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1. Introduction

Let k& be a perfect field and let X be a smooth, quasi-projective and geometrically
connected k-scheme. A very classical tool in the study of the geometry of X is given
by the Albanese variety Albx of X, the universal Abelian variety receiving a map from
X (up to the choice of a base point). When X is a smooth curve, the Albanese variety
coincides with the Jacobian variety Jac(X) of X, and essentially every invariant of X can
be recovered from it. In higher dimension, the Albanese variety is still an important tool
for gathering information about the Chow group CHy(X) of zero cycles of X. Extending
the Albanese map by linearity, there is in fact a well-defined morphism (now independent
on the choice of a base point)

ax: CHo(X)? — Albx (k). (1.0.1)

Much is known, at least conjecturally, about this map. If X is proper over an algebraically
closed field, a famous theorem of Rojtman [54] asserts that ax is an isomorphism on
torsion subgroups (at least modulo p-torsion in characteristic p > 0, which was later
fixed by Milne [47]). If k is finite, the kernel of ax can be explicitly determined by
geometric class field theory [34]. If k is the algebraic closure of a finite field, then a
theorem of Kato and Saito (see again [34]) asserts that ax is in fact an isomorphism, a
statement that is conjectured to be true even when k = Q as consequence of the Bloch-
Beilinson conjectures. This is far from being true over the complex numbers, as shown
by Mumford.

When X is no longer proper, both sides of (1.0.1) need to be modified. It is already
clear from the case of curves [62] that one can consider a more general class of com-
mutative algebraic groups as target of a map from X, including Abelian varieties, tori,
and their extensions, i.e. semi-Abelian varieties. Serre [61] (see also [22]) showed that
the problem of finding a universal map to a semi-Abelian variety has always a solution.
The corresponding universal object is now known as Serre’s Albanese variety: it agrees
with the usual Albanese variety if X is proper.

Using Serre’s semi-Abelian Albanese variety it is possible to extend the Albanese
morphism to every smooth quasi-projective variety.* As observed by Spie and Szamuely

4 At least after inverting the exponential characteristic of the ground field, in an appropriate sense.
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[64], every semi-Abelian variety, seen as étale sheaf on the big site Sm(k), has a natural
structure of étale sheaf with transfers, i.e. it enjoys an extra functoriality with respect
to the category of finite correspondences Cor(k) introduced by Suslin and Voevodsky.
Since every map from an affine space to a torus or to an Abelian variety is constant,
such sheaves are moreover A'-homotopy invariant.

These two facts are essentially enough to show that the assignment X — Alby (here
Alby is the non-connected algebraic group whose neutral component is exactly Serre’s
semi-Abelian Albanese) can be promoted by left Kan extension to a motivic “realization”
functor

LAlb: DME (k, Q) — D(HI<1,4(k, Q)) (1.0.2)

defined on the oco-category of Voevodsky’s effective motives DME?(Z{:,Q), i.e. the full
subcategory of the derived oo-category of étale sheaves with transfers D(Shvii(k,Q))
whose objects are Al-local complexes, taking values in the derived oco-category of the
Abelian category HI<1 ¢ (k, Q) of 1-motivic sheaves with rational coefficients: this is the
full subcategory of étale sheaves with transfers generated under colimits by lattices (i.e.
étale sheaves L such that L(k) = Z") and semi-abelian varieties (see [, Prop. 1.3.8]).
It is naturally a full subcategory of the abelian category of homotopy invariant sheaves
with transfers. This result can in fact be refined to integral coeflicients by considering a

more exotic (and probably not fully faithful) functor
Ru: D(HI<, &) — DML (k, 22),

and by constructing L Alb as its left adjoint (this functor is in fact much more mysterious,
and we will not take it in consideration). This result, due to Ayoub and Barbieri-Viale
[1, Thm. 2.4.1] (extending Barbieri-Viale and Kahn [15] to non necessarily geometric
motives) has several consequences. First, it provides a construction of an Albanese map
for arbitrary motives (in particular, for every separated k-scheme of finite type, not nec-
essarily smooth or proper), giving for example vast generalizations of the theorem of
Rojtman [15, 13]. Second, the Albanese functor is now a derived functor: it has higher
homotopy groups L; Alb(M) = m;(L Alb(M)) for every M € DM (k,Q), encoding
information such as the Néron-Severi group of a variety (see [15, Thm. 9.2.3]). More-
over, the functor L Alb in (1.0.2) can be identified with the left adjoint of the derived
functor i?}weﬂ of the natural embedding HI<; ¢ (k,Q) C Shvi(k,Q). One can show

that i?}vleﬁ is fully faithful, and its essential image coincides with the stable co-category
D./\/liﬁ;(k, Q) generated by the motives of curves. If we restrict ourselves to compact ob-
jects,_D(HISLét(hQ))“ coincides with the (bounded) derived category of the Abelian
category of Deligne 1-motives introduced in [18]. In fact, the properties of (1.0.2) are
essential in the “motivic” proof of Deligne’s conjectures on 1-motives, see [15, Part 4]

and [68].
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Our goal in this paper is to extend the picture sketched above in order to include a
more general kind of algebraic groups in the definition of the Albanese variety. Thanks
to Chevalley’s structure theorem, any connected commutative algebraic group over a
perfect field can be written as an extension of an Abelian variety by an affine smooth
group scheme, which splits as a product of a torus by a unipotent commutative group.
As observed by Serre, however, the problem of finding a universal map from a smooth
variety X to an arbitrary commutative algebraic group does mot have a solution in
general (namely, when X is not proper), whence the classical restriction to semi-Abelian
varieties. A solution does, however, exist, if a bound on the dimension of the tangent
spaces of the groups is imposed. Let us assume that k has characteristic zero (and keep
this assumption throughout the rest of the Introduction, see Proposition 3.20). Faltings
and Wiistholz [22] realized that when X admits a smooth compactification X with
normal crossing boundary D, it is possible to use any finite dimensional subspace of
the vector space H°(X, Q%) to give such a bound. A natural choice is to use for n > 1
the subspaces H°(X, Q%(nD)) of regular 1-forms on X having poles of order at most n
along D. The resulting universal object Alb(Y,nD) depends on the pair ¥(") := (X,nD)
in a functorial way. This gives a generalized Albanese morphism

ax @ Q: Qu(X) = Albym ®z Q,

which is a surjective morphism of étale sheaves with transfers with rational coeffi-
cients (here Qq.(X) denotes the étale sheaf of Q-vector spaces represented by X). The
generalized Albanese Albyn is an extension of Serre’s semi-Abelian Albanese of X
(independent on the choice of the compactification X) by a unipotent group. If X is a
curve, Alby() = Jac(X,nD) is exactly the generalized Jacobian variety of Rosenlicht
and Serre [62], and in higher dimension it is the generalized Albanese with modulus
considered in [13], [7] (see also [56], [57]).

By varying n, we get a pro-object in the category of commutative algebraic groups
up to isogeny lggn "Alby ), which satisfies an obvious universal property, see Propo-
sition 3.22.

