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Abstract. We present four approximation theorems for manifold–valued mappings. The first
one approximates holomorphic embeddings on pseudoconvex domains in Cn with holomorphic
embeddings with dense images. The second theorem approximates holomorphic mappings on
complex manifolds with bounded images with holomorphic mappings with dense images. The
last two theorems work the other way around, constructing (in different settings) sequences of
holomorphic mappings (embeddings in the first one) converging to a mapping with dense image
defined on a given compact minus certain points (thus in general not holomorphic).

1. Introduction

Calling Y a connected complex manifold and 4 the unit open disc in C, F. Forstnerič and J.
Winkelmann proved in [5] that the set D of all holomorphic maps f : 4→ Y with dense image,
is dense in O(4, Y ).

We are going to present four results which generalize in different directions the above–
mentioned one. The first one is the most straightforward generalization in higher dimension,
which is stated for holomorphic embeddings. The second one still provides approximating holo-
morphic mappings with dense images but in a more general setting. Moreover, it is no more a
”density result” as the approximating mappings do not belong to the set of mappings we ap-
proximate. The last two theorems work the other way around, describing mappings with dense
images approximated by holomorphic mappings.

Another result accounting this topic can be found in [1]: given a closed complex submanifold
X ( Cn, for n > 1, there exists a complete (the image of every divergent path in X has infinite
length in Cn) holomorphic embedding f : X ↪→ Cn with everywhere dense image; for n = 1 the
same result holds for complete holomorphic embeddings f : C ↪→ C2. If moreover X ∩ Bn 6= 0
and K ⊂ X ∩Bn is compact, there exists a Runge domain Ω ⊂ X containing K which admits a
complete holomorphic embedding f : Ω ↪→ Bn with dense image.

Finally in [3] it is proved the existence of a holomorphic injective mapping with dense im-
age from the open unit polydisc in Cm to an m–dimensional paracompact connected complex
manifold M .

The paper is organized as follows: we start by presenting the main results, then a technical
section follows. The subsequent section shows the inductive procedure on which the proofs of
the main results rely, which in turn are provided in the last section.
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2. Main Results

All the manifolds in this paper are connected. We will denote with O(X,Y ) the set of all
holomorphic mappings h : X → Y , with Oemb(X,Y ) and Oinj(X,Y ) the set of all holomorphic
embeddings and injections respectively.

Theorem 2.1. Let Ω ⊂ Cn open, bounded, star–shaped (with respect to 0) and pseudoconvex.
Let Y be a complex manifold. Then

{h ∈ Oemb(Ω, Y ) : h(Ω) = Y }
is dense inside Oemb(Ω, Y ) (with respect the compact convergence topology).

Observe that the density is considered with respect to the topology of Y . The distance d on Y
exploited throughout the paper to make computations (namely: it allows to define the distance
between two mappings f, g : X → Y on a given M ⊂ X by ‖f − g‖M := sup{d(f(x), g(x)) :
x ∈ M}) is induced by a Riemannian metric. Such d induces the same topology Y is endowed
with.

Remark 2.1. We will implicitly assume n ≤ dimY , otherwise Oemb(Ω, Y ) = ∅.

Theorem 2.2. Let X be a complex manifold, Y Stein manifold. Then

H (X,Y ) := {h ∈ O(X,Y ) : h(X) = Y }
compactly approximates

G (X,Y ) := {g ∈ O(X,Y ) : g non constant, g(X) ⊂⊂ Y }
meaning that, given g ∈ G (X,Y ), for every M ⊂ X compact and for every ε > 0 there exists
h ∈H (X,Y ) such that ‖g − h‖M < ε.

Observe that G (X,Y ) = ∅ whenever X is either compact or euclidean: in the former case the
holomorphic mappings are constant, in the latter Liouville holds, obtaining again g constant,
as its image is bounded. An example of a domain X such that G (X,Y ) 6= ∅ is given by any
open relatively compact domain X ⊂⊂ Y in a Stein manifold; just consider any non–constant
holomorphic bounded mapping g : X → Y , e.g., the inclusion ι : X ↪→ Y .

