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Abstract: We define a new Gromov—Witten theory relative to simple normal crossing
divisors as a limit of Gromov—Witten theory of multi-root stacks. Several structural prop-
erties are proved including relative quantum cohomology, Givental formalism, Virasoro
constraints (genus zero) and a partial cohomological field theory. Furthermore, we use
the degree zero part of the relative quantum cohomology to provide an alternative mirror
construction of Gross and Siebert (Intrinsic mirror symmetry, arXiv:1909.07649) and to
prove the Frobenius structure conjecture of Gross et al. (Publ Math Inst Hautes Etudes
Sci 122:65-168, 2015) in our setting.
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1. Introduction
1.1. The theory. Let X be a smooth projective variety over C and let
Dy,....,D,CX
be smooth irreducible divisors. Suppose
D =D +...+D,

is simple normal crossing.
For ry, ..., r, € N pairwise coprime, the multi-root stack

Xp7 = X(D1,r1)e(Dnyra) >

defined in Definition 17, is smooth. The first result of this paper shows that the Gromov—
Witten theory of Xp 7 is a polynomial in ry, ..., r,, see Corollary 18 in Sect. 3. This is
achieved by certain polynomiality results for root stacks associated to a pair (X', D) of
Deligne-Mumford stack &’ and a smooth divisor D C &.

Theorem 1. For r sufficiently large, genus 0 Gromov-Witten invariant of Xp , is in-
dependent of r. Genus g > 0 Gromov-Witten invariant of Xp , is a polynomial in r.
Furthermore, the constant term of the polynomial is the corresponding relative Gromov—
Witten invariant of (X, D).

We refer the readers to Theorems 9 and 10 in Sect. 2 for the precise statement. Taking the
constant terms yields a theory canonically attached to the pair (X, D). See Definition 20
in Sect. 3 for the precise definition of this new theory.

We may view this new theory formally as the Gromov—Witten theory of the infinite
root stack

XD,oo

associated to (X, D), as constructed in [31], because in genus 0 we show that the
Gromov—Witten theory of X p 7 is independent of ry, .. ., r, and taking constant terms
is the same as taking large r; limit.

Question 2. Can one define Gromov—Witten theory of infinite root stacks directly?

Naturally, one can expect such a definition to coincide with the constant terms of
Gromov—Witten theory of finite root stacks. By [31], the infinite root stack structure de-
termines the logarithmic structure. It is natural to expect that infinite root stack Gromov—
Witten theory should determine logarithmic Gromov—Witten theory.
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1.2. Logarithmic theory. Our new theory has some advantages:

(1) Negative contact orders are naturally included. A relative marking with positive
contact order k > 0 along a divisor D; corresponds to an orbifold marking with
age(Np,;/x D,F) equals to k/r; for r; > 1. On the other hand, a relative marking
with negative contact order k < 0 along a divisor D; comes from an orbifold
marking with age(Np,,x, ;) equals to 1 + k/r; for r; > 1. Roughly speaking, if
we have negative contact order with a divisor D; at a marking, then the irreducible
component of the curve containing this marking should map into D;. When D is
irreducible, we recover relative Gromov—Witten theory with negative contact orders
defined in [13,14] which is a generalization of the usual relative Gromov—Witten
theory of [20,25,26] and [27]

(2) It enjoys very nice properties. In particular, we highlight the following properties.

e In genus zero, we have
—  Topological recursion relation (TRR) (Sect.4.2)
—  Witten-Dijkgraaf-Verlinde-Verlinde (WDVV) equation (Sect.4.2)
— Relative quantum cohomology ring (Sect.4.3)
—  Givental formalism (Sect. 5)
—  Virasoro constraints (Sect. 6).
e In all genera, we have
—  string, dilaton, and divisor equations (Sect.4.2)
— a Partial CohFT (Sect.8).

(3) It is quite computable. It has already been proved in [38] that one can construct an
I-function for the Gromov—Witten theory of X p . Therefore, Givental formalism
that we developed in Sect. 5 provides a necessary foundation for [38] to state a mirror
theorem for X p ~ (see Theorem31). The mirror theorem allows us to compute
genus zero invariants of X p ~ in various cases. Some examples and applications
were given in [38]. Therefore, one may expect that Gromov—Witten invariants of
infinite root stacks are more accessible (than log Gromov—Witten invariants) in terms
of computation, as lots of sophisticated techniques in traditional Gromov—Witten
theory are available.

We may view our new theory as a logarithmic Gromov—Witten theory of (X, D). As
such, it is natural to ask

Question 3. How is the new theory related to the (punctured) logarithmic Gromov—
Witten theory of Abramovich—Chen—Gross—Siebert defined in [2,5,10,17]?

In [38], we showed by explicit computations that these two theories are equal in
some cases. When D is irreducible, the main results of [1,36] imply that these two
theories are the same for invariants without punctured points'. As pointed out by Dhruv
Ranganathan, these two theories are not equal in general. For example, logarithmic
invariants are invariant uner birational transformation [4], but orbifold invariants are
not. However, it is perhaps reasonable to expect that our new theory and the punctured
logarithmic Gromov—Witten theory are equivalent somehow. It would be interesting to
find the precise relation between these two theories. Then, one can compute punctured
invariants through corresponding invariants of X p . Recently, the birational invariance
of orbifold invariants has been investigated in [8,41].

Another interesting question is

! The arguments easily extend to the case D;’s are disjoint, showing that the two theories are the same in
this case, too.



806 H. Tseng, F. You

Question 4. (R. Pandharipande) Does the new theory have a degeneration formula?

When D is irreducible and there are no punctured points, it is proved in [36] that our
theory is the relative Gromov—Witten theory of [26], which admits a degeneration for-
mula [27]. A degeneration formula for logarithmic Gromov—Witten theory can be found
in [3], [24] and [30].

1.3. Mirror constructions. In [18] and [19], Gross-Siebert constructed mirrors to a log
Calabi-Yau pair (X, D) and a maximally unipotent degeneration X — S of log Calabi-
Yau manifolds. The mirrors are constructed from the degree 0 part of the relative quantum
cohomology ring

0H(X, D).

A key ingredient is the punctured Gromov—Witten theory which is used to describe the
structure constants for the product rule.

We construct a relative quantum cohomology ring for the pair (X, D) in Sect.4
using Gromov—Witten invariants of X p . The associativity of the relative quantum
cohomology follows from the WDVV equation. Restricting it to the degree 0 part of the
relative quantum cohomology ring,

OH’(Xp.o0),

there is a product structure naturally coming from the restriction of the relative quantum
product. Similar to [19], the associativity is not expected to be preserved under this
restriction. We show in Sect.7 that the associativity is true under some assumptions.
More precisely, we have the following theorem.

Theorem 5. (=Theorem 37) When (K x + D) is nef or anti-nef, the structure constants

orb, 8
N\ 2=
define, via (7.5), a commutative, associative Sy-algebra structure on Ry with unit given
by vo, where S and R are defined in (7.3) and (7.4) respectively; the structure constants
are defined in (7.2).

Remark 6. Theorem5is[19, Theorem 1.9], which is a main theorem of [19], if we replace
the structure constants by the corresponding punctured Gromov—Witten invariants. It is
worth noting that in our setting the proof of the associativity is substantially shorter.
Gross—Siebert also proved the case when (X, D) is (non-minimal) log Calabi-Yau in
[19, Theorem 1.12], which would avoid issues from the existence of minimal models.
We plan to study this case in the future.

Furthermore, we show that the Frobenius structure conjecture of Gross-Hacking-Keel
[16] holds in our setting.

Theorem 7. (=Theorem 38) When (K x + D) is nef or anti-nef, the Frobenius structure
conjecture (see Conjecture 35) holds for QHO(XD,OO).

In Sect.7.3, we use the algebra in Theorem5 to construct mirrors following the
Gross-Siebert program (see [18] and [19]). Naturally, one can ask

Question 8. How are the resulting mirrors related to mirrors from other constructions?
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One can expect that the resulting mirrors are closely related to, if not the same as,
Gross-Siebert mirrors. One such evidence is given in [38, Section 6] where we obtained a
mirror identity between quantum periods of Fano varieties and classical periods of their
mirror Landau-Ginzburg potentials by replacing log invariants with formal invariants of
infinite root stacks.

2. Polynomiality

In this section, we generalize the main results of [13,36] and [14] to the case when the
target X is a Deligne-Mumford stack instead of a variety. In the next section, we will use
these results to prove the polynomiality of Gromov—Witten theory of multi-root stacks.

