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Abstract

Motivated by a problem of optimal harvesting of natural resources, we study a control problem
for Volterra type dynamics driven by time-changed Lévy noises, which are in general not
Markovian. To exploit the nature of the noise, we make use of different kind of information
flows within a maximum principle approach. For this we work with backward stochastic
differential equations (BSDE) with time-change and exploit the non-anticipating stochastic
derivative introduced in Di Nunno and Eide (Stoch Anal Appl 28:54-85, 2009). We prove
both a sufficient and necessary stochastic maximum principle.
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1 Introduction

Optimal harvesting is a fairly classical problem in control theory and it is still a timely
question to address when thinking of sustainability in the management of natural resources.
In this work we deal with a problem of optimal harvesting from a population, the growth of
which is modelled by Volterra time dynamics of the type

X(t)=Xo+ /t (r(t,s) — Ku(s)) X(s)ds + /IU(S)X(S)dB(S), tel0,T]. (1.1)
0 0

The term r represents the growth rate, the constant K is the catchability coefficient, and
the control u is the fishing effort. The Volterra structure is inherited from the deterministic
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analogous models that can be found, e.g., in Gushing (1979), Brauer (1976), Gripenberg et
al. (1990). As we can see, this form of time dependence is often used in the description of
fish populations. When considering fish as a commodity, the modelling of fish population is
representing the possible dynamics of offer, in the interplay between offer and demand. In our
work, however, we consider Volterra stochastic integral equations, which represent a natural
extension including the uncertainty of the environment influencing the population growth.
For this we are motivated by Brites and Braumann (2017), Aovarez and Shepp (1998).

Our model has an element of novelty with respect to the others presented. This is given
by the nature of the noise B which is associated to a time-changed Brownian motion. This is
well motivated by the clustering effects that such noises can described. For the description on
how time-change helps to described clustering, we can refer to a first discussion in (Shiryaeyv,
1999, Chapter IV, 3e) and a more recent study (Saakvitne, 2019, Chapter 3) in the context
of market microstructure. Within population dynamics the evidence of clustering is largely
discussed in the recent literature in biology and ecology. See just as example (Jokarab et
al., 2021) .

We remark that in the literature of mathematical finance, dynamics of the form (1.1), but
with Lévy type noises were used in models (Agram et al., 2019) . On the other side, time-
change has been suggested in the study of volatility modelling, e.g. Barndorff-Nielsen and
Shiryaev (2010), Carr and Wu (2004), Madan Geman and Yor (2001), Swishchuk (2016),
Veraart and Winkel (2010), energy markets, e.g. Borovkova and Schmeck (2017), and default
models, e.g. Mai and Scherer (2009). Also it is used in kinetic theory, see e.g. Menon (2017).

Keeping our motivation in mind, we treat here stochastic control for general Volterra type
dynamics, allowing also for jumps:

t

t
X"(t) = Xo+ / b(t, s, ks, u(s), X"(s-))ds + // k(t,8,2, ks, u(s), X"(s-))pu(dsdz), (1.2)
0 0JR
where the driving noise u is given by the random measure
1(A) = B(AN[0. T x {0) + H(AN[0,T] x Rg)., A€ B(0.T]xR), (1.3)

which is the mixture of a conditional Gaussian measure B on [0, T'] x {0} and a conditional
centered Poisson measure H on [0, T] x Rg. Here Ry := R\ {0} and B represents the Borel
o-algebra. Both B and H are set in relationship with a time-changed Brownian motion and
time-changed Poisson measure, respectively, via Theorem 3.1 in Serfozo (1972) [see also
Grigelionis (1975)]. Note that the coefficients in (1.2) may also depend on the time-change
via the process A.

The time-change processes involved are of the form

t
At (w) :/0 As(wyds, (t,w)€[0,T] x Q,

(T > 0). Thus the driving noises (which include jumps) are actually beyond the Brownian and
the pure Lévy framework. We abandon noises with independent increments and effectively
deal with quite general but still treatable martingales.

Our goal is to find the optimal control & such that

T
J(@i) = sup J(u) = sup E |:/ F(t, A, u(t), X" (1))dt + G(X”(T))] , (1.4)
0

ue A¥ ue A¥

among the set A" of admissible F-adapted controls, where F = {#;, t € [0, T]} represents
the smallest right-continuous filtration generated by p.
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Optimization problems such as (1.2), (1.4) are studied, e.g. in Bonaccorsi and Confortola
(2020), Agram et al. (2018), Agram et al. (2019). In Agram et al. (2018), Agram et al.
(2019) the authors present also a sufficient maximum principle and the dynamics include
jumps making use of Malliavin calculus. However, being the restrictions on the domain of
the Malliavin derivative extremely serious in the context of optimal control, the authors have
lifted the study into the white noise framework and work with the Hida-Malliavin calculus on
the space of stochastic distributions. The Hida-Malliavin calculus is taylored for Brownian
and for centered Poisson random noises, hence this approach cannot be taken in our work
since our driving noises are not of the required nature. On the other hand, in Bonaccorsi
and Confortola (2020), the authors propose a backward SDE approach to solve (1.4). This is
possible due to the introduction of memory in (1.2) by means of convolution with a completely
monotone kernel which allows for a Markovian representation of the solution of (1.2).

Note that a Malliavin/Skorokhod calculus extension to noises with conditional indepen-
dent increments, is proposed in Di Nunno and Sjursen (2013) and Yablonsky (2005). By
this, however, we cannot solve the critical issue of the natural restriction of the domains
of the involved operators and a Hida-Malliavin type extension is yet not available in the
literature. Our approach is then to make use of the non-anticipating (NA) derivative. The
NA derivative, introduced in Di Nunno (2002) for general martingales and then extended to
martingale random fields in Di Nunno and Eide (2009), is the dual of the It integral and
has an explicit representation in terms of limit of simple integrands in the Itd framework.
Also, the NA derivative provides explicit stochastic integral representations. We stress that,
contrarily to the Malliavin derivative, the domain of the NA derivative is the whole L2 dP),
thus not creating problems in the context of optimal controls. To the best of our knowledge
this is the first time that the non-anticipating derivative is used in optimal control problems
such as (1.4).

Our approach to the optimization problem (1.4) is based on the analysis of the noise and
the information flows associated. Indeed, we observe that there are two filtrations of interest.
The first one is the already mentioned F and the second is the filtration G := {G;, t €
[0, T}, where G, := F; v F" generated by p and the entire history F* of the time-change
processes. Note that while o is substantially trivial, Gy = F*. We can regard G as the
initial enlargement of I or, we can see F as partial information with respect to G. With this
observation in hands, we work out the solution to problem (1.4) as an optimization problem
under partial information. In this we have taken inspiration from @ksendal and Zhang (2010),
where the concept of partial information is however not associated to the properties of the
noise, and from Di Nunno and Sjursen (2014), where the dynamics are however not of Volterra
type. Also, for completeness, we show that our techniques provide necessary and sufficient
conditions for the optimization problem

T
J(@)= sup J(u) = sup E |:/ F(t, he,u(t), X“())dt + G(X"(T))] (1.5)
0

ue AG ue AG

on the set A of admissible G-adapted controls, where AF c AG.

