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1 Lévy theory

Our primary goal is to find analytic expressions for delta of option prices, where
the underlying asset’s price is modeled with an exponential normal inverse
Gaussian(NIG) process. In section we will use the density method, starting
with a Black-Scholes style price, then delta is the derivative with respect to
the initial price. We will move the derivative into the expectation used in the
pricing by Leibniz’ rule. We will also do this with Brownian price processes in
section , where we also consider spread options. We will end with numerical
implementations in section of both price and delta for NIG and Brownian
models, and compare these with each other and a Black-Scholes style solution.
Both Brownian motion and NIG processes are Lévy processes, hence we start
by looking at some general theory for Lévy processes in this section, which
primarily will help with finding an integrability and a martingale conditon for
the exponential NIG process.

1.1 Infinitely divisible distributions

Before anything else we will define convolution of measures, as this will be used
in results in a later subsection.

Definition 1 (Convolution of measures|App09|). Let p; and po be probability

Borel measures on R? and A a measurable set, then the convolution of the
measures is defined as

(s )= [ [ 1ate+ g (daatay).

Before getting to Lévy processes, we will define infinitely divisible distribu-
tions, as we will see later they are closely linked to Lévy processes.

Definition 2 (Infinite divisibility|[App09]). Let X be a random variable. We

say that X is infinitely divisible if for each n € N there exists X 5"), e ,X,(L")
such that

xLxm o xm,

We have some equivalent characterizations of infinitely divisible distributions.

Proposition 3 (|[App09]). The following are equivalent:
o X is infinitely divisible,

e ux has a convolution n-th root (something that convoluted with itself n
times equals px ), for each n € N,

e the characteristic function ¢x has an n-th root which is itself the charac-
teristic function of some random variable, for each n € N.

Before considering the next theorem, we require another concept.
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Definition 4 (Lévy measure|App09]). Let v be a Borel measures on R?\ {0}.
We say that it is a Lévy measure if

/ min(|z|?, 1)v(dz) < oo.
R4\ {0}

We can now look at one of the most useful results for working with infinitely
divisible distributions. We will employ this later to find both integrability and
martingale conditions.

Theorem 5 (Lévy-Khintchine formula|App09]). Let p be probability Borel
measures on R?, it is infinitely divisible if there exists b € R, a positive definite
symmetric d x d matriz A, and a Lévy measure v on R%\ {0} such that for all
u € Re

b (u) = exp{i(b, u) — %(u, Au) +/

ey — 1 —j(u, y)lBl(m(y)V(dy)}’
R7\{0}

(1)

where ¢, (u) is the characteristic function of u, and B1(0) the ball of radius
1 centered at 0. Conversely any mapping of the form is the characteristic
function of an infinitely divisible probability measure on R?.

We may refer to infinitely divisible distributions by the parameters in the
Lévy-Khintchine formula.

Definition 6 (Characteristic triplet|[App09]). If x4 is infinitely divisible, and
we find the Lévy-Khintchine formula of the form , then we call (b, A, v) the
characterisitc triplet of X.

As the Lévy-Khintchine formula linked the characteristic function to an
exponential, we may sometimes want to talk about the exponent.

Definition 7 (Lévy symbol[App09]). If 4 is infinitely divisible, and we find
the Lévy-Khintchine formula of the form , we write

bp (u) = en(u), (2)

where

n(u) = i(b,u) = 5 (u, Au) + /}Rd\{o} e Y) — 1 —i(u, )1, o) (y)v(dy),

and we call 5 : R? — C the Lévy symbol of p.

Let us now consider some examples, which includes some very well known
distributions. We will show that they are infinitely divisible and find their
characteristic triplets, this is simply done with Lévy-Khintchine formula.

Example 8. If X ~ A(u,0?) then its known that

E[eiuX] _ eiuuféazuz’

then by it has an infinitely divisible distribution, which has characteristic
triplet (u,02,0).
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Example 9. Consider X to be Poisson distributed with density

Aee=A
K
It has characteristic function
o0
) o AkemA
X tuk
Ele™] = Ze B

k=0 ’

- (Ae™)

=¢ Z ko
k=0

Using the Taylor series of e”

:e—kez\e

)

:ek(e —1)7

—exp ( /R \{0}(61’“96 — 1)Ad (da) )

where §; is the Dirac delta centered in 1. We recognize this as a Lévy-Khintchine
formula, thus X is infinitely distributed with characteristic triplet (0,0, Ady (dz)).

Example 10. Let N ~ Poi()), and let Z;,i € N be i.i.d. and independent of
N. Then a compound Poisson distribution can be defined as

N
X = ZZ,
=0

We consider the characteristic function

N
E[e™*] =E [exp (zu Z Zl)} )
i=0
by the law of total expectation we get
)\k —A

B [exp (03 2 = K] 22

0 1=0

-

>
Il

since Z;’s are i.i.d.

e o (02)] 5

-

b
Il

0

n (AE |exp (iuZ)|)*
g orlen(orlt

:e)\(E[exp(iuZ)] -1) ,

—exp ([ (e = 1Az (aa)

thus is infinitely divisible with characteristic triplet (0,0, Auz(dz)).
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1.2 Lévy processes

We are now ready for Lévy processes. One could keep in mind the definition of
Brownian motion when looking through the next definition, as we will see in a
later subsection that Brownian motion turns out to be a Lévy process, and the
definitions have similarities.

Definition 11 (Lévy process|App09]). Let X = X;,¢t > 0 be a stochastic
process of a probability space (2, F,P). We say that it has independent
increments if for any 0 < t; < to < --- < t, < oo the random variables
Xi; 11 —Xt;,1 < j < n—1are independent, and that it has stationary increments

if each Xy, ., — Xy, 4 Xy — Xo. We say that X is a Lévy process if:

i+l J+17t;

2. X has independent and stationary increments,

3. X is stochastically continuous,

where by stochastic continuity we mean that for all ¢ > 0 and for all s > 0

lim P(|X; — X;| > a) = 0.
t—s
We have one of many results which shows a link between Lévy processes.

Proposition 12 (|App09]). If X is a Lévy process, then X (t) is infinitely
divisible for each t > 0.

The following gives a relationship between the characteristic functions of
Lévy processes and corresponding infinitely divisible distributions.

Theorem 13 ([App09)). If X is a Lévy process, then
bx (1) (u) = et

foru € R%, t >0, where 1 is the Lévy symbol of X(1). We may write nx, and
define the Lévy symbol of a Lévy process to be the Lévy symbol of X (1).

From this we see that if X is a Lévy process, then X; is infinitely divisible
with characteristic triplet (tb,tA,tv(dz)). An important intuition for Lévy
processes is that b represents drift, A a continuous movement (like in a Brownian
motion), and v(dz) counts jumps (like in a Poisson or compound Poisson
process). We will introduce some notation for the exponent in the previous
theorem.

Definition 14 (Lévy symbol of a Lévy process[App09]). We define the Lévy
symbol of a Lévy process X to be the Lévy symbol of X (1), and may write it

as 7x.
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1.3 Subordination

In this subsection we will see one way to construct new Lévy processes from
existing ones, by subordination.

Definition 15 (Subordinator|App09]). A subordinator is a non decreasing one
dimensional Lévy process.

The intuition about subordinators is that they are random models of time.
If T}, t > 0 is a subordinator then

T, > 0, (3)
for t > 0, and
Ty, <Ti,,
for t1 < ts.
Theorem 16 ([App09]). Let T be a subordinator, then it has Lévy symbol of

the form

) = dbu+ [ (7~ D) (1)
0
where b > 0, and X is a Lévy measure that satisfies
A((=00,0)) =0,

and

/ min(y, 1)\ < oo.
0
Conversely if we have a symbol of the form it is the Lévy symbol of a

subordinator.

The following example presents the inverse Gaussian process, which is a
subordinator, which is used to construct the normal inverse Gaussian process
which we are interested in.