To present the last two theorems, we need the following definition:

Definition 2.1. Let K be a compact in Y complex manifold. A point ζ ∈ K is locally exposable
if there exists a C 2–smooth strictly plurisubharmonic function ρ on some open neighborhood U
of ζ such that

(1) ρ(ζ) = 0 and dρ(ζ) 6= 0 , and
(2) ρ < 0 on (K ∩ U) \ {ζ} .

Definition 2.1 was originally presented in [2]. It is a generalization of the more standard
definition of local peak point (see e.g., [7] pag. 354).

Theorem 2.3. Let Y be a complex manifold, K ⊂ Y connected not finite Stein compact. Then
the set of locally exposable points is non–empty and for any such point x0 ∈ K, there exist
Uk ⊂ Y open neighborhood of K and Fk ∈ Oinj(Uk, Y ) compactly convergent to F : K\{x0} → Y

such that F (K \ {x0}) = Y .
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Theorem 2.4. Let Y be a Stein manifold, K ⊂ Y connected not finite compact.
Denote with Γ the closure in Y of the set of locally exposable points for K, which is non–empty.
Then there exists Uk ⊂ Y open neighborhood of K and Fk ∈ O(Uk, Y ) compactly convergent to

F : K \ Γ→ Y such that F (K \ Γ) = Y .

In Theorems 2.3 and 2.4 the limit mapping F is not in general holomorphic, as the domain
is not in general an open set. But being F obtained as uniform limit of holomorphic mappings,
the realization of F could be a consistent definition for a holomorphic map on K \{x0} or K \Γ.

3. Technical Tools

The proofs will extensively exploit Theorem 1.1 in [2] and a slightly different version of it
(whose proof follows automatically from the original one) which is as follows:

Theorem 3.1. Let Y be a complex manifold and Y0 ⊂ Y Stein compact. Let ζ ∈ Y0 be locally
exposable and γ : [0, 1]→ Y smoothly embedded curve such that γ(0) = ζ and γ((0, δ]) ⊂ Y \Y0

for some δ > 0. Then, for every V open neighborhood of γ and for every ε > 0, there exist the
following:

(1) U ⊂ Y neighborhood of Y0 ,
(2) an arbitrarily small V ′ ⊂ V neighborhood of ζ , and
(3) f : U → Y holomorphic mapping such that

• f(ζ) = γ(1) ;
• f(V ′) ⊂ V ;
• ‖f − Id ‖Y0\V ′ < ε .

If the whole curve γ((0, 1]) lies in Y \ Y0 then f can be chosen to be injective on U .

In [2] the theorem is formulated in a slightly more general setting and considering only the
case γ((0, 1]) ⊂ Y \ Y0.

Lemma 3.1. Let X be a metrizable topological space, W ⊂⊂ X connected not finite. Let
fk : Uk → X be a sequence of continuous mappings, where Uk ⊂ X is some open neighborhood
of Kk and K1 := W , Kk+1 := fk(Kk). Define Fk := fk ◦ · · · ◦ f1 : W → X and consider

• {εk}k positive real numbers ,
• {Ck}k compact exhaustion of W , that is Ck ⊂ X compact, Ck ( Ck+1 and

⋃
k Ck = W ,

and
• {V ′k}k open sets in X ,

such that, setting rk := max{d(x, Fk(Ck)) : x ∈ Kk+1}, the following hold:

(i)k V
′
k ⊂ Uk and V ′k ∩Kk 6= ∅ ,

(ii)k max{rk, ‖fk − Id ‖Kk\V ′k} ≤ εk, and

(iii)k V
′
k+1 ∩ Fk(Ck) = ∅ .