The study of maximum principles is associated to a stochastic Hamiltonian map of the
so-called dual variables, which in turn are obtained from the solution of a backward stochastic
equation. In the sequel, we deal with backward stochastic differential equations (BSDEs) of

type
T T
p(t)=5(t)+/ g(s,As,p(s—),q(s,'))ds—//Rq(s,z)u(dsdz), (1.6)
t t
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under the filtration G. Notice that, these backward equations are not of Volterra type. This is
because our Hamiltonian functional is going to involve also the NA-derivatives of the adjoint
process p. A different approach could have been to follow the work in Agram et al. (2019),
where the authors deal with a backward stochastic Volterra integral equation (BSVIE) of the
form:

T T
p) Zé(t)+/ g(s,ks,p(sf),q(t,s,-))ds—//Rq(t,s,z)u(dsdz).
t t

Even though this approach would allow us to work with simpler Hamiltonian functionals (in
the sense that the NA-derivative of p(#) would not be involved) we would need to assume
smoothness conditions with respect to  on g (¢, s, z) and, to the best of our knowledge, is not
clear to what extent those properties are satisfied.

Existence and uniqueness of (1.6) can be retrieved from Di Nunno and Sjursen (2014). The
study of the BSDE under G is in itself critically based on the stochastic integral representation
in the form

T
E—g0y f / 6 (5. Dudsdz), (17)
0 JR

where £° is Go-measurable and the integrand ¢ is G-predictable. These results are readily
available in terms of their existence in the classical Kunita—Watanabe Theorem, while the
explicit form of ¢ is given by means of the NA derivative in Di Nunno (2002) Theorem 3.1
and Di Nunno and Eide (2009) Theorem 3.1.

The paper is organized as follows. In the next section we give a presentation of the
framework providing the necessary details for the random measure p and the information
flows that we are going to use. In Sect. 3 we prove a sufficient maximum principle and in Sect. 4
the corresponding necessary maximum principle. Lastly, we show how the results obtained
can be applied to characterise the solution in the optimal harvesting problem associated to
the dynamics (1.1).

2 The noise and the non-anticipating derivative

Let us consider a complete probability space (€2, F, P) and a time horizon T < oco. We shall
consider the noise on the time-space

X:=1[0,T] xR := ([0, T] x {0}) U ([0, T] x Ro),

where Ry = R\{0}. The Borel o-algebra on X is denoted Bx. Let £ be the space of the two
dimensional stochastic processes A = OB, A" ) such that, for each component k = B, H,
we have that

1. 2F>0P —aus.forallr €0, T],
2. limy_o P (|}‘Ir<+h — }\ﬂ‘| > e) =0 forall ¢ > 0 and almost all ¢ € [0, T],

3. B[ fy adi] < oo

The processes A € L represent the stochastic time-change rate. Let v be a o -finite measure
on the Borel sets of Ry satisfying fRo 72v(dz) < co. We define the random measure A on
Bx by

T T
A(A) ::/ ]1{(,,0)EA}(t)A,Bdr+//R 1a(t, v(d)ad, ACX. (1)
0 0 JRo
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Furthermore, denote the restrictions of A to [0, T'] x {0} and [0, T'] x Rg by A® and A¥,
respectively. For later use we also introduce the filtration

FA = (FA 1 el0, T,

where ftA is generated by the values of A on the Borelian sets of [0, #] x R. Set FA := ]-'}\.
We recall the following definitions.

Definition 2.1 The conditional Gaussian measure (given F*) B is a signed random measure
on the Borel sets of [0, T] x {0} satisfying

AY — B = =
Al. P (B(A) <x|FY) =P (B(A) <x|A (A))—@D(m :

x € R, A C [0, T] x {0}. Here ® is the cumulative probability distribution function
of a standard normal random variable.

A2. Foralldisjoint A1, Ay € [0, T]x {0}, B(A1) and B(A») are conditionally independent
given F2.

The conditional Poisson measure (given F AY H is a random measure on the Borel sets of
[0, T] x Ry satisfying

A3. P (H(A)=k|IFN)=P (H(A)=k|A" () =22 —A"@) e N A [0, T] x
Ry.

A4. For all disjoint Ay, Ay € [0, T] x {Ro}, H(A1) and H(A;) are conditionally inde-
pendent given FA.

Moreover,

A5. B and H are conditionally independent given F2.

Also the conditional centered Poisson random measure is defined as
H(A) := HA) — AT(A), AcCX.

Observe that if A% and ¥ were deterministic, then B would be a Gaussian process and H
a Poisson random measure. Furthermore, B would be a Wiener process if M =1landHa
homogeneous Poisson random measure for A7 = 1.

Definition 2.2 We define the signed random measure x on the Borel sets A € X by
w(A) =B (AN[0,T] x {0}) + H(AN[O, T] x Ro).

The random measure p has conditionally independent values, see Grigelionis (1975), Serfozo
(1972). Observe that (A1) and (A3) yield

E[p(M)FM =0, Elp(A)?IF 1 =A(), ACX 2.2)

The random measures B and H are related to a time-changed Brownian motion and time-
changed pure jump Lévy process. To illustrate, consider the processes on [0, T]:

t
B, := B([0, 1] x {0}), AB ::/ 1Bas,
0

t ‘
N = /f zH (dsdz), AtH :=/ )Lfds,
0J Ry 0
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and compute the characteristic functions of B and 1. From (A1) and (A3) we have that
E[eh ] = / B[P AP = x| Pyp(dx) = / 2 Py p(dx), ceR,
R R

where PAF is the probability distribution of the time-change A ,B . Correspondingly, we have
that

E [e’“”] = / exp / [P — 1 —iczx]v(dz) P,u(dx), ceR,
R Ry !

where PAf’ is the probability distribution of the time-change A¥. Indeed we recall the
following characterization (Serfozo 1972, Theorem 3.1):

Theorem 2.3 Let Wy, t € [0, T, be a Brownian motion independent of A® and Ny, t € [0, T,
be a centered pure jump Lévy process with Lévy measure v independent of A¥. Then B

satisfies (Al)-(A2) if and only if, for any t > 0, B; 4 WAIB and n satisfies (A3)-(A4) if and

only if, forany t > 0, n; 4 NAIH.