2.1. Set-up. Let X be a smooth proper Deligne-Mumford stack over C with projective
coarse moduli space. Let

Dcx

be a smooth irreducible divisor. Assume that r € N is coprime with the order of any
stabilizer of X. Then the stack of r-th roots along D,

X'D,rv

is smooth and we consider its Gromov—Witten theory.
Given an effective curve class 8 € Hy (X, Q), let

k=(ki,... kn)e @Q)"

be a vector that satisfies
m
Zk i= / [D].
j=1 B
The number of positive and negative elements in k are denoted by m, and m_
respectively. So
m=my+m_.
We assume that r is sufficiently large. We consider the moduli space

M, 22 (XD s B)

of (m + n)-pointed, genus g, degree € Hy (X, Q) orbifold stable maps to Xp , where
the j-th marking is an orbifold marking with age(Np,x) equals to k; /r if k; > 0; the
J-th marking is an orbifold marking with age(Np,x) equals to 1+k;/rif k; < 0; there
are n extra markings that map to Z.X, the rigidified inertia stack of . We consider the
forgetful map

Torb :mgyl;’n(X’D,rs ﬂ) - mg,mﬂi("vs ﬂ) X(Zx)ym (Zp)m
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We first consider the case when m_ = 0, namely, there are only positive contact
orders. In this case, we write

M, 7.,(X/D, B)

for the corresponding moduli space of relative orbifold stable maps to (X', D) where the
contact orders are given by k. We consider the forgetful map

Tl 1 M, 7, (X/D, B) = Mgmin(X, ) X zxyn (ZD)".

Theorem 9. For m_ = 0 and r sufficiently large, genus 0 Gromov—Witten invariant of
Xp , isindependent of r. Genus g > 0 Gromov-Witten invariant of Xp , is a polynomial
in r. Furthermore, the constant term of the polynomial is the corresponding relative
Gromov-Witten invariant of (X, D). More precisely, we have the following results at
the cycle level.

[ ot [, 2,2 8)] | = e [, 0, 0]

and

(ot [ Mo, (X )]

is independent of r, where [- - - .0 means the constant term of a polynomial in r.

Theorem 10. For m_ > 0 and r sufficiently large, after multiplying by r"~, genus 0
Gromov-Witten invariant of Xp , is independent of r. After multiplying by r"-, genus
g > 0 Gromov—Witten invariant of Xp , is a polynomial in r. More precisely,

P o) [ M 1, )]

is a polynomial in r and

o) [ Mo, (. )]

is independent of r.

Remark 11. The degree of this polynomial can be studied using the method of [37]. One
can show that the degree of this polynomial is bounded by 2g — 1 for g > 1. Since we
do not use such a result, we leave the proof to the interested readers.

Remark 12. Theorem 10 generalizes the main result of [13] and [14] to the orbifold
case, namely X is a Deligne-Mumford stack instead of a variety. Therefore, we can also
define relative Gromov—Witten theory of (X, D) with negative contact orders as a limit of
orbifold Gromov—Witten theory of Xp . Similar to [13] and [14], with some extra work,
we can define relative Gromov—Witten theory of (X, D) with negative contact orders
purely in terms of relative Gromov—Witten theory of (X, D) with positive contact orders
and rubber theory of D.
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Remark 13. There are some immediate applications of Theorems 9 and 10. First of all, the
genus zero case has been used in [39] to compute genus zero relative invariants of certain
compactifications of toric Calabi-Yau orbifolds which coincide with some genus zero
open invariants of toric Calabi-Yau orbifolds. These invariants are precisely instanton
corrections of the mirror of toric Calabi-Yau orbifolds. Moreover, a sketch of the Proof
of Theorem9 is given in [39, Appendix A]. Secondly, it has been used to deduce the
gerbe duality for relative Gromov—Witten theory from absolute Gromov—Witten theory,
see [33].

2.2. Proof of Theorem9. Following the strategy of [36], to analyze the r-dependence
of Gromov—Witten invariants of Xp ,, we use the degeneration formula to reduce to a
local model. We also refer to [14, Section 4.2] for some details.

2.2.1. Degeneration Let
pixX — Al
be the deformation to the normal cone of D C X. The special fiber p~!(0) is X and
Y :=P(Np/x ®Ox)
glued together by identifying D C & with
Dy :=P(Np,x) C P(Np;x ® Oy).

Other fibers p~!(r # 0) are isomorphic to X There is a divisor

DcCcX
whose restriction to p~! (¢ # 0) is D and whose restriction to p~!(0) is

Dy :=P(Ox) CP(Np/x ® Ox).

The r-th root stack of X along 2,

X9,
is a flat degeneration of Ap , to

X Up—_p,, P(Np/x ® Ox)py,r-

The degeneration formula for orbifold Gromov—Witten theory [6] applied to X5 , ex-
presses Gromov—Witten invariants of Xp , in terms of (disconnected) relative Gromov—
Witten invariants of (X', D) and (P(Np;x ©Ox) Dy, r» Doo). The sum in the degeneration
formula ranges over the intersection profile along D. Since (X, D) is independent of
r, the r-dependence must come from orbifold-relative Gromov—Witten invariants of
(Ypy.r = P(Npyx ® Ox)py.r» Doo). Therefore, we just need to compute

R vir
(e [ My 100 /Do B @.1)
where 11 € (Z>0)|/1| records contact orders at Dy, and 7’ is the forgetful map

v M, 7 5D/ Doos B) = Mg minsijif (D, B).
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2.2.2. Localization The orbifold-relative Gromov—Witten theory of (Vp, ,, Do) may
be studied using virtual localization with respect to the C*-action that scales the fibers
of Yp,r, — D.

When D is a scheme and r is sufficiently large, the virtual localization formula has
been written in detail in [22] and [36]. In the present case the formula is completely
analogous. We write </L /D for the r-th root of the line bundle L over D. Recall that
/L/D is a gerbe over D banded by u,. The virtual localization formula expresses (2.1)
as a sum over decorated graphs. For the purpose of analyzing the r-dependence, we only
need to note that » only appears in the contribution from stable vertices v over Dy, given
by the following expression capping with the virtual class [Mg(v),n(v) (JL]D, B(v))]Ir:

|G (e,v)] Fe,v)de
ecE(v) Few) t+evici(L) —deWiew)
00
i=0
1G d
-1 (e,v) e

e€E(v) 1 I+ (eviei(L) - del[_’(e,v))/f

00
. <Z tg(U)*i (r)ifg(v)+l ¢ (—R'Tuﬂ))

i=0

1G e de

=" ] ;

ecE(v) L+ (evi cr1(L) — deWien) /1

: (Z(:r)g“’)—f (r)2f-2g<”>“cl-(—R'n*z:>) : 22)

i=0
where

g(v) is the genus of the vertex v over Dy in a localization graph,
n(v) is the number of marked points of the vertex v,

B(v) is the degree assigned to the vertex v,

t is the equivariant parameter,

L =Npx,

T Cg(v),n(v)(\/r L/D, B(v)) — -/Vg(v),n(v)(vr L/D, B(v))

is the universal curve,

L— Cg(v),n(v)(\/r L/D, B(v))

is the universal r-th root,
e d, is the degree of the edge ¢ € E(v),
e cv, is the evaluation map at the node corresponding to e,
° }[_/(e’v) is the descendant class at the marked point corresponding to the pair (e, v),
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o G v is the stabilizer group associated to the vertex v and the edge e. The group
G (e,v) is a ., extension of G/(e v SO

|G(e,v)| = "|G£g,U)|-

The group G’ 1s independent of 7.
® I(c,v) is the order of the orbifold structure at the node indexed by (e, v).

Moreover, if the target expands over Dy, the vertex contribution over Dy, is

1G eyl | [eerm dere.v)
t+ Yoo

, (2.3)
ecE(v) Fev)

which always contribute to negative powers of . The edge contribution is trivial when
r is sufficiently large.

To obtain genus g Gromov—Witten invariants of (Vp, ., Do), We must take the
non-equivariant limit, i.e. taking the 7° coefficient in the localization formula.

If the genus g = 0, then g(v) = 0 and we note that (2.2) and (2.3) only contain
negative powers of . It follows by the arguments of [ 14, Lemma 4.8] that the 1” coefficient

is 0 unless MO in ﬁ(ypw /Doo, B) is unstable (genus zero, two markings and curve
class zero). Then the degeneration formula simplifies to

(ot [Mo X0, 8] = s [My /. )]

Now we assume g > 0.

Proposition 14. For r sufficiently large and i > 0, the class

“28W g (¢ (= R*7..L) N [Mgwyn(oy (V' L/D, Bw)]¥D)

is a polynomial in r. Here T’ : Mg(v)y,,(v)({/L/D, B(v)) — Mg(v),n(,,) (D, B(v)) is the
natural map to the moduli space of stable maps to D.

The Proof of Proposition 14 will be given in Sect.2.2.3. Here, we complete the Proof
of the theorem. The polynomiality follows immediately from Proposition 14. By the
formula (2.2) and Proposition 14, the 0_coefficient of the localization contribution

of (t)4 [ng,;m(ypo,,/poo, ,B)] is O unless /\/lg in.ji(YDo.r/Doo, B) is unstable.
Then r-coefficient of the degeneration formula simplifies to

[(rorb)* (M, 0¥, ﬂ)]m} = e [M, 1, x/D. )"

0
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2.2.3. Proof of Proposition 14 The Chern character ch(R®m,L) can be calculated ex-
plicitly using Toen’s Grothendieck-Riemann-Roch formula, see [34]. In general, let Z
be a smooth proper Deligne-Mumford stack over C with projective coarse moduli space,
and let V be a line bundle on Z. Consider the universal family

n:C—)/Vg,n(Z,ﬂ),f:C—)Z.