If Fk converges uniformly on compacts of W to F : W → X, then for every x ∈ Kk+1

d(x, F (W )) ≤
∑
n≥k

εn . (3.1)
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Proof. Let x ∈ Kk+1. Then by definition and from (ii)k one gets

d(x, Fk(Ck)) ≤ rk ≤ εk .

Then (iii)k implies Fk(Ck) ⊂ Kk+1 \ V ′k+1 hence (ii)k+1 says that fk+1 moves Fk(Ck) less than
εk+1, therefore

d(x, fk+1(Fk(Ck))) ≤ εk + εk+1 .

Since fk+1(Fk(Ck)) = Fk+1(Ck) ⊂ Fk+1(Ck+1) ⊂ Kk+2 \ V ′k+2 we can repeat the argument
getting

d(x, fk+2fk+1(Fk(Ck))︸ ︷︷ ︸
Fk+2(Ck)

) ≤ εk + εk+1 + εk+2 .

Inductively, for every m ≥ 0 we get

d(x, Fk+m(Ck)) ≤
m∑
j=0

εk+j

and passing to limm→∞ (which is well defined in left hand side, since the distance is continuous
and {Fn}n uniformly converges to F on Ck) we get d(x, F (Ck)) ≤

∑
j≥0 εk+j . Since F (Ck) ⊂

F (W ), we have d(x, F (W )) ≤ d(x, F (Ck)) and we conclude. �

Recall now a useful property of Stein manifolds ([7], §2, Proposition 2.21 and Theorem 3.24):

Theorem 3.2. Let Y be a Stein manifold. Then there exists ρ, a C 2–smooth strictly plurisub-
harmonic exhausting function for Y , such that the set of critical points C := {z ∈ Y : dρ(z) =
0} is discrete in Y . In particular, for every c ∈ R, {ρ < c} ⊂⊂ Y and Yc := {ρ ≤ c} is a Stein
compact.

Remark 3.1. With the notation of Theorem 3.2, we see that every regular boundary point of
a strictly pseudoconvex domain {ρ < c} is locally exposable: take ζ ∈ {ρ = c} \C; we assume it
is the origin in suitable local coordinates. Then considering ρ̃(z) := ρ(z)− c− ε|z|2 for ε small
enough, we conclude.

4. Inductive procedure

Consider Q = {qn}n ⊂ Y such that Q = Y . Fix ε > 0 and define εk := ε
2k+1 . For Theorems

2.1 and 2.2 we fix a compact subset M of the domain, Ω and X respectively. In what follows,
we exploit Theorem 3.1 to get a suitable sequence of holomorphic functions fk allowing to reach
all the points of Q which have not been already reached, so that the image of the composition
tends to invade the whole codomain. Along with the fk, we construct both a compact exhaustion
{Ck}k of the case domain Ω, X, K \{x0} or K \Γ so that it fulfills the hypothesis of Lemma 3.1,
and all the other sequences needed. For the construction of the fk, we will focus on Theorems
2.2 and 2.1; the procedure for the remaining two theorems is alike and it is afterwards explained.
Similarly for the proofs: we worked out the details of the proof of Theorem 2.2, which is displayed
by proving convergence of the composition of the fk, approximation of the given function, and
density of the image. The argument for the remaining three results is analogous and it is
subsequently illustrated.
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4.1. Construction of fk for Theorem 2.2.