In the sequel we shall consider two types of information flows. The first one is represented
by the filtration

Fi={F. tel0.T], F:=[)F"
r>t
where F* = {]-'t“, t € [0, T]} is generated by the values u(A), A C [0,¢] x R, t €
[0, T']. Correspondingly, let FZ := {ftB,t € [0, T]} denote the filtration generated by
B(AN[O, 1]1x{0}),and F¥ .= {]:,H,t € [0, T]} the filtration generated by H (AN[0, ] xRp).
We remark that, forany # € [0, T, FH = .7-',3 v]—',H \/}'tA. See Di Nunno and Sjursen (2013).
The second information flow of interest is

G:= (G, 1 €[0. T}, G :=F'vF™

The filtration G is right-continuous, see Di Nunno and Sjursen (2014). Moreover we note
that Gr = Fr, Go = F», and Fy is substantially trivial. Namely, G includes information
on the future values of A% and A. In the sequel we shall technically exploit the interplay
between the two filtrations.

For A C (¢, T] x R, the conditional independence in (A2) and (A4), together with (2.2)
yield

E[1(A)|G] = E[u(A)|F v FA = E[u(A)|FA = 0. (2.3)
Moreover, (A5) gives us
Eln(ADr(A2)|G] = E[(ADIFAE[r(A2)|FA =0,

for disjoint A1, Ay C (¢, T] x R. Hence, u is a martingale random field with respect to G,
see e.g. Di Nunno and Eide (2009) Definition 2.1:

Definition 2.4 A square integrable martingale random field i1 with conditionally orthogonal
values is a stochastic set function ;(A), A C X such that

e m(A) :=E[n(A)?] = E[A(A)], A C X, defines a variance measure
e 1 is G-adapted
e 1 satisfies the martingale property (2.3)
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e 1 has conditionally orthogonal values: E[u(A1)un(A2)|G:] = 0, for every disjoint
A, A € (l‘, T] x R.

It is immediate to see that u is also a martingale random field with respect to F.

With the above structures, we access the framework of It6 stochastic integration. For this we
introduce Z® C L%2(dA x dP) representing the subspace of the random fields admitting a
G-predictable modification and ZF¥  ZC, the one of F-predictable random fields. Observe
that, for all ¢ € 7Z©, we have that

2
E[(/f q)(s,z)u(dsdz)) ]:E[// ¢(s,z)2A(dsdz)] (2.4)
X X

thanks to (A5) and the martingale property of 1.
In this work we shall make use of the non-anticipating derivative introduced in Di Nunno
and Eide (2009) for martingale random fields.

Definition 2.5 The non-anticipating derivative (NA-derivative) Z is a linear operator defined
for all the elements ¢ € L2(d P) as the limit in L2(dA x d P)

2¢ = lim @y, (2.5)

n—o00

of simple G-predictable random fields ¢,, n € N, defined as:

L H(Ank)
(LX) = El|le——220nk?
n(t, X) ]; [5 E[A (Ani)|Gs ]

gSnk] ]lAnk (t7 ‘x)7 (tr x) S X~

Here the Borel sets A, take the form A, := (suk, unk] X Bk, k = 1, ..., K, with 0 <
Snk < upr < T, and By € B where ‘B is any countable semi-ring that generates the Borel
o-algebra B(R). Then |J, oy U,ﬁ | Aux = X. With a slight abuse of terminology we call
the sets Ay, k = 1, ..., K, a partition of X with refinement n. Clearly all the sets A,
k =1, ..., K,, n € N constitute a semiring generating B(X) see, e.g. Di Nunno and Eide
(2009) and the references therein.

The NA-derivative allows for an explicit integral representation. Namely the integrand is
characterized in terms of the inputs: the very random variable to represent, the integrator,
and the filtration. See Theorem 3.1 in Di Nunno and Eide (2009).

Theorem 2.6 For any & € L*(dP) the NA-derivative 9 is well defined and the following
stochastic integral representation holds

e=e+ [[ gt wiardo), 2.6)
X
where €0 = E [Sl}'A] satisfies 2£°0 = 0.

The existence and unicity of a stochastic integral representation is well-known from the
Kunita—Watanabe Theorem. Theorem 2.6 provides an explicit representation to the integrand.
The spirit of this result is in line with representations a la Clark-Haussman-Ocone (CHO), see,
e.g. Di Nunno et al. (2008). However in that case the noise is either a Brownian motion or a
centered Poisson random measure and the integrand is characterized in terms of the Malliavin
derivative. We remark that an extension of the Malliavin calculus and CHO representations to
the conditional Brownian and the conditional Poisson cases is provided in Yablonsky (2005)
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and Di Nunno and Sjursen (2014). When applying Malliavin calculus to optimal control, the
domain of the Malliavin derivative constitutes a serious restriction as the variables depend on
a control yet to be found. In Agram and @ksendal (2015) this was overcome for the Brownian
and centered Poisson cases by using the Hida-Malliavin extension which is an extension of
Malliavin calculus to the white noise framework (stochastic distributions), see Di Nunno
et al. (2008). At present there is no such an extension for time-changed noises hence the
method cannot be used. In this paper we suggest to use the NA-derivative, which has no
restrictions on the domain and it is well defined for all martingales in L2(d P) as integrators.
Furthermore, from Theorem 2.6 we can see that & is actually the dual of the It6 integral:

Proposition 2.7 For all ¢ in I® and all & in L*>(d P), we have

E |:§ // o(t, z)u(dtdz)] =E [// q(t, 2% ;& A(dtdz)] .
X X

Also we have the martingale representation theorem:

Theorem 2.8 For any square integrable G martingale, M (t),t € [0, T, the following rep-
resentation holds true

t
M(t) = E[M(T)|FM + / / 9y M(T)u(dsdz).
0JR

For future use we also introduce the space S of the G-adapted stochastic processes p(t, w),
t € [0, T], w € 2 such that

1/2
||P||Si=]E|: sup |p(t>|2} < 0.