A formula for the Chern character ch(R®m, f*V) N [ﬂg,n(z , BV is calculated in
[34]. For simplicity, in what follows we omit the capping with virtual classes in the
discussion. With this understood, the formula reads

ch(R*mw f*V) = 7 (ch(f*V)Td" (Lu+1))

DIPI
m! vi
i=1m>1

P

Y+

1 1
50T, > %r,fgdeevnoch , (2.4

m>2
where

(1) Td is the Todd class.
(2) On the component Z; of the inertia stack 1 Z, A,, is

Bu(agez, (piV)ch(p}V) = By(agez, (piV))pi(e' ™).

Here p; : Z; — Z is the natural projection, and By, (x) are Bernoulli polynomials
defined by

Bu) 1
s =y B

m=>0

(3) tis the inclusion of the nodal locus into the universal curve C.
(4) ruode is the order of orbifold structure at the node.

(5) evyode 1s the evaluation map at the node.

(6) Y4 are i classes associated to branches of the node.

We want to apply the formula to the case

= JL/D

the stack of r-th roots of the line bundle L = Np,x over D, and V the universal r-th
root line bundle on Z.

For this purpose, we need to discuss how to choose orbifold structures induced from
Z at marked points and nodes.

If a point p € D has stabilizer group G, then its inverse image ¢ € Z has stabilizer
group G(r), which is a cyclic extension of G:

1—-> wu — Gr)— G — 1.

An orbifold structure at a point mapping to ¢ is a conjugacy class of G (r). If the induced
orbifold structure at the point (which maps to p) is chosen, then this conjugacy class
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in G (r) can be identified with an element in w,. We refer to [35, Section 3.2] for more
details.

For the j-th marked point from Mg’,;,n(y, B), the orbifold structure is chosen so
that the age of V at this marked point is k;/r if k; > O and 1 + k;/r if k; < 0. For
other marked points, which are formed by splitting nodes in C*-fixed stable maps, the
orbifold structures are determined by the Galois covers attached at these points. For a
node, the orbifold structure is chosen by selecting a

wef0,...,r—1}
such that the age of V at this node is

(agenodeL +w)/r.
We substitute these ages into (2.4) and write (2.4) as

ch(R*14 f*V) = mu(ch(f*V)Td" (Lps1))
n(v)

1
B ZO{]‘ + 5(77 © L)*r,%odgﬂnode, 2.5)
j=1
where
evtA,
L e— J m—1
%= Z m! w/

m>1

1 R GO
P 1= T i

’

!
m=>2

and n(v) is the number of marked points at the vertex v. So

Chm(RojT*f*V) = ”*(Ch(f*V)Tdv(LnH))m
n(v)
1
= 2 @jm + 5 (T 0 Ot Prodem: (2.6)
j=1

Using

c(—E®) =exp()_(=1)"(m = Dlchn(E®)),

m>1

we obtain a formula for c(—R®m, f*V) N [mg(v),n(v)({/L/D, B(v))]"Ir. Using that the
pushforward via v’ has virtual degree 724~ on genus g stable map moduli, as calculated
in [32], we can get a formula for 7 (c(—R*my f*V) N [Mg),n(w) /L/D, B)'):

F2e)—1 —hl()

Z W(]F,x)*
reGgy p g(D)
x€l'(D),weWr
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[T exp> (=" m — Dira(ch(f*VITd" (Lya1))m)

veV () m=>1
n(v)
[TexpQ_ (D" m — Dietjm)
j=1 m>1
n = exP(Y2 1 (=) (m — D Buodem (Vi + Yin)

(h,W)eE(T) Vi + Y

NM (), n (o) (D, BNV 2.7)

Here the sum is over the set of D-valued stable graphs denoted by G, , (D) as in [22];

and x € I'(D) is a map that assigns to each half-edge a component of the inertia stack

of D, corresponding to assigning orbifold structures. Note that

(1) For (h,h') € E(T'), x(h) and x (k') are opposite.

(2) Forv € V(I'), we have fﬂv ci(L)— ZheH(v) agey L € Z. This is a consequence
of Riemann-Roch for orbifold curves.

We have used the equality |E(I")| + Zvev(r)(ng — 1) =2g(v) — 1 — h!(") for the

prestable graph I to get the factor 28 W=1=A'() i the formula.
The map

Jrix i Mr.y = Mgynw) (D, B())

is the natural map from the component indexed by I' and yx into the moduli of stable
maps to D.
Finally Wr , , is the collection of r-twistings, which is the assignment

hi— wh)e{0,...,r —1},
such that

(1) For j € L(I'), we have w(j) = k; — agex, L mod r, so the age of V at marked
J
point jisk;/r fork; > Oor1+k;/r fork; <O0.
(2) For(h,h')y € E('),ifage,nL = 0,thenw(h)+w(h’) = 0 mod r.Ifage,nL # 0,
then w(h) + w(h') = —1 mod r. These conditions ensure that

(agexmyL +w(h))/r =1 — (age,uL + w(h’))/r.

(3) Forv € V(I'), we have ZheH(v) wh) = fﬁv ci(L) — ZheH(v) ageymL mod r.

This follows from the lifting analysis of [32].

Fix I' and yx in (2.7). It follows from the description of A,, that the summands in
(2.7) are polynomialsin w € Wr , ,.Pixton’s polynomiality [21, Appendix A] applies to
show that t(c;(—R®m. f*V) N [Mg(v),n(v)({/L/D, ﬂ(v))]Vir) is a Laurent polynomial
in r. Following [21, Proposition 5], we can identify the lowest r terms.

. . . .ol i
(1) After the summation over r-twistings, the lowest possible power of r is r* =2

(2) The formula has a factor 2 —1=" ),
(3) Finally there is a prefactor 228+l

Taken together, this shows that the lowest power of r is . This completes the proof.
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2.3. Proof of Theorem 10. The Proof of Theorem 10 is similar to the Proof of Theorem 9,
but requires a more refined polynomiality than Proposition 14.

Let ./\_/lg,(; (\/L/D, B) be the moduli space of orbifold stable maps to /L /D, where
a is a vector of ages. Let

7w :Coa(WL/D, B) — My z(y/L/D, B)
be the universal curve,
L — Cea(vL/D,B)

is the universal r-th root. We consider the forgetful map

' My a(VL/D, B) = My (D, B)
that forgets the r-th root construction.

Proposition 15. For r sufficiently large and i > 0, the class
P8O (6 (=R L) N [Myg a(Dy, B)1)

is a polynomial in r and it is constant in r when g(v) = 0, where T’ is the map to the
moduli space of stable maps to D.

The Proof of Proposition 15 is similar to the proof in [13, Appendix A] and [14,
Section 4]. We briefly explain the idea here. First of all, in the Proof of Theorem 9, we

R vir
showed that, for sufficiently large r, the class (/) [/\/l an Dy rs ,3)] is a polyno-

mial in 7 and it is constant in » when g = 0. The equivariant version of it is also true
by considering equivariant theory as a limit of non-equivariant theory (see, for example
[14, Section 4.3]). Then the proposition follows from taking localization residue.

S vir
Proof of Proposition 15. Recall that the class ('), [M ein VDo ,8)] is a polyno-

mial in r and it is constant in » when g = 0. The first step is to prove it for families over
abase. Let 7 : E — B be a smooth morphism between two smooth algebraic varieties.
Suppose that E is also a C*-torsor over B. Let

Yp,.r Xcx E = (Yp,.r x E)/C*

with C* acts on both factors. We consider moduli space /\_/lg inVDy,r X+ E, B) of

orbifold stable maps to Yp, , xc* E, where the curve class § is a fiber class (projects
to 0 on B). Let

S Viry
[ M, 7., xc E. B
be the virtual cycle relative to the base B. Let
e M,y 7, VDo Xcr E, B) = Mg uan(Y xc+ E, B)

be the forgetful map that forgets the r-th root construction. Then

(c2), [Py 10 0 %0 BB 8)



816 H. Tseng, F. You

is a polynomial in r and is constant in r if g = 0. The proof is parallel to the Proof of
Proposition 14 as explained in [14, Section 4.2].
The next step is to prove that the equivariant cycle class

]Vir’eq (2.9)

T, [Mg,,;,n(ypo,r, B)
is a polynomial in r and is constant in » when g = 0. We follow the Proof of [ 14, Section
4.3]. The idea is that equivariant theory can be considered as a limit of non-equivariant
theory. By [11, Section 2.2], the i-th Chow group of a space X under an algebraic group
G can be defined as follows. Let V be an /-dimensional representation of G and U C V
be an equivariant open set where G acts freely and whose complement has codimension
more than dim X — i. Then the i-th Chow group is defined as

A (X) = Aisi—gim6 (X x U)/G). (2.10)

To apply it to our case, welet G = C* and E = U = CV — {0}, where N is a sufficiently
large integer. Then we have that (X x E)/C* is an X-fibrationover B = U/G = PN~1,
Note that

/ng{',n(yDO,r xcx E, B) = (Mg,];’n(yl)o,r’ B) x E) /(C>k

as moduli spaces. For suitable N, (2.9) identifies the equivariant Chow group with
a non-equivariant model. Therefore, the equivariant cycle (2.9) is identified with the
non-equivariant cycle (2.8) under (2.10). Therefore, the equivariant class (2.9) is also a
polynomial in » and is constant in » when g = 0.

