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Abstract

This paper deals with a class of optimal control problems which arises in advertising
models with Volterra Ornstein-Uhlenbeck process representing the product goodwill.
Such choice of the model can be regarded as a stochastic modification of the clas-
sical Nerlove-Arrow model that allows to incorporate both presence of uncertainty
and empirically observed memory effects such as carryover or distributed forgetting.
We present an approach to solve such optimal control problems based on an infinite
dimensional lift which allows us to recover Markov properties by formulating an opti-
mization problem equivalent to the original one in a Hilbert space. Such technique,
however, requires the Volterra kernel from the forward equation to have a representa-
tion of a particular form that may be challenging to obtain in practice. We overcome
this issue for Holder continuous kernels by approximating them with Bernstein poly-
nomials, which turn out to enjoy a simple representation of the required type. Then we
solve the optimal control problem for the forward process with approximated kernel
instead of the original one and study convergence. The approach is illustrated with
simulations.
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1 Introduction

The problem of optimizing advertising strategies has always been of paramount impor-
tance in the field of marketing. Starting from the pioneering works of Vidale and Wolfe
(1957) and Nerlove and Arrow (1962), this topic has evolved into a full-fledged field of
research and modeling. Realizing the impossibility of describing all existing classical
approaches and results, we refer the reader to the review article of Sethi (1977) (that
analyzes the literature prior to 1975) and a more recent paper by Feichtinger et al.
(1994) (covering the results up to 1994) and references therein.

It is worth noting that the Nerlove—Arrow approach, which was the foundation
for numerous modern dynamic advertising models, assumed no time lag between
spending on advertising and the impact of the latter on the goodwill stock. However,
many empirical studies (see, for example, Leone 1995) clearly indicate some kind
of a “memory” phenomenon that is often called the “distributed lag” or “carryover”
effect: the influence of advertising does not have an immediate impact but is rather
spread over a period of time varying from several weeks to several months. This
shortcoming of the basic Nerlove—Arrow model gave rise to many modifications of
the latter aimed at modeling distributed lags. For a long time, nevertheless, the vast
majority of dynamic advertising models with distributed lags had been formulated
in a deterministic framework (see e.g. Sethi 1977, §2.6 and Feichtinger et al. 1994,
Section 2.3).

In recent years, however, there have been several landmark papers that consider
the Nerlove-Arrow-type model with memory in a stochastic setting. Here, we refer
primarily to the series of papers (Gozzi and Marinelli 2005; Gozzi et al. 2009) (see
also a more recent work Li and Chen 2020), where goodwill stock is modeled via
Brownian linear diffusion with delay of the form

0
dX* (1) = (aoX”<r>+ / o1 (5) X" (1 + 5)ds + Bou(t)

0 —r
+ ﬂl(s)u(t—l—s)ds) dt +odW(t), (1.1

—r

where X" is interpreted as the product’s goodwill stock and u is the spending on
advertising. The corresponding optimal control problem in this case was solved using
the so-called lift approach: equation (1.1) was rewritten as a stochastic differential
equation (without delay) in a suitable Hilbert space, and then infinite-dimensional
optimization techniques (either dynamic programming principle or maximum princi-
ple) were applied.

In this article, we present an alternative stochastic model that also takes the carryover
effect into account. Instead of the delay approach described above, we incorporate the
memory into the model by means of the Volterra kernel K € Lz([O, T]) and consider
the controlled Volterra Ornstein-Uhlenbeck process of the form

t t
X“(1) :x<0)+/ K(z—s)(au(s)—,sx“(s))ds+o/ Kt —5)dW(s),
0 0
(12)
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where «, 8,0 > 0 and X(0) € R are constants (see e.g. Abi et al. 2019, Section 5
for more details on affine Volterra processes of such type). Note that such goodwill
dynamics can be regarded as the combination of deterministic lag models described
in Feichtinger et al. (1994, Section 2.3) and the stochastic Ornstein-Uhlenbeck-based
model presented by Rao (1986). The main difference from (1.1) is the memory incor-
porated to the noise along with the drift as the stochastic environment (represented by
the noise) tends to form “clusters” with time. Indeed, in reality positive increments
are likely to be followed by positive increments (if conditions are favourable for the
goodwill during some period of time) and negative increments tend to follow negative
increments (under negative conditions). This behaviour of the noise cannot be reflected
by a standard Brownian driver but can easily be incorporated into the model (1.2).
Our goal is to solve an optimization problem of the form

XU(1) = X(0) + f K(t — s)(au(s) — ﬂX”(s))ds to [l K@ —s)dW(s),
Jw):=E [— fOT aju®(s)ds + azX“(T)] — max,
(1.3)

where aj, ay > 0 are given constants. The set of admissible controls for the problem
(1.3), denoted by Lé = Lg(Q x [0, T']), is the space of square integrable real-valued
stochastic processes adapted to the filtration generated by W. Note that the process
X" is well defined for any u € Lg since, for almost all w € €2, the Eq. (1.2) treated
pathwisely can be considered as a deterministic linear Volterra integral equation of
the second kind that has a unique solution (see e.g. Tricomi 1985).