In fact, we can give a finer result. Let RSCyq; <1 (k, Q) be the full (abelian) subcategory
of the category of étale sheaves with transfers Shvi;(k, Q) generated under colimits by
commutative connected k-group schemes of finite type and lattices. Note that we clearly
have HIg <1(k,Q) C RSCq¢ <1(k, Q). Write Comp(X) for the category of normal
compactifications X of X such that the complement X — X is the support of an effective
Cartier divisor.

Theorem 1.1. (see Theorem 4.26) Assume that the characteristic of k is zero. The em-
bedding RSCe; <1(k, Q) C Shvi; (k,Q) has a pro-left adjoint:

Alb: Shv{(k,Q) — pro-RSCq <1 (k, Q), (1.1.1)

induced by colimit from
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for any choice of X € Comp(X) smooth.

It is natural to ask for a derived version of the above Theorem, in the spirit of the
result of Ayoub, Barbieri-Viale and Kahn. However, since unipotent group schemes are
Al-contractible, (1.1.1) cannot be extended to D/\/lgff(k,@) in a non-trivial way, i.e.
without simply collapsing to the subcategory HI; <1(k, Q), recovering (1.0.2).

Our solution to this difficulty is to extend the construction to a framework in which
Al-contractibility is no longer a problem. This is achieved by passing from the world
of algebraic geometry to the world of logarithmic algebraic geometry, in the sense of
Fontaine, Illusie, Kato and others. Over a field k (seen as log scheme with trivial log
structure), we can, roughly speaking, replace schemes with log pairs X := (X,0X),
where X is the underlying k-scheme and 0X is a log structure supported on a Cartier
divisor (the so-called compactifying log structure associated to the open embedding of
schemes X — |0X| — X).

For X a smooth log-smooth scheme (i.e. a log scheme such that the underlying scheme
is smooth and the log structure is supported on a normal crossing divisor, see 2.1.1), we
write X° := X —|0X| and Comp(X) for the category of normal compactifications X
of X such that X — X° = |0X|+ D, for D an effective Cartier divisor. We can then
consider the pro-algebraic group

Albx :=“lim ", Albx |5 x| ., 1nD)

as an invariant of the log scheme X. Note that we recover the previous pro-Albanese
in the case where X = (X triv), i.e. the scheme X seen as log scheme with trivial log
structure.

In order to exploit this formalism, we need another observation. Any commutative
group scheme G (not just semi-Abelian varieties) gives rise to an étale sheaf with transfers
(still denoted G) on Sm(k). As such, it belongs to the subcategory RSCe(k,Z) of
Shv¥i (k,Z) of reciprocity sheaves. Its objects satisfy the property that each section a €
F(X) for any X € Sm(k) “has bounded ramification”, i.e. that the corresponding map
a: Zy(X) — F factors through a quotient ho(X) associated to a pair X = (X, D) where
X is a proper compactification of X and D is an effective Cartier divisor such that
X = X — |D| (we refer to such a pair as a Cartier compactification of X). Thanks to
[60], every reciprocity sheaf F' is logarithmic, i.e. it can be extended in a unique way to
a functor Log(F') defined on the category SmlSm(k) of smooth log schemes over k (see
also [8] for an alternative construction). In fact, we have that (with rational coefficients)

Log(F) € 1ogClI, C Shvgeft(k, Q)

where Shv!il, (k, Q) is the category of dividing étale sheaves with log transfers introduced
in [11, Section 3] (see also [10]), i.e. sheaves for a certain Grothendieck topology on the
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category 1Sm(k) of log smooth log schemes over k, equipped with an extra transfer struc-
ture with respect to an extension of Voevodsky’s category of finite correspondences. The
topology is generated by étale covers of the underlying schemes together with admissi-
ble blow-ups with center contained in the locus where the log structure is non-trivial.
The category logCI,, is the Grothendieck abelian category [8, Thm. 5.7] of strictly
O := (P*, co)-invariant sheaves (here (P!, o0) denotes the log scheme P! with compact-
ifying log structure given by the open embedding A! < P!). Again by [8, Thm. 5.7], it
is the heart of a t-structure, called the homotopy t-structure, on the oo-category of effec-
tive log motives logDM®T (k, Q) [11], i.e. the full subcategory of the derived co-category
D(Shv', (k,Q)) consisting of T-local complexes. By Saito’s theorem, we have actually
a fully faithful embedding (see (2.10.1))

wSl: RSCy,<1(k, Q) — logCIL,, C Shvi (k,Q), (1.1.2)

and passing to the derived co-categories, a functor

eff L—
WEPMT L D(RSCy <1 (k, Q)) — D(Shvl, (k, Q) —% logDM (k, Q),

where Lg is the localization functor.

If we put these facts together, we see that for each (X,0X) € SmlSm(k), each
smooth compactification (X,|0X| + D) € Comp(X) and n > 1, we can construct a
strictly C-invariant sheaf ST (Albx x|, np)) defined on the category of log smooth
log schemes over k. This extends to the motivic category in the following way.

Theorem 1.2 (Theorems 6.1 and 7.3, Proposition 7.4). Assume that the characteristic of

eff
k is zero. The functor wl<°1gDM has a pro-left adjoint, the log motivic Albanese functor:

L AIb 8 1ogDM T (k, Q) — Pro-D(RSCq; <1 (k, Q)),

where Pro- means the pro-co-category, which fits in a commutative diagram:

D(HI<; (k,Q)) —— Pro-D(RSC<(k,Q))

LAlb<,
/ TLAlblog

DM (k,Q) —— DM (k,Q) —— logDM*(k,Q),

where L Alb<y is the (restriction of the) functor L Alb of Ayoub, Barbieri-Viale and
Kahn (1.0.2), w* is the natural comparison functor

w*: DM (k, Q) — logDM ™ (k, Q),

which is fully faithful by [11, Thm.8.2.16]. Moreover, the functor wléofDMeH is fully faith-
ful and its essential image is the full stable co-subcategory of log’D/\/leff(k7 Q) generated
by w*DMZ] (k,Q) and Gq[n].
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The proof of the above theorem is fairly technical, and requires new ingredients com-
pared to the argument given in [1] (among which some very explicit computations). We
would like to stress that the formalism of stable co-categories is essential to generalize the
usual construction of derived functors (via resolutions) to pro-adjoint functors between
derived categories, as we explain in Appendix A.

Theorem 1.2 in particular asserts that for all X € Sm(k) and G a commutative
algebraic group (with rational coefficients), we have an equivalence

RT¢ (X, G) = Mapygep pger 1o, p) (M (X, triv), Log(G))
~ Mapp,, p(RsC, o) (L AIDE(X, triv), G).

In particular, the pro-object LAlblog(X ,triv) represents the étale cohomology of G. A
similar object was considered in a letter from Grothendieck to Serre [24, August 9, 1960],
where for every smooth variety X, a complex of pro-agebraic groups J, was constructed
by the use of local cohomology, such that Hom(J,, G) computes the Zariski cohomology
of GG. The reference to the existence of this object was suggested to us by B. Toén, we
thank him for this.