The last step is to consider localization residues of M ok, 2Dy, r» B). We consider
the decorated graph with one vertex over Dy such that markings and edges are associated
with the vector of ages a. The localization residue is a polynomial in r and is a constant
when g = 0. Then the cycle

0 g—i—1 o .
L (Z (;) ¢i(—R*m.L) N [My z(D;, ,3)]“) ,

i=0

coming from the localization residue, is a polynomial in r and is constant when g = 0.
This is the conclusion of [14, Theorem 4.1] for )V a smooth Deligne-Mumford stack. As
a consequence (see also [14, Corollary 4.2]), the cycle

oL (7 e (—R*L) N [My 2 (Dr, BT')

is a polynomial in r and is constant when g = 0. This concludes the proposition. O

Proof of Theorem 10. The proof is similar to the Proof of Theorem9 with the help of
Proposition 15. The degeneration formula again reduces the proof to local models. The
localization computation is similar to the computation in Sect.2.2.2 except that the r-
dependence appears in the following form as the vertex contribution over Dy:

l—[ |G(e,v)| r(e,v)de

ecE(v) Few) 1+ er €l (L) - delz(e,v)
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9]
. (Z(I/r)g(”)_H'E(”)_”m(”)ci(—R'n*E))

i=0

l_[ |G2e,v)| d,
ecE(v) L 1+ (eviei(L) —deren)/t

[
. (Z tg(v)—i+m(v)—l(r)i—g(v)+1—m(v)ci(_ch*£)>

i=0

1G] d
e e

ecE(v) 1+ (evi c1(L) = deien) /1

o0
. (Z(t)g(v)—iwn_(v)—l(r)i—g(v)+lci (_R.ﬂ*£)> ,

i=0
where m_(v) is the number of large age markings attached to the vertex v over Dy.

Multiplying by -, then the polynomiality follows from Proposition 15. This completes
the Proof of Theorem 10. |

Theorem 10 implies that we can define relative Gromov—Witten invariants of an orb-
ifold pair (X', D) with negative contact orders as follows.

Definition 16. Let X’ be a smooth proper Deligne-Mumford stack over C with projective
coarse moduli space. Let D C X" be a smooth irreducible divisor. The virtual cycle for
the relative Gromov—Witten theory of the pair (X, D) with negative contact orders is
defined as follows:

[M,z,xm.p]"

- [rm‘(rorb)* (M, 10X, ﬁ)]m} L € A Mo (X, B) xzaym XD)").

3. Gromov—Witten Theory of Multi-root Stacks and Its Limit
Let X be a smooth projective variety> over C and let
Dy,....,D, CX
be smooth irreducible divisors. Suppose
D =Di+...+D,
is simple normal crossing.

2 The main results of this paper also holds when X is a smooth projective Deligne-Mumford stack. For
simplicity, we only consider the case when X is a smooth projective variety.
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Definition 17. For 7 = (rq, ..., r,) € N", the multi-root stack

XD,? = X(D],l‘]),...‘(Dnsrn)’

is the stack whose objects over a scheme § consist of the data

f:S— X,{M;: line bundle on S}, {s;i € HO(M)}, {¢i : M®"" — F*Ox(D;)}

l
i __ %k £k P—
such that s;' = ¢ f*o; fori =1,...,n.

If ry,...,r, are pairwise coprime, then Xp 7 is smooth and has a well-defined
Gromov—Witten theory.
Foreachi =1,...,n, we can view Xp 7 as
K D). D)o (D)) Do)
Therefore Theorem9 applied to X p 7 implies polynomiality for each r;, hence proves
[38, Conjecture 1.2]:

Corollary 18. Forry, ..., r, sufficiently large, genus 0 Gromov—Witten theory of X p 7,
after multiplying by suitable powers of r;, is independent of r1, ..., rn. Higher genus
Gromov-Wittentheory of X p 7, after multiplying by suitable powers of r;, is a polynomial
inry,...,rn,.

We may view the 7 ...r0 term of the Gromov-Witten theory of X p 7 as formally
giving a Gromov—Witten theory of infinite root stack X p o, which provides a virtual
count of curves with tangency conditions along a simple normal crossing divisor. This
can be viewed as analogous to logarithmic Gromov—Witten theory of the pair (X, D).

Now, we will state Corollary 18 more precisely and define the formal Gromov—Witten
theory of X p 0.

Notation 19. We will use “relative marking” and “orbifold marking” interchangeably.
Terms like “contact order” and “tangency condition” will also be used. In Sect. 2, we
treat relative markings and interior markings separately. Here, it is more convenient to
treat them all together. Therefore, the notation for the rest of the paper will be slightly
different from the notation in Sect. 2. We will use n to denote the number of irreducible
components of the divisor D and use m to denote the number of markings (including
both relative and interior markings).

For any index set I C {1, ..., n}, we define
Dj :=Nje1 D;.
Note that D can be disconnected. In particular, we set
Dy = X.
Let
S=(s1,...,8,) €Z".

The vector 5 is used to record contact orders. Note that both positive and negative contact
orders are allowed. We define

Li={i:si #0) C{l,....n).
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Consider the vectors
o=(sl,...she@" forj=12....m

which satisfy the following condition:

m
> s =/[D,-], fori € {1,...,n}.
j=1 4

For sufficiently large® 7, we consider the moduli space
M iy, Xpi. B)

of genus g, degree B € H,(X), m-pointed, orbifold stable maps to X p 7 with orbifold
conditions specified by {5/ };f’:l. Note that the j-th marking maps to twisted sector D L;
with age

There are evaluation maps
ev; Img’{y};n:l(XD],ﬂ) — Dy, for j € fl,....m}.

Let

o yj€ H*(DL ), for j € {1,2,...,m};
°aj; €Z>o,f0r]€{1 2,. m}.

Gromov—Witten invariants of X p ; are defined as follows

Tal T am XDr f
i o = o

G (XpiB)
g’(sj)’;:l( D.r ﬁ

:Ivir evi)Yy eV (Y)Y

We define
si—=#{j:s] <0}, fori=1,2,...,n
Let
T :Mg,{gj};ﬂ:] (Xpyr, B) — ./\_/lg,m(X, B) x xm <D1_;1 X oo X Dlsm) .

be the forgetful map.
By Theorem 10, the cycle class

(]‘[rs’ ) ([ e, KXoz P )

3 By sufficiently large 7, we mean r; are sufficiently large for all i € {1, ..., n}.
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is a polynomial in r; when 7 is sufficiently large. We denote the constant term of the
above polynomial as

[mg,(sjy}’:l (XD,o00s ﬁ)]m = ;liglo |:<1_! ";i’_) T ([mg,{yj}'jfl:] Xp 7 ,3)]Vir)i| )
1= H?:l L

It is considered as the virtual cycle of the formal Gromov—Witten theory of the infinite
root stack X p oo-
Recall that there are evaluation maps

evj: My iy (Xpi. B) — Dy,

j=1
for j € {1, ..., m}. We define the following evaluation maps
ev; ng,m(X, B) X xm (Dlgl X oo X D15m) — DIE.I"
such that
€VjoT =evj,

for j e {l,...,m}.

The formal Gromov—Witten invariants of X p o, can be defined as follows.
Definition 20. Let

oy € H*(DIE_,,), forj e {l1,2,...,m};

eaj € Lxo,for j € {1,2,...,m}.
The formal Gromov—Witten invariants of X p  are defined as

YR o2 1.am XD.co
([yl]sl I/, AR ] [Vm]s”"/f )g,{Ej}7=1,B
= /7 vie &V (DY & (V) U
[Mg,(fj;?gl(XD,oo,ﬁ):I

In other words,

n T am XD,oo
([VI]EI wal’ ML) [Vm]E’“/fa )g,{§-f}’}‘=],,3

n
R Si,— Ta T am Xpi
= |:<1_[ri )(VIW L YmW >g*{§j}’}llvﬁj|
il [T r?

for sufficiently large 7.

Note that the y/-classes are pullback of y-classes on the moduli space /Vg,m (X, B)
of stable maps to X.