The optimization problem (1.3) for underlying Volterra dynamics has been studied
by several authors (see, e.g. Agram and @ksendal 2015, Yong 2006 and the bibliog-
raphy therein). Contrarily to most of the work in our bibliography, we will not solve
such problem by means of a maximum principle approach. Even though this method
allows to find necessary and sufficient conditions to obtain the optimal control to
(1.3), we cannot directly apply it as we deal with low regularity conditions on the
coefficients of our drift and volatility. Furthermore, such method has another notable
drawback in the practice. In fact, its application is often associated with computations
of conditional expectations that are substantially challenging due to the absence of
Markovianity. Another possible method to solve the optimal control problem (1.3) is
to get an explicit solution of the forward equation (1.2), plug it into the performance
functional and try to solve the maximization problem using differential calculus in
Hilbert spaces. But, even though this method seems appealing, obtaining the required
explicit representation of X* in terms of # might be tedious and burdensome. Instead,
we will use the approach introduced in Abi et al. (2021), Di and Giordano (2022) that is
in the same spirit of the one in Gozzi and Marinelli (2005), Gozzi et al. (2009), Li and
Zhen (2020) mentioned above: we will rewrite the original forward stochastic Volterra
integral equation as a stochastic differential equation in a suitable Hilbert space and
then apply standard optimization techniques in infinite dimensions (see e.g. Fabbiri
et al. 2017; Fuhrman and Tessitore 2002). Moreover, the shape of the corresponding
infinite-dimensional Hamilton-Jacobi-Bellman equation allows to obtain an explicit
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solution to the latter by exploiting the “splitting” method from Gozzi et al. (2009,
Section 3.3).

We notice that, while the optimization problem (1.3) is closely related to the one
presented in Abi etal. (2021), there are several important differences in comparison to
our work. In particular, Abi etal. (2021) demands the kernel to have the form

K(t) = f e 9" 1(do), (1.4)
Ry

where 1 is a signed measure such that fR+(1 A1)l (dh) < oo. Although there
are some prominent examples of such kernels, not all kernels K are of this type;
furthermore, even if a particular K admits such a representation in theory, it may not
be easy to find the explicit shape of u. In contrast, our approach works for all Holder
continuous kernels without any restrictions on the shape and allows to get explicit
approximations i, of the optimal control i. The lift procedure presented here is also
different from the one used in Abi etal. (2021) (although they both are specific cases
of the technique presented in Cuchiero and Teichmann (2020).

The lift used in the present paper was introduced in Cuchiero and Teichmann (2020),
then generalized in Cuchiero and Teichmann (2019) for the multi-dimensional case,
but the approach itself can be traced back to Carmona and Coutin (1998). It should be
also emphasised that this method has its own limitations: in order to perform the lift, the
kernel K is required to have a specific representation of the form K (t) = (g, e’ Av)H,
t € [0, T], where g and v are elements of some Hilbert space H and {etA, tel0,T]}
is a uniformly continuous semigroup acting on H with A € L£L(H) and, in general, it
may be hard to find feasible H, g, v and .4. Here, we work with Holder continuous
kernels K and we overcome this issue by approximating the kernel with Bernstein
polynomials (which turn out to enjoy a simple representation of the required type).
Then we solve the optimal control problem for the forward process with approximated
kernel instead of the original one and we study convergence.

The paper is organised as follows. In Sect. 2, we present our approach in case of a
liftable K (i.e. K having a representation in terms of H, g, v and .4 mentioned above).
Namely, we describe the lift procedure, give the necessary results from stochastic
optimal control theory in Hilbert spaces as well as derive an explicit representation of
the optimal control i by solving the associated Hamilton-Jacobi-Bellman equation. In
Sect. 3, we introduce a liftable approximation for general Holder continuous kernels,
give convergence results for the solution to the approximated problem and discuss
some numerical aspects for the latter. In Sect. 4, we illustrate the application of our
technique with examples and simulations.

2 Solution via Hilbert space-valued lift

2.1 Preliminaries

First of all, let us begin with some simple results on the optimization problem (1.3).
Namely, we notice that X* and the optimization problem (1.3) are well defined for

any u € L2.
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Theorem 1 Let K € L*([0, T1). Then, for any u € L2,

1) the forward Volterra Ornstein-Uhlenbeck-type equation (1.2) has a unique solu-
tion;
2) there exists a constant C > 0 such that

sup E[|X“(1)[2] < C(1 + [[ull3),
+€[0,T]

where ||-||2 denotes the standard L*(S2 x [0, T'1) norm;
3) |J ()| < 0.

Proof Item 1) is evident since, for almost all w € €2, the Eq. (1.2) treated pathwisely
can be considered as a deterministic linear Volterra integral equation of the second
kind that has a unique solution (see e.g. Tricomi 1985). Next, it is straightforward to
deduce that

2 2
E[lX"(t)|2] < C(l +E |:(/Z K(t — s)u(s)ds) :| +E |:(/t Kt — s)X“(s)ds) :|
0 0
; 2
+E |:</ Kt —s)dW(s)) :| )
0

t
<C (1 + K3 ul3 + ||K||%/0 E[IX"(s)|*]ds + ||K||%)
t
<cC (1 + ||u||§+/ E[1X“ ()] ds>.
0

Now, item 2) follows from Gronwall’s inequality. Finally, E[ X*(¢)] satisfies the deter-
ministic Volterra equation of the form

t t
E[X" (1] = —/3/ K@ — s)E[X"(s)]ds + X(0) + a/ Kt —s)Elu(s)lds
0 0
and hence can be represented in the form
t t
E[X"(t)] = X(0) + a/ Kt — s)E[u(s)lds — /3/ Rg(t,s)X(0)ds
0 0

t s
— aﬂf Rﬁ(t,s)/ K(s —v)E[u(v)]dvds
0 0
=: X(0) + Lu,

where Rg is the resolvent of the corresponding Volterra integral equation and the
operator L is linear and continuous. Hence J (1) can be re-written as