For X € SmISm(k), we determine the homotopy groups ;L Alb'°8(X) completely:

Theorem 1.3 (Theorem 6.13). Let X € SmlSm(k) geometrically connected and (X, D)
a Cartier compactification of X. Then we have that

“lim (HY(X,O0x¢(nD))Y @ Gq) for 2 <4 < dim(X)
1 “Yim *((H! (X, 05 (nD)/H' (X,030) @6Ga) o i — 1
m; L AIb°8(X) = BNS"(X—|0X)©zQ
Alb*5(X) fori=0
0 otherwise,

where NS*(X — |0X]) is the dual torus to the Néron-Severi group of X — |0X|, and for
V' a k-vector space, VV denotes its linear dual.

As an application, we can identify the compact objects of logD./\/l%Hl(k, Q): our result
generalizes [15] on Deligne 1-motives to the case of étale Laumon 1-motives:

Theorem 1.4 (Theorem 8.16). Let M & be the category of étale Laumon 1-motives (see

eff
8.1 and 8.3). Then the functor wl<°1gDM preserves compact objects and it induces an
equivalence

D'(M{ 4 ® Q) <> logDMZ, . (k. Q)

where the right-hand side is the co-subcategory of compact objects of logD./\/lCSHl (k, Q).



8 F. Binda et al. / Advances in Mathematics 417 (2023) 108936

Finally, we remark that it is essential to use the étale topology with rational coefficients
from the beginning in Theorem 1.1 for the following reason: the map Z,(X) — Albx
is surjective in the étale topology (and not in the Nisnevich topology), which forces us
to work in the category of étale reciprocity sheaves (a similar issue occurs in Ayoub and
Barbieri-Viale, where they are forced to work in HIg). On the other hand, it is not
known in general that the category of étale reciprocity sheaves is closed under quotients,
and the reason is the following: if X is an Henselian local scheme, then its generic
point is again Henselian local. On the other hand, if X3" is a Henselian, its generic
point is not going to be strictly Henselian anymore. This forces us to use rational co-
efficients to exploit Voevodsky’s theorem and conclude that RSCg (k, Q) is an abelian
category.

1.1. Outline

We now give a brief outline of the contents of the various sections of this paper.

In Section 2, we give a quick reminder of the theory of reciprocity sheaves and modulus
sheaves with transfers as developed in [30], [31], [40] and [59]. We also give a quick
recollection of the material in [11] and [8] on logarithmic motives and we prove some
basic result with rational coefficients. In Section 3, we construct the Albanese map with
modulus as a universal object in the category of reciprocity sheaves and compare it with
the usual Albanese map and the Albanese group scheme of [7]. In Section 4 we introduce
the categories of n-reciprocity sheaves by a suitable modification of the techniques of
[1]. We prove that the category of O-reciprocity sheaves agrees with the category of 0-
motivic sheaves of [1]. We show the existence of a pro-left adjoint Alb'®® of the fully
faithful embedding of 1-motivic sheaves into the category of dividing étale sheaves with
log transfers, or “logarithmic sheaves” for short (again with rational coefficients).

Section 6 is the most technical one: we prove that the category of logarithmic sheaves
admits enough BC-admissible objects (in the sense of the Appendix A) and deduce the
existence of a pro-left derived functor L Alb'°®. The techniques in particular are fairly
different from the corresponding one in [1], although the general structure of the proof is
similar. Next, we prove that the functor L Alb'°® factors through logDM®! and that on
DM it agrees with the motivic Albanese map of [1] (note that this result is optimal,
see Remark 6.21). After that, we compute L Alb'°8(G,) thanks to an explicit resolution
(the Breen-Deligne resolution of the algebraic group G, ), deducing the full faithfulness
of the inclusion D(RSC<1 ¢ )(k, Q) — logDM ™ (k, Q).

In Section 6.3, we perform several computations, and we identify precisely L Alb(X)
for X € SmlSm(k), proving Theorem 1.3. We also pose some questions about the
behavior of the higher pro-Albanese sheaves in some special geometric situations. In
Section 8 we consider the category of étale Laumon 1-motives, and prove that they are
motivic in the sense that their bounded derived category agrees with the category of
compact objects in the category of logarithmic 1-motives, as explained in Theorem 1.4.
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Finally, in the Appendix A we introduce the notion of BC-admissible objects in a sta-
ble co-category and generalize the notion of a derived functor to pro-adjunctions between
derived stable oco-categories which are not in general induced by Quillen adjunctions.
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Warning 1.5.

(i) In the whole paper, we will commit the following abuse of notation: for G a smooth
commutative group scheme, we still write G for the associated étale sheaf with
transfers. For a ring A, we often write G € Shvg (X, A) for the sheaf G ®z A. Notice
that if A is torsion free, the functor  ®yz A is exact, hence if

1-H->G—-Q—1
is an exact sequence of commutative algebraic groups, then
0>H®zA—>GRzA—=Q®zA—0

is an exact sequence of étale sheaves with transfers.

(ii) We will use the following two notations:
pro-: the pro-category of an abelian category, which is itself abelian
Pro-: the pro-co-category of an oo-category.

2. Reciprocity sheaves and logarithmic motives with rational coefficients

We work over a fixed ground field k, which is assumed to be perfect. Let A be a
(commutative) ring of coefficients. In this section, we recall the main results on reciprocity
sheaves and logarithmic motives and we state some general results on the categories with
rational coefficients.

Let Sm(k) be the category of separated smooth schemes of finite type over k, and
let Cor(k) be the additive category of finite correspondences. It has the same objects
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as Sm(k), and for X,Y € Sm(k), the hom group Cor(X,Y) is the free abelian group
on the set of integral closed subschemes of X x Y which are finite and surjective over a
connected component of X (see [50, Def. 1.1]). We denote by PSh" (k, A) the category
of additive presheaves of A-modules on Cor(k), whose objects are called presheaves with
transfers. For X € Sm(k), we let Ay;(X) = Cor(—, X)®z A be the representable object.
For 7 the Nisnevich or the étale topology, we let Shv' (k,A) € PSh"™(k,A) be the
category of T-sheaves with transfers and we let

a¥: PSh* (k,A) — Shv¥(k, A)

be Voevodsky’s 7-sheafification functor: it is induced by the classical sheafification
functor defined on the category of presheaves of A-modules without transfers. Let
HI C PSh"(k, A) be the category of Al-invariant presheaves, i.e. objects F' such that
the projection X x A — X induces an isomorphism F(X x A') = F(X) for every
X € Sm(k). Set HI, = HINShvY(k,A) C Shv' (k, A).

We recall the following result:

Proposition 2.1 (/50], Cor. 14.22, Prop. 14.23). Let A be a Q-algebra. Then for every
F € PSh" (k, A) we have anisF = ag F'. Moreover, for all smooth X and n > 0 we have

HIGls(X7 F) = H:t(X7 F)
2.1. The co-category of logarithmic motives

We recall the construction of the co-category of logarithmic motives of [11] and some
properties. The standard reference for log schemes is [51]. We denote by 1Sm(k) the cat-
egory of fine and saturated (fs for short) log smooth log schemes over Spec(k), considered
as a log scheme with trivial log structure.