Example 17 ([App09]). Let W, be the standard Brownian motion, and let
B = vt + W;. Then the inverse Gaussian process is

T, = inf{s > 0|B; = dt},
where > 0. We have that
Ele "] = exp ( —15(v/2u+ 42 — 7))7
and T; has density

s) = —e?7s73/ 2 ex (77752525 Ly 25),
for each t,s > 0. A function that has the density of T} is said to be inverse
Gaussian distributed, which we write IG(9, 7).
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We have a name for the exponent we found in the previous example, as we
will see later it becomes useful to state some properties of subordinators.

Definition 18 (Laplace exponent of subordinator[App09]). Let T be a subor-
dinator, and let

E[e_uTt] — e—tw(u)7

then we call ¢ the Laplace exponent of T
We have

() = —m (i) = bu+ / T e m)A(dy),

for each u > 0.
The following theorem shows how we can use subordination to change the
time of Lévy processes.

Theorem 19 (|App09]). Let X be a Lévy process, and T a subordinator on
the same probability space as X, such that X and T are independent. We can
define a new process

Z, = X(T))

for eacht > 0, such that for eachw € Q, Zy(w) = X, () (w). Then Z = Z;,t > 0
is a Lévy process.

If we know the Laplace exponent and the subordinator and the Lévy symbol
of the subordinated process we can quickly find the Lévy symbol of the new
process with the following result.

Proposition 20 ([App09]). Let X, T, Z be as in (19), then

Nz = —r o (—nx).

We demonstrate the previous result in this example, where we also get a
first look at the NIG process we will work with in later sections.

Example 21 (|App09]). For each t > 0 let Z; = Br, + ut, where By = St 4+ W,
where W, is the standard Brownian motion, and 5 € R. Let T be a subordinator
independent of B, such that Ty is IG(5, /a? — 32), where a € R and o? > 2.
Then from Z is a Lévy process. Further, using 4| we have

nz(u) = = ¥r(u) o (=np(w)) + iupt,
using (17) and

=~ (15(V/u+ a2 — 7 — /a?— ) o (~iuf + 3u?) + i,
=iuput + 5t(\/a2 - B2 - \/a2 — B2+ u? — 2iupf),
=iupt + 6t(v/a? — 32 — Va2 — (B + iu)?).

We will see more of this in section B




8 CONTENTS

1.4 Convolution semigroups and canonical Lévy processes

We had a result that says that given a Lévy process we have an infinitely
divisible distribution for each ¢t > 0, and singled out the one for ¢t = 1. In this
subsection we will see a way we can start with an infinitely divisible distribution
and find a Lévy process. We will first need some concepts defined.

Definition 22 ([App09]). We write Cj(R?) to denote the continuous bounded
functions from R? to R. Let p;,t > 0 be a family of probability measures. We
say that it converge weakly to dg (the dirac delta function) if

lim f (y)pe(dy) = f(0),

t—0+t
for all f € Cy(R?).

In the definition of Lévy processes we had stochastic continuity, the following
result links this to the previous definition.

Proposition 23 ([App09]). If X is a stochastic process such that X (t) has law
pt for each t > 0 and X (0) =0, then p,t > 0 is weakly convergent to &g if and
only if X is stochastically continuous at 0.

The following definition is for the objects we will turn into Lévy processes.

Definition 24 ([App09]). We call a family of probability measures p;,t > 0
with pg = 0 a convolution semigroup if

Pt+s = Pt * Ps

for all ¢, s > 0. We say that it is weakly continuous if it is weakly convergent to
do

Let us look at an example of such a weakly continuous semigroup.

Proposition 25. Let

pe(dix) = \/ﬁe‘%dx,

then ug, t > 0 forms a weakly continuous semigroup. This is the Gauss semigroup,
and we recognize it as the law of the standard Brownian motion.

Proof. We start by checking directly that (p; * ps)(A) = peys(A).

—o0 J—o0 2#\/1%

we make the substitution z = z — y with dx = dz

o0
la(z 1 (z=»? 142
e 2t T2 dzdy,
/ / 27‘1’\/» Y

1 77(2714)277&
:/ lA()/ 271’\/7 2 T3 dyde.
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We examine the exponent

1 1
- = ) 2
57 (7" — 22y +y%) — o507
1
= 2t(z — 252y + sy + ty?),
1
=- 273(@ +5)y* — 252y + 52°),
1 9 s(t+ 5)2?
= — —((t _9 AT AR
(4 sy 2oy 4 SEEIZ
1 5222 tsz?
= t —2 a
o + o )
1
=~ 5 (Vi sy - 2 - 2,
( i «/t+ ) 2t + s)
_ 1 82 | 1 9
B QtffS(y t—|—s) 2(t+s)z

We return to the integral

o0 ° 1 t.s ( t 5)27%7;2
/ 1A(Z)/ 2v/ts T dyd,

/ml()*—zu%*/m 1 g zdd
= ze s z,
o A oo 27T\/t 4

the integral in y is a Gaussian integral

o0 v 27T \/ t:fs
_/ 1A(Z)€ 2(t+€) -V

27T\F
o 1 1
= e 1a(2)e T dz,
/_Oo V2Tt + s A( )
= pe+s(A).

Hence i is closed under convolution. We need that p; is weakly convergent
to dp. Let f : R — R be continuous and bounded, i.e. f € Cp(R). Let |f| be
bounded by C. Fix an arbitrary € > 0, and pick €; > 0 and e3 > 0 such that
€1 + Cea < €. We have

I/f ) (dy) — f()l‘l/ﬂ{f(y)\/;—m £y~ (0 /F % dy.

1
< / £(u) — £(0)

’y2
e 2 d
V27t Y




10 CONTENTS

From continuity we have that 36; > 0 such that | f(0)— f(x)| < €; when |z| < d;.
We also have that Jdo > 0 such that if ¢ < d9 then fR\(ﬂsl &) pe(dy) < ea(see

appendix @ Let 0 <t < dg then

1 _%dy

[t g1 < [ 156) 10 e
1

_ % q
L ) O ey
1
<[, =10l

1y
§€1/ e ztdy + Cey,
(=61,61) V2t

<er + Ceg,
<€E.

’y2
e 2o dy + Ceg,

Thus we have that for all € > 0 then there exists § > 0 such that if 0 <t < 4§
then

| / F)eldy) — FO)] < e,

hence

lim /R Fy)e(dy) = £(0),

t—0+
and we are done. [ |
And another example of a convolution semigroup.

Proposition 26. Let

pal:9) = gmayim o (| (Gra) 2oy * () Dot

where p = corr(X,Y), then us,t > 0 is a convolution semigroup. This is the
law of a two dimensional Brownian motion with correlation.

Proof. We start by checking directly that (p; * ps)(A) = peys(A).

La(z +u,y +0) 1 x? zy P
[t * fis Az/ eXp(—i[f—% + =
(be )(A4) Rt (2moxoy /1 — p?)3ts 2(1 —p?) Lot oxoy = ot
u? uv v2
B —D dedy)(dudv),
+ o%s poxay + ols (dzdy)(dudv)

We substitute © = z — u, y = w — v and examine the exponent

2

1 [s(z —u)® 2ps(z —u)(w —v) n s(w —v)?

20 -p)tsl  o% oxOy o3
tu? tuv tv?
+ 5 2[) + — 5

2
Ox Ox0y Oy
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we treat the mixed terms

s(z — u)(w —v) + t(uv),

=s(zw — zv — uw + wv) + tuw,

s(t+ s)zw
=(t + s)uv — s(zv + uw —_—
(t+ syuv = s(ev 4 uw) + T2
2
t
=(t+ s)uv — s(zv + vw) + AU szw7
t+s t+s
(t+ )( Zv uw 482 Zw ) tszw
= s)|uv —s -5 s
t+s t+s (t + 5)? t+s’

(t+ )< Sz )( sw)+tszw
= s)lu— v —
t+s t+s t+s’

which combined with the proof in for the non mixed terms of the exponent,
the exponent becomes

1 t+s sz \2 st
[( g )(u_ ) - 2
t+s o%(t+s9)

21— pHtsl o%
t+s sz sw 1 tszw
e ) e )
oxO0y t+s t+s oxoy t+s
(t+s) sw \2 st 9
o) e
oy t+s oy (t+s)

we split out the pure z,w part and define

2 2

o 1 [ z Zw L }
LT o0 ) o (t+s)  Poxoy(tts) | oR(t+s))
and
2 2
v () () (o) | (o)
By = — 2 _ts [ 2 —2p 3 }
2(1—p )t-Ts 0% oxOy oy

Then the original expression becomes
s 1)) = [ 1azwpes [ !
R2 7 r2 (2moxoy /1 — p?)3ts

we recognize Fs as the exponent of a binormal distribution, we know that

Jpo €72 = QWW%

eP2 (dudv)(dzdw),

Eqy
e
= 1a(z,w dzdw,
/]R? ( )27T0'X0'y\/1—p2(t+8)
=45 (A)
Hence p is closed under convolution. ]

Given a Lévy process the following result finds a weakly convergent semig-
roup.
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Proposition 27 ([App09]). If X is a Lévy process such that X; has law p; for
each t > 0, then p;,t > 0 is a weakly convergent semigroup.