4.1.1. Existence of locally exposable points and base of the induction. Consider g : X → Y holo-
morphic non–constant such that g(X) ⊂⊂ Y . Set K1 := g(X) and take c1 ∈ R such that
K1 ⊆ Yc1 and K1 ∩ ∂Yc1 6= ∅ (see notation of Theorem 3.2) . Consider ζ1 ∈ K1 ∩ ∂Yc1 ; if
ζ1 /∈ C then it is locally exposable by Remark 3.1, otherwise we slightly move K1 by com-
posing g with a suitable holomorphic small perturbation defined as follows. Assume ζ1 is the
only point in K1 ∩ ∂Yc1 . Observe that in suitable local coordinates on Cn, which we split as
z = (z′, z′′) = x + iy = (x′ + iy′, x′′ + iy′′) ∈ Ck ⊕ Cn−k, we can express ρ near the origin ([5],
Lemma 3.10.1) as

ρ(z) = ρ(0) + E(x′, x′′, y′, y′′) + o(|z|2)

where

E(x′, x′′, y′, y′′) :=
k∑
j=1

(λjy
2
j − x2

j ) +
n∑

j=k+1

(λjy
2
j + x2

j )

with λj > 1 for j = 1, . . . , k and λj ≥ 1 for j = k + 1, . . . , n, for some k ∈ {0, 1, . . . , n}. Assume
ζ1 to be the origin 0 ∈ Cn in these coordinates, so ρ(0) = ρ(ζ1) = c1. The boundary of any Yc
is defined by ρ, so we want to move a small neighborhood of ζ1 in a suitable direction allowing
it to go across the level set ∂Yc1 . Take then any nonzero vector v = (ξ′ + iη′, ξ′′ + iη′′) with
ξ′ = 0 ∈ Rk. By standard results on Stein Manifolds ([6], Corollary 5.6.3), given w ∈ Tζ1Y
there exists a holomorphic vector field V : Y → TY such that V (ζ1) = w. In our case we take
w to correspond to v. The flow of V on some neighborhood W of K1 is a holomorphic mapping
φt : W → Y defined for complex times sufficiently small in modulus, say |t| < T , t ∈ C. In local
coordinates around ζ1 it is φt(0) = tv + o(|t|2) and up to shrinking T , we have that

ρ(φt(0)) = ρ(0) + t2E(0, ξ′′, η′, η′′) + o(|t|3) > ρ(0) = c1

for any |t| < T , considering now t ∈ R. By continuity of (z, t) 7→ φt(z) and of ρ, the flow will
drag a whole small neighborhood of ζ1 beyond ∂Yc1 and for sufficiently small times it will be the
only piece of K1 crossing the boundary (as we are assuming that K1 ∩ ∂Yc1 is just one point),
that is: there exist T ′ < T and U neighborhood of ζ1 sufficiently small, so that

• ρ(φt(z)) > ρ(0), ∀z ∈ U ∩K1, T ′/2 < t < T ′ ;
• ρ(φt(z)) ≤ ρ(0), ∀z ∈ K1 \ U, 0 ≤ t < T ′ ;
• φt(U ∩K1) ∩ C = ∅, ∀ T ′/2 < t < T ′.

So, considering now K̃1 := φt(K1) for any T ′/2 < t < T ′, there exists some c > c1 such that

K̃1 ⊆ Yc and K̃1 ∩ ∂Yc \ C 6= ∅.
If K1 ∩ ∂Yc1 contains more than one point, either it is not discrete or it is a finite set. In

the former case K1 ∩ ∂Yc1 \ C 6= ∅, in the latter we may assume K1 ∩ ∂Yc1 = {ζ1, ζ
′
1}; then,

applying the previous argument to one of these points, the piece of K1 that is dragged across
∂Yc1 , could be not only U∩K1, but also U ′∩K1, for any small time (where U,U ′ ⊂ Y are suitably

small neighborhoods of ζ1 and ζ ′1 respectively), leading to a similar K̃1 and achieving the same
conclusion. Therefore, up to consider φt◦g instead of g, we may assume that ∃ζ1 ∈ K1∩∂Yc1 \C,
which is then locally exposable by Remark 3.1 and could be sent to any point of Y \K1 by the
holomorphic mapping f1 provided by Theorem 3.1 (see next section).