2.1.1. Log geometry

For X € 1Sm(k), we write X € Sch(k) for the underlying k-scheme. We also write 0X
for the (closed) subset of X where the log structure of X is not trivial. Let SmlSm(k)
be the full subcategory of 1ISm(k) having for objects X € 1Sm(k) such that X is smooth
over k. By e.g. [11, A.5.10], if X € SmlSm(k), then 0X is a strict normal crossing
divisor on X and the log scheme X is isomorphic to (X,9X), i.e. to the compactifying
log structure associated to the open embedding (X \ 0X) — X. If X, Y € SmlSm(k),
we will write X x Y for the fiber product of X and Y over k computed in the category of
fine and saturated log schemes: it exists by [51, Cor. III.2.1.6] and it is again an object
of 1Sm(k) using [51, Cor. IV.3.1.11]. Since k has trivial log structure, the underlying
scheme X x Y agrees with X x;Y and the support of (X xY) is |0X| x Y UX x |9Y],
in particular X x Y € SmlSm(k). See [51, §111.2.1] for more details.

A morphism f: X — Y of fs log schemes is called strict if the log structure on X is the
pullback log structure from Y. Geometrically, if both X and Y are objects in Sm1Sm(k),
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this amounts to require that there is an equality 0X = f*(9Y) as reduced normal
crossing divisors on X. For 7 a Grothendieck topology on Sch(k), the strict topology
st on SmlSm(k) is the Grothendieck topology generated by covers {e;: X; — X} such
that e;: X; — X is a 7-cover and each e; is strict. Recall from [11, 3.1.4] that a cartesian
square of fs log schemes

vy 9,y

T

X 2. x

is a dividing distinguished square (or elementary dividing square) if Y/ = X’ = () and f
is a proper log étale monomorphism (see [11, A.11.9] for more details). The collection
of dividing distinguished squares forms a cd structure on SmlSm(k), called the dividing
cd structure. For 7 a Grothendieck topology on Sch(k), the dividing topology dr on
SmlSm(k) is the topology on SmlSm(k) generated by the strict topology s and the
dividing cd structure.

From now until the end of the section, we will consider 7 € {Nis, ét}.

2.1.2. Correspondences and transfers
Following [11], we denote by 1Cor(k) the category of finite log correspondences over
k. It is a variant of the Suslin—Voevodsky category of finite correspondences Cor(k).

5

It has the same objects as SmlSm(k),” and morphisms are given by the free abelian

subgroup
ICor(X,Y) C Cor(X —0X,Y —9Y)

generated by elementary correspondences V° C (X — 90X) x (Y — 9Y) such that the
closure V. C X x Y is finite and surjective over (a component of) X and such that
there exists a morphism of log schemes V¥ — Y, where V¥ is the fs log scheme whose
underlying scheme is the normalization of V and whose log structure is given by the
inverse image log structure along the composition V¥ — X x Y — X. See [11, 2.1] for
more details, and for the proof that this definition gives indeed a category.

Additive presheaves (of A-modules) on the category 1Cor (k) will be called presheaves
(of A-modules) with log transfers. Write PSh!™ (k, A) for the resulting category. As usual,
for X € 1Cor(k) we denote by Ay (X) the representable presheaf 1Cor(—, X)®zA. As in
[8], we let Sﬁs/m(k) be the category of fs log smooth k-schemes X which are essentially
smooth over k, i.e. X is a limit lim,_, X; over a filtered set I, where X; € SmlSm(k)
and all transition maps are strict étale (i.e. they are strict maps of log schemes such

5 Notice that this notation conflicts with the notation of [11] where the objects were the same as 1ISm(k),
although the categories of sheaves are the same in light of [11, Lemma 4.7.2].
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that the underlying maps fi;: X; — X, are affine and étale). For X € SmlSm(k) and
z € X, we put

XM = (X" 0X") € SmISm(k) (2.1.1)

where (X)" denotes the henselization of X at x and (0X)" denotes the pullback of
0X along the henselization map. For F € PSh'"(k,A) and X € Sﬁs/m(k) such that
X =lim,_, X; for X; € SmlSm(k) we put as usual F(X) = lim, _, F'(X;).

We denote by Shv'i¥(k,A) c PSh'™(k,A) the subcategory of dr-sheaves. By [11,
Prop. 4.5.4] and [11, Thm. 4.5.7], the inclusion Shvi’(k,A) ¢ PSh'™(k,A) admits
an exact left adjoint a4, (see [11, Prop. 4.2.10]), and the category ShviZ(k,A) is a
Grothendieck abelian category ([11, Prop. 4.2.12]). For 7 € {Nis,ét}, [L1, Theorem

5.1.8] implies that for F € PSh'"(k,A) and X € 1Sm(k),

H;T(X, airF) = h_r>n H;T(Yv asr F), (2.1.2)
yexgm

where Xgi'vn is the filtered category of log modifications ¥ — X such that Y €
SmlSm(k). The following statement can be shown by imitating the proof of [50,
Prop. 14.23] using (2.1.2).

Proposition 2.2. Let A be a Q-algebra and let F be an object of PSh!'™ (k, A). Then there
is a natural isomorphism

Hinio (X, aanisF) = Hig (X, agecF),
for all X € SmISm(k) and n > 0.

Finally the monoidal structure of SmlSm(k) induces a monoidal structure on
Shv!¥*(k,A), and recall from [11, (4.3.4)] that the functor w'°% : X — X° induces an
adjunction

log

#
S —

Shv'*(k,A) «+—— Shv(k,A) (2.2.1)

wlog

where for Y € Cor(k), wjliogF(Y) = F (Y, triv) and for X € 1Cor(k), wi, F'(X) = F(X -
|0X ). Moreover, since w!°8 is monoidal by construction (see 2.1.1), wéog is monoidal. We

will need later the following immediate result.

Proposition 2.3. For all A € Shv? and B € Shvi:, we have that

* A~ Lk 1
Homgpyiir (4, a) (B, WiogA) = wigeHomgyyir 2y (W B, A).
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2.1.3. Log motives
In light of Proposition 2.2, from now until the end of the section, we will consider one
of the following situations:

e 7 is the Nisnevich topology
o 7 is the étale topology and A is a Q-algebra.

Let D(Shvl(k, A)) be the derived stable co-category of the Grothendieck abelian
category Shv!¥(k,A) as in [43, Section 1.3.5]: it is equivalent to the underlying oo-
category of the model category Cpx(PSh""(k,A)) with the dr-local model structure
used in [11] and [8].

The adjunction (wéog, wl*og) of (2.2.1) induces the following adjunction of co-categories

of sheaves (see [11, 4.3.4]):
Lw,*®: D(Shvyii(k, A)) === D(Shv¥ (k,A)) : Rw,,. (2.3.1)

Finally (see [11, Section 5.2]), let 0 := (P!, 00). Notice that w'°8(0J) = A1

Definition 2.4. The stable oco-category logDMeH(k, A) is the localization of the stable
oo-category D(Shv! (k, A)) with respect to the class of maps

(aar A0 x X))[n] = (ag-A(X))[n]
for all X € 1Sm(k) and n € Z. We let
L0y D(Shvil(k, A)) — logDM (K, A)
be the localization functor. For X € SmlSm(k), we will let M(X) = L, _7(Ai:(X)).