Remark 21. When D is irreducible, the formal Gromov—Witten theory of Xp o co-
incides with relative Gromov—Witten theory (possibly with negative contact orders)
defined in [13] and [14]. Relative Gromov—Witten theory in [13] and [14] can also be
defined using the usual relative Gromov—Witten theory of J. Li [26], [27] and rubber
theory of D. When D is simple normal crossing, it is also possible to define the formal
Gromov—Witten theory of X p o in terms of the usual relative Gromov—Witten theory
and rubber theory of Dj;, but it will be more complicated and the combinatorics will be
more involved than [13] and [14].
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4. Relative Quantum Cohomology

In this section, we introduce quantum cohomology for X p .. We will call it relative
quantum cohomology of (X, D) because we consider the formal Gromov—Witten theory
of X p o as a Gromov—Witten theory of X relative to the simple normal crossing divisor
D.

4.1. The state space. We briefly described the state space for the formal Gromov—Witten
theory of infinite root stacks in [38, Section 4]. In this section, we will provide more
detailed discussion of it and its ring structure.

Following the description in [13, Section 7.1], we formally define the state space for
the Gromov—Witten theory of X p o as the limit of the state space of X p ;:

9= P 9.
sezn
where
s 1= H* (D).
Note that

o 95 := H*(Dy) := H*(X);
o if N5, 20D; = @, then Hz = 0.

Each $); naturally embeds into §). For an element y € 95, we write [y ]; for its image
in 9. The pairing on

(_7 _) : f) X Sj - (C
is defined as follows: for [«]; and [B];/, define

e
fD;;aU'B’ ifs = —5';

3 ¥) = 4.1
(lals, [Bls7) :0 .1

, otherwise.

The pairing on the rest of the classes is generated by linearity. Recall that Dy = X,
therefore

(s, [Bls) = f wUB. if5 = -5 =0.
X

We choose a basis {77 ¢ }x for H*(Dy). When I = @, we can also simply write {7} } for
a basis for H*(X). Then we can define a basis of §) as follows:

Ts s = [T iJs.
Let {le } be the dual basis of {77 x} under the Poincaré pairing of H*(Dy). Define
Tf =T} );.

Then {fgk} form a dual basis of {f;yk} under the pairing of §). Note that the dual of Tg, &
is 7:1‘3 under the pairing of .



822 H. Tseng, F. You

Definition 22. For [«], [B] € $, the product [«] - [8] is defined as follows: for [y] € 9,

(ler] - [BL, [y D) = (leel. [B). [y Do 55

where the right-hand side is the genus zero, degree zero invariant of X p o, with three
marked points.

Similar to [13], the product structure can be written down explicitly, by computing
the genus zero, degree zero 3-pointed invariants.
Note that the ring $) is multi-graded. There are gradings with respect to contact orders

-

S
deg’ ([a]3) = si. 4.2)

There is one grading for the cohomological degree of the class. Suppose o € $5 is a
cohomology class of real degree d. Then we define,

deg’(laly) = d/2+#1i : s < 0). 4.3)

Note that there is a shift of the degree in (4.3). It already appears in [13, Section 7.1]
when D is irreducible. One can simply think about the degree (4.3) as a limit of the
orbifold degree (shifted by ages).

Let [y;l; € H and a; € Z>o, for j € {1, ..., m}, where

Fo=(sl,.... s e @)

Recall that the formal Gromov—Witten invariant of X p o is denoted by
a am XD,oo
(AN I A W (44)

The invariant (4.4) is zero unless it satisfies the virtual dimension constraint

(1 — )(dimg X —3) +m + / e1(Ty) - f[D] Zdeg Wl +3 ay. 45)
j=1

We will also denote the invariant (4.4) by (- - - >§210§ if the contact order information is

clear from the insertion. Sometimes, we will abbreviate it to (- - - ) for simplicity.

4.2. Universal equations. Absolute Gromov—Witten invariants are known to satisfy
the following universal equations: string equation, divisor equation, dilaton equation,
topological recursion relation (TRR), and Witten-Dijkgraaf-Verlinde-Verlinde (WDVV)
equation (see, for example, [?], [34] for universal equations for orbifold Gromov—Witten
invariants). It was proved in [ 13] that relative Gromov—Witten invariants also satisfy these
universal equations. Our definition of the formal Gromov—Witten invariants of infinite
root stacks is taken as the limit of orbifold Gromov—Witten invariants of finite root stacks.
It is straightforward to show that these universal equations are preserved under the limit.
Therefore, we have the following universal equations for the formal Gromov—Witten
1nvar1ants of infinite root stacks.
Let 5° = 0, we have
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Proposition 23. (String equation)
(105 Dds 0 i 0 ) 2
0’ K s oo LYmls g’{§J};€l=0,ﬁ

N . (4.6)
RGN

= Z <[V1]§1 1&‘” e [Vj]}j &“.f*l S, [)/m]gmlpa’">XD
Jj=1

Proposition 24. (Divisor equation) For y € H 2(X),
(v 15 bl [l )P
0’ K 3 e ey mls g,{S’};ﬂ:o,ﬁ

Ta 7.Am XD,00
N (/,s V) Dl Dl ) 55

XD,oo

&V B

+ Z([Vl]gl VALTUU (VR V) YR VLT A (Yo o 1/7“’”>
j=1

Proposition 25. (Dilaton equation)
- - T am XD,oo
(1)&[1]6, il v, o mlsm )g,{Ej}’}TZO,/S
- T am \XD,co
= Qg —2+m) ([l [l >g’{§"}’}’=wﬁ '

Proposition 26. (TRR) In genus zero,

XD‘oo

0.7V, B

XD,oo
=> <[m;1&“', [Tikive, fe,k>

jeS 0.0/} jes,ui) 5.1

<[y1]§1 Y s 1pam>

XD,oo
- <Tf [l ¥, sl ™, [ [y,-]g.f&“f> . @
jes 0,—5,{57}) jes,u2.3).82

where the sum is over all splittings of B1 + B> = B, all indices 5, k of basis, and all
splittings of disjoint sets S1, S with S1 US> = {4, ..., m}. Note that the right-hand side
is a finite sum.

Proposition 27. (WDVV) In genus zero,

XD.oo

> <[)/1]§111_fa‘, [l v, [ Ll v, fE,k>

JjeSI 0,{5./}_/-551“,,2]5,51

XD,oo
- <Tf; [l ™. [ales ¥, [ lvidss lﬁaf>

j€S 0,—5,{57} jes,u3.4). B2
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Xp,oo
= Z<[V1]§1 U sl [ [yl v, TE,k>

Jesi 0,{57} jes 1,35, 81
XD,oo
: <Tk;,, [l ™, Dalss v, || [yj];j¢“f> : (4.8)
jes 0,—5,{5/} jes,u.41. 62

where each sum is over all splittings of B1 + B2 = B, all indices s, k of basis, and all
splittings of disjoint sets Sy, S» with S1 US> = {5, ..., m}. Note that both sides are finite
Sums.

Remark 28. Just like the WDVV equation for absolute Gromov—Witten theory im-
plies the associativity of the quantum cohomology, the WDVV equation for the formal
Gromov—Witten theory of infinite root stacks also implies the associativity of the rel-
ative quantum cohomology. Note that in [19], it requires extensive arguments to prove
the associativity for (the degree zero part of) the relative quantum cohomology. While in
our case, we obtain the associativity for free. Since we do not know the relation between
the invariants that we considered here and the punctured invariants in [19] and [5], it is
not known that if our approach will provide an easier Proof of the associativity in [19].

The compatibility between this new theory and the Gross-Siebert program will be
discussed in Sect. 7.

4.3. Relative quantum cohomology ring. Lett =) 5 Tg,k where f; ; are formal vari-
ables. Let C[NE(X)]] be the Novikov ring, where ¢ is the Novikov variable and NE(X)
be the cone of effective curve classes in X. We denote the formal power series ring with
variables f5 ; by

CINEOI{zs,131-

Note that there are infinitely many variables. We will work on a completion of this ring.
Consider the ideals

Iy = ({15,115 1= p.vi)
for p > 0. These ideals form a chain
Iho>h>h>---
Now we have the completion
CINECOTI[{5,0)1 = lim CINEX) {5130/ .-

The genus-zero potential for the Gromov—Witten theory of infinite root stacks is
defined to be

b =33 - 1) a” € CINECOTIT 1

m>3 f
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Note that ®( is a formal function in variables {t; x}. To define a ring structure on
CINE(X) {5 £ }11l, we define the quantum product % by the following

T gy * Ty = )

3,k3

83CI>0 ~k3
53

3[31’1(181‘;2’](231‘53’](3

Recall that 7~"§3, &, and ff; are dual to each other under the pairing.
One can also define small relative quantum cohomology ring by setting #; y = 0 if
§#00r Ty, ¢ H'(X) ® H*(X) C $; in the formal function

83<I>0
81‘31Ykl 8t§2’k28t§3’k3 '

The small relative quantum product is denoted by *gp. The small relative quantum
cohomology ring is denoted by Q H(Xp o0)-

Similar to the absolute Gromov—Witten theory, under the specialization ¢ = 0 and
t = 0, we obtain the product structure of the state space in Sect.4.1:

XD,oo ~k3

03,0 —5°

Tfl,kl *q=0,1=0 Ti’z,kz = Z <T§1,k1 ) sz,kQ’ T§3,k3>
$3.k3
Relative quantum cohomology ring is a multi-graded ring. Similar to [13, Section

7.3], the gradings are defined as extensions of degi in (4.3) and (4.2). Furthermore, we
define

deg® () = / Dy, deg® (s ) = —si, fori € {1,....n},
B

deg® (¢ = f ¢1(Tx(—log D)), deg®(ts5) = 1 — deg® (7 ).
B

5. Givental Formalism

In this section, we set up Givental formalism for genus zero formal Gromov—Witten
theory of the infinite root stack X p ~ following [15]. A mirror theorem for infinite root
stacks has already been proved in [38]. This section provides the necessary foundation
for [38].