0<t<T

3 A sufficient maximum principle with time-change

We are now ready to study the optimization problem (1.4) with performance functional

T
Jw)=E [/ F(t, A, u(), X*(0)dt + G(X”(T))] , (3.1
0

where

F:[0,T] x[0,00> xU xR x Q—> R,
G:RxQ— R,

with ¢/ a closed convex subset of R. For all A € [O, oo)z, u € U, x € R the process
F(-, A, u,x,-)is F-adapted and the mapping F (¢, A, u, x) is Clinx P-as. uniformly w.r.t.
t €[0,T], » € [0,00)%, u € U. Also for all x € R, G(x, -) is Fr-measurable and G is C!
in x P-a.s. uniformly w.r.t. t € [0, T], A € [0, 00)2, u € U. The controlled dynamics of X
are given by the equation

t

X“(1) = Xo +/ b(t, s, hg, u(s), X“(s-))ds
0

t
+// k(t,s,z, As, u(s), X" (s-))u(dsdz), (3.2)
0JR
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where X € R and the coefficients are given by the mappings

b:[0,T1x [0, T] % [0,00)> xU x R x Q@ —> R,
/c:[O,T]x[O,T]xRx[O,oo)zxuxRxQ—)R.
We assume b(t, -, A, u, x, -)and « (¢, -, z, A, u, x, -) to be F-predictable forall r € [0, T], A €
[0,00)%, u e U, x € Rand z € R. We also require them to be C? with respect to ¢ and to x
with partial derivatives L?-integrable with respect to dt x d P and dA x d P, respectively.
Notice also that we will often drop the superscript # when it is clear the dependence of X on

u.
Later on we can see the coefficients b and « in a functional setup:

b:[O,T]x[O,T]XERixEuxERXQ—>]R,

k:[0,T] x[0,T] x R x ERixEuxERXQ—)R,

where we denoted by Eg the space of measurable function on [0, 7] with values in S. Then
we can interpret the coefficients in (3.2) via the evaluation at the point s € [0, T']:

b(tv R )‘w u()v XM())(S) = b(tv s, )‘Sv M(S), Xu(sf))
k(t, -z, A, u(), X)) () =«(t,s, 2, Ag, u(s), X"“(s-)).

We assume that b and « are Fréchet differentiable (in the standard topology of cadlag paths)
with C? regularity in 7, x and u (with the corresponding derivatives).

In the sequel we assume existence and uniqueness of a solution for (3.2). Sufficient
conditions for this are provided in the next result, which is in line with the study in Agram
et al. (2019), though there the driving noises are the Brownian motion and Poisson random
measure.

Theorem 3.1 Assume that:

1. b(t,- A, u,x,-)and k(t,-, z, A, u, x,-) are F-predictable for allt € [0,T],z € RA €

[0,00)% u € U and x € R.
2. b(t,s, A, u,-)andk(t,s, -, A, u, -) are Lipschitz continuous with respect to x, uniformly

int,s €10, T]z, uel hel0, 00)2, ie, forall x1,x; € R,

b, s, h,u,x1) = b(t, s,k u, x2)| + |ic(t, 5,0, %, u, x1) —(t,5,0, &, u, x2)|[VAE
172
+ <f lc(t, s, 2z, hyu, x1) —k(t, 5,2, 4, u,xz)|2V(dZ)> VaH
Ro

< Clx; — x2|, P —a.s.

3. b(t,s, ,u,-) and k(t,s,z, A, u,-) have linear growth with respect to x, i.e., for all
t,s €[0,T1? u el r €[0,00)? x € R, we have

|b(t, s, Ay u, )|+ |k(t, 5,0, 1, u, x)[V2IE

1/2
+ (/ lk(t,s,z, A, u, x)|2v(dz)) VA <CA+|x]) P—a.s.
Ro
Then there exists a unique F-adapted solution to (3.2) in L*>(dt x d P).
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Proof The proof follows a classical Picard iteration scheme. Here we provide the main ideas.
Fix u € AT and define inductively

X)) == Xo
t

Xt = X, +/ b(t, s, hs,u(s), X" 1(s))ds
0

t
+f/ K(t, 5,2, hsou(s), X" (s-)p(dsdz), te€[0,T], n>1
0JR

Then, for all # € [0, T'] and for all n > 1, we have the following estimate

E[1X" " (t) — X"(1)]*] < 2E [r /Ot b(t, s, Ag, u(s), X" (s-))
—b(t, s, kg, u(s), X"~ (s-))|%ds]
+2FE [/Ot/R (2,5, 2, kg, u(s), X" (s-)) — k(t, 8,2, Ay, u(s), X"_l(s—))|2A(dsdz)] .
By (2.1) and using the Lipschitz condition on b and «, we get
E[1X" (1) — X"(1)]*] <2C’E [r /Ot 21X"(s-) — X”_l(s—)|ds] ,
which leads to
E[1x" (1) — X"()]*] < KE [/0, IX"(s-) — x"*l(sf)|2ds] , (3.3)
for K := 4T C?. Also, by the linear growth condition 3. on b and «, we get that
E[1X'(t) — X°(0)]] < Kt(1 + Xo)*. (3.4)

Combining now (3.3) and (3.4), we have that

2(1 + Xo)?(Kt)"+!
(n+1)!

Thus we have that {X (1)"}° | is a Cauchy sequence in L2(dP) and {X(1)" }o2 | isin L2(dP x

dt) Taking the limit on n — oo gives the solution to (3.2). The uniqueness is obtained by
standard arguments and estimates similar to the ones above. O

E[|X" (1) — X"(1)*] <

Before moving forward, we need to state a fundamental result that will allow us to rewrite
X in (3.2) in differential form. This is due to Protter (1993) and it is known as transformation
rule. Hereafter we state the result within our setting.

Lemma 3.2 (Transformation rule) Assume that for all z € R, A € [0, 00)%, u €U, x € Rthe
partial derivative of k with respect to t (denoted with d;k (t, s, z, A, u, x)) is locally bounded
(uniformly in t) and satisfies

[0k (21,8, 2, My u, X) — Ok (t2, 8,2, A, u, x)| < K|t] — 1], (3.5)

for some K > 0 and for each fixed s <t, » € [0,00)%, u €U, x € R.
Then, the forward equation (3.2) can be rewritten in differential notation as

t
dX(t) = (b(t, tAn,u(t), X(t)) +/0 0:b(t, s, g, u(s), X(s))ds
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t
+ / / Be(t, 5,2, s, u(s), X())pa(dsdz) )dt
0JR
+/ Kk(t,t,z, A, u(t), X)) u(dtdz). (3.6)
R

Proof The proof follows the one in Protter (1993). We report it here for completeness. Observe
that

t t
X(0) = / b, 5, 2, u(s), X(5))ds + / / (b, 5.2, b u(s), X())p(dsd2)
0 0JR
t t
=f b(t,s,xs,u(s>,X(s>>ds+// (5, 5. 2 g, 1(s), X(s))u(dsdz)
0 0JR

t
+// k(t,s,2,As, u(s), X(s5)) —k(s,5,2, As, u(s), X(s))u(dsdz)
0JR
Note that

t
Kk(t,s,z, hs, u(s), X(s)) —k(s,s,2z, As, u(s), X(s)) = / ork(r,s,z, hs, u(s), X(s))dr

t
_ / Ly By (s 8, 2, g, 14(s), X (5))dlr
0

Then we can apply the Fubini theorem for stochastic integration as in Jacod (1979) and we
obtain that

t
//K(I,S,Z, Mg, u(s), X(s)) —k(s,s, z, Ag, u(s), X(s))u(dsdz)
0JR

1 t
= // {/ Ts<,0rk(r,s, 2, As, u(s), X(s))dr} n(dsdz)
oJr LJo

t r
=/ {// H,K(r,s,z,ks,u(s),X(s))u(dsdz)}dr.
0 0JR

The well posedness and the Lebesgue integrability of f()rfR ork(r, s, z, As, u(s), X(s))
u(dsdz), r € [0, t]is achieved in Theorem 3.2 Protter (1993) thanks to (3.5). ]