The interested reader can verify that this is equivalent to the underlying co-category
of the model category Cpx(PSh'"(k, A)) with the (J, dr)-local model structure of [11,
Def. 5.2.1] and [8, Def. 2.9]. The derived (triangulated) category of effective log motives
logDM® (&, A) is by definition the homotopy category of logDM®T (K, A).

We recall the following result, which follows naturally from [8, Thm. 5.7]:

Theorem 2.5. The standard t-structure of D(Shv''"(k,A) induces an accessible t-
structure on logDMeﬂ(k,A) compatible with filtered colimits in the sense of [/3, Def.
1.3.5.20], called the homotopy t-structure.

We denote by logCI,, its heart,® which is then identified with the category of strictly
D-invariant dr-sheaves and it is a Grothendieck abelian category. The inclusion

6 In [8], it is denoted by CI'*.
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i logCI,, — Shv!i’(k, A)

admits both a left adjoint hl{": F 7o(Ly4,m)(F[0])) and a right adjoint R, (see [8,
Proposition 5.8]), in particular it is exact and logCI,, inherits a monoidal structure
Itr

from Shvg;(k,A) given by:
F ®1ogc1 G := hy” (iltr(F) @gnylr iltr(G))- (2.5.1)
2.2. Comparison with Voevodsky motives

In this subsection, we assume that k admits resolution of singularities (see e.g. [11,
Def. 7.6.3] for a precise definition). This assumption is always satisfied if ch(k) = 0.

Definition 2.6. Let X € Sm(k). A smooth Cartier compactification or simply a Cartier
compactification of X is a pair (X, D) where X € Sm(k) is proper and D C X is an
effective Cartier divisor with simple normal crossing such that X — |D| = X.

Note that if & admits resolution of singularities, every X € Sm(k) admits a (smooth)
Cartier compactification. This definition is slightly different from the one used in [30]
and [31], where the total space X is not required to be smooth over k, but simply normal.
Under our assumption on k, this difference is irrelevant.

By [11, Prop. 8.2.12], the adjunction of (2.3.1) descends to an adjunction:

LBw%: 1ogDM ™ (k, A) === DM (k, A) : RPwy,, (2.6.1)

where the right-hand side is the oo-category of Voevodsky motives. By [11, Thm. 8.2.16
and Thm. 8.2.17], the functor R‘jwl*og is fully faithful and for X € Sm(k) and (X, D) a
Cartier compactification we have a natural equivalence

RPwi ,M(X) ~ M(X,0X)
with X supported on |D|. In particular, the essential image of Riwl*og is the full sub-
category spanned by M (X) with X € SmlSm(k) and X proper. Finally, by [8, Prop.
5.12] it is t-exact with respect to the homotopy t-structure of 2.5 on logD/\/lCﬁq(k7 A) and
the Morel-Voevodsky t-structure on D./\/leff(k, A). In particular, we have a fully faithful
functor (still denoted by wy,,) HI; — logCI,, between the hearts that commutes with
the inclusions. The following result will be crucial in the proof of Proposition 6.10:

Lemma 2.7. The functor wy,,: HI; — logCl;. admits a right adjoint (in particular it
commutes with all colimits) and is monoidal with respect to the structure (2.5.1).

Proof. By [11, Proposition 8.2.12], the functor Riwl*og has a right adjoint RBw!°®, hence

since Riwl*og is t-excact by [8, Proposition 5.12], the functor induced on the hearts are
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still adjoints by [3, Prop 1.3.17-(iii)]. In particular, the functor wy,, commutes with all
colimits, so to conclude it is enough to show that for X,Y € Sm(k) we have

Wi (WY (X X Y)) = wiht (X) ®rogr wihghd (V),

where h2" : Shv — HL, is left adjoint to the inclusion (the 0-th Suslin homology sheaf).
Thanks to [11, Proposition 8.2.4], for any choice of a smooth Cartier compactification
X C X and Y C Y, by putting as log structure 9X and 9Y associated with the simple
normal crossing divisor X — X and Y — Y, we have equivalences in logD M

R MA'(X) = M(X,0X) and RPwi,MA (Y) = M(Y,dY).
By taking 7, [8, Proposition 5.12] implies that
W (X) = B (X,0X) and w*hd (V) = b (Y, 0Y).
Hence, we have that
W (X) @rogerw B (V) = WY (X, 0X) @1oger b (Y, 0Y) = B (X, 0X) x (Y, 9Y)).

Finally, since the underlying scheme of (X,0X) x (Y,0Y) is X x Y, which is proper,
and the subscheme where the log structure is trivial is X x Y, we have that the log
scheme (X,0X) x (Y,0Y) is a Cartier compactification of X x Y, hence again by [11,
Proposition 8.2.4] we have

B (X, 0X) x (V,0Y)) = w*hft (X x Y),
which concludes the proof. 0O
2.8. The abelian category of reciprocity sheaves

We recall the construction of the abelian category of reciprocity sheaves via modulus
sheaves of [30] and [31] as done in [40] and some properties.

A pair X = (X, D) where X is a proper scheme of finite type over k and D is an
effective Cartier divisor on X is called a proper modulus pair if X —|D| € Sm(k). Let
X =(X,Dx),Y = (Y, Dy) be proper modulus pairs and I" € Cor(X — |Dx|,Y — |Dy]|)
be a prime correspondence. Let I' € X xY be the closure of ', and let fN — X XY be the
normalization. We say that I" is admissible if (Dx )z~ > (Dy )gv as Weil divisors, where
(E)p~ denotes the pullback of the divisor £ to the normalization . By [30, Proposition
1.2.7], proper modulus pairs and admissible correspondences define an additive category,
denoted MCor(k). For X = (X, D) and n > 0, we let X := (X,nD).

We denote by MPST (k, A) or simply MPST the category of additive presheaves
of A-modules on MCor(k), whose objects are called proper modulus presheaves with
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transfers. For X € MCor(k), we let Ay (X) = MCor(—, %) ®z A € MPST be the
representable object.

Definition 2.8. For X € Sm(k), we let Comp(X) be the cofiltered category given by
modulus pairs (X, D) given by Cartier compactifications of X (see [30, Lemma 1.8.2]
and Definition 2.6).
There is a functor:
w: MCor(k) —» Cor(k) (X,D)— X —|D|,

which induces adjoint functors (cf. [30, Pr. 2.2.1]):

w : MPST(k,A) —— PSh"(k,A) : w*
where w* is fully faithful. For X = (X, D) € MCor(k), we have

W' F(X) = F(w(X)) = F(X —|D|).

The functor w) is given by left Kan extension, so that for X € Sm(k) and any choice of
X € Comp(X), we have

wF(X)= lim  F(Q) = lim F(x™). (2.8.1)
NeComp(X) n

where the displayed isomorphism follows from [59, Lemma 1.27 (1)] (with X = 0),
which implies that we have an isomorphism in pro- MPST:

«“ @ ”Ztr(x(n)) oo @ 7’2]€Comp(X)Ztr(@)~

As in the logarithmic case, let O := (P!, 00) € MCor(k) and for any X = (X, D) €
MCor(k) let (see [30])

Xe0:= (X xP, X xoo+DxP?).

We say F' € MPST is O-invariant if for any X € MCor(k), the projection p : X®0 — X

induces an isomorphism
p*: F(X) = F(Xx®0).