J(l/l) = —d1<u,M>L2(QX[O’T] —i—az(X(O)—I—Eu), (2])

which immediately implies that |J (u)| < oo. O
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2.2 Construction of Markovian lift and formulation of the lifted problem

As anticipated above, in order to solve the optimization problem (1.3) we will rewrite
X" in terms of Markovian Hilbert space-valued process Z* using the lift presented in
Cuchiero and Teichmann (2020) and then apply the dynamic programming principle
in Hilbert spaces. We start from the description of the core idea behind the Markovian
lifts in case of liftable kernels.

Definition 1 Let H denote a separable Hilbert space with the scalar product (-, ). A
kernel K € L2([0, T]) is called H-liftable if there exist v, g € H, ||v||m = 1, and a
uniformly continuous semigroup {e’A, t € [0, T]} acting on H, A € L(H), such that

K@) = (g, ), tel0,Tl. (2.2)

For examples of liftable kernels, we refer to Sect.4 and to Cuchiero and Teichmann
(2020).
Consider a controlled Volterra Ornstein-Uhlenbeck process of the form (1.2) with

a liftable kernel K (¢) = (g, e’Av), lvllm = 1, and denote ¢y := ﬁ;(‘?z) g and
H

dV"(t) := (au(t) — BX"())dt + adW(1).

Using the fact that X(0) = (g, {o), we can now rewrite (1.2) as follows:
1
X"() = X(0) +/ K@t —s)dV"(s)
0
t
= (5.0 + [ (g e Havis)
0
t
= <g, %o +/ e(’_S)AvdV“(S)>
0
=: (g, 2},

where g,“ = ¢ + fé e(’_S)AvdV“(s). It is easy to check that, Z is the unique
solution of the infinite dimensional SDE

- t - - t
z/ =§0+/0 (A(Z;.‘ —§0)+(au(s)—,B(g,Z;‘))v)ds—i—/(; ovdW (s)

and thus the process {Z}', ¢t € [0, T']} defined as Z}' := ZV,” — g satisfies the infinite
dimensional SDE of the form

t

t
zu :f (,ZlZ? — Blg, §o)v+au(s)v)ds+/ ovdW(s),
0 0

where A is the linear bounded operator on H such that

Az = Az — Blg,z)v, zeH. (2.3)
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These findings are summarized in the following theorem.

Theorem 2 Let {X"“(t),t € [0, T1} be a Volterra Ornstein-Uhlenbeck process of the
form (1.2) with the H-liftable kernel K (t) = (g, etAv), goveHl |vim=1 A€
L(H). Then, for anyt € [0, T,

X"(1) = (g, ¢o) + (g, Z/'), (2.4)

where §y := ﬁ,(l%:lg and {Z}', t € [0, T1} is the H-valued stochastic process given by
t, '

. / (Az;‘ — Blg, to)v —i—au(s)v)ds +/ ovd W (s) 2.5)
0 0

and A € L(H) is such that
Az := Az — Blg, 2)v, zeH.

Using Theorem 2, one can rewrite the performance functional J (x) from (1.3) as

T
JSw) =FE [—/0 au?(s)ds + a» (g, Z%)} +as(g, o), (2.6)

where the superscript g in J¢ is used to highlight dependence on the H-valued process
Z*". Clearly, maximizing (2.6) is equivalent to maximizing

T

JEW) —ax(g, so) =E |:_/o ayu®(s)ds + ax (g, Z¥>i| .

Finally, for the sake of notation and coherence with literature, we will sometimes
write our maximization problem as a minimization one by simply noticing that the
maximization of the performance functional J8 (1) — a>(g, {o) can be reformulated
as the minimization of

T
T8 ) := —J8 W) + az(g, o) = E [/0 ayu*(s)ds — ax(g, Z?)} - @

Remark 1 Using the arguments similar to the proof of Theorem 1, it is straightforward
to check that J8 and J# are continuous w.r.t. u.

In other words, in case of H-liftable kernel K, the original optimal control problem
(1.3) can be replaced by the following one:

Z= (leS” — B(g. co)v + au(s)v)ds + [y ovdW(s),

_ L2. (28
JE(wm) =K [fOT aju?(s)ds — ax(g, Z%)] — min, “e @5)
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Remark 2 The machinery described above can also be generalized for strongly contin-
uous semigroups on Banach spaces, see e.g. Cuchiero and Teichmann (2019, 2020).
However, for our purposes, it is sufficient to consider the case when A is a linear
bounded operator on a Hilbert space.

2.3 Solution to the lifted problem

In order to solve the optimal control problem (2.8), we intend to use the dynamic
programming approach as in Fabbri and Russo (2017). A comprehensive overview of
this method for more general optimal control problems can also be found in Fabbri
et al. (2017) and Fuhrman and Tessitore (2002).

Denote by ¢ an element of £L(R, H) acting as

ox =xov, x€R,

and consider the Hamilton-Jacobi-Bellman (HJB) equation associated with the prob-
lem (2.8) of the form

{%v(r, 7) = —%Trace(gg*vzv(t, z)) —(Vu(t, 2), Az) — H(t, z, Vu(t, 2)),
u(T,z) = —(azg,2),
(2.9)

where by Vv we denote the partial Gateaux derivative w.r.t. the spacial variable z and
the Hamiltonian functional H : [0, T] x H x H — R is defined as

H(t.2.6) = inf {a? + (5. —Blg. o)y + )| = —ZZ — Blg. 20} (6. v).

