot from the fidu-
cial expectation. This is not unexpected, as the training set for the
neural network contains fewer samples with parameter values
that lie close to the edges of the allowed intervals, therefore mak-
ing the predictions less robust for periphery samples. An exam-
ple of this is shown in Fig. 8, where an outlier is highlighted.
The corresponding parameter sample, compared to the fiducial
values, is given in Table 2. The error can be further approved by
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Fig. 5. Emulator performance compared to the test data sets for various
redshifts for the linear boost with unscreened f (R) gravity. The emulator
results, along with the simulations, are given in the larger panels, while
the narrower panels display the corresponding relative difference, given
by Bemulator/Bsimulation − 1. The grayed-out area in the same panel shows
±1%, and the Nyquist frequency of the simulations is k ≈ 5.7 h Mpc−1.

adjusting the neural network architecture, but this depends on the
features in the curve and the parameters included in the training
process, and must therefore be adjusted individually for anyone
interested in applying the pipeline. It should also be mentioned
that for the screened f (R) gravity emulator (Fig. 7), there could
be some overfitting for the simplest curves, due to the relatively
complex architecture containing 32 and 16 neurons in the two
hidden layers. We found that this was necessary in order to catch
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Fig. 6. Emulator performance compared to the test data sets for various
redshifts for the non-linear boost with unscreened f (R) gravity. Figure
setup as explained for Fig. 5.

the shape of the more complex curves, like the one highlighted in
Fig. 8. This could possibly be remedied by supplying the neural
network with smoother data curves.

Finally, in Fig. 9, we make a comparison with a small selec-
tion of other emulators in the literature for one set of cosmolog-
ical parameters (corresponding to the parameters used to make
the fitting formula of Winther et al. 2019). Overall, we find a
good agreement. The linear emulator is within ∼1% of the linear
fitting formula, while the non-linear emulator is within 2−3%
of e-Mantis (Sáez-Casares et al. 2024) and the fitting formula.
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Fig. 7. Emulator performance compared to the test data sets for vari-
ous redshifts for the non-linear boost with screened f (R) gravity. Figure
setup as explained for Fig. 5.

Our no-screening prediction naturally falls between the linear
and the non-linear predictions. To our knowledge, there are no
other emulators available to compare this to, but for | fR0| = 10−4,
where screening is not very active, it agrees to a few percent
with e-Mantis and the fitting formula. The non-linear emulator
we have created here overestimates the screening and gives a
conservative estimate for the boost. By properly calibrating the
screening efficiency, γ(a), in the approximate screening method
we use we could improve on this result. As the emulator we cre-
ated here is mainly an example of the emulator pipeline, we have
foregone this step.
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Fig. 8. Lower panel of Fig. 7 with one of the largest outliers high-
lighted in green. The rest of the results are as before, but muted with
a gray colour. The parameter sample values of the outlier can be found
in Table 2.

Table 2. Parameters for one of the samples with the largest discrepancy
between simulated and emulated boost for the screened f (R) gravity
case, compared to the fiducial values.

Parameter Fiducial sample Outlier sample

σ8 0.82 0.87
Ωcdm 0.27 0.21
w0 −1.0 −1.1
wa 0.00 −0.46
log10 fR0 −5.00 −4.04

Notes. The parameters Ωcdm, wa, and log10 fR0 all have values close to
the interval boundaries of the emulator training data.