We let CI be the full subcategory of MPST consisting of all C-invariant objects. By
[40, Lemma 2.1.2], it is a Serre subcategory of MPST and that the inclusion functor
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i : CI — MPST has a left adjoint hoi and a right adjoint h% given for F' € MPST
and X € MCor(k) by

hg'(F)(X) = Coker(if — it : F(X @ O) — F(X)),

hi5(F)(X) = Hom(hg (%), F),
where for a € k the section i, : X — X®0 is induced by the map k[t] — k[t]/(t—a) = k.
We write RSC(k,A) C PSh"(k,A) for the essential image of CI under wy. It is an
abelian subcategory of PSh* (k, A).

Remark 2.9. By (2.8.1), for F € PSh"(k, A) the following conditions are equivalent:

(i) F € RSC(k,A),
(ii) for every X € Sm(k) and every section a : Z,(X) — F, there exists 2 € Comp(X)
such that a factors through Z,(X) — w!hoi(@),
(iii) for every X € Sm(k) and every section a : Z(X) — F, for any choice of X €
Comp(X) there exists n such that a factors through Z,(X) — wghoﬁ(%(”)).

For 7 the Nisnevich or the étale topology, we let RSC.(k,A) := RSC(k,A) N
Shv(k,A). The objects of RSC(k,A) (resp. RSC,(k,A)) are called reciprocity
presheaves (resp. T-reciprocity sheaves) of A-modules. By [59, Thm. 0.1], the Nisnevich
sheafification restricts to a functor

aYi.: RSC(k,A) — RSCnis(k, A),

which makes RSCyis(k, A) a Grothendieck abelian category (see [40, Corollary 2.4.2]).
Notice in particular that RSCyis(k, A) is closed under sub-objects and quotients in
Shvi. (k,A), and that the inclusion functor i: RSCyis(k, A) — Shvi, (k,A) is exact.
As in [40, Theorem 2.4.3 (1)], we denote by p the right adjoint to the inclusion i.

By [59, Theorem 0.2], each F' € RSChjs(k, A) satisfies global injectivity, i.e. for every
X € Sm connected with generic point 7y, the restriction map gives an injective map:

F(X) <= F(nx).

By Proposition 2.1, if A is a Q-algebra the étale sheafification coincides with the Nis-
nevich sheafification, hence it restricts to a functor

\4

RSC(k,A) —2=5 RSChis(k, A) «=— RSCq(k, A), (2.9.1)
\/)

in particular, if A is a Q-algebra, RSCe(k, A) is a Grothendieck abelian category and
every F' € RSCq(k, A) satisfies global injectivity.
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We have two important examples of reciprocity sheaves:

(1) Let G* be the category of smooth commutative k-group schemes (i.e. G € G* is
a group scheme such that the connected component of the identity G° is a smooth
commutative algebraic group and 7 (G) is finitely generated, see [1, 1.3] for an analo-
gous definition on semi-abelian group schemes). It is classical that the corresponding
étale sheaf has a unique structure of sheaf with transfers (see [64, Lemma 3.2]) and
by [41, Theorem 4.4] it has reciprocity in the sense of [41, Definition 2.1.3]. This
defines a functor G* — RSCq(k,Z), generalizing the functor G, — HIs (k,Z)
considered in [15].

(2) For € = (C,C) € MCor(k) with C geometrically connected and dim(C) = 1,
let Pic(C, C) denote the relative Picard group scheme. We would like to underline
that C's is not supposed to be reduced. By [58, Thm. 1.1] combined with [40, Lem
2.2.2], we have that

whE(Z4(€)) = Pic(C, Cso). (2.9.2)
We end this subsection recalling the following result:

Proposition 2.10. If A is a Q-algebra, the “forgetting transfers” functor RSCe(k, A) —
Shvei(k, A) is fully faithful and ezact.

Proof. The argument for homotopy invariant sheaves with transfers given in [15, 3.9]
works here as well, replacing the reference to Voevodsky’s purity theorem for homotopy
invariant sheaves with the global injectivity provided by [59, Theorem 0.2]. O

2.4. Reciprocity sheaves and logarithmic motives

In this subsection, we continue to assume that k satisfies resolution of singularities.
Let 7 and A be as in 2.1.3.
By [60], there exists a fully faithful and exact functor

Log : RSCnis(k, A) — 1ogClI nis(k, A)

such that wéogﬁog ~ id. If A is a Q-algebra, by Proposition 2.2, we have similarly a fully
faithful and exact functor:
s : RSC(k, A)
(2.9.1) Log .
= RSCNis(k7 A) — lOgCIdNis(ka A) = logCIdét(k7 A) — Shvdért(k7 A)

wis
(2.10.1)

Remark 2.11. The functor Log commutes with all colimits: to see this, let {F;} C
RSCnis(k, A) be an inductive system, then we have a natural map
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logClynis RSCnis
lim  Log(F;) — Log( lim  F;) (2.11.1)

Since wéog(k,A): logClI jx;, — Shvi (k,A) is faithful, hence conservative (this follows
from the results of [8], see [9, Prop. 0.1]), it is enough to show that (2.11.1) is an
isomorphism after applying wéog . We have that

logIOg(.:IdNis (j‘vl) Sh'vgis log (*/;2) Sh.vf\lris (fj) RSChis
wy lim  Log(F;) = lim w,®Log(F;) = lim F; = lim F
(x4) RSCnis
=

w,® Log( lm  Fy)

where (x1) comes from the fact that wéog has a right adjoint, so it preserves colimits,
(+2) and (x4) follow from the fact that w,” Log = idrscy,., (+3) from the fact that the
inclusion RSCyis(k, A) < Shv{, (k, A) has a right adjoint, so it preserves colimits. In
particular, this implies that the composition (2.10.1) preserves all colimits.

Remark 2.12. Let F € logCI,.(k, A) such that w;OgF € HI,(k,A), we have that
wl*ogwéogF = £og(w§°gF) € logCI_(k,A),

hence we have that the natural map n: F — wl*ogwéogF is a map in logCI,, (k, A) such

that wéog(n) is an isomorphism. Since wéog is faithful and exact, it is conservative. We
conclude that:

F 2 wi,wF = Log(w,F). (2.12.1)

Notice that (2.12.1) strictly depends on the fact that wl*ogwjljogF € logClI,,, which is not
true unless wiliogF € HI..

Remark 2.13. Recall that the functor w!'°® from (2.2.1) admits a left adjoint A°&:
Sm(k) — SmlISm(k) such that A°8(Y) = (Y,triv) for Y € Sm(k), which itself has
a left adjoint which associates the underlying scheme X to X € SmlSm(k). Moreover,
these functors preserve transfers. In particular, we have a left exact functor

A8 PSh™(k,Z) — PSh'" (k, Z)

such that A;OgF(X) = F(X) for X € SmlSm(k) and it is a left adjoint to wéog. Moreover,
as observed in [11, 4.3, p.64], the functor /\;Og sends 7-sheaves to dr-sheaves, which implies
that we have an adjunction:

#
Wiog

Shvy (k, A) «———— Shvi(k, A) (2.13.1)
“y
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where wfog is the restriction of )\éog under the forgetful functor Shv..(k, A) — PSh(k, A).
Since the latter functor commutes with limits as a right adjoint, both wlﬂog and wéog
are exact, so they derive trivially. Hence, (2.13.1) induces the following adjunction of

oo-categories of sheaves:
D(wf,,): D(Shv¥ (k,A)) == D(Shvj.(k,A)) : D(w,®). (2.13.2)
We remark that by the construction of Log in [60, §6] and [55, Cor. 6.8(1)], we have
LogG,(X) =T(X,0x) = wf ,Ga(X). (2.13.3)
3. Categories of rational maps and universal problems
3.1. Commutative groups schemes and torsors under them

We recall some well-known facts on commutative group schemes over a perfect field
k and we fix some notation.