Finally define f0 := IdY , C0 := ∅, F0 := f0 and n0 := 0.
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4.1.2. Inductive step. Assume we have the following: Kk ⊂ Y compact, ck ∈ R such that
Kk ⊆ Yck and ∃ζk ∈ Kk ∩ ∂Yck \ C, Fk−1 holomorphic on some neighborhood of K1, with
Fk−1(K1) = Kk, Ck−1 ⊂ X compact and nk−1 ∈ N. Consider then a smoothly embedded curve
γk : [0, 1]→ Y such that

(i)k γk(0) = ζk ;
(ii)k γk(1) = qnk where nk := min{n > nk−1 : qn /∈ Kk} ;
(iii)k γk((0, δk]) ⊂ Y \ Yck for some δk > 0 .

Then for every Vk open neighborhood of γk, Theorem 3.1 guarantees there exist

(1)k Uk ⊂ Y neighborhood of Yck ;
(2)k V

′
k ⊂ (Vk ∩B(ζk, εk)) \ Fk−1(g(M ∪ Ck−1)) ;

(3)k fk : Uk → Y holomorphic such that the following hold:
(a)k fk(ζk) = qnk ;
(b)k fk(V

′
k) ⊂ Vk ;

(c)k ‖fk − Id ‖Yck\V ′k < εk .

Observe that to apply Theorem 3.1, V ′k needs to be a neighborhood of the locally exposable
point ζk; moreover to have convergence (see next section) it has to avoid the image of (the fixed
compactM and) the compact Ck−1. This cannot happen if g is constant, as Fk−1(g(M∪Ck−1)) =
Kk = {ζk} so V ′k would be a punctured neighborhood of ζk; moreover ζk ∈ Yck \ V ′k and (c)k
would fail for εk small enough. Set Kk+1 := fk(Kk); up to perturbing fk as we did with g, there
exists ck+1 ∈ R such that Kk+1 ⊆ Yck+1

and ∃ζk+1 ∈ Kk+1 ∩ ∂Yck+1
\ C; then Fk := fk ◦ Fk−1

is holomorphic on some neighborhood of K1 and Fk(K1) = Kk+1; we finally choose a compact
Ck ⊂ X large so that max{d(x, Fk(g(Ck))) : x ∈ Kk+1} ≤ εk and Ck−1 ( Ck. The induction
may proceed.

4.2. Construction of fk for Theorem 2.1.

4.2.1. Existence of a locally exposable point. Let g ∈ Oemb(Ω, Y ). Exploiting sharshapedness and
up to considering gδ(z) = g((1 − δ)z) for 0 < δ < 1, we can suppose without loss of generality
g to be holomorphic and injective on U a Stein neighborhood of Ω. Call R = maxz∈Ω |z|, let

ζ0 ∈ ∂Ω be such that |ζ0| = R and define ρ(z) := |z|2 − R2 which is strictly plurisubharmonic,
hence ζ0 is a locally exposable point by Remark 3.1. Define ζ1 := g(ζ0) and K1 := g(Ω).

If dimY = n, then ζ1 is locally exposable with respect to ρ1 := ρ ◦ g−1 and K1 is a Stein
compact, in fact Wα = gα(Ω), 0 < α < δ is a neighbourhood basis of Stein domains since each
Wα is biholomorphic to Ω which is holomorphically convex. In this case, ζ1 is locally exposable
and K1 is a Stein compact asking g for mere injectivity.

Let us now prove that ζ1 and K1 are still a locally exposable point and a Stein compact
respectively even in the case dimY = m > n. Working with local charts we can assume to work
on open subsets of Cm. Since dg(ζ) has full rank n at each point ζ ∈ U , it is Im dg(ζ) ' Cn and
up to a linear change of coordinates, we can assume Im dg(ζ0) = Cn × {0}m−n and obviously
Im dg(ζ0)