Remark 3.3 (A link with functional SDEs) Lemma 3.2, suggests a link between the Volterra
integral equations of the kind (3.2) and functional SDEs (FSDEs). It is in fact clear that, by
defining

t
Bt h,u, X, 7)) = (b(t, £, u(), X(0)) +/ 9b(t, 5, hs, u(s), X(s))ds + Z(t)),
0
where

t
Z(t)=f/ ok (t,s,z, hs, u(s), X(s))u(dsdz),
0JR

we have that (3.2) can be rewritten as

' t
X(t) :X0+/ B(t,A.,u.,X.,Z.)dt+// k(t, t,z, A, u(t), X(@))u(dtdz). (3.7)
0 0JR

We notice that (3.7) is a functional SDE, so we could have tried to state an existence result
for functional SDEs instead of using Theorem 3.1. Some existence results for SDEs such as
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(3.7) are available [see e.g. Cont and Kalinin (2020), Possamai et al. (2020), Kromer et al.
(2015), Bafios et al. (2019), Dahl et al. (2016)], but no one of those deals with noises such as
. While some of those results [e.g. Cont and Kalinin (2020), Possamai et al. (2020), Kromer
et al. (2015)] present condition that would be too restrictive for the current setting, we also
point out that the results presented in Dahl et al. (2016), Bafios et al. (2019) could possibly be
extended to the current framework. Nonetheless, this would require to impose some Lipschitz
and linear growth conditions on b and « (like in Theorem 3.1) and, additionally, to impose a
Lipschitzianity condition on d;b, not required in the hypothesis of Theorem 3.1.

Having discussed the existence of a solution for (3.2), we are finally ready to proceed to
our optimization results. We start by introducing the notion of admissible controls:

Definition 3.4 The admissible controls for (3.2) in the optimization problems (1.4) and (1.5)
are predictable stochastic processes u : [0, T] x € —— U such that X in (3.2) has a unique
strong solution and

T
E [/ F(t, h,u(@), X(@))dr + G(X(T)) + |3xG(X(T))|2} <0
0

We denote A" and A the sets of F- or G-predictable controls, respectively. We say that
(@, X) is an optimal pair if

T
J@) = sup E |:/ F(t, A, u(t), X(t))dt + G(X(T)):| , 3.8)
ue A 0

where X := X% is as in (3.2), and A’ is either the set AT or AC.

Define R® to be the space of G-predictable processes with values in L?(d P). We remark
that, if y € RC, then the NA-derivative (2.5) is also in R i.e. for all ¢, z Dr2y() € RC. In
the sequel, when no confusion arises, we will denote with Z; oy(-) the NA-derivative with
respect to the conditional Brownian motion, and with Z; ,y(:), z € Ry, the NA-derivative
with respect to the conditional Poisson random measure.

In view of the Volterra structure of the dynamics (3.2), the system is not Markovian. We
tackle the problem (3.8) by the maximum principle approach, better suited in this case, see
e.g. Yong and Zhou (1999). We introduce the Hamiltonian function:

H:[0,T]x Epp x By x Bp x R® x Ez x @ — R,
as the mapping given by the sum
HE, A, u,x,p,q):=Ho(t,A,u,x,p,q)+ H(t, ,u,x, p,q) 3.9
of the two components
Ho(t, A, u,x, p,q) := F(t, A, up, x¢) +b(t, t, A, up, X)) p(t) + (2, 1,0, A, 1y, xt)qt(O))»,B

+/ (6,2 bt 1) A ()
Ro

t
Hy(t, A, u,x,p,q) :=/ 0:b(t, s, As, ug, x5)ds p(t)

0

'
+// O (t, s, 2, hs, s, X5) Dy . p()A(dsdz),
0JR
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where Z is the space of functions ¢ : R — R such that
1OF + [ g@Pvda) <.
0

Remark 3.5 Following up on Remark 3.3, instead of considering (3.2) as a Volterra equation,
we could have taken the FSDE (3.7) and, following e.g. Dahl et al. (2016), write the Hamil-
tonian functional for the functional SDE. We notice that, regardless of the chosen approach,
we would still end up with the Hamiltonian functional (3.9).

Associated to H (3.9), we introduce a BSDE of the type (1.6), which we study under G:
T
p@) =03 G(X(T)) + / OxH(s, As, u(s), X(s-), p(s-), q(s, -))ds
t

T
—//q(s,z)u(dsdz), tel[0,T], (3.10)
t JR

where the derivative d,H is meant in the Fréchet sense.
Sufficient conditions to guarantee the existence of (3.10) on R® x Z€ can be found in Di
Nunno and Sjursen (2014).

Remark 3.6 Notice that (3.10) is actually a BSDE and not a Volterra-type backward SDE. In
fact, the term 9, Hy (¢, A, u, X, p, q) in the driver o, H(¢, A, u, X, p, q), corresponds to
S
deHi (s, her 1, X, o q) = e / Bub(s, ., A u(r), X()dr p(s)
0

+ 0y /Y sk (s, 7,2, ke, u (@), X(r) Dy . p(s)A(drdz),
0JR

which is a function of time s, after integration.

The optimal control problem (1.4):

T
J(@) = sup J(u) = sup E |:/ F(t, ke, u(t), X" (2))dt + G(X”(T))] ,  (3.11)
0

ue AF ue AF

associated to the performance functional (3.1) is treated in the framework of optimization
under partial information. This is inspired by Di Nunno and Sjursen (2014), where this
approach is taken for standard time-changed dynamics. In the Volterra case treated in the
present work, the functionals stemming out of (3.9) are very different from the ones in Di
Nunno and Sjursen (2014). Indeed we introduce the mapping HF defined for ¢ € [0, T],
S ERi’“ € By, X € ER,peRGandq €70 as
H (A ux, p.g) == Hy (t, hu,x, p.q) + H (t, A u,x, p.q)
=E[HE, A u, x, p, @) F], (3.12)

where

HE(t hu,x, p,q) i= F(t, hgy g, X0) + bt 1, Ay, ug, x)EB[p(0)| F]
+ e (t, 1,0, A, up, x)E[q (2, 0)| F AP