Finally we see a converse result that lets us find a Lévy process given a
weakly convergent semigroup.

Theorem 28 (Canonical Lévy process|App09|). If p;,t > 0 is a weakly con-
tinuous semigroup of measures, then there exists a Lévy process X such that X
has law py for each t > 0. We call this the canonical Lévy process.

The previous result implies that the weakly convergent semigroup we found
in can give such a canonical Lévy process, which is the Brownian motion.
There are other ways to show that Brownian motion is Lévy, for example just
using the definition, but it is a good illustration of turning a family of measures
into a Lévy process. Next we finally have the result that guarantees a Lévy
process from an infinitely divisible distribution.

Corollary 29 ([App09]). If p is an infinitely divisible probability measure on
R?, then there exists a Lévy process X such that p is the law of X (1).

1.5 Exponential moments and Martingality

Since it is common to consider exponential processes in financial maths results
that guarantee integrability and Martingality of such exponentiated Lévy pro-
cesses are desirable. We give such results, under somewhat strict assumptions.

Proposition 30. Let (Li)¢>0 be a Lévy process. Fiz anyt > 0. If

/ ev(dx) < oo,
R\(-1,1)

then
Ele’] < oo.
Proof. Let ¢ be the characteristic function as in for L;. Then we have
E[eLt] =et¥(=1)

=€ B

)

using the Taylor series of e* with error term of second degree, we have e —1—x =
Cz? on (—1,1), for some constant C' (dependent on the interval, in this case
(=1,1)), we also have e* — 1 < €%, then

1
t{ LA Zy(d Ccz?v(d )
<e (2 JrPYJrflR\(—l,l)e v(do)+ [, Ca®v(do)

b

z 1 2
:Det fR\(_l,l) e u(dw)ethilm v(dz)

7

<00,

where D > 0 is a constant (dependent on t). [
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And for Martingality we have the following result that utilizes the integ-
rability.

Proposition 31. Let (L;);>0 be a Lévy process, and assume that

/ e’v(dx) < oo,
R\(—1,1)

and

1 o0
§A+fy+/ e’ —1—1<xv(de) =r,

—o0

then e~ "telt s a martingale.

Proof. Using the previous proposition we have that
E[e M) = e ™ E[e™*] < oo,

for all ¢ > 0. Further, for ¢t > s,

E[e—rteLt IJ:S] —eStels g—r(t—s) E[eLt_Ls ]:S]7

:e—steLse—r(t—s) E[@Lt_LS],

:e—steLse—r(t—s) E[eLt—s]

)

t—s)( 1A © et—1-1 d
:efsteLsefr(tfs)e( S)(2 +’Y+f—ooe w1 <1¥( $)>

)

by using the independence and stationarity of increments for Lévy processes,
and the Levy-Khinchin representation. We need that

e "= Elek] =1

)

which happens when

1 o0
§A+’y+/ e’ —1—1<v(de) =r.

— 00

When considering option pricing, we will take the expectation of our price
process after applying a payoff function. hence we would also like to guarantee
integrability of such compositions.

Proposition 32. Fizt >0, and let ¢ : R — R be continuous. If Elelt] < oo,
and |¢p(x)| < alz| + b for some constants a,b > 0, then

E[J¢(e™)[] < co.
Proof.

oo

Ellg(c")] = / 16(2)|Poce (),

—0o0

o0 o0
Sa/ |z| Pz, (z)dx + b/ P, (z)dz,

=a E[eLt] + b,

<00,
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using that since e’ > 0, we have

oo oo 0
/ || P.r, (z)dx :/ 2P, (z)dx —/ 2P, (x)dz,
0

— 00 —00

:/ 2P, (x)dz,
0
=Ele].
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2 Brownian Market

Our goal is to apply the density method to NIG market options, but we will first
look at the same process for Brownian models. The basic idea of the density
method is to move a differentiation into an expectation, hence we will first look
at a classic result, Leibniz’ rule.

2.1 Leibniz’ rule

Leibniz’ rule is exactly what we need to differentiate an integral. There are
different formulations depending on whether one is doing real analysis, mul-
tivariable analysis, etc. , while we will state it as a general measure theoretic
result.

Lemma 33. Let f(w,x): (2,R) — R be continuous in the x-variable, differen-
tiable in the x-variable, and integrable over 2, and let

|2 e, 2)] < gle),

for some integrable function g(w), for all x, then

d d
Iz o f(w, r)dw = ; %f(w, x)dw.
Proof.
d o o fwzt h)dw — [, fw,z)dw
T /Q flw,z)dw _’llli% - 7
h—0 Jo h

) 0
_’ILL)HB o aixf(w7x)|93:chdw7

using the mean value theorem to get ¢, € (z,z+h). Now since 2 f(w, z)|o=c, —
6% f(w,x) as h — 0 we may use Lebesgue dominated convergence to get

d 0
%/Qf(w,x)dw:/gl%f(ww)dw.

2.2 Delta of options in Brownian markets

We will say that the price of an option with strike time T will be of the form
C(Sf,t, ) = e " E[¢(57)],

where ¢ is a payoff function, = the initial stock price, and S%. the price process.
We will use this form of the price even in the case that the discounted price
process is not a Martingale. For now we will consider the price process

T oW,+0t
Sy = xe? TV



16 CONTENTS

where W, is a standard Brownian motion, and r > 0 is the risk free interest
rate. We are interested in delta, which is the derivative of the price w.r.t. initial
price, as well as gamma, which is the second derivative w.r.t. initial price.

Theorem 34. Let C(S%,T,x) be the premium of an option with strike time

T > 0, with a continuous payoff function ¢ : R — R, assume that ¢(S3X) has
finite expectation, and assume that

6(e") oy~ (2); 0T, VD) < 01 (1),

for all x > 0, for some integrable function g1 : R — R, where fn(y;0,0) is the
normal density

1 (y=6)2
;0,0 e 202
Then
C'(St,t,x) = e " E[p(SF)p1(SF, )],
where

(2, 2) = In(S%) —xfjg;x) + GT).

Further if we also have that

82
6(e") 55/ (y = In(2):07.0VT)| < g5 (y),
or all x > 0, for some integrable function g2 : R — R, then
f ll 0, f ; ble fi ) R =R, th

C"(Sf,t,x) = e E[o(SF)p2(SF, 2)),

where
. In(S%) — (In(z) + 077) \ 2
5,2 = (B~ )£ 00)
_ In(S§) —(In(z) +607) 1
x202T x202T"

Proof. We will start by differentiating the density once

0 0 1 (y—(n(2)+60T))2
— —1 0T T)=———¢e "~ 2s21
afo(y n(z); ,0\/>) . 27TO'2T6 20°T ;

=ty ~ ()07, 0VT) s (y — (ina) + 0T
—y+ (In(z) +67) —1

=fn(y —In(z); 0T, oVT)

02T x

=fn(y — lﬂ(x);HT,gﬁ)%’
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and twice
o o — (In 0T
ez Iy —@): 0T, 0VT) =70 f(y - ln(x);HT,aﬁ)%,
—(1 0T) 0
:%%J‘N@ —In(z); 0T, 0VT)
+ Iy~ n(e);07, ovT) 2 4= D HOT)

=fn(y — In(x);0T,0VT) ((%)2
+ %%)7
=fvly f1n<x>;eT,gﬁ)((M)2

zo2T
L ~1y= () +07)