Consider the space

H = ®c CINE(X)T(z™),
where (z~!)) means formal Laurent series in z 1.

There is a C[NE(X)]-valued symplectic form

Q(f, g) =Res;—o(f(—2), g(2))dz, for f,g e H,

where the pairing (f(—z), g(z)) takes values in C[NE(X)]| (z~Y) and is induced by the
pairing on §).
Consider the following polarization

H=H: ®H_,
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where

H. = 9 ®c CINEQOT[z], and H- =z~'9 @c CINECOTIz 1.
There is a natural symplectic identification between H, @ H_ and the cotangent bundle
T*Hy.

For! > 0, we write t; = ) _ 1;.5.¢ 5. where 1.5 x are formal variables. Also write
5.k

o0
t(z) = Z nz'.
1=0

The genus g descendant Gromov-Witten potential of X p « is defined as
8 _ n n D.oo
Ty (@) = ; ZO ).t
m=

The total descendant Gromov—Witten potential is defined as

Dxpo(®) :i=exp | Y BT'FE (0
g>0

Following [15], we define the dilaton-shifted coordinates of H.

q@) = qo+qiz+ Qi +... = —z+tg+Hz+0i+....
—1 -2 T~k _l
P(2) =poz ' +piz 7= prsadld
I<—1 5.k

Coordinates p(z) in H_ are chosen so that ¢, p form Darboux coordinates.
One can consider the graph of the differential dj’-'?(D o

Lxp. =10, QIp =dgFy, } CH=T"H,.

Equivalently, a (formal) point in Lx, ., can be explicitly written as

8 T _ _\m
—z+t(z)+ZZZ%< va_[,t(w),...,t(w>> ;.
- !

mo 5k a 0,m+1,8

By [15, Theorem 1] (see also [34, Theorem 3.1.1] for orbifold Gromov—Witten the-
ory), string equation, dilaton equation and topological recursion relations imply the
following property.

Proposition 29. Ly, _ isthe formal germ of a Lagrangian cone with vertex at the origin
such that each tangent space T to the cone is tangent to the cone exactly along zT.

Following [7], the set of tangent spaces T to the cone L satisfying Proposition29
carries a canonical Frobenius structure. We refer to [15] for more details.
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Definition 30. We define the J-function Jx, _ (¢, z) as follows,

nd XD,
B T- ' .
JXD.oo(t’Z):Z+t+ E E —Z/l'<ﬁ,l,...,l> ng

m>1,BeNE(X) 5.k 0,m+1,8

The J-function is a formal power series in coordinates #; ; of t = ) f5¢ Tg’ r € 9 taking
values in H. The point of Ly, ., above —z +1 € Hy is Jx,, (1, —2). In other words,
Jxp o (t, —2) is the intersection of Ly, . with (—z +1#) +H_.

The I-function Iy, ., for X p  is constructed in [38, Section 4] as a hypergeometric
modification of the J-function of X. Using Givental formalism that we just developed,
a mirror theorem for the infinite root stack X p ~ can be stated as follows.

Theorem 31. Let X be a smooth projective variety. Let D := Dy + Dy + ... + D,
be a simple normal-crossing divisor with D; C X smooth, irreducible and nef. The
I-function Ix,, ., defined in [38, Section 4], of the infinite root stack Xp  lies in
Givental’s Lagrangian cone Lx , ., of X p co-

Remark 32. The I-function Ip o considered in [38, Section 4] is taken as a limit of the /-
functions for finite root stacks. Theorem 31 holds for both non-extended /-function and
extended /-function. When D is a smooth divisor, Theorem 31 is simply [12, Theorem
1.4] for non-extended 7/-function and [12, Theorem 1.5] for extended /-function of the
smooth pair (X, D).

6. Virasoro Constraints

Givental formalism implies Virasoro constraints for genus zero Gromov—Witten invari-
ants of infinite root stacks. We briefly describe it in this section.

Given a class [a]; € $ such that « € HP-9(D[.). Note that when 5= 6, we use the
convention that D ;=Dp=X. We define two operators p, u as follows.

p(lals) = [@ Vel (Tx(—log D))]-,
p(lals) = [(dimc(X)/2 — p —#{i : si < OPal;.
Then we define the following transformations:

Iy =2z""

lo=zd/dz+1/2+u+p/z,
lm = lo(zlp)™, m > 1.
Recall that an operator A : H — 'H is called infinitesimal symplectic if it satisfies

QA(S), ) +Q(f, A(g)) = Oforall f, g € H.

One can check that /,,, are infinitesimal symplectic. Furthermore, the operator [,,, satisfies
the following commutation relations:

{lmv ln} = (n - m)lm+n7

where {—, —} is the Poisson bracket.

Following [15], an infinitesimal symplectic transformation A gives rise to a vector
field on H in the following way. The tangent space of H ata point f € H can be naturally
identified with H itself. One obtains a tangent vector field on H by assigning the vector
A(f) € Ty'H to the point f. The following proposition follows from [15, Theorem 6].
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Proposition 33. The vector fields defined by the operators l,,, m = 1,2, ..., are tangent
to the Lagrangian cone L.

Therefore, I, are associated with Hamitonian functions on L:

1
f= EQ(lmf’ f)-

We define the quantization of the quadratic monomials using the following standard
rules:

A
(Qr3.,qr:35)" = Q56905 .k /R
A
@r5.6P0:5 1) = q1:5.60/9q15 1
A 2
(Pr:5.kprsx)” = ho"/0q;5 k9qr 5 k-

Hence, we obtain a sequence of quantized operators

~

Ly =ly.

Then the following genus zero Virasoro constraints follow from the fact that /,,, is
infinitesimal symplectic and Proposition 33.

Proposition 34. For m > —1, we have the following identity

[eff"(t)/h Lmefo(t)/h]h,l -0,

where [- - - 1-1 means taking the h~-coefficient.

7. Intrinsic Mirror Symmetry

In this section, we apply invariants of X p o and relative quantum cohomology QO H
(Xp.co) to study the intrinsic mirror symmetry of the Gross-Siebert program in our
setting.

The Frobenius structure conjecture for log pairs (X, D) was stated in the first arXiv
version of [16]. The Frobenius structure conjecture predicts that there is a commutative
associative algebra associated to the pair (X, D) and the spectrum of the algebra is
mirror to (X, D). The conjecture was proved in [19] by explicitly defining all structure
constants in terms of punctured Gromov—Witten invariants. It was proved for cluster
log pairs in [29] and for affine log Calabi-Yau varieties containing a torus in [23]. Our
construction will also provide a commutative associative algebra associated to log pairs
(X, D) when D is a simple normal crossing divisor. We briefly review the conjecture and
explain how our construction can be used to study the conjecture as well as the mirror
construction in the Gross-Siebert program [18] and [19] in our setting.

Let D = D;+---+ D, and S be the dual intersection complex of D. Thatis, S is the
simplicial complex with vertices vy, ..., v, and simplices (vj,, ..., v;,) corresponding
to non-empty intersections D;; N---N D; . Let B denote the cone over § and X be the
induced simplicial fan in B. Let B(Z) be the set of integer points of B. Let QHI%g(X , D)
be the degree 0 subalgebra of the relative quantum cohomology ring QHlf)g(X , D).
There is a bijection between points p € B(Z) and prime fundamental classes ¥, €

QHI?)g(X, D).
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Suppose we are given points p1, ..., pm € Bo(Z), where By = B\ {0}. Each p; can
be written as a linear combination of primitive generators v;; of rays in X:

pi = E MjjVij,
J

where the ray generated by v;; corresponds to a divisor D;;.
We assume (K x + D) is nef or anti-nef. For m > 2, using the result of [17] and [2],
one can define the associated log Gromov—Witten invariant

Nﬁl,...,pm,o = ff Cevilpt] -y, (7.1)
[Mo,ms1(X/D. B0

where Mo, m+1(X/D, B) is the moduli stack of logarithmic stable maps which provides
a compactification for the space of stable maps

f:(Coxo,x1,...,xm) > X

such that f,[C] = B, and C meets D;; at x; with contact order m;; for each i, j and
contact order zero with D at x¢. Note that no punctured invariants are involved at this
point.

The Frobenius structure conjecture can be partially rephrased as

Conjecture 35. The coefficient of ¥ in the product V', * - - - x ¥, is

BeHy(X)

Conjecture 35 will be rephrased in our language in the following sections.