+/ (2120 2t xOELG (1, DI F A v(d2)
Ro
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t
H%F(t,)»,u,x,p,q) :=/ ob(t,s, Ay, us, xg)ds E[p(t)|F:]
0
t
+ / / Bk (1, 5. 22 b s, %)E[Zy . p(1)| F 1A (dsd2)
0JR

Notation 1 Givenu, i € A", X, X represent the associated controlled dynamics of (3.2) and
(p, @), (p, q) are the corresponding solutions of (3.10). From now on, if no confusion arises,
we will use the compact notation:

b(t,s) :=b(t,s, ks, u(s), X(s)), b(t,s) :=b(t,s, ks, li(s), X(5)).
Similarly, for «, k, F, ﬁ, G, é, we will also write:
H(s) == H(s, A, u, X, p. ), H(s) := H(s, . it, X, p. §)
and similarly for 1™, 12, HY, HY, Hy ", Hy", HY', Hf, H™", H] "

Theorem 3.7 (Sufficient maximum principle with respect to ). Let A € L. Let i e AF and
assume that the corresponding solutions X, (p, q) of (3.2) and (3.10) exist. Assume that

e x —> G(x) is concave.
e Forany t, the map

X —> esssup,eg, H (£, A u,x, p.§), x € Eg, (3.13)

is concave.

e forallt € [0,T],
ess supueEMH]F(t, Au,x,p,q) = HF(I, A, X, Dsq). (3.14)
Then u is an optimal control for problem (3.1) and (i, X ) is an optimal pair.

Proof This proof is inspired by both the proof of Agram et al. (2018) Theorem 4.1 and Di
Nunno and Sjursen (2014) Theorem 6.2. The main difference with Agram et al. (2018) is
the use of the random measure p instead of a Brownian motion and a compensated random
Poisson measure, which requires to abandon the framework of Malliavin calculus. The main
difference with Di Nunno and Sjursen (2014) is the Volterra structure of the dynamics for the
forward equation (3.2), which lead to more involved stochastic calculus. Recall that & € AF
is a candidate to be optimal and X s the corresponding solution of (3.2). Choose an arbitrary
otheru e AF with corresponding controlled dynamics X and consider J (u) —J (1) = I+ 1>,
where

T
I =E [/ F(t, he,u(t), X (1)) — F(t, Ay, u(2), X(t))dt] , (3.15)
0
L:=FE [G(X(T)) - G(X(T))] . (3.16)
Considering now /1, from the definition of H(])F we get that,

T o ~
I =E UO {HE’”(r) - Hé“(r) —[b(t, 1) — b(t,DH]E [ﬁ(t)|]—‘,]} dt

T
—/ /[K(t,t,z)—'%(t,t,z)]E [é(t,z)l]—}]A(dtdz)].
0 JR
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By the concavity of G, we have

I = E[0.GR (1) (x(1) - X(D)] =E[6T) (X(T) - £(D)].

We apply the transformation rule (Lemma 3.2) to rewrite the Volterra forward dynamics of
X as

13 t
dX(t) = (b(z, 1)+ / 0;b(t, s)ds + // ok (t,s, z)u(dsdz))dt + / Kk(t,t, z)pu(drdz).
0 0JR R
Also the BSDE p (3.10) associated to the optimal pair (i, X) in differential notation is

dp(t) = —3x7‘{ﬁ(t)dt+/ §(t, )pu(dtdz).
R

Using the 1t6 formula for the product we obtain

T R t R
L<E [/ {ﬁ(z) ((b(t, 1 — b, z)) +/ (B,b(t, 5) — 3,b(t, s)) ds
0 0
t
+// (0K (t,5,2) — 0k (1,5, 2)) M(dsdz))}dt
0JR
T . R T
—/ M (1) (X(t)—X(t))dt—l—/ [[/c(t,t,O)—/Q(t,z,O)]c}(t,O)AlB
0 0
+ | k@, t,2) —k@, 1,214, z)v(dz)xff} dt] ) (3.17)

Ro

Now notice that,

T t T t
E[/ (// 3;K(l‘,S,Z)/J.(deZ)> ﬁ(t)dt] =/ E[(// 8,K(t,s,z)u(dsdz)> ﬁ(t):| dt
0 0JR 0 0JR
T ‘
=/ IE[// atlc(t,s,z)@s,zﬁ(t)A(dsdz)} dt
0 0J/R

T pt
:EU // B,K(z,s,z).%_zﬁ(z)A(dsdz)dt] (3.18)
0 JOJR

where we have used Fubini’s theorem and the duality formula (Proposition 2.7). By substi-
tuting (3.18) into (3.17), and taking the conditional expectation given F; we get that

t

T
IszEU {(b(t,t)—b(t,t))E[ﬁ(t)IJ%]+f (bt ) = b, ) ds E[p0)]F]
0 0
t
+/f (duic(t.5.2) — atm,s,z))E[.%zﬁ(r)\ﬁ]A(dsdz>}dr
0JRRg

T R R T
_f 3, HE (1) (X(t)—X(t)) dt+/ / E[q@t, I F ]k, t,2) —/?(t,t,z)]A(dtdz)].
0 0 JR

Hence
T )
h+bh<E [/ (Hg @) = Hy ") + B )
0
—HP (1) — oM () (X(t) - X(z))) dt]

T 0 O A~
=FE [/ (HF,u(t) — H]F,u(t) - axHJFsu(;) (X(t) - X(t))) dti| <0, (3.19)
0
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dt x dP a.e. by the maximality of # in (3.14) and the concavity condition (3.13). Hence
J(u) < J() and # is an optimal control for (3.1). This conclusion is reached applying a
separating hyperplane argument to the concave map (3.13). O

Notice that a result analogous to Theorem 3.7 can also be obtained when working under
the initially enlarged filtration G. Though the next result might not be of direct applicability
in view of the anticipated information included in G, the study has mathematical validity.

Remark 3.8 The transformation rule under (3.5) allows for the use of an Itd-type formula in
the context of Volterra dynamics. If the equation would not present Volterra structure in the
stochastic integral part (i.e. in the coefficient «), then the requirement (3.5) is clearly lifted.

Proposition 3.9 (Sufficient maximum principle with respect to G). Let A € L. Let i € A®
and assume that the corresponding solutions X (t), (p, ¢) of (3.2) and (3.10) exist. Assume
that:

e x —> G(x) is concave.
e Foranyt, p, q, the function

X > esssup,eg, H{E, A u, x, P.q), X €EE&R (3.20)

is concave in Xx.
e Forallt €10, T],

esssup,eg, H(t, A, v, X, p.§) = H(t. A i, X, p.§). (3.21)

Then it is an optimal control for the problem (1.5).