Proposition 1 The HJB equation (2.9) associated with the lifted problem (2.8) admits
a classical solution (in the sense of Fabbiri and Russo 2017, Definition 3.4) of the
form

v(t, z) = (w(1), z) + (1), (2.10)
where

w(t) = —aze DA 1 0, T, @2.11)

A* = A* — B{v, -)g, and

2

T
c(t):—/ (ﬂX(O)(w(s),v)+%(w(s),v)2> ds, t€[0,T]. (2.12)
t 1

Proof Let us solve the HIB equation (2.9) explicitly using the approach presented in
Gozzi et al. (2009, Section 3.3). Namely, we will look for the solution in the form
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(2.10), where w(t) and c(¢) are (unknown) functions such that aa—tv and Vv are well-
defined. In this case,

%v(t, 2) =W @), z2)+ @), Vv, z)=wl), Vu(,z)=0,

and, recalling that (g, ¢o) = X (0), we can rewrite the HIB equation (2.9) as

(W' (1), 2) + (2. A w(®D) + (1) = BXO) w(D), v) — L (w(r), v)> =0
(w(T), 2) +¢(T) = —(a2g, 2).

Now it would be sufficient to find w and c that solve the following systems:

W' (10,2 + (e, Aw®) =0 [c(0) — BXO) (). v) — fo(w(r), v)2 =0
(w(T), z) + (a28.2) =0 " e =o,

(2.13)

Noticing that the first system in (2.13) has to hold for all z € H, we can solve

w' (1) + A*w(t) =0,
w(T)+ag =0

instead, which is a simple linear equation and its solution has the form (2.11). Now it
is easy to see that ¢ has the form (2.12) and

v(t,z) = (w(t),z) +c(), te€[0,T].

It remains to note that (2.10)—(2.12) is indeed a classical solution to (2.9) in the
sense of Fabbiri and Russo 2017, Definition 3.4.
O

Let us now identify v in (2.10)—(2.12) with the value function of the lifted optimal
control problem (2.8) using the result presented in [Theorem 4.1]Fabbri and Russo
(2017).

Theorem 3 (Verification theorem) Let v be the solution (2.10)—(2.12) to the HIB equa-
tion (2.9) associated with the lifted optimal control problem (2.8). Then

1) inf,ep2 J& ) = v(0, 0);
2) The optimal control it minimizing J¢ in (2.8) has the form

i) = =5 — (W), v) = 5> (g, e T4, (2.14)
2a1 2a1

where A = A — (g, -)v.

In particular, it given by (2.14) solves the original optimal control problem (1.2).
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Proof 1t is straightforward to check that the coefficients of the forward equation in
(2.8) satisfy Fabbiri and Russo(2017, Hypothesis 3.1) whereas the cost functional
J & (u) satisfies the conditions of Fabbiri and Russo (2017, Hypothesis 3.3). Moreover,
the term —B(g, {o)v in (2.8) satisfies condition (i) of Hypothesis 3.3 (2017, Theorem
3.7) and, since v given by (2.10)—(2.12) is a classical solution to the HIB equation
(2.9), condition (ii) of Fabbiri and Russo (2017, Theorem 3.7) holds automatically.
Finally, it is easy to see that v has sufficient regularity as required in Fabbiri and Russo
(2017, Theorem 4.1). Therefore, both statements of Theorem 3 immediately follow
from Fabbiri and Russo (2017, Theorem 4.1). O

Remark 3 The approach described above can be extended by lifting to Banach space-
valued stochastic processes. See Di and Giardano (2022) for more details.

3 Approximate solution for forwards with Holder kernels

The crucial assumption in Sect. 2 that allowed to apply the optimization techniques
in Hilbert space was the liftability of the kernel. However, in practice it is often hard
to find a representation of the required type for the given kernel, and even if this
representation is available, it is not always convenient from the implementation point
of view. For this reason, we provide a liftable approximation for the Volterra Ornstein-
Uhlenbeck process (1.2) for a general C h_kernel K, where C" ([0, T']) denotes the set
of h-Holder continuous functions on [0, T'].

This section is structured as follows: first we approximate an arbitrary C”-kernel
by a liftable one in a uniform manner and introduce a new optimization problem
where the forward dynamics is obtained from the original one replacing the kernel
K with its liftable approximation. Afterwards, we prove that the optimal value of the
approximated problem converges to the optimal value of the original problem and give
an estimate for the rate of convergence. Finally, we discuss some numerical aspects
that could be useful from the implementation point of view.

Remark 4 In what follows, by C we will denote any positive constant the particular
value of which is not important and may vary from line to line (and even within one
line). By || - ||2 we will denote the standard L?(2 x [0, T'])-norm.

3.1 Liftable approximation for Volterra Ornstein-Uhlenbeck processes with
Holder continuous kernels

Let K € C([0, T]), H = L*(R), the operator A be the 1-shift operator acting on H,
i.e.

AfHx)=fx+1D, feHl,
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and denote K,, a Bernstein polynomial approximation for K of order n > 0, i.e.