2 O'2T
10y-— +9T )
z 0x
)+ 0T)
=fnly - ); 0T, U\F ((y 3:02T )
7yf(ln()+9T) )
2202T 20 2T
The price is
C(Sf,t, ) = e " E[g(57)),
= eiTT/ o (ST)dw,
:_TT/ o(e?) fn(y )QTU\/>)
Then we have, using , that
C'(SE,t,x) *TT/ o(e¥) fn(y — In(x); 0T, oV'T)dy,
=e T / qﬁ(ey)—fN(y —In(x); 0T, (f\/f)dy,
_ (In(x) +07))
_ rT _ .
=t [~ o(en WD by - (o7, 0V Ty,
—r oWr
=e El¢(S7) )
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Further we also have
C(S7,t, ) =T / 6(e") fa(y — In(2); 0T, ov/Tdy,
—e T /_OO ¢(ey)@f1v(y —In(x); 60T, J\/T)d%
=T [ aten - =B oty — tuge 07, o Ty,

xo?T
—e T /O; o(e¥) (((y — (In(z) + 9T))>2

xaQT

—e~TE [¢<S%>((;’ZZ§) - ;Y,VQTT - xzizTﬂ'

We finish up by noting that
1
oWrp =In(S%) — (In(x) + (r — 502)T).
|

As an example we may consider a long position for a European call option,
for which the payoff is max(S§ — K).

Proposition 35. Let C(S%.,t,x) be the premium of an option, with the payoff
function max(S§ — K), where K is the strike price, and the initial price
€ (0,00). Then
C'(C(St. t, ) = E[max(ST — K)p(ST, )],
where
In(S%) — (In(z) + (r — 302)T)
x02T '

p(St,x) =
Proof. We need that

f(@,y) == max{e’ — K, 0} —Pinsz) (v)

is integrable over y and continuous in . We know, using some calculations from
the proof of , that for fixed x, and after some translation, f(z,y) behaves
like

maz(cy yec2y*c3y2, 0),
with ¢; > 0, which is integrable since

C1C2

oo oo
_ 2 _ 2 6162 _ 2
/ clyec2y c3y dy :/ Cly(iCQy c3y — 2 eC2Y— csy® d + —= ec2y—csy dy,
0 0 2C3 203 0

o0
2|° C1Co .2
+-— eV dy,
y=0 203 0

o0

C1 _
— e2y—vy

263
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Now for fixed y, f(x,y) behaves like

c1 18_02 In(2)—c3(In(z))*+cq In(z)
X )

zcle—(lJrczfczx) 111(@)*53(1“(1"))2,

which is continuous for z € (0,00), and moves continuously to 0 as z — 07.
Then the result follows by applying [ |

We will remind ourselves of the Martingale condition for a Brownian price
process, as this will be used in a later section.

Proposition 36. Assume that

L

9:7"_50',

—rt oo W46t

then e is a Martingale.

Proof. Let t > s > 0, we check the Martingale condition
E[e—rteUWt+9t|]:S] :e—rt E[ea(Wt—Ws)-l-H(t—s) eaWS-‘r@s']_-SL

now since W is F, measurable
:e—rteoW§+0569(t—s) E[eU(Wt —Ws)

Fsl,

and since W; — W is independent of Wy, and thus of F,, we have
:e—rteoWS-‘ereQ(t—s) E[eU(Wt —WS)]
:e—rteaWS-&-esee(t—s) E[eo\/t—sZ]

where Z is standard normal, then using what is known about the moment

generating function for the normal distribution we get

o2 /t—s2
:e—rteoW5+Gs€9(t—s)e > ,

:e*TSGUWs+986*T(t+5)+9(t*8)+%02 (tfs)7

77’560'WS+05

which we want to equal e , hence we require

—r(t—s)+6(t—s)+ 502(15 —s5)=0,

or
1
f=r——0>
r—39
as desired. Lastly we consider integrability
E[efrteaWtJrGt] :e(Gfr)t E[eaWtL
N CEL E[ea\ﬁZ]’

where Z is standard normal, then again using what is known about the moment
generating function for the normal distribution we get
2

0—r)t o5t

:e( 62,

<0Q.
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2.3 Margrabe’s formula
We will now consider a spread option.
Proposition 37. Let

Slzlt _ xlealwl,t+91t,

and

To __ ooWo +05t
52;—.’1526 2Wa,e+02¢

be price processes where Wi are Brownian motions with p = corr(In(S77}), In(S7})).
The logarithms of the price processes have joint probability density

1 _ 1 (,u1—u1)2720(y1—u1)(y2—ur2)+(yz—uz)z
Pt(y1,y2) _ e 2(1—p2) 202t o1oot 202t ,
2
2wo1094/1 — p#t

where p; = In(z;) + 0;¢t. We let
Oy, z9) =7 E[maz(S7} — S5% — K, 0)]

be the premium of a spread with strike time T, and K = K1 — Ko where K1 and
K are strike prices of the two options the spread consists of. Then we have

8 xr xr xr xr
%C(%J?) =e "7 E[ma:c(Sth - 52,2% - K, O)Pl(sl,lta 52,1)]7
82 —rT T T2 T T2
) C(z1,22) =e E[max(sl,t - SQ,t - K, 0)P2(51,ta S2,t)]7
T;Tj
82 —rT T1 T2 T1 T2
Ox2 C(x1’$2) =e E[max(sl,t - S2,t - K, O)pS(SLta SZ,t)]v
where
o s 1 In(S7}) — i p(In(S}}) — 1))
pl(Sl,ta SQ,t) - (1 . p2>$i ( O_ZQT - 0'10'2T )7
T To 1 IH(ST’I) — M1 P(IH(S;Q) - M2)
pa( l,t’Sé,t) = 1— p2)2 (( ;T B : T )
p%)2x 129 o7 0102

.(111(55@)*#2 p(ln(Sfft)*ul))+ p )7

o3T 01021 1027
p3(STL, 832 = : ( - (IH(SZ; - p(ln(sﬁ))Z
1,692t (1—p2)a2\(1—p?)\ 02T o102T
B (ln(Sﬁ - p(ln(Sﬁ”;)) o1 )

o?T 01027 o T/

Proof. We will assume that we can always move derivatives into integrals. We
start by differentiating the density

%Pt(yl,m) =Pt(y1,y2)( - 2(1 ipz)) ((Q(y;i;tui)) ( - x%)

=) (- 1))
010'2t Yi Hi xX; ’

1 (yi — i) plys — 1)
:P o
(Y1, Y2) (1— p?)z; ( g?t o102t )
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then proceeding as we did in the proof of

a —Tr T T
axiC(xl,xg) :3xie TE[max(SLlT - S85% — K,0)],
0
= e_TT/ maz(e¥t — e¥? — K,0)Pr(y1,y2)dy1dy2,
81‘,' R2

1o}
:e*TT/ max(e¥ —e¥? — K, O)TPT(yla?h)dyldva
R2 Ti
1 iy 7} T My
((y 1i) Py Mj))PT(y1,y2)dy1dy2,

—p— T Y1 _o¥2 _ K ()
e /]Rz mal'(e e ) ) (1 — ,02)171' O'?T 0'10'2T
1 o W; o W
—rT x T Vi, T poiWiT
= TE LSt K, ( - ) .