Proof Once considering the filtration G, the arguments in the proof of Theorem 3.7 leading
to

T ~ ~ A~
Jw) — J(@) <E [/ (H"(t) — M) — 0, HE (1) (X(t) — X(t))) dt] <0
0

apply directly without conditioning. O

4 Necessary maximum principles with time-change

Hereafter we study necessary conditions to identify the possible candidates for optimal con-
trols. This can be a useful starting point before applying a verification theorem to ensure
optimality. We remark that our results relax the condition of concavity present in Theorems
3.7 and 3.9. However, we introduce some other assumptions on the set of admissible controls
and the first variation process of the forward dynamics (3.2).

In the literature we find a first version of necessary maximum principle for Volterra
dynamics in Agram and @ksendal (2015). There the driving noises were the Gaussian and
the centered Poisson random measure. Our work goes beyond these noises.

For any ¢ € [0, T'], we consider a random perturbation of the type

IB(S) = O[t]]-[l,l"rh](s)a s € [O! T]7 (41)

where «; is a bounded F; measurable random variable and 4 € [0, T — ¢]. We make the
following assumptions:
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1. The set of admissible controls AF is such that, for all u € AF,
u+ep e AF,

for all perturbations $ as in (4.1) and all ¢ > 0 sufficiently small.
2. The first variation process X (), t € [0, T'], given by the derivative

X(t) == 0. X TP (4.2)

(see (3.2)) exists and is well defined.

3. 3,b(z, s) and 9,b(¢, s) are well defined and C! with respect to ¢ with partial derivatives
L2-integrable with respect to dt x dP. 9,k (t, s, -) and d,k(¢, s, -) are well defined and
C! with respect to # with partial derivatives L2—integrable with respect to dA x dP.

4. 0yk(t,s,z) and 9,k (¢, s, z) are such that, forall z € R A € [0, oo)z, uel,x €R,the
partial derivative of d,« + 9,« with respect to ¢ is locally bounded (uniformly in 7) and
satisfies

[0 (0xk (11, 5, 2,) + Qukc (f1, 5, 2)) — 0 (0xk (12, 5, 2,) + duk (f2,5,2))| < K|t1 — 1],
for some K > 0 and for each fixed s < ¢, A € [0, oo)z, uel,x eR.

Assumption 2. above implies that
t
X(1) = / (8xb(t, $)X(s) + dub(t, s)ﬂ(s))ds
0

t
+ / / (3t 5. 2 + 81,5, B(s) ) u(dsd).
0JR

exists and is well defined, whereas assumption 4. ensure us to be able to apply the transfor-
mation rule for X.

Remark that sufficient conditions that ensure the existence of the first variation process
are that b and « are in CI(L{) uniformly for all 5,7 € [0, T] A € [0, oo)z, x € R and that
(Oxb(t, $)X(s) + 9,b(t, s)B(s)) and (Oxk(t,s,2)X(s) + 9,k (t, s, z)B(s)) satisfy the linear
growth and Lipschitzianity conditions of Theorem 3.1.

As above we consider the performance functional (3.1) with the related conditions on
F and G as in Sect.3. We also continue using the compact notation there introduced, see
Notation 1.

Theorem 4.1 (Necessary maximum principle with respect to IF). Let & € L. Suppose that
i € AF and the corresponding solutions X, ( D, q) of (3.2) and (3.10) exist. Assume also
that P-a.s. F € CY(U) forallt € [0, T] A € [0, 00)?, x € R. If; for all perturbations B as
in (4.1), we have that

9 J (it + &B)]e=0 = 0, (4.3)
then
9 H" (1) = 0. (“4.4)
The converse also holds true.
Proof With (4.2), we consider for u € AF and the perturbation (4.1),

¢ J (u + &f)e=0
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T
=K [/ O F (@, d, u(t), X(T)X () + 9 F (2, Ar, u(t), X(1))B(1)) dt
0
+0: G(X(T)X(T)]. (4.5)

By considering a suitable increasing family of stopping times converging to 7 as in @ksendal
and Sulem (2014) Theorem 2.2, we may assume that all the local martingales appearing here
are true martingales. From (3.12), the transformation rule (Lemma 3.2) and the Itd formula
for the product, we find that

E[0:G(X(THX(T)] = E[p(T)X(T)]
T T
=E |:/ p(t) (0xb(t, )X (t) + 9,b(t,1)B(t))dt — / X ()0, H(t)dt
0 0
T t
+ / p() (/ (0:0xD(t, )X (s) + 0:0,b(2, s)B(s)) ds) dt
0 0
T t
+ / p(t) (// (O Oxkc (2,5, 2)X(8) + 3 duk (2,5, 2)B(s)) u(dsdz)) dt
0 0JR

T
+ / / Q(S,Z)(axk(t,t,z)x(t)+3ui<(t,t,z)ﬂ(t))1\(dtdz)}-
0 JR
Now, recalling equality (3.18), and taking the conditional expectation under F; we get that

E [p(T)X(T)]
T t
=E[ / {axbu,r)E[p(znf,H / 0,0,b(1. $)ds E[p(1)|F]
0 0
t
+// Ay ik (t, s, 2)E [@s,zp(t)m]A(dsdz)}xa)dt
0JR
T t
4 / {aub(r,rﬂE[p(r)mH / 8,0,b(1. $)ds E[p(t)| 7]
0 0

t T
+ f / Budhi (1,5, 2)E [Qv,zp(t)IE]A(dst)}ﬂ(t)dt— / 8 H (D)X (1)d1
0JR 0

T
+/ / (Oxkc (2,2, 2)X (@) + Oy (2, 1,2) (1)) Elq(z, 2)|F] A(dtdz)} .

0 JR

So that, from (3.12), we can write
T
E [/ Ox F (&, A, u(t), X)X (1) + 0, F (£, A, u(t), X(1))B (1)) dt + 3xG(X(T))X(T)]
0
T T T
=E [/ A H™ ()X (1)dt — / A HT ()X (1)dt + / BMH]F’”(t)ﬂ(t)dt] . (4.6)
0 0 0

Summarizing, equation (4.5) together with (4.6) and the perturbations in (4.1) give

T t+h
0 J (u+eB)le=o = E [f 3L¢HF’"(I)ﬂ(l‘)dt] =E [/ M (s)ds 0([] N CH))
0 t

and, for i, (4.3) gives

9 J (it + €B)]e=0 = 0.
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Applying the Fubini theorem to the right-hand side of (4.7) and differentiating at 7 = 0 we
obtain

E [am“(t) at] —0,

for all o; bounded and F; measurable. Hence

E [auH“(r)

f,] =3, H5 (1) = 0. (4.8)

Vice versa, if (4.8) holds, we can reverse the argument to obtain (4.3). ]

As in Sect. 3, for the sake of completeness, we propose a necessary maximum principle
under the information flow G. This refers to the optimization problem (1.5). In this case we
assume that, for all u € A%, u + ep € AC for all perturbations 8 as in (4.1) and ¢ > 0
sufficiently small.