3.1)

k=0
where
& . iT\ (n\(n—i
nk = 7 ;(—l)k_’K (7> <l) (k ) i). 3.2)
Observe that
1A S o 1F
(e Lo 1P (x) = 2=:o o [A ]1[0,1]] (x) = kX(:) oy Lk 1)

and hence K, is H-liftable as
n
Kot =g ) =3 wnts 1el0.7)

with g, := ZZ:O klen gk L—k,—k+17 and v := 1o 13-
By the well-known approximating property of Bernstein polynomials, for any & >
0, there exist n = n(g) € Ny such that

sup |K(t) — K, (t)| < e.
1€[0,T1]

Moreover, if additionally K € Ch([O, T1]) forsome i € (0, 1), Mathe (1999, Theorem
1) guarantees that for all ¢ € [0, T']

HT —1) hizegrh
|K(t) — K,(t)| < H < n-2, (3.3)
n 2h
where H > 0 is such that
|K(t) — K(s)| < H|t —s|", s,t€]l0,T]. (3.4)

Now, consider a controlled Volterra Ornstein-Uhlenbeck process {X“(t), t €
[0, T]} of the form (1.2) with the kernel K € chqo, 7D satisfying (3.4). For a
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given admissible u define also a stochastic process {X}i(¢), t € [0, T']} as a solution
to the stochastic Volterra integral equation of the form

t
X"(t) = X(0) +/ K, (t —s)(om(s) —ﬁxg(s))ds
0

1
+a/ K,(t —s)dW(s), te[0,T], 3.5)
0

where K, (t) = ZZ:O Kn’ktk with «,, ; defined by (3.2), i.e. the Bernstein polynomial
approximation of K of degree n.

Remark 5 1t follows from Azmoodeh et al. (2014, Corollary 4) that both stochastic
processes fé K(t — s)dW(s) and fé K,(t — s)dW(s), t € [0, T], have modifica-
tions that are Holder continuous at least up to the order 2 A % From now on, these
modifications will be used.

Now we move to the main result of this subsection.

Theorem4 Let K € C"([0,T]), u € L2, and X", X" are given by (1.2) and (3.5)
respectively. Then there exists C > O which does not depend on n or u such that for
any admissible u € L2:

sup E[1X"(0) = Xa0?] = (1 + ulpn™".
tel0,7T]

Proof First, by Theorem 1, there exists a constant C > 0 such that

sup E[IX“()]*] < C(1+ [lul3). (3.6)
te[0,T]

Consider anarbitrary T € [0, T],and denote A(t) := sup,cfo. . E [| X" (1) — X4 (1)|?].
Then

A(t) = sup E[
t€(0,7]

t
/ Kt — s)(au(s) - ,BX“(s))ds
0

t

+/ K,,(z—s)(au(s)—ﬁxz(s))ds
0

]

(K(t —5)— K, —s))u(s)

t
+/ o(K(t—s)—Kn(t—s))dW(s)
0

t
<C sup E[/
tel0,7] 0

t
+ C sup E[/
1€[0,7] 0

2
dsj|
2
dsi|

Kt =)(X"(5) = X}i(9))

@ Springer



Optimal control in linear-quadratic stochastic...

t
+ C sup E[/
1€[0,7] 0

/Ot (K(t — ) — K (f — s))dW(s)

} |

2
ds] < CnMul)3.

X”(s)(K(t —§)— Kt — s))

+C sup E
te[0,7]

Note that, by (3.3) we have that

t
sup E[ /
t€[0,7] 0

Moreover, since {K,,, n > 1} are uniformly bounded due to their uniform convergence
to K it is true that

' 2 T
sup ]E|:/ ds} < C/ A(s)ds
ref0,7] 0 0

with C not dependent on 7, and from (3.3), (3.6) one can deduce that

t
sup E[ /
t€[0,7] 0

Lastly, by the Ito isometry and (3.3),

sup E
te[0,7]

(K(t —5) — Kt —s))u(s)

Kn(f — s)(X”(s) - X;;(s))

2

XU (Kt =5) = Kalt = 5)) ds} <Cn "1+ Juld).

/Ot (K(t —5) — Kyt — s))dW(s)

2
:| < cnh,

Hence
t
A(r) <Cn "1 + ||u||§)+c/ A(s)ds,
0

where C is a positive constant (recall that it may vary from line to line). The final
result follows from Gronwall’s inequality. O

3.2 Liftable approximation of the optimal control problem

Asitwasnoted before, our aim is to find an approximate solution to the the optimization
problem (1.3) by solving the liftable problem of the form

X1 = X(O) + [ Kn(t — 5)(u(s) = BX4())ds + 0 3 Kalt = )dW (),
J,(w) :=E [— fOT aju(s)ds + azXz(T)] — max,
3.7)
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where the maximization is performed over u € Lg. In (3.7), K, is the Bernstein
polynomial approximation of K € C"([0, T), i.e.

Kn(t) = (gn, ¢v), 1 €0, 7],
where A € £ (H) acts as (Af)(x + 1), v = 1o 1yand gy = Y o kln k Li—k, —k+1]

with &, ; defined by (3.2). Due to the liftability of K,,, the problem (3.7) falls in the
framework of Sect. 2, so, by Theorem 3, the optimal control i,, has the form (2.14):

a» =04yt €0, T], 38
1

. o
ip(t) = g(gn, e

where A, := A — B(gn, -)v. The goal of this subsection is to prove the convergence
of the optimal performance in the approximated dynamics to the actual optimal, i.e.