€ [maa:(SLT SZ’T 0) (1—p?)x; afT o109T

We then find the mixed second derivative of the density
? 0 (i — ) ply; = 1)
Py1,v2) =— Pi(ws, (L - B
Ox1xa 1(y1,92) z; 11 y2)(1 — p?)x; ot o109t
1 _ _ _ _
:Pt(yl,yg)( 1 ((yl 2#1) Py uz))((yz 2#2) Py ul))
(1= p?)2z129 ot o109t o5t o109t

+ (1 flpz)xi (Jlggt:rlj))’
1 (((?/1—,“1) _P(yz—uz))((yz—,uz) _P(y1—M1))

1— p2)2z 29 ot o109t ost o109t

= Pt(y17y2)(

i)
+ 0'10'2t ’

then, proceeding as earlier while skipping some steps, the mixed second derivat-

ive of the permium is

0? 0?
C(xy1,x2) = et E[max (ST — S35 — K, 0)],
1

al‘ﬂ?]‘ _6$i$j
:e*T’T E[maaﬁ‘(SilT — S;ZT - K, O)W

. ((01W1,T _ pUQWQ,T> (02W2,T _ P01W1,T) L_P )]
O’%T o109 O'%T o109T o091/
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Lastly we differentiate the density twice in the same initial value

0 _0 1 (i — i) ply; — py)
szzpt(yl’ y2) _%Pt(yla:UQ) (1 o PQ)Iz ( U?t - 0'10'2t )
_ 1 (yi — i) p(y; — pi)\2
_Pt(ylay2)((1 — p?)2a2 ( o2t o104t )
9 1 ((yi—m) B p(yj—uj)>)
8$i (1 - p2)£L'Z U?t Ulagt ’

:Pt(yl,yz)( 12)2%2 ((yl — ) Py — Hj)>2

(1-p o2t o109t
P ((yi — i) ply — Mj))
(1—p?)a? ot o109t
" 1 -1 )
(1—p?)zx; o2tx; /)’

1 ((yi —wi)  ply; — Mj))2
0?) ot o109t

:Pt(ylva)(l_iﬂ)l‘?((l_
B ((yi—ui) p(yj_uj>) - )’

aizt o109t agt

and the second derivative of the premium is

52 2 .
@C(.’L‘l, x2) :@e_r E[maa:(Sf)lT - S;“’?T - K,0)],
1
—rT T T
=€ E[max(SLlT — 52,2’11 — K, O)m
< 1 (UiWi,T _ [)(J’jI/I/vjﬂT)2 _ (UiWi,T _ pO'jo)T) _ 1 )]
(1-p2>)\ 02T o109T o?T o109T o?T /)"
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3 NIG Market

We will now consider option pricing using NIG price processes, but first we will
look at the distribution of such processes, which starts by learning a bit about
Bessel functions.

3.1 Some Bessel function theory

We consider some theory for the modified Bessel function. We follow the use in
the appendix of [TCO03]. The modified Bessel function of the first kind is the
function that solves

d? d
de—;’ﬂd%’ — (2412w =0, (5)

while being bounded as z — 0, for z > 0 and v > 0. The modified Bessel
function of the second kind solves (b)) while being bounded when z — oo, for
z >0 and v > 0. We will Write K, (z) for the Bessel function of the second
kind, of order v. Note that some literature, like [BN97], and [Ben03] refer to
this as the modified Bessel function of the third kind instead. In MATLAB this
function is implemented as "besselk" and is documented under modified Bessel
function of the second kind. We have some useful properties

Proposition 38. 1. For all orders v we have K_,(z) = K, (2).

2. The Sommerfeld integral representation:

3. Useful computation result

a\Y a2 g2 dt
2(5) KV(BQ):/O e TR

4. Derivative for z > 0:

K = )
and
K'(z) = #(Z) Ky (2).

Proof. The results , , and [3] are taken from the appendix of [TC03|. Using
2 we get

]. z v—1 o 22
KA (E) T [t
L(2) V2 5 ; e T

lrz\vd [ _, 2 _, 4
“(2) & Tt
+2(2> dz/o ¢ ’
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we move the differential in by , since the new integrand is integrable as we
will see by the end

vK,(z) lyz\y [ d _,_ 2 _,
= | = — tTV TN dt
z + 2(2) /0 dz© b ’
vK,(z) l/z\v [ —2zd _,_:2 _, 4
= Z(2 2l et wm e gt
P 2(2) /0 o dzC ’
_VE () e / 4 gy,
z 2\2 0 dz
vK,(z
- Z( ) _KVJrl(Z)a

which also justified our use of Leibniz’ rule. Next we use property

K, (z) =K', (2),

—K_,(z
C O R
—vK,(z
- ( ) _Ku—l(z)a
z
and we are done. [ ]

The appendix of [TC03] contains some more results for both functions of
the first and second kind, but we will not make use of these.

3.2 The normal inverse Gaussian distribution

Before looking at NIG markets we will first reproduce an expression for the
NIG distribution. Following [BN97] we may parametrize the inverse Gaussian
distribution IG(4,~) by

2 2
fro(@;8,7) = —m=a~2ee 30 ),

Ver

with mean &/ and variance d/73. Then

Proposition 39. If Z ~ IG(6,\/a? — 82), and X|Z ~ N(u+ Bz,z2), with
0< 8] <a, peR, and 0 < 0, then X is normal inverse Gaussian distributed,
with density

Ky (an/(z — p)? +62)
(x — p)? + 02

Inta(zs o, B, 6) = keP@—1)

where
k= 6—ae‘s Va?=p?
’ﬂ' )

and K1 is the modified Bessel function of the second kind of order 1.
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Proof. We consider the moment generating function of X

E[euX] :/oo E[BUX‘Z = Z]fIG(Z§67 M)d%

o0
[e's) 0o 1 71((17#7132)2)
N
_s0Jo 2mz
é

P a2_ﬁ28_%(52%+(0‘2_52)z)dzdx,

Ver

o S 232 %)
:/ enr VT / e i (G AR L
0 Z

)
e 2w
2_32 z—p)? E 2
o » 65 a2—8 oo 7%(%72($*#)B+ﬂzz+(a2*32)z+%) dz
_ eurt e 72d.7/',
o 2m 0 ‘
00 F) az_ﬁQ oo 2 2
e 7 _emm?4s? a2 dz
:/ euzie(w M)B/ e 2z 2 7d(£,
oo 2w 0 z

now using result [3| of with v =1 we get

uzx (I—H)ﬁ - \/ﬁ
et ——e 2 Ki(av/(x + 02)dzx,
= eV W

—/Oo e 90 5 /a5 (o Kilay/(@ —p)? +62)

A @— )2+ 02

/oo 66\/042—[%2

— 00

Now since the moment generating function uniquely determines a distribution
we conclude that X must have distribution

) = 90 sv/arE e Kaloy/(@ = ) + 0%)
™ (- )2+

fNIG(l‘;aaﬂa,uﬂé

as desired. ]

According to |[Ben03] we have that if X is NIG distributed as above then
we have that

B[X] =+ ﬁf’%ﬂ (6)
and
da?
VIXI = gy (7)

which agrees with [BN97] after rewriting. According to [BN97| we have that if
B=0,a— 0o, and §/a = o2, then X ~ N(u,0?). Also according to [Ben03| if
beta > 0 the distribution will skew to the right, if beta < 0 the distribution will
skew to the left, and we see from (6] that it will be centered around p. [Ben03)
also says that § plays a similar role to the standard deviation for the normal
distribution, and that o models tail heaviness. In [Ben03| it is also stated that
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if X ~NIG(o, B, ux,0x), and Y ~ NIG(a, B, py, dy ) independent of X, then
X+Y ~NIG(a, B, ux + iy, 0x + dy). This implies that pi(dz),t > 0, where
pi(dx) = fnre(z; o, B, ut, 6t)dx, is a convolution semigroup, since it is easy to
see that pg = 0, and since the measure of X + Y is the convolution of the
measures of X and Y.

3.3 Normal inverse Gaussian market

We are now ready to consider option prices of NIG distributed markets, and
reach our main result. We consider the price process

ST = gelt
with initial value =, where L; is normal inverse Gaussian with density
Inic(ys o, B, ut, 6t),
where fyra is as in .