Let G* be again the category of smooth commutative k-group schemes, locally of
finite type over k and such that m(G) is finitely generated (for short, a commutative k-
group scheme). Write G for the subcategory of smooth commutative algebraic k-groups
(i.e. objects of G* which are of finite type). Given G € G*, let G° be the connected
component of the identity in G. Recall (see [15, Definition 1.1.2] or [19, Proposition
5.1.4]) the following definition.

Definition 3.1. A group scheme L € G* is called discrete if L° = Spec(k) and the abelian

group L(k) is finitely generated (equivalently, if L is étale over k). A discrete k-group
scheme L € G* is called a lattice if L(k) is torsion free.

As in [15], we denote by ‘M, the subcategory of G* consisting of discrete k-group
schemes. By [15, Lemma 1.1.3] it is a Serre subcategory of G*, hence it is an Abelian
category. We denote by M, the full subcategory of lattices. By [19, Proposition 5.1.8],
for G € G*, there is an exact sequence

0—G%—= G —m(G)—0

where 7o(G) is an étale k-group, which is universal for homomorphisms from G to discrete
groups. The fibers of G — my(G) are the irreducible components of G.

Definition 3.2. Let G € G be a smooth commutative algebraic k-group. By k-torsor
under G or for G we mean a k-scheme P, locally of finite type over k, equipped with an
action P x G — P such that the induced morphism (s, g) — (s,s9): P x G — P x P
is an isomorphism. Write Pg for the category of k-torsors under G: morphisms between
torsors are G-equivariant k-morphisms.
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3.1.1. Given a k-torsor P under G € G, we can construct a commutative k-group
scheme Pg =[], cz PY™ € G* using the sum of torsors V¢ (see [46, II1.4.8.b]) following
[53, 1.2]. It fits in a short exact sequence

05 G— P57 —0,

presenting Pg as extension of Z by the group G. Moreover, we can identify the torsor P
with the fiber of the section 1 € Z along the map ap, so that we have a natural inclusion
P — Pg.

3.1.2. Write P for the category whose objects are pairs (P, G), where P € Pg for a
G € G a smooth commutative connected algebraic group. A morphism in P is the datum
of a pair of morphisms (f!, f): (P,G) — (P',G’), where f': G — G’ is a k-morphism
of algebraic groups and f': P — P’ is fl-equivariant. If X is a k-scheme, we write X \P
for the comma category over X: its objects are triples (u, P,G), where (P,G) € P and
u: X — P is a k-morphisms. Morphisms in X\P are defined in the obvious way.

Definition 3.3. A fibration to torsors is the datum, for each X € Sm, of a full category
Mx of X\P, contravariantly functorial in X. Similarly, a fibration to torsors for proper
modulus pairs is the datum, for each X = (X, X)) € MCor, of a full subcategory
My of X\P, where X = X \ X, € Sm, contravariantly functorial in X for maps in
MSm'™ (see [30, Definition 1.3.3.(2)]). The initial object (if it exists) of M is called
the M-Albanese torsor of X. By definition, it is the datum of a smooth commutative
connected algebraic group Albl,(X), a k-torsor Albl,(X) under Alb%,(X) and a k-
morphism X — Alb}w (X) which is universal for maps in Mx. The algebraic group
Alb?w (X) is called the M-Albanese variety of X. Similarly, if M_ is a fibration to
torsors for proper modulus pairs, the initial object (if it exists) of Mz is called the
M-Albanese torsor of X. The corresponding algebraic group, AlbOM (%) will be called the
M-Albanese variety of X.

Example 3.4. For any X, let SAbx be the full subcategory of X\P consisting of maps
to torsors P under semi-Abelian varieties. In this case, the existence of an initial object
for SAbx was proven by Serre [61] in the case the base field k is algebraically closed. In
[69, Appendix A], a Galois descent argument is used to show that the Albanese variety,
the Albanese torsor and the universal map

X — AIbS), (X)

always exist, without any assumption on k.
If X is smooth and proper over k, the semi-abelian variety Albg sy, (X) is in fact an
Abelian variety, and coincides with the classical Albanese variety of X, dual (as abelian

variety) to the Picard variety Picg(’red.
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3.2. A universal construction

We will discuss a number of situations in which the M-Albanese torsor of a proper
modulus pair X exists. In fact, we will consider different fibrations to torsors M_ for
proper modulus pairs, giving sufficient conditions for the initial object to exist. In the
end, all the fibrations that we consider will turn out to be equivalent, giving then a
unique notion of Albanese torsor for a proper modulus pair X. We recall the following
result due to Serre [61]:

Theorem 3.5. Let X € Sm(k) and C be a subcategory of X\G satisfying the following
conditions:

@) Ifu;: X - G; areinC fori=1,2, then ug X ug: X — Gy x Gy is in C.
(IT) For a homomorphism f : H — G in G such that Ker(f) is finite and v : X — H
such thatu= fov: X -GisinC,v: X — H isinC.

Then:

(1) A morphism v : X — G in X\G is universal if and only if it is maximal in the
sense of [Def.2, Ser60] and for any mazimal morphism v : X — H in C, we have
dim H < dimG.

(2) There exists a universal object in C if and only if there exists N > 0 such that for
any mazimal morphism v : X — G in C, we have dim(G) < N.

Definition 3.6. Let X = (X, X,) be a proper geometrically integral modulus pair, and
write U(X) = U(X, X ) for the k-vector space H°(X, Qly’Cl(Xoo)), where Qly’cl(Xoo) =
QlY,cl N Qly(Xoo) denotes the subsheaf of closed forms. Let M$ be the full subcategory
of X\P consisting of triples (u, P,G) with the following property: Let & C k be an
algebraic closure of k and let ug: X3 — P = Gz be the base change of u to k. Then
(u, P,G) € M% if and only if (uz)*QGE) C U(X%, X 5), where Q(Gy) denotes the
space of invariant differential forms on G. The assignment X — M defines a fibration
to torsors for proper modulus pairs in the sense of Definition 3.3.

Remark 3.7. It follows immediately that (u, P,G) € X\P belongs to M if and only if
’UJEQ(GL) g U(YL,XOQL)

for any algebraically closed field L C k. Moreover, M% satisfies condition (I) of The-

orem 3.5 and, if ch(k) = 0, it satisfies (II) too since Q(Gy) — Q(Hy) is surjective for

f:H — G as in (II).