Ju(y) — sup J(u), n— oo,
uEL%

where J is the performance functional from the original optimal control problem (1.3).

Proposition 2 Let the kernel K € C"([0, T1). Then

sup J,(u) - —oo  as ||lull; — oo, 3.9)
neN

JWw) > —oco  as ||u|l — oo, (3.10)

where || - ||2 denotes the standard L*(2 x [0, T]) norm.

Proof We prove only (3.9); the proof of (3.10) is the same. Let u € Lg be fixed. For
any n € N denote

t
G, (1) :=/ K,(t —s)dW(s), tel0,T],
0
and notice that for any ¢ € [0, T] we have that

t t
|X5 (1] = X(0) +a/0 [Kn (1t — $)l|u(s)|ds +/3/0 |Kn(t = )Xy ($)lds + 0 |Gn(D)]

1
T 2 t
§C(l+</ ,ﬂ(s)ds> +/ |X%(s)|ds + sup |Gn(r)|),
0 0 rel0,T]

where C > 0 is a deterministic constant that does not depend on n, ¢ or u (here we
used the fact that K;,, — K uniformly on [0, T']). Whence, for any n € N,

rel0,T]

t
1E[|X2(r)|]s€<1+||u||z+f0 E[|X:;(s>|]ds+E[ sup |Gn<r>|D. 3.11)
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Now, let us prove that there exists a constant C > 0 such that
supE | sup |G,(r)|]| <
neN rel0,7]

First note that, by Remark 5, foreachn € Nand § € (O, u 211) there exists a random

variable Y,, = Y,,(8) such that
1
|Gp(r1) — Gp(r)| < Y,lr — rzlh/\j—%
and whence

1
sup [G(r)| < T 272,
rel0,7T]

Thus it is sufficient to check that sup, .y EY,, < oo.Itis known from Azmoodeh et al.
(2014) that one can put

1
T P
|Gn(x) — Gy (y)|p
Tni=Cs (_/ / |(h/\ —8)p+1 dxdy )

where p := % and Cs > 0 is a constant that does not depend on n. Let p’ > p. Then
Minkowski integral inequality yields

NG TG, Ga(y)|? ’
(Eﬁ)p —cr|E / / G = GaI” )
Ix — yl(h/\j—S)p-l-l

L2

|Gn(x) G.I”' )"
<Cp/ / ]) dxdy.

|x _ y|(h/\778)p+]

(3.12)

Note that, by Mathe (1999, Proposition 2), every Bernstein polynomial K, that cor-
responds to K is Holder continuous of the same order 4 and with the same constant
H.,ie.

|Kn(0) = Kn(9)] < Hlt —s|", 5.1 €0, T,
whenever

|K(1) — K(s)| < H|t —s|", s,t€]0,T].

This implies that there exists a constant C which does not depend on n such that
E[IGu) = Gaw1”']

@ Springer



M. Giordano, A. Yurchenko-Tytarenko

i
2

XAy xVy
:C(/ )(Kn(x—s)—Kn(y—s))2ds+/ K,%(xVy—s)ds)
0

XAy

< Clx — |/,

Plugging the bound above to (3.12), we get that
L T T ] |
(E I:Tnp ]) r =< C/ / |x — y|(hA§)17_(h/\§—5)P—ldxdy
0 0

T /T

:C/ / Ix — y|" P dxdy
0o Jo

<C

where C > 0 denotes, as always, a deterministic constant that does not depend on n,
t, u and may vary from line to line.

Therefore, there exists a constant, again denoted by C not depending on n, ¢ or u
such that

supE[Y,] < C
neN

and thus, by (3.11),

t
E[IXinl] =C (1 + llull2 +/ E[|X,‘;(s)|]ds) )
0
By Gronwall’s inequality, there exists C > 0 which does not depend on n such that
E[IX;(DI] = CA+ Jull2),
and so

sup Ju () < C(1+ [lull2) — ull3 = —o0, ulla — oo.
neN

O
Theorem5 Ler K € C"([0, T]) and K, be its Bernstein polynomial approximation

of order n. Then there exists constant C > 0 such that

Ju(iin) — sup Jw)| < cn~2. (3.13)

2
uely

Moreover, i, is “almost optimal” for J in the sense that there exists a constant C > 0
such that

‘J(ﬁn) — sup Jw)| < cn B,

2
uely;
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Proof First, note that for any r > 0

sup |Jnw) — J)| < €1 +rH2n~5, (3.14)

UEB,

where B, 1= {u € Lg . |lull2 < r}. Indeed, by definitions of J, J,, and Theorem 4,
forany u € B,:

Jn(u) — J(u)) = ’E[XZ(T) — XM =+ u)dint (3.15)
<C(+rA)in s,

In particular, this implies that there exists C > 0 that does not depend on n such
that J(0) — C < J,,(0), so, by Proposition 2, there exists o > 0 that does not depend
on 7 such that [Ju|, > ro implies

Jo(u) < J(O0)—-C < J,(0), neN.

In other words, all optimal controls ii,, n € N must be in the ball B, and that
sup,cr2 J(u) = sup,c By Y (u). This, together with uniform convergence of J,, to J

over bounded subsets of Lg and estimate (3.14), implies that there exists C > 0 not
dependent on n such that

Jn(iin) — sup J(w)| < cn=2. (3.16)

uel?