7.1. The mirror algebra. Let QH%(X D.co) be the degree zero part of the relative quan-
tum cohomology ring Q H (X p o) in Sect.4.3. The degree zero part means the degree
in (4.3) is zero. For a cohomology class [a]; € H5 of real degree d to be of degree zero,
we need

deg’([al;) = d/2+#{i : 5; <0} = 0.
Therefore, we must have
d=0, and#{i : 5; < 0} =0.

Hence, we have a canonical basis of Q H’(X p o) given by identity classes of $; when
s; > 0foralli € {1,...,n}. So there is a bijection between such classes and integer
points of B(Z). Hence there is a bijection between this canonical basis of Q HO(X D.co)>
denoted by [1],, and prime fundamental classes #, € QHI%g(X , D). We can also use
theta functions @ as the canonical basis of Q HO(X D.c0). Then we can write

OH(Xps) = €D CINE(X)]9,
PEB(Z)

as a free C[NE(X)]-module.
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One can replace the log invariant N 51 om0 defined in (7.1) by the corresponding

invariant of Xp o (with the same input data), denoted by N;fbjfg P The product
Uy, * ¥p, is simply replaced by the restriction of the small relative quantum product
[1]p, *sm [1]p, to QHO(XD,OO). We denote this product by @), *orb ¥p,. The structure
constant N Oﬁ’ pa,—r 18 defined as the invariant of X p o, with two “inputs” with positive
contact ord[érs given by p1, p2 € B(Z), one “output” with negative contact order given

by —r such that r € B(Z), and a point constraint for the punctured point. Namely,

b XD.oo
N = (. [y [p1) =) 55 - (7.2)

The corresponding punctured invariants are structure constants considered in [19]*.
Similarly, we define

XD,oo

Norb,ﬂ
0,m+1,8

Plyeees pms0 <[1]p1’ s s [Pf]Olpm_2>

In the next lemma (see also [18, Lemma 2.1] for the corresponding lemma for punc-
tured invariants), we will show that the virtual dimension constraint implies that the

number Npi s _, = 0 unless [y[Kx + D] = 0. Similarly, for Ny*?  which will

appear in Theorem 38.
Lemma 36. For p,q,r € B(Z),

orb, 8 o
P1,p2,—r 0
if [3[Kx + D] # 0.

Proof. Since r € B(Z), contact orders at the third marking, represented by —r, are
non-positive with each divisor D;. Then the definition of deg” in (4.3) implies that

deg’([pr]—,) = dimc X.

The virtual dimension constraint (4.5) is
dimg X —3+3 — /[KX + D] = deg’([pr]—,),
B

ie. /[KX+D] =0.
B

O

Note that the restriction of the quantum product may involve infinite sums. For the
finiteness of the product rule, we will follow [19]. Let P C H»(X) be a finitely generated
submonoid, containing all effective curve classes and the group of invertible elements
P> of P coincides with the torsion part of H(X). Let I C P be a monoid ideal such
that P \ I is finite. That is,

Sy := C[P]/I (7.3)

4 The notation in [19] is Nﬁl _pa.r Which is slightly different from what we use here.
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is Artinian. Then one can define

R[ = @ S]l?p, (74)
peB(Z)

which is a free S;-module.
Replacing punctured invariants by orbifold invariants, we write the product as

b,
Ipy *orb Dpy = 3. Npob  gPy,. (7.5)
BeP\1.reB(Z)

Theorem 37. When (K x + D) is nef or anti-nef, the structure constants N;ft’)’pi,_, define

a commutative, associative Sy-algebra structure on Ry with unit given by vy.
We will refer to R; as mirror algebra.

Proof. The finiteness of the product rule follows directly from the definition of the

structure constants N;f]?’,,i,_, and the fact that P \ [ is finite.

The commutativity is straightforward. It follows from the fact that the structure con-
stants are Gromov—Witten invariants of X p o, which satisfy

orb, 8 __ agorb,B
Npl,PZ,*r - sz,l?l,*r'
The fact that the class ¢ is the unit can be rephrased in terms of the invariants
N;ﬂj}z’_, as follows. For p € B(Z),

N(())rb,ﬁ _ 0 B#0orp#r,
P 1 B=0,p=r.

But this is a direct consequence of the string Eq. (4.6).

The associativity for the relative quantum product follows from the WDVV Eq.
(4.8). However, as mentioned in [19], the product rule that we consider here is only a
truncation (restriction) of the actual product rule for relative quantum cohomology, so
the associativity is not preserved in general. Here comes the assumption that +(Kx + D)
is nef. Under this assumption, we will show that the associativity is preserved.

For the associativity, we need to prove that

(191,1 *orb ﬁpz) *orb 191,3 = ﬂpl *orb (ﬂpz *orb 191,3),

Since
b,
(19171 *orb 19[72) *orb l9p3 = Z N[?T,p}zl,—sqﬁl ﬁs *orb ﬁp3
BreP\I,seB(Z)
orb, 8 orb, B
- Z NplvPZI,—SNS,pg,irqm*—ﬁz ﬁr
B1.B2eP\I,s€B(Z)
and
b,
Oy v Oy v 0 = O | T NP,

BieP\I,seB(Z)
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orb, B orb, B
- Z NPZJ’SE —S Ns,pl ,irqﬂﬁ—ﬂz ﬁr .
B1,B2€P\1,s€B(Z)

Therefore, we just need to prove

orb, 81 orb,fr orb, 81 orb, B2
Z NPIsPZ;*SN&P&*" - Z NPZaP3»*SNY»Pl,*V’ (76)

Bi+Br=peP\I Bi+pr=PeP\I
seB(Z) seB(Z)

where each sum is over all possible splitting of 81 + 82 = B and all s € B(Z). However,
this is not the WDVV Eq. (4.8)! The WDVV equation is of the following form with
extra terms in each sum. We need to use the bracket notation to write it down:

(T, (T 1))

Bi+fa=peHr(X) H
se(Z)" k

= Y (M 0 Toik)

Bi+pa=peH(X)
se(Z)" k

0,3,

(! ) .
oo T i) )

where p1, p2, r € B(Z); each sum is over all splittings of 81 + 82 = B, all indices §, k of
basis. We will see that extra terms in the WDV'V equation vanish under the assumption
that =(Kx + D) is nef.

When —Kx — D is nef, we consider the invariant <[1]m [ p,s T_g,k>0 i in (7.7).
59, P1

The virtual dimension constraint (4.5) becomes

dime X —3+3+ | [—Kx — D] =deg(T_5 )
Bi

dimc X + | [-Kx — D] =deg’(T_3,). (7.8)

Let deg([«e]) be the real degree of « € H*(Dy) for I C {1, ..., n}. Recall that
deg(T_54) = deg(T_54)/2+#{i : —si < O}.
Since
deg(T_34)/2 < dimg Dy, < dime X — #{i : —s; # 0},
we have
dego(f’__;’k) <dmcX —#{i:—s5 Z0}+#{i : —s; <0} =dimc X —#{i : —s; > 0}.
Therefore, if #{i : —s; > 0} > 0, we must have
deg®(T_54) < dimg X.

On the other hand, —Kx — D is nef implies that

dimc X+ | ([-Kx — D]) > dim¢ X.
Bi
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Hence, the virtual dimension constraint (7.8) does not hold unless #{i : —s; > 0} = 0,
in other words, —s; < O foralli € {1, ..., n}. Furthermore, we must have

T_g,k = [pt]—s, for some s € B(Z).

It implies that LHS of (7.6)= LHS of (7.7) modulo /. The same argument implies that
RHS of (7.6)= RHS of (7.7) modulo 7. This completes the case when —Ky — D is nef.

When Ky +D is nef, we consider the invariant (7%, [11,5. [pt]-) _ , In(77). The
59, P2

virtual dimension constraint (4.5) becomes

dimc X — [ [Kx + D] = deg®(T5) + deg’([pt]-,).
B2

Since r € B(Z), contact orders represented by —r are non-positive. The definition of
deg in (4.3) implies that

deg”([pt]-,) = dimc X.
Then — fﬂz[Kx + D] < 0 implies that
deg’(7§) < 0.
Therefore, we must have
deg’(TF) := deg(TX) +#{i : s; < 0} =0.
Hence, #{i : s; < 0} =0 and
Tgk = [1]s, for some s € B(Z).

So LHS of (7.6)= LHS of (7.7) modulo /. The same argument implies that RHS of
(7.6)=RHS of (7.7) modulo . This completes the case when Ky + D is nef, hence,
completes the Proof of the theorem. O

7.2. The frobenius structure conjecture.
Theorem 38. When (K x + D) is nef or anti-nef, Conjecture 35 holds for QH®(X p. ).