6. Conclusions

Emulators for various global clustering statistics are memory
and time-saving. However, creating them often requires a lot
of resources through the use of large N-body simulation suites.
Because of this, the construction of accurate emulators usually
depends on the use of supercomputers. In this paper, we present
a full pipeline, Sesame, for creating emulators for the matter
power spectrum boost, B(k, z) = Pbeyond−ΛCDM(k, z)/PΛCDM(k, z),
for beyond-ΛCDM models, without the need for large com-
puting resources. The pipeline employs the fast and approx-
imate COLA method (Tassev et al. 2013; Wright et al. 2017;
Winther et al. 2017) to perform the simulations, simulating both
the beyond-ΛCDM and ΛCDM model. This allows us to extract
the boost up to higher k-values, due to some of the inter-
nal code artifacts canceling, as demonstrated in for example
Euclid Consortium (2023). The simulation data is then used to
train a neural network, through the PyTorch Lightening deep
learning module, resulting in a boost emulator. At this point, we
rely on existing ΛCDM emulators to extract Pbeyond−ΛCDM(k, z).

Using the pipeline will consist of the following steps:
– Implement the model or parametrisation you want to emulate

in the COLASolver. This most commonly consists of imple-
menting the Hubble function and how to compute the gravi-
tational potential. Here, already implemented models can be
used as examples. For most models, this will be a minor task.

– Pick the simulation setup and do a convergence test to ensure
that the setup is converged within the code itself.
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light ±2% about the fitting formula prediction.

– Pick which cosmological parameters you are interested in
varying. For this, it is useful to study how the boost, B,
changes when varying individual cosmological parameters,
and select the ones that have a significant impact. From our
experience, looking at different modified gravity models that
deviate from ΛCDM only close to today, as long as the power
(σ8) is kept the same (depending on the model), either in the
initial conditions or at z = 0, it is often σ8 (or As) and Ωm
that are the most relevant.

– Pick the priors of the parameters you want to vary and the
number of samples you want to include, and use this to gen-
erate the Latin hypercube samples (script provided in the
pipeline).

– Generate all the input for COLASolver, meaning the input
files and the necessary power spectra, by running a Boltz-
mann solver (script provided in the pipeline for CLASS
Lesgourgues 2011; Blas et al. 2011).
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– Run the simulations to produce all the data files containing
the power spectra needed to compute the boosts (script pro-
vided in the pipeline).

– Gather all the data and make the files needed for the emulator
(script provided in the pipeline).

– Determine the neural network architecture (often trial and
error) and run the training to produce the emulator (script
provided in the pipeline).

– Check the accuracy of the emulator and redo the previous
step if needed until you have something acceptable (script to
compare the emulator with data provided in the pipeline).

– Estimate the errors. The emulation error can be obtained
from the training set and the error of the simulations them-
selves can be estimated by running a set of high-resolution
N-body simulations or by using already existing simulations.

As an example of using this pipeline, we created three emula-
tors for f (R)-modified gravity, including massive neutrinos. The
three emulators estimate the boost in the cases of linear and
non-linear boost for unscreened f (R) gravity, and the non-linear
boost for screened f (R) gravity. The first two of these have not
been made before, while for the last case there already exists
several emulators (e.g. Ramachandra et al. 2021; Arnold et al.
2022; Sáez-Casares et al. 2024).

The fully linear emulator has below-percent accuracy com-
pared to ground truth, while the non-linear boost emulators have
around 1−2% accuracy at redshift zero compared to our simu-
lations and 3−4% accuracy compared to high-resolution simula-
tions. We stress that the emulator with screening that we created
here is mainly an example of using the pipeline and is not meant
to rival high-quality emulators such as e-Mantis, which is based
on high-resolution simulations solving the full f (R) field equa-
tion. If this was to be the case, the screening efficiency in the
approximate screening method we use for f (R) would have had
to be calibrated by comparing to full simulations to enhance the
accuracy of the COLA approach. As this is not done here, the
non-linear emulator we have created overestimates the screen-
ing and gives a lower estimate for the boost. When using emula-
tors to fit data, both the error between the emulator and COLA
simulations and that of the COLA method compared to N-body
simulations must be taken into account.

With the paper, we provide the full pipeline9. Sesame can
then be used by anyone to create emulators for their desired
beyond-ΛCDM model, either by employing one of the models
already incorporated in COLASolver code, or by implementing
the desired model and then applying the pipeline.
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