Finally, taking into account (3.14) and (3.16) as well as the definition of B,

JGin) = sup J ()] = | Gon) = I )| + [ JuGi) = sup J
ueL? uely
< |76 = dGn)| + |9 G) = sup Ty
M€3r0
h
<Cn 2.
which ends the proof. O

Theorem 6 Let K < Ch([O, T1) and 1, be defined by (3.8). Then the optimization
problem (1.3) has a unique solution ii € L(% and

U, — U, n— 00,

in the weak topology of L*(2 x [0, T).
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Proof By (2.1), the performance functional J can be represented in a linear-quadratic
form as

J(u) = —ai(u, 14>L2(Q><[0,TJ + a2 (X(0) + Lu),

where £: L2(Q x [0, T]) — L3($2 x [0, T]) is a continuous linear operator. Then,
by Allaire (2007, Theorem 9.2.6), there exists a unique u € L?(Q x [0, T]) that
maximizes J and, moreover, i, — u weakly as n — oo. Furthermore, since all i,
are deterministic, so is #; in particular, it is adapted to filtration generated by W which
implies that 7 € L2. O

3.3 Algorithm for computing d,

The explicit form of i1, given by (3.8) is not very convenient from the implementation

point of view since one has to compute e7 DAL, = o(T= ’)A"]l[o 11, Where A, =
A — Blgn, ) Lj0.17, (Af)(x) = f(x + 1). A natural way to simplify the problem is to
truncate the series

(T — ) - Mo — o)k
> Ao~ Y o i,

k=0 k=0
for some M € N. However, even after replacing eT=DAn in (3.8) with its truncated

version, we still need to be able to compute AX 1 1 for the given k € N. An algorithm
to do so is presented in the proposition below.

Proposition 3 For any k € N U {0},

k
Apljoay =Y v, Ol iy,
i=0

where, y(0,0) = 1 and, forall k > 1,

y(— -1, i=1,..k

.’k = n . . .
7O = 1“( B)jlicn v ok — 1), i =0,

Proof The proof follows an inductive argument. The statement for y (0, 0) is obvious.
Now let

A o = Z)/(l', k=D —it1).

Then

Al = A, (Aﬁ_ll[o,u)
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=Y vtk = DAL i

k
=Yyl — 1 k= DL i

i=1

k—1 n
+ Lio,11(=8) <Z YU k= DI—j—j+11s Zj!Kn,j]l[—j,—j+l]>

j=0 j=0
k (k=1)An
=Yy —Lk=DLliirn+Lon Y. (=B)jkny(.k—1).
i=1 Jj=0
O
Finally, consider
M k
R aa (T'—l)
Mn,M(l) = 2_ <gn’ Z ‘Aﬁ:ﬂ'[o,l]>
k=0
aay Mok (T
= Z”Kntl[ ’_"H]’ZZ V(l L= —it1
2(11 k=0 i=0
M /M
aa (T —1)
=2—< il i 1 z—z+1],Z(Z— (@, k)) —z,—i+1]>
4 \iZo i=0 \k=i
AM ,
_ aaz ilky iy (i, k) X
gy

2a
120 k=i

~ @% % ity () \ e (3.17)
T 2a k! 7 '

k=0 \i=0
where «, ; are defined by (3.2) and y (i, k) are from Proposition 3.

Theorem7 Let n € N be fixed and M > (T — 1)|| Aullz, where ||-|| 2 denotes the
operator norm. Then, forall t € [0, T],

R R adar N (T Anllg
| (1) — fin, ()] < 2—al||gn||e“ DAz (1—e B )

Moreover,

T ~ Tl
sup |, (1) — ity ()] < ||g lle 1 —e MHI — 0, M— cc.
1€[0,T] 2a1
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Proof One has to prove the first inequality and the second one then follows. It is clear
that

00 k
(T -0" -
> Tv“ﬁﬂ[o,l]

k=M+1

A ~ aa)
lin(t) = thn, O] = S—=lIgnll
ai

and, if M > (T — 1)||.4, || £, we have that

- k
(T —1)f > (T -0 A,
e T
k=M+1 ’ k=M+1 ’

i Tl Anl 2
< oT-DIAule (1 _ eMH) ’

where we used a well-known result on tail probabilities of Poisson distribution (see
e.g. Samuel 1965). O

4 Examples and simulations

Example 1 (monomial kernel) Let N € N be fixed. Consider an optimization problem
of the form

X“(t) = X(0) + [t — s)N(u(s) _ X“(s))ds + [l = s)NdW (s),

4.1
E [X“(T) — fOT uz(s)ds] — max, @D

where, as always, we optimize over u € LZ. The kernel K () = tV is H-liftable,

N = (N'l[—n —N+1], 6“41[[0,1]),

where (Af)(x) = f(x + 1), f € H. By Theorem 3, the optimal control for the
problem (4.1) has the form

N!

u(t) = —(l-N.—Nt1]. €

(T—I)AIL
> [0,11)>

where 4 = A — N!(]l[,N,,NHJ, -Y1[0,15- In this simple case, we are able to find

an explicit expression for e!” )A*]l[_i,_i_H]. Indeed, it is easy to see that, for any
ieNU{0}, peNU{0}andg =0,1, ..., N,

p
APNADFT D10 4y = (=PI (NPT L v 1) g j N+ 1)—g 1]
j=0
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= Theorical value
1.4 M=20, n=1
— M=20, n=2
124 — M=20, n=5
— M=20, n=10
1.0
0.8 |
0.6
0.4
0.2 1
0.0