⊕
SpanC(en+1, . . . , em) = Cm. Define then, for (z1, . . . , zm) ∈ U × Cm−n

g̃(z1, . . . , zm) := g(z1, . . . , zn) + zn+1en+1 + · · ·+ zmem .
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Clearly g̃(ζ0, 0) = ζ1 and it is locally invertible near (ζ0, 0). Call h : A → B the inverse, where
A,B ⊂ Cm are open neighborhoods of ζ1 and (ζ0, 0) respectively and since

πj ◦ h(z) = zj for j = n+ 1, . . . ,m ,

we have that

g(U) ∩A = {z ∈ A : zn+1 = · · · = zm = 0} ;

we worked around ζ1, but the same argument holds for any other point (regardless of whether
it is regular or singular) so g(U) is a complex subvariety; in particular, it is locally closed (every
point in g(U) has an open neighborhood W such that g(U)∩W is closed in W ), thus it admits a
Stein neighborhood basis ([5], Theorem 3.1.1). The same holds for any g(U ′), with Ω ⊂ U ′ ⊂ U ,
therefore K1 is a Stein compact. Define now

ρ1(z) := ρ ◦ α(z) +
m∑

j=n+1

|zj |2 ,

where α := π|Cn ◦ h : A → U and π|Cn : Cm → Cn is the projection on the first n coordinates.
The term ρ ◦ α is plurisubharmonic as ρ is such and α is holomorphic; moreover

Lw(ρ ◦ α; t) = Lα(w)(ρ;α′(w)t) > 0

for every t ∈ Cm, π|Cn(t) 6= 0, w ∈ A, in fact kerα′(w) = {0}n × Cm−n for any w ∈ A and ρ is

strictly plurisubharmonic. Therefore we add the plurisubharmonic term β(z) :=
∑m

j=n+1 |zj |2.
Clearly

Lw(β; t) = β(t) > 0

for every t ∈ Cm, π|Cm−n(t) 6= 0, w ∈ A. Therefore ρ1 is strictly plurisubharmonic on ζ1

(actually on the whole A). It is clear that ρ1(ζ1) = 0 and ρ1 < 0 on A ∩ K1 \ {ζ1}; then a
computation shows that dρ1(ζ1) 6= 0, hence ζ1 is locally exposable in K1 with respect to ρ1.

4.2.2. Inductive procedure. Let us observe that Y \K1 is connected, in fact if n = 1, Ω is simply
connected (being starshaped) thus its boundary is connected and so is its image.

Let n ≥ 2 and dimY = n; then g(Ω) is a Stein domain, which has connected boundary for
dimY ≥ 2 (see [8], pag. 22).

The remaining case, by Remark 2.1, is n ≥ 2 and m = dimY > n. In this case just observe
that g(Ω) is a complex submanifold of complex codimension m − n ≥ 1, so its complement is
connected.

Assume we have Kk ⊂ Y Stein compact, ζk ∈ Kk locally exposable with respect to some
strictly plurisubharmonic ρk, Ck−1 ⊂ Ω compact, Fk−1 holomorphic injective on some neighbor-
hood of K1 such that Fk−1(K1) = Kk. The construction of fk : Uk → Y is as in Section 4.1.2,
with Yck = Kk (Stein compact) and γk((0, 1]) ⊂ Y \ Yck (which can be achieved since Y \ Yck
is connected, as above), allowing fk to be injective on Uk and setting ζk+1 := fk(ζk) = qnk
(which is locally exposable with respect to ρk+1 := ρk ◦ f−1

k ). Finally set Kk+1 := fk(Kk) Stein
compact, Fk := fk ◦ Fk−1 holomorphic injective on some open neighborhood of K1 and Ck ⊂ Ω
as in Section 4.1.2. In particular Fk(K1) = Kk+1 and {Ck}k is a compact exhaustion of Ω.
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4.3. Construction of fk for Theorem 2.3. Since K is a Stein compact, there exists U ⊂ Y
Stein neighborhood of K and consequently a plurisubharmonic exhausting function ρ : U → R
as recalled in Theorem 3.2. Then, the existence of at least one locally exposable point x0 ∈ K
is guaranteed by the argument of Section 4.1.1, with x0,K, U playing the role of ζ1,K1 and Y
respectively and being {Ck}k compact exhaustion for K \ {x0}. So, given any x0 ∈ K locally
exposable, the rest of the inductive procedure is as in Section 4.2.2, except for M and g which
here just do not play any role, with x0,K, ρ playing the role of ζ1,K1 and ρ1 respectively.