Prop05|t|on 4.2 (Necessary maximum pr1n01ple with respect to G). Let . € L. Suppose that
i € A and the corresponding solutions X (P, q) of (3.2) and (3.10) exist. Also assume
that F € CY(U) forallt € [0, T] X € [0, 00)?, x € R. If; for all perturbations B,

e J (U + &B)|e=0 =0, 4.9)
then
9H (1) = 0. (4.10)
Conversely, if (4.10) holds, then (4.9) is true.

Proof The argument in the proof of Theorem 4.2 leading to

T ~
deJ (it + €f)]s=0 = E [/ 3L¢H“(t)ﬂ(t)dl]
0

still holds with no need to use conditional expectations. Since i and ii + € are G-predictable,
we obtain

T t t
E[/ {Bul;(t,t)ﬁ(t)-i-/ aua,é(z,s)dsﬁ(tH/f Buatk(t,s,Z).@s,zﬁ(t)A(dsdz)}ﬂ(t)dt
0 0 0JR

T T .
+ / / (auf?(t,uz)ﬁ(t))é(t,z)A(dtdz)] =IE[ f auH”(t)ﬁ(wdt],
0 JR 0

where we have used the definition of H as in (3.9). We conclude as in Theorem 4.1. ]

5 A maximum principle approach in optimal harvesting

We now go back to the optimal harvesting problem within fishery, where the population
dynamics is given by the dynamics (1.1). We recall that our starting point are Gushing (1979),
Brauer (1976), Gripenberg et al. (1990), where the authors consider deterministic Volterra
models to model population growth and, following e.g. Brites and Braumann (2017), Aovarez
and Shepp (1998), we introduce some random fluctuations that will affect the population
growth. Hence, the dynamics considered are of type (1.1):

t t
X" (1) = Xo+ (r(t,s) — Ku(s)) X" (s)ds +/ o(s)X"(s)dB(s), te€][0,T], (5.1)
0 0
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where r(t,s) : [0, T]> — R, 0(s) : [0,T] — R, K > 0, Xo > 0. Here, B is the
conditional Gaussian measure. We assume that (5.1) admits a solution, that (¢, s) is C2 with
respect to both 7 and s, and that o is C! with respecttot and o (t) > —1 forall s € [0, T],
z € R. Lastly we assume r(z, s), d;r(t, s) and o (¢) are in L2(dr). For sufficient conditions
that guarantee the existence of a solution of X we refer to Theorem 3.1. In the context of
optimal harvesting of fish, r represents the growth rate, K the catchability coefficient, and
the control u is the fishing effort.
Let us define

7 :=inf{t € [0, T], such that X“(r) =0} A T.

Then we can see that X“(¢) = O forall r > 7. Infact, for0 < t <t < T, we have that (1.1)
can be rewritten as

X(@) = Xo+ _/()T(r(r, s) — Ku(s))X(s)ds + /Or o (s)X(s)dB(s)
+ ft(r(t, 5) — Ku(s))X (s)ds + /[U(S)X(S)dB(S) + /Or(r(t,S) —r(z,5))X(s)ds
=X(1) + /l(r(hs) — Ku(s))X(s)ds + /t o (s)X(s)dB(s)
+ /ot(r(t, s) —r(t,$)X(s)ds,
Being X (0) = X > 0 and the process X continuous, we have that X is strictly positive, up
to restricting ourselves to the interval [0, t].

Our goal is to characterise the optimal solution to maximization of the performance func-
tional

T
Ju)=E [/ e"S(T”)X(t)u(t)dt] , (5.2)
0

where u € AF, § > 0. In the context of optimal harvesting this can be regarded as the
aggregated net discounted revenue, see Belyakov and Veliov (2016). Following the approach
given in this work, we consider the Hamiltonian functional (3.9), which can be here rewritten
as

H (1) = e T DuX(0) + (r(t, 1) — Ku®) X () p(t) + o ()X ()g(HAP
t
+/ orr(t, s)X(s) — Ku(s)ds p(t),
0

where the backward dynamics for p are given by

t
dp(t) = e T Dy(r)dr + <r(t, 1+ / dr(t, s)ds) p(dt + o (q()rBdr + q(1)dB(1)
0
p(T) =0. (5.3)
Also, we consider the mapping HF in (3.12):
HO @) = e T Du@ X (1) + (r(t, 1) — Ku@®) X (OE[p(t)| 7]

t
+U(t)X(t)]E[q(t)|ft]?»,B+/0 Or(t, )X (s) — Ku(s)ds E[p(t)| F;].
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From Theorem 4.1 we see that a necessary condition for an admissible control i to be optimal
is that, for all r € [0, T'], BMHF’ﬁ(t) = 0. Furthermore, from Theorem 3.7, being the map
(3.13) trivially concave, the condition 9, HE- (t) = Ois also sufficient for the maximality. In
particular this means that an admissible control # is optimal if and only if

TR (1) = KX(OE[H(0)IF . (5.4)
Namely, for all ¢ € [0, 7]
E[p(1)|F )= K e ®TD, (5.5)

To find a solution to (5.3) with respect to the information flow G, we use a Girsanov
change of measure as presented in Di Nunno and Karlsen (2015). Define the measure QQ by
dQ = M(T)dP(T) onGr, where

dM(t) = M(t)o (t)dB(t)
M(@O) =1. (5.6)

An explicit solution for (5.6) is obtained by the It6 formula [see Di Nunno and Karlsen
(2015)] and is given by

t t 1
M(t) = exp {/ o (s)dB(s) —/ E(7(5)2)Lf’ds}, t [0, T].
0 0
We thus have that, under the measure Q,
dB°(t) = dB(t) — o ()AEdr,
is a G-martingale. Equation (5.3) can now be rewritten under QQ as
t
dp@) = e *T D) dr + <r(t, 1+ / ar(t, s)ds)ﬁ(t)dt +G4(t)dB° (1)
0
p(T) =0, 5.7

Thanks to Di Nunno and Sjursen (2014) we know that (5.7) admits a unique solution (p, ¢)
and that the process p is given by

T s
p(t) = ]E@[/ exp{/ F(v)dv} e_s(T_S)ﬁ(s)ds],
t t

where we defined 7(¢) :=r(t, 1) + f(; oyr(t, s)ds. We thus obtain that

T K
E[ﬁ(t)|]—}i|=E|:ﬁ/t exp{/t f(v)dv}e_s(T_s)ft(s)ds‘f,]. (5.8)

Substituting (5.8) in (5.5) we obtain a characterization of (7).
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