Proposition 40. Let C(z) be the premium of an option, with a continuous
payoff function ¢, assume that ¢(ST.) has finite expectation,and assume that

0
|¢(ey)%fNIG(y - ln(.'I,');Oé7ﬂ,,l,LT, 6T)‘ S g(y)a

for all x, for some integrable function g : R — R. Then

a(Ly—p)  Ka(By/(Lr —p)?+ 52T2)) ,

/ _e—rT T 1 _
C'(a) = T Elp(sF)—(— B+ T 7 1 T (B (Tr 0 T 07T

Alternatively we have

C'(x) =T E[qﬁ(S%)é( — B+ (L 2_(it)2+u()52T2

a(Ly — ) K>(By/(Ly — p)? + 52T2))
VTr — P + P12 Ky (B\[(Lr — n) + 9219

Proof. We will start by finding the derivative of the distribution with respect to

the initial price z. We define p(z) = % fnra(z + p; o, 8, 1, 6) and differentiate

dz
this

p(2) =Bp(2) + keﬁZiKl(o‘— V22+52),

dz V22462
(LK1 (aVz? + 62)Vz2 + 62

=pp(z) + ke 22 + 62

Ki(aVz2+62)L/22 + 52
22 4 §2

— keP*

)
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2+62 to get

we apply result I of , and d “V22 0% =

KT o/ 5 07) ) (o EE )V

=Bp(2) + ke’ (

5. Ki(avz? +6%)z
EETONEET

< z
=Bp(2) + mp(z) — ke

22 462

azKy(avz? + 62) z

22 + 02 22 +62p(z),
B az  Ky(avz? +0?)
_p(Z)(ﬂ_ /22 62 K ( /52 +52))

Alternatively we could have used the second form of |4| of to get

2 oz Ka(av/22 +62)
p(Z)(ﬂ—222+52 - V22 + 02 Kl(a\/z2+52))

instead. Further
d d
el . 5) = _
deNIG(Zaavﬂvﬂa ) de(Z /1,)7
= p’(z - :u)v

and for the process we may simply replace p and ¢ with u7" and d7T. Next we
evaluate

0 I 0 e~ n(zx
S EIOSE] =-e ™ [ ol frclys BT, 0Ty
0
a —r / fNIG Z—h’l( )1 767MTa6T)dZ7
we use

—TT

fNIG(Z—ln( );a, B, uT, 6T)dz

JRC
—_ [ ) (Z)(ez)_?l

oz-@)-p)  Ka(By/G— @) = uf 1 T
V(= In(z) — p)2 4 62T2 K1(B+/(z — In(z) — p)2 + 6272)

)leg(z —In(x);«a, 8, uT,0T)d=

ﬁ_

—e T > In(z)+yy [ _ oy — p) Ky (By/(y — n)? + 027?)
e / P(e y)( B+ (y — )2 + 0212 K1 (B+/(y — p)? + 6272)

)fN[G(y;Oé,ﬂ,,UTy 5T) dy
X

)

a(Li—p)  Ka(B\(Lr — p)? + 0°T%)

—pT relT l _
=e" Elg( )x< B+ V(L1 — )2+ 02T2 K1(B+/(Lr — p)? + 6°T?)

)
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and the alternative from

2(Ly — p)
(L — w7 + 012
a(Li—p)  Ks(BTr—p + PT))
V(Lr = p)? + 8°T? Ky (By/(Ly — p)? + 6°T?)/"

2 Blo(si)] =T Blo(e') T (~f+

+

is reached in the same manner, and we are done. |

In [TCO3| they use an alternative parametrization of the NIG distribution.
If we instead consider L; to have the parametrization

a1 (B BT)

P; =C
L) NS
where
0
A :§7
B_ 02 + 02//1’

t | 62 1
C :7615/5 + =,
™ Ko? K2

where o is volatility and 6 drift of the Brownian motion, and « the variance of
the inverse Gaussian subordinator, we have the same result.

Proposition 41. Let C(z) be the premium of an option, with a continuous
payoff function ¢, assume that ¢(S¥) has finite expectation,and assume that

6(e") 2Py, (y~ In(x)] < 9(v).

for all x, for some integrable function g: R — R, where Py is the density

P; (y) = CeAv KA(Byy +80%/k)
L 2 + 202k

Then

C'(x) :e‘rTE[¢(§f)l(_A+ BLr K2(B\/m))]
) VI3 + 1202 /5 K\(BA\J13 + T20% /)

Alternatively we have

. _
,(_A 2#
x L2 + 02T /K

BLy  Ka(ByI3 Ty
\/ L2 + 1202 /K K1 (By/ L% + T%02 k)

C' () =e~"T E[p(ST)

+
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From [TCO03] we know the first three cumulants for this parametrization to
be

E[f/t] = 9t,
Var[Ly) = ot + 0%kt,
c3 = 3020kt + 30%K>t,

but for the distribution to be symmetric we need
C3 = Oa
but then

3020kt + 303K%t = 0,
30k(o*t + 0kt) = 0,
30xVar[L;] = 0.

This gives three cases

° [{:O
e Var[Ly] =0
e =0

We divide by « in this parametrization, and besides it is the variance of the
inverse Gaussian used to construct the process, so it should not be 0. Next, the
variance of our process being 0 is another degenerate case. That leaves § = 0
as the special case where we may have a symmetric process. Because of this we
favor the parametrization we found in .

We now consider the price process
S¢ = welt
with initial value x and where L; has distribution
fyie(z; «, B, ut, ot).
We would like a specific Martingale condition for implementations.
Proposition 42. Assume that E[S;] < co for allt > 0, and that o > |f+1]|. If
p=r—5(\a?—p2—\/a2 - (B+1)?),

then e="'SY¥ is a Martingale.

Proof. For E[e!t] to be a Martingale, based on the proof of , we require
e Tt Elele] =1 (8)

for all t > s > 0. From [BN97] we know that with the parametrization used,
the moment generating function of Ly is

M (u; a, B, pit, t) = V> =B =y/a?—(B+u))+utu,
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which equals ¢(—iu), where ¢ is the characteristic function of the NIG process
found in Combining this with we see that for ¢t > s we require

6t = 8)(v/oZ = B2 — /a2 = (5 + 1)%) + ult — ) = r(t — 5) =0,
5(v/ = 57 = /o = (B 2) +p— 7 =0,

hence to achieve Martingality we may choose

w=r—>=a \/on \/a2 (B+1)2).

In the case t = s, Martingality is trivially true. Now scaling by the initial value
is just multiplication by a constant, which preserves Martingality, hence we are
done. |

Notice that we now assume « > |8 + 1| rather than a > |5| as we did for an
arbitrary NIG distribution. We see from the proof that we could have other
Martingale conditions

—0(y/a? — \/(12 (B+1)?)

Y

where u # 0 and a > |8 + u|. Next we have a result that guarantees the
integrability.

Proposition 43. If a > |1 + | then

/ ev(dx) < 0o
R\(—-1,1)

where v is the Lévy measure for a NIG process with fxra(x;a, B, ut, dt) as its
distribution.

Proof. According to |[BN97] the Lévy measure of the NIG process parametrized

as in is

v(dzr) = 7f|(;|eﬁ””K1(a|:r|)l/(dx). 9)

Further according to [BN97| the asymptotic behaviour as z — oo of the modified
Bessel function is

V2m _,
6 ?

Kl(Z)N \/g

that is

lim K (2)
z—o0 V2T —

Ve

=1

Sa Bz
|z

Then multiplying by 1 = 5= :Bw we also have
x|

AR (alz])

1m =
z—=00 o(1+8)x V2 —olz|
ﬁlrlﬁe

(10)
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From the result of we see that the modified Bessel is always positive,
combined with the second form of we conclude that K/(z) < 0 for z > 0,
i.e. it is positive and monotonically decreasing. Then the enumerators and
denominators of are also positive an monotonically decreasing for x > 0.
Then we may use the integral test for convergence, which gives that

S
/ —ae(Hﬁ)xKl(a\deaE
1

7|
is finite if and only if

o0

Z K (aln)) (11)

converges. We also have that

/OC Jtpe—ald _OV2

is finite if and only if

s OV2Z o
Z Tl 12)

converges. Now both of these two series’ consists of positive elements, thus we
may apply the limit comparison test for (11)) and (12)), which gives that both
either converge or diverge if

)

Sa (49 ¢ (aln))

1m 72
n—00 o(148)n \/;\ni/ﬁe—odn\

(13)

exists, is finite, and non zero, but we know this to equal 1 from . Thus

/ 0% L1492 K (afa)da
1

wla]

is finite if and only if

/OC Jpe—ald_OV2
1 NEEN

is finite. We have

/°° ((+B)e—alel_OVZ

which is finite if (1 4+ 8)x — ajz| < 0. Hence we have that

Bl
/ —ae(HB)le(aM)dx < 00,
uEd
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if ajz| > (1 + B)x, where z > 0. Next we consider

-1 1
0
/ @ (1+5)xKl(a|x|)dx </ a e|1+5HI|K1(a\x|)dx

mla| —oo 2]

o0
)
:/ a eI Al K (az])dae < oo,
1

x|

if a|z| > |1+ B||z|, by replacing (1 + 8) with |1 + 8| in the previous case. All
together we have

§
/ a AT K L (alz])de < oo,
R\(—1,1) W\$|

if a > |1+ f|, but since @

/ ev(dx) < 0o
R\(—-1,1)

ifa> 147 |
We may combine the two previous results.