4.4. Construction of fk for Theorem 2.4. The construction is as in Section 4.1, with no M ,
no g, with K playing the role of K1 and {Ck}k compact exhaustion for K \ Γ. At each step we
get a locally exposable point ζk ∈ Kk ∩ ∂Yck \ C, sent to qnk by fk and corresponding to some
xk ∈ K = K1, which is locally exposable as well (thus {xk}k ⊂ Γ).

5. Proofs

5.1. Proof of Theorem 2.2.

Proof. Fk : K1 = g(X)→ Y is holomorphic. Then from (2)k+1 it follows that for every fixed j

Fk(g(Cj)) ⊂ Kk+1 \ V ′k+1 (5.1)

holds true for every k ≥ j. Hence we get that, for every fixed j

‖Fk+1 − Fk‖g(Cj) = ‖fk+1 − Id ‖Fk(g(Cj)) ≤ ‖fk+1 − Id ‖Kk+1\V ′k+1
< εk (5.2)

is true for every k ≥ j, so {Fk}k converges on compact subsets of g(X) to F : g(X) → Y
holomorphic. As above, (2)k+1 implies Fk(g(M)) ⊂ Kk+1 \ V ′k+1 for every k, hence inequality
(5.2) holds true for all k, thus

‖F − Id ‖g(M) ≤
∑
k≥0

‖Fk+1 − Fk‖g(M) < ε ,

allowing us to conclude that ‖h − g‖M < ε, where h = F ◦ g : X → Y is the approximating
mapping. We now check it actually has dense image. If h(X) is not dense in Y , then there
exists an open ball B ⊂ Y such that

β := d(B, h(X)) > 0 .

The construction of the sets Kk and the sequence {nk}k≥1 allows to consider a partition of Q as

qnk−1
, . . . , qnk−1 ∈ Kk, k ≥ 1 .

In this way we can define the sequence

k(n) := j for n = nj−1, . . . , nj − 1, for j ≥ 1

and we have qn ∈ Kk(n) holds true for all n; the sequence n 7→ k(n) is increasing and such that

k(n)→ +∞ as n→ +∞ (otherwise ∃k̃, N such that qn ∈ Kk̃
for all n ≥ N , so Q would not be

dense). Since g(X) ⊂⊂ Y , it follows by Lemma 3.1 that

d(qn, h(X)) = d(qn, F (g(X))) ≤
∑

j≥k(n)−1

εj .
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This last sum is less than β for any n ≥ nβ, for a suitably large nβ. Therefore {qn}n>nβ , which
is still dense in Y , does not meet an open ball, contradiction. �

5.2. Proof of Theorem 2.1.

Proof. It is the same as the previous proof. Just observe that now Fk is defined on K1 = g(Ω), it
is holomorphic injective and so is F . Since g is injective by assumption, then the approximating
mapping h = F ◦ g is holomorphic injective as well. �

5.3. Proof of Theorem 2.3.

Proof. The mappings Fk are defined, holomorphic and injective on some open neighborhood of
K and converge to F : K \ {x0} → Y uniformly on compacts of K \ {x0}. The construction of

mappings fk ensures, as for Theorem 2.2, to achieve F (K \ {x0}) = Y . �

5.4. Proof of Theorem 2.4.

Proof. As for Theorem 2.3 (except for injectivity of Fk), with K \ Γ instead of K \ {x0}. �
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