Proof. The case of m = 2 directly follows from the definition of our structure constants
N;f},’z .0- The case of m > 3 can be proved using TRR (4.7).
We need to show that

orb, 8 B
Z NPI vvvvv vaoq
BeH2(X)

coincides with the coefficient of @ in the product ¢, *orb - - - *orb ¥p,, - Recall that

XD,oo

orb, 8 L 7. m—2
AP (1) P O V113 )O’mﬂ’ ,
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Similar to absolute Gromov—Witten theory, TRR (4.7) can be used to remove the de-
scendant class . We have

NP o= Z<[pr]o¢’"—3, [T, T;,k> <ff§, [pr: [ [ ] [1]p_,>, (7.9)

JESI JES2

where the sum is over all splittings of 81 + 8, = B, all indices s, k of basis, and all
splittings of disjoint sets S1, S» with 1 U Sy = {3, ..., m}. We will show that some
terms in (7.9) vanish and the RHS of (7.9) coincide with the coefficient of ¥ of the
product.

When —Kx — D is nef, we consider the invariant <7~‘f§, [11p,, [1p,, ]—[jesz[]]p/.> in
(7.9). The virtual dimension constraint (4.5) is

dimc X +[$21+ | [—Kx — D] = deg®(TX). (7.10)
B2

Note that

deg’(TX.) :=deg(T*,) +#{i : —s; < 0}
<dimc X —#{i : —s5; Z0}+#{i : —s; < 0}
=dimc X —#{i : —s; > 0}
<dimc X.

On the other hand, —Kx — D is nef implies
dimc X +|S2|+ | [—-Kx — D] > dim¢ X.
Therefore, the equality (7.10) does not hold unless

[S2] =0, [-Kx —D]=0, #{i:—s;>0}=0
B2

and
T*. = [pt]_s, forsome s € B(Z).

Therefore (7.9) becomes

orb, B
Npl vvvvv pm»()
- 3 (110%™, Wpss o [ (P11 [y (1)
Bi+pr=BeH(X),s€B(Z)
_ orb, B1 orb, B2
- Z N&ps ,,,,, pm,ONm,pz,—S'

Bi+Br=BeH,(X).s€B(Z)
Repeat this process (m — 3)-times, we get

orb, 8 _ orb, B2 orb, B2 orb, Bin—1
Nm ,,,,, Pm,0 Z Nm,pz,—slNﬂ,Pz,—n Nsm_z,pm,O'
Y Bi=BeHy(X).5i€B(Z)
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The right-hand side is precisely the coefficient of ¢y of ¥, *orb - - - *orb ¥p,, by definition.
This completes the case when —Ky — D is nef.

When Kx + D is nef, we consider the invariant <[pt]01/_/’"_3, HjeSl [1]pj., Tg,k> in
(7.9). The virtual dimension constraint (4.5) is

dimc X —3+2+|5] +/ [-Kx — D] =dim¢c X +m — 3+deg0(7~"§’k). (7.11)
Bi

Since |S1| < m — 2 and Kx + D is nef, we have
dimc X —3+2+|S1|+ | [-Kx — D] <dimcX —1+m —2=dimc X +m — 3.

On the other hand,
dimg X +m — 3 +deg®(T; ;) > dimc X +m — 3.

Therefore, the equality (7.11) does not hold unless
IS1=m —2, / [-Kx —D]=0, #i:5 <0}=0,
B
and

fg,k = [1];, for some s € B(Z).

Hence (7.9) becomes

orb, 8
NPlym,Pm’O
= > (1109 = (s s [ TP (1 1)
Bir+pr=peHr(X),seB(Z)
_ orb, B orb, 8,
o Z N 0N p1p. s

Bi+pa=peHr(X),s€B(Z)

We again repeat this process (m — 3)-times to have

Norb,ﬁ Z Norb,ﬂz Norb,ﬂz » Norb,ﬁm_l

PlowesPm.0 = pr.p2,=sitVsi,p3,—s2 Sm—2.Pm,0’
Y Bi=BeHy(X).5i€B(Z)

where the right-hand side is precisely the coefficient of ¥ of ¥, *orb - - - *orb ¥ p,, - This
completes the Proof of the case when Kx + D is nef, hence completes the Proof of the
theorem. =

7.3. Mirror construction. With the mirror algebra R;, one can construct the mirror
following the Gross-Siebert program. We will follow the construction in [18] and [19].
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Let (X, D) be a log Calabi-Yau pair and B be pure-dimensional with dimg B =
dimc X. One can define families of schemes

Spec R; — Spec S;.

Taking the direct limit of this families of schemes, one obtains a formal flat family of
affine schemes

¥ — spfC[P], (7.12)

where (C/[F] is the completion of C[P] with respect to the maximal ideal P \ P*. The
family (7.12) can be viewed as the mirror family to X \ D.
Next, we consider mirrors to a degeneration of Calabi-Yau manifolds

g:X—- S,

so that D = g~!(0) set-theoretically. One can define the ring

R = ®pcpz)CIP1Y,.

The mult1p11cat1on will always be a ﬁmte sum as mentioned in [19, Construction 1.19].

Furthermore, R carries an associative C[P] -algebra structure with a natural grading.
When dimp B = dimc X, the mirror family is defined to be the flat family

X = Proj R — Spec(C/[F].

Remark 39. [19] actually described the mirrors in a more general setting. One can also
try to construct mirrors following [19] using the more general setting, but with invari-
ants of Xp oo. We do not repeat these constructions here and refer readers to [19] for
more details. An interesting question to ask is that if our construction agrees with the
construction in [19]. We plan to study this question in the future.

8. A Partial Cohomological Field Theory

In this section, we show that the formal Gromov—Witten theory of infinite root stacks
form a partial cohomological field theory (partial CohFT) in the sense of [28]. This
generalizes the result of [14, Section 3.5] to infinite root stacks with simple normal
crossing divisors. We first provide a brief review of the CohFT.

Let Mg, m be the moduli space of genus g, m-pointed stable curves. We assume that
2g — 2+ m > 0. There are several canonical morphisms between moduli space Mg, m
of stable curves.

e Forgetful morphisms
T Mg et = Mg m

obtained by forgetting the last marking of (m + 1)-pointed, genus g curves in Mg,mﬂ .
e Morphisms of gluing the loops

o1 Mg mia —> Mgiim

obtained by identifying the last two markings of the (i + 2)-pointed, genus g curves
in Mg 2.
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e Morphisms of gluing the trees
Pr - Mg1,m1+l X Mgz,m2+1 - Mg1+g2,m1+m2

obtained by identifying the last markings of separate pointed curves in Mg Lmp+l X
M g2,ma+l1-
The state space H is a graded vector space with a non-degenerate pairing (—, —) and a
distinguished element 1 € H.Givenabasis {e;},letnjx = (e;, ex) and (n/k) = (njk)_l.
A cohomological field theory (CohFT) is a collection of homomorphisms
Qg,m : H®m — H*(Mg,m» Q)
satisfying the following axioms:

o The element €2 ;, is invariant under the natural action of symmetric group S,.
e Forall a; € H, Qg satisfies

Qg m1(ar, ..., ap,, 1) = ”*Qg,m(ah ces ).

e The splitting axiom:

*
Py Qg1+g2,ml+mz @15y Uy amy)
ik
= Z 77] Qg1,m1 (ar, ..., Umy s ej) ® ng,mz(am1+l, oy Omy4my s e,
Jj.k
forallo; € H.
e The loop axiom:
* ik
IOI Qg+],m((¥1a DR am) = Z 7]/ Qg,m+2(al, cees Oy, eja ek)7
Jjsk

for all «; € H. In addition, the equality
Qo,3(v1, v2, 1) = (v1, v2)
holds for all vy, v, € H.

Definition 40. ([28], Definition 2.7) If the collection {2 ,} satisfies all the axioms
except for the loop axiom, we call it a partial CohFT.

We also refer to [9, Section 3] for more discussions of infinite rank partial CohFT.
Recall that, for Gromov—Witten theory of infinite root stacks, the ring of insertions
is §) defined in Sect.4.1. Let

7t My (X, ) xxn (Dry -+ % Dy ) = Mm

be the forgetful map.

Definition 41. Givenelements [« ], ..., [a;,] € $,the Gromov—Witten class for infinite
root stacks is defined as
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Q= (e, .. o)) = 1o | [[ 850D 0 [Mgun(Xpooe £)]™ | € H* Mgn. O,

j=1

where contact orders are specified by insertions. We then define the class

XD.oo XD,oo
Qe (], lem = Y Q] ..., [em]g”.
BeH(X,Q)

It is straightforward to check that Q;%m satisfies the first two axioms of CohFT. The
Proof of the splitting axiom is parallel to the proof in [14, Theorem 3.16]. Therefore, we
conclude that

Theorem 42. Q;ﬁ,‘m forms a partial CohFT.

It is already known in [14] that the loop axiom does not hold for relative Gromov—
Witten theory. Therefore, it does not hold for the formal Gromov—Witten theory of
infinite root stacks. It would be interesting to find a replacement of the loop axiom.
Some results along this direction has been proved in [40] by studying orbifold Gromov—
Witten invariants of finite root stacks with mid-ages.
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