0.00 0.25 0.50 0.75 1.00 125 1.50 175 2.00

Fig.1 Optimal control of Volterra Ornstein-Uhlenbeck process with monomial kernel K () = 12 (in black)
and control approximants i,y

and whence

(L{=N,~N+1]s e(T_’)Aﬂ[o 1)

<1[ P o) gy cimll i

(T —ypN+p+q 2 . . >
p=0¢g=0

§ PN Ly a1 1 (N1
T2 [—j (1) =g, — j(N+1D)—g+1]
(PN +p+a)l =

e (T - t)pN+[7+N

= = 7  (—1)? Y4
,’Z:;)(pN-i-p-i-N)!( DFVH

= (T — )N Eng1 41 (=NUT — )N 1,

where E, 5(z) := Z;O 0 Tt (ap s is the Mittag-Leffler function. This, in turn, implies
that

NNT — )N
u(t) = %EN+1,N+1(_N!(T —nNth. 4.2)

On Fig. 1, the black curve depicts the optimal & computed for the problem 4.1 with
K(t) = t* and T = 2 using (4.2); the othere curves are the approximated optimal
controls i, (as in (3.17)) computed forn = 1, 2,5, 10 and M = 20.

Remark 6 The solution of the problem (4.1) described in Example 1 should be regarded
only as an illustration of the optimization technique via infinite dimensional lift: in
fact, the kernel K in this example is degenerate and thus the forward equation (4.1)
can be solved explicitly. This means that other finite dimensional techniques could
have been used in this case.
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(1) Kq1(t) =13 (2) Ka(t) = t+? (3) K3(t) = e~"t03
= — - —w
20
10 04
15
08
03
o6 10
02
04
0s
o o1
0o 0o 00
o0 035 oS0 o35 160 135 1% 175 200 G0 o35 0% o7 1w 135 150 175 20 G0 o35 0% o7 1w 135 150 175 2w
(al) (a2) (a3)

000 025 050 075 100 125 150 175 2.00 000 025 050 075 100 125 150 175 200 000 025 050 075 100 125 150 175 200
07

— u, a=1 — ul), a=1 — u(,a=1

— ult), a=15 Lo] — u.a=15 — ulv.a=15
081 — uw, a=2 — ult), a=2 041 — u, a=2

000 025 050 075 100 125 150 175 2.00 000 025 050 075 100 125 150 175 200 000 025 050 075 100 125 150 175 200

(cl) (c2) (c3)

— u(). =1 — u(®), p=1
—— ult). B=1.5 — ult), p=1.5
— u(v), B=2 — u(t), B=2

000 025 050 075 100 125 150 175 2.00 000 025 050 075 100 125 150 175 200 000 025 050 075 100 125 150 175 200

(d1) (d2) (d3)

Fig. 2 Optimal advertising strategies for control problems with kernels K1—K3 from Example 2; plots
related to the kernel K; are contained in the ith column. Panels al-a3 depict the graphs of kernels K1—K3;
each of b1-b3 represents a sample path of the corresponding X :‘ (t) under optimal control with « = 0
(orange) and o = 1 (blue) as well as the approximated optimal control i, ps itself (green). Panels c¢1—¢3
show i1, ps for @ = 1 (blue), o = 1.5 (orange) and o = 2 (green; in all three cases = 1), whereas d1-d3
plot the behaviour of i1, ps for 8 = 1 (blue), B = 1.5 (orange) and 8 = 2 (green; in all three cases & = 1)

Example 2 (fractional and gamma kernels) Consider three optimization problems of
the form

Xi(t) = f(; K — s)(om(s) — ,BX“(s))ds + fot Ki(t —s)dW(s),

i=1,23,
E[X4(T) - [} wrds]| > max,

(4.3)
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u e L%, where the kernels are chosen as follows: K (¢) := %3 (fractional kernel),
K> (t) := t!! (smooth kernel) and K3(¢) := ¢ "t"3 (gamma kernel). In these cases,
we apply all the machinery presented in Sect. 3 to find &, ps for each of the optimal
control problems described above. In our simulations, we choose 7" = 2, n = 20,
M = 50; the mesh of the partition for simulating sample paths of X* is set to be 0.05,
oc=1,X0)=0.

Figure2 depicts approximated optimal controls for different values of « and B.
Note that the gamma kernel K3(#) (third column) is of particularly interest in optimal
advertising. This kernel, in fact, captures the peculiarities of the empirical data (see
Leone 1995) since the past dependence comes into play after a certain amount of time
(like a delayed effect) and its relevance declines as time goes forward.

Remark 7 Note that the stochastic Volterra integral equation from (4.3) can be some-
times solved explicitly for certain kernels (e.g. via the resolvent method). For instance,
the solution X* which corresponds to the fractional kernel of the type K (r) = ",
h > 0, and 8 = 1 has the form

t
X“(t) = T'(h + 1)/ (t — )" Eps1ns1 (—F(h (- s)h+1>
0
(au(s)ds +dW(s)), te][0,T],

where E, ; again denotes the Mittag-Leffler function. Having the explicit solution,
one could solve the optimization problem (4.3) by plugging in the shape of X* to
the performance functional and applying the standard minimization techniques in
Hilbert spaces. However, as mentioned in the introduction, this leads to some tedious
calculations that are complicated to implement, whereas our approach allows to get
the approximated solution in a relatively simple manner.
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