Theorem 44. Let L;,t > 0 be a NIG process with distribution fyic(z;«, B, ut, 0t),
as defined in (39). If a > |1+ B, and

—6(va? =32 —\/a2 = (B +1)?),

then Elelt] < 0o, and e~"elt is a Martingale.

Proof. From we get that

/ ev(dx) < 0o
R\(-1,1)

then from we get that E[elt] < oo. Then we may apply with z =1 in
87, and we have that e~ "*elt is a Martingale. |
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4 Numerical implementation

We have expressions for option prices as well as the related delta in NIG markets,
as well as a Martingality condition. The next step is to test out numerical
implementation and compare these with the Brownian market case. We have
expressions for the Brownian market case from earlier sections, but we would
also like to implement a Black-Scholes solution, and its finite differences to
compare with as well. Hence we start by finding a Black-Scholes style solution,
although we do this for a non Martingale price process to be more general.

4.1 Black Scholes style solution
Proposition 45. Let S7 = ze?TT7We be a price process, where Wy is the

standard Brownian motion. Then for an option with strike price K at time T is
Cpss = e "TS2DB(L — oVT) — K®(L),

where

In(K) — In(x) — 0T

L =
oVT

Proof.
Cpss =¢ "1 E[max(S% — K,0)],
=T E[max(eh‘(r)HTJ”’WT - K,0)],
Let Z be a standard normal random variable

:e—rT E[mal,(eln(gc)-&-OT—i-aﬁZ _ K, 0)],

:e_TT/ max(eln(I)+0T+Uﬁy - Ka 0)6_%y2;liy7
— 00 7T

Let L be such that maz(e™@+0T+oVTL_[ )0, then since maaz (@ +0T+ovVTy_
K,0) is increasing

:e—rT /00 eln(ac)—i—GT-{—aﬁy—%yz@ _ Ke—rT /00 e—%yzdiy)
L 2T L 2

:eln(m)+0T—rT /00 e—%(y—oﬁ)Z_i_%g-szﬁ _ Ke—'rT /oo 6_%y2@7
L 2w L 2

make the substitution z = y — ov/T, we get dz = dy and a new lower limit of

L—0./(T)

LS
:eln(a:)ﬁLGTJr%aszrT 67%22% - KefrT eféyzdiy’
L—oVT 27 L 2r

= "TSED(L — oVT) — K®(L),

o0

where @ is the cumulative function for the standard normal distribution. Now
to determine L. We have

eln(z)+9T+m/TL ~ K =0,

In(z) 4+ 0T + oVTL = In(K),
_ In(K) — In(x) — 0T

L
ovT
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Note that when we use the Martingale condition § = (r — 162)T we get the
familiar Black-Scholes solution

Cps =a®(L_) — K®(L,),
where

In(K) —In(z) —rT 1 JT

L_= -0
oVT 2

and

4.2 NIG vs Gaussian distribution

For numerical implementation we will consider three cases, the Brownian model,
the NIG model, and at times the Black-Scholes style solution from . We
will implement the densities

1 _ (y—In(z)—61)>

e 202 ,
V2nt

fy; z, 0t 0215) =

for the Brownian case, and

)

Flysz, o, B, 1, 6) = 670465\/1127,826,8(117111(95)—”) Kl(a\/(y —In(x) — p)? + 02)
g Ly Gy 1y [y T \/(yfln(z)fu)QJr(SQ

for the NIG model. We will use @ and to set the mean variance to be
equal for the two models. We need

)
o=t —L
/a? — B2
and
2
52— da

We start by comparing the two distributions at various times. We will use
the values in table for the NIG distribution, and then use the conditions
above for the Brownian distribution so they have equal mean and variance.
The implementation can be found in appendix In figure we can see the
densities when the time is 0.1, 1, 10, and 100. We see that the differences in

@ B w9
150 0 0 0.015

Table 1: Test parameters.
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Figure 1: Comparing the NIG and Gaussian densities for different strike times.

the distribution vanish as time increases. Note that this is for a symmetrical
NIG process, and neither process has drift, since § = 0 and g = 0.

Next we will implement the values found in table , these are from 7
and are fitted for daily change in the FTSE index. We will start by calculating
option premium and delta in a Martingale case, this time with strike price
of K = 50, and strike time 7" = 50, for initial prices ranging from 1 to 100,
with zero interest rate. The implementation is simply using built in numerical
integrators in MATLAB on the densities found in and with payoff
function ¢(y) = max(e¥ — K, 0), we also calculate the Black-Scholes solution
and use finite difference on these, the implementation can be found in appendix
(8). The result can be seen in figure and figure (3)). To achieve Martingality

«a 8 I )
105 3.0 —0.0005 0.012

Table 2: FTSE daily parameters from [Ben03|.

we first apply the parameters in table (4.2)), then override p by

p=r=8(/a?= B~ /a? = (B+ 1)),
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Figure 2: Option premium, comparing NIG and Brownian models with a Black-
Scholes style solution.

the condition found in (we fullfill the condition o > |8 + 1]), then set
the parameters for the Brownian model such that they have equal mean and
variance, then apply the condition
0=r— 102,
2

to override §. We observe little difference between the Brownian and NIG
models. We proceed by calculating the same at different times. This can be
seen in figure , where we have zoomed in on the area near the strike price,
since this is where the difference is most noticeable. We see that the difference
seems to shrink as time increases, which fits well with what we saw in figure .
We can also see that the range where the function changes growth rate grows
with time, this is more clearly seen in , since this is simply the derivative.
When T = 0.1 Delta goes from 0 to 1 for x € [49,51], while at 7' = 100 it takes
a wider range than x € [40, 60].

To be a bit more precise we should also calculate the relative error, this time
excluding a Black-Scholes type solution, and at T" = 10, the result can found
in figure @, and the implementation is appendix modified with appendix
@D. We see that the natural log of the ratio between the premium from the two
models is greatest when z is near 1. This is the results from the values of the

100
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Figure 3: Option delta, comparing NIG and Brownain models with finite
difference of a Black-Scholes style solution.

functions being near zero, but slightly different, in fact we need about x > 40
for the absolute value of the two price functions to reach 0.01 (one cent if we
wanted to apply it to a real market). Thus we have also plotted the ratio (not
log ratio) for the two price functions for x € [40, 60] as well. We see the same
pattern, where the error is greater for lower x values, where the price is still
quite small, while by = 45 the ratio is almost 1, which it reaches and remains
at.
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Figure 4: Up close of option premiums for NIG and Brownian models when the
initial price is close to the strike price.



4. NUMERICAL IMPLEMENTATION 39

T=0.1
1 T 1
0.5 1 0.5
]
% 0 0
S 49 495 50 505 51 48 49 50 51 52
c
2
=1 . T=10.0 08 T=100.0
o )
0.6
0.5 1 0.4
0.2
0 : : 0 : : : :
45 50 55 40 45 50 55 60

Figure 5: Up close of option deltas for NIG and Brownian models when the
initial price is close to the strike price.
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NIG/Brownian, T=10 Log(NIG/Brownian), T=10

5.5

700

600 [

500

400 [

1 300

200

100

0.5 ' ' ' -100 ' '
40 45 50 55 60 0 20 40 60

Figure 6: Comparing relative and logl0 relative difference between NIG and
Brownian option premium.
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5 Conclusions and outlook

We have managed to find analytic expressions for the delta of option prices, for
NIG and Brownian price processes, as well as for Brownian spread options. We
also found analytic expressions for the gamma (second derivative with respect
to initial price) for the Brownian cases (normal options and spreads). We found
an exponential integrability condition for NIG processes, as well as a Martingale
condition for the corresponding discounted price process. We did numerical
implementation of the price and delta, and compared these for the Brownian
and NIG models, using "reasonable" parameters for real markets, yielding that
the difference, in both price and delta, was small except for options with very
short strike times. Further study could look at more extreme option cases,
to see if there is greater difference when using Brownian versus NIG models.
Another extension could be to find analytic expressions for different greeks for
options using NIG price processes.
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6 Appendix A

Proposition 46. For ¢ > 0 and §; > 0, 302 > 0 such that if t < o then
1 =22
Jeno1.60) vame Tdr <e.

Proof. The proof follows a classic proof of the Gaussian integral using polar

coordinates. Define
10 = | S
t) = —c 2tdx,
R\(—41,8,) V27t

then

1 z2 1 y?
I(t)? :/ e_ﬁdx/ e” 2 dy,
R\(—61,61) V27t R\(—61,61) V27t

:// e dxdy,
(R\(—41,81))2 27

since the integrand is positive we have

1 22 4y?
S// —e~ % dxdy,
Rz\B(gl (0) 2nt

where Bs, (0) is the open ball centered at 0 with radius d;. Then we make a
change to polar coordinates

2 o] 1 2
= / / ——e~ 2 drdl,
0 51 27t

> ]. 7‘2
= / —2me” 2t dr,
51 27t

we make the substitution s = —r2
1 /51 o ds
_= et
tJ_ 2
1 .52
_%[Qtem]s—lfoo?
_33
=e” 2,
then
3 R
Ity < Ve 2t =e 7,

which goes to 0 as t — 0. [
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7 Appendix B

%Values for T and x-axis for plot
A=10.1,1,10,100];
B =1[0.008,0.04,0.1,0.35];

%Set up for multiple plots in one figure
tiledlayout(’'flow’)

for i = 1:4
%Interest rate
r=20;

%Time

T =A(i);
%Strike price
K = 50;

%NIG parameters
delta = 0.015;
mu = 0;

alpha = 150;
beta = 0;

%Gaussian paramateres equal NIG mean and variance
theta = mu+deltaxbeta/sqrt(alpha™2-beta™2);
sigma = alphaxsqrt(delta)/((alpha~2-beta”~2)"(3/4));

%NIG parameters must be scaled by time
mu = muxT;
delta = deltaxT;

k = deltaxalpha/pixexp(deltaxsqrt(alpha”~2-beta”2));

%Gaussian density
f =@(y) 1./sqrt(2.*xpi.*(sigma.”2).xT)...
xexp(-(((y-theta.xT)./(sigma.xsqrt(T))).”2)./2);

%NIG density
g = @Q(y) k.xexp(beta.*(y-mu))...
.xbesselk(1l,alpha.*sqrt(delta.”2+(y-mu).”2))./sqrt(delta.”2+(y-mu)."2);

Y = linspace(-B(i),B(i),100);

%Advance panel in figure

nexttile

plot(Y,f(Y),Y,g(Y))

VarTitle = sprintf('T=%.1f",A(1));
title(VarTitle);

labels = {'G’,'N'};
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legend(labels)

end
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8 Appendix C

%Interest rate
r=20;

%Strike time

T = 50;
%Strike price
K = 50;

%Set parameters based on Benth, daily

alpha = 42.3;
beta = 3.8;
mu = -0.0021;

delta = 0.018;

%Set the same variance and mean for the Brownian model
theta = mu+deltaxbeta/sqrt(alpha™2-beta™2);
sigma = alphaxsqrt(delta)/((alpha™2-beta”~2)"(3/4));

%Set for Martingality

mu = r-deltax((alpha”~2-beta”2)"(1/2)-(alpha™2-(1l+beta)”2)"(1/2));
theta = r-(1/2)*sigma”™2;

%NIG parameteres must be scaled with time

mu = muxT;

delta = deltaxT;

k = deltaxalpha/pixexp(deltaxsqrt(alpha”~2-beta”2));

%Density for delta and premium respectively, for Brownian

fl = @(y,x) (y-log(x)-theta.xT)/(x.x(sigma.”2).xT).xmax(exp(y)-K,0)...

./sqrt(2.xpi.x(sigma.”2).*xT).xexp(-(((y-log(x)-theta.*T)...
./(sigma.*xsqrt(T)))."2)./2);

f2 = @(y,x) max(exp(y)-K,0)./sqrt(2.*pi.*(sigma.”2).*T)...
xexp(-(((y-log(x)-theta.*T)./(sigma.*xsqrt(T)))."2)./2);

%Density for delta and premium respectively, for NIG

gl = @(y,x) max(exp(y)-K,0).xk.xexp(beta.x(y-log(x)-mu))...
.xbesselk(1l,alpha.*sqrt(delta.”2+(y-log(x)-mu).”2))...
./sqrt(delta.”2+(y-log(x)-mu)."2)./x...
*(-beta+alpha.*(y-log(x)-mu)./sqrt(delta.”2+(y-log(x)-mu).”2)...
.xbesselk(2,alpha.x*sqrt(delta.”2+(y-log(x)-mu)."2)).
./besselk(1l,alpha.*xsqrt(delta.”2+(y-log(x)-mu).” ))),

g2 = @(y,x) max(exp(y)-K,0).xk.xexp(beta.x(y- 1og(x) -mu)).
.xbesselk(1l,alpha.*sqrt(delta.”2+(y-log(x)-mu)."2)).
./sqrt(delta.”2+(y-log(x)-mu)."2);

maxPrice = 100;
= linspace(1l,maxPrice,maxPrice);
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I1 = zeros(1l,maxPrice);

I2 = zeros(1l,maxPrice);

I3 = zeros(1l,maxPrice);

I4 = zeros(1l,maxPrice);

I5 = zeros(1l,maxPrice-1);

I6 = zeros(1l,maxPrice);

for i = 1l:maxPrice

I1(i) = integral(@(y) gl(y,X(i)),-10,10);
I2(i) = integral(@(y) g2(y,X(i)),-10,10);
I3(i) = integral(@(y) fl(y,X(i)),-10,10);
I4(i) = integral(@(y) f2(y,X(i)),-10,10);

%Black-Scholes C

Lplus (Llog(K)-log(X(1i))-thetaxT)/(sigmax*xsqrt(T));

Lminus = (log(K)-log(X(1i))-thetaxT)/(sigmaxsqrt(T))-sigmaxsqrt(T);
I6(1i) = exp(log(X(1i))+thetaxT ...
+1/2*xTxsigma”2)*normcdf (-Lminus) -Kxnormcdf(-Lplus);

end

for i = l:maxPrice-1

%Black-Scholes C', simply finite difference, step length is 1
I5(i) = I6(i+1)-I6(i);

end

X2 = linspace(1l,maxPrice,maxPrice-1);

%q{

plot(X,I2,X,I4,X,16)

VarTitle = sprintf('T=%.0f"',T);
title(VarTitle);

labels = {’NIG’, 'Brownian’, 'B-S'};
legend(labels)

xlabel(’'Initial stock price’)
ylabel(’'Option premium’)

%}

plot(X,I1,X,I3,X2,I5)

VarTitle = sprintf('T=%.0f',T);
title(VarTitle);

labels = {’NIG’, 'Brownian’, 'B-S'};
legend(labels)

xlabel(’'Initial stock price’)
ylabel('Delta’)

[ )
%
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9 Appendix D

%Plot log relative error/relative error

t = tiledlayout(1,2, 'TileSpacing’, 'Compact’);

offset = 400;

Y = linspace(offset*1/Nx100,100x0.6,N-offset+1-0.4x*N);
rell = I2(offset:N-0.4x%N);

rel2 = I4(offset:N-0.4x%N);

nexttile

plot(Y,rell./rel2)

titlel = sprintf(’NIG/Brownian, T=%.f',T);
title(titlel);

offset = 1;

Y = linspace(offset*1/Nx100,100x0.6,N-offset+1-0.4x*N);
rell = I2(offset:N-0.4xN);

rel2 = I4(offset:N-0.4xN);

nexttile

plot(Y,log(rell./rel2))

title2 = sprintf(’Log(NIG/Brownian), T=%.f',T);
title(title2);

xlabel(t, ’'Initial stock price’)

47
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