Theorem 3.8. If ch(k) = 0, then for any X € MCor, the M%-Albanese torsor of X
erists.
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Proof. Suppose that k = k is algebraically closed. Since any k-torsor under an algebraic
group G € G is trivial in this case, the category Mg is equivalent to the category of
morphisms u : X — G in X\§ satisfying the condition v*(Q(G)) C U(X). Morphisms in
Mg are k-morphisms f: G — G’ of torsors commuting with the structural morphisms
u: X - G and v': X — G’ (where we view G and G’ acting on themselves). Although
the morphism f is not a homomorphism of algebraic groups in general, it can be written
as f = fo + 7, where fy is a group homomorphism and 7 is a translation. Following
[61], in order to check whether an initial object for M% exists using Theorem 3.5, it is
enough to restrict to the subcategory Mg’g of morphisms which are generating (see [61,
Definition 1]). For them, one has the following simple

Lemma 3.9 (Lemma 6, p.198, [22]). Let u: X — G € M$ and suppose that u is gener-
ating in the sense of [61, Definition 1]. Then the pullback map

u*: HY(G, Q)™ = QG) — H°(X, Q%)
1s injective.

By e.g. [62, Prop. II1.16], the dimension of any G € G agrees with the dimension of
the k-vector space (G) of invariant differential forms. The previous Lemma implies that
for any u: X - G € M%g, one has dim G < dim U(X). By Theorem 3.5, this concludes
the case k = k.

Suppose now that k is any perfect field and let k be an algebraic closure of k. Write
X7, for the base change X ®j k and X7 for the pair (X7, (X)) According to the above
argument, the category MQE admits a universal object,

Q Q

The descent to the base field k& can be done following the proof of Serre [62, V.22] in the
case of generalized Jacobians of curves to get a triple (albg,Albg’(l),Albg’(o)) defined
over k. O

Remark 3.10. It should be possible to closely follow the construction of [20] of the uni-
versal regular quotient of the Chow group of zero cycles, that works over any field, to
remove the hypothesis on the characteristic of k. This was used in [7] to construct the
universal regular quotient of the Kerz-Saito Chow group of zero cycles with modulus.
Since the applications we have in mind in the later sections will require the characteristic
zero assumption, we have decided to not pursue this goal here.

3.8. Cutting curves

Assume now that X = (X, Xo,) € MCor is such that X is smooth over k. A finite
morphism v: C — X, with C' a normal and geometrically integral curve, is admissible
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for X if 1/(6) SZ Xoo. In this case, write Cs for the effective Cartier divisor v* X, on C.
Write C for the open subset C'\ Cs,. We will use the following Lemma, taken from [13].

Lemma 3.11 (Lemma 10.14, [13]). Let ~y be the restriction map

v HOX, Q%) =~ [] HC.Qb)/H(C,Q5(v" X)),
v: C—X

where the product runs over the set of admissible curves v: C — X. Then the kernel of
v agrees with H°(X, (X))

If u: X — P is a k-morphism from X to a torsor P for an algebraic group G € G, we
get by composition a morphism

uc: C:=Cxg X - X 5 P.
Write v*(u, P, G) for the corresponding object in C\P.

Lemma 3.12. A triple (u, P,G) € X\P belongs to Mg if and only if for any admissible
curve v: C — X, we have v*(u, P,G) € M%,CW).
Proof. The necessity of the condition is clear. According to Definition 3.6 and Re-
mark 3.7, the statement of the Lemma can be checked over an algebraic closure k of
k, so that we can assume k = k. As above, the category M% is equivalent to the cat-
egory of morphisms ¥: X — G from X to algebraic groups satisfying the condition
P*(Q(G)) CU(X). Let now ¢: X — G be a k-morphism, and let w € Q(G). We have to
show that ¢*(w) € H(X, Q%(Xoc)) (note that 1*(w) is automatically closed), i.e. that
7 := ¥*(w) has poles along | X | of order bounded by the multiplicity of X, assuming
that this condition is satisfied after restriction admissible to curves. But this is precisely
the content of Lemma 3.11. O

3.4. The universal reqular quotient of the Chow group of zero cycles

We start by recalling the definition of the Kerz-Saito Chow group of 0-cycles with
modulus (see [37]). For an integral scheme C over k and for E a closed subscheme of C,
we set

G(C,E) = ﬂ Ker(0% — OF )
xR

= lim T'(U, ker(O5 — Op)),
ECUCC
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where U runs over the set of open subsets of C' containing E (the intersection taking
place in the function field k(C)*). We say that a rational function f € G(C, E) satisfies
the modulus condition with respect to E.

Let X = (X, Xo) € MCor be a proper modulus pair and write X for the complement
X\ [Xoo|- Let Zo(X) be the free abelian group on the set of closed points of X. Let C
be an integral normal curve over k and let p&: C — X be a finite morphism such that
¢05(C) ¢ Xoo (so C is admissible in the sense of 3.3). The push forward of cycles along
the restriction of ¢z to C = C x+ X gives a well defined group homomorphism

7o G(C, ¢5(Xx)) = Zo(X),
sending a function f to the push forward of the divisor divs(f).

Definition 3.13 (Kerz-Saito). We define the Chow group CHy(X) = CHy(X|X,) of 0-
cycles of X with modulus X, as the cokernel of the homomorphism

7 G(X, Xoo) = Zo(X) with G(X, Xu) = @D GO p5(Xw) (3.13.1)
vz C=X

where the sum runs over the set of finite morphisms ¢z: C — X from admissible curves.

Remark 3.14. Let mx: Zo(X) — CHo(X). If dim(X) = 1, then by construction the map
T is injective, so G(X, X ) = Ker(rx) and CHy(X) ~ Pic(X, X ). In particular, if
X!, > X we have an isomorphism

G(X,XL)

G(X X = ker(Pic(X, X/ ) — Pic(X, X)) (3.14.1)

Definition 3.15. Let X € Sm(k) geometrically connected and X € Comp(X) (see Defi-
nition 2.8). Let CHo(X) be the Chow group of 0-cycles with modulus of X. Let MEH be
the full subcategory of X\ P consisting of triples (u, P, G) with the following property.
For any algebraically closed field L D k, write ur: Zo(X)? — Pr(L) = GL(L) for the
induced morphism on zero-cycles of degree zero. Then (u, P,G) € MgH if and only if
uy, factors as

Zo(X1)°

|

CHO(%L)O I GL(L),

where CHy(X1,)" is the image of Zo(Xp,)°.
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Remark 3.16. Since G is a reciprocity sheaf by [40, Cor.3.2.5], for u € G(X) there always
exists a modulus X € Comp(X) such that the induced map Z,(X) — G factors through
ho(X) = wh5(X) (cf. Remark 2.9(ii)). By taking sections over an algebraically closed
field L D k we get that uy factors as follows:

Z(X)(L) = Zo(X1)

|

ho(X)(L) (% CHo(Xp) —— GL(L),

where the isomorphism () follows from [40, Remark 2.2.3]. In particular, for all X’ — X €
Comp(X), the diagram above factors further through the map CHy(X’) — CHo(X1).

Lemma 3.17. Ifch(k) = 0, then MSH satisfies the conditions (1) and (I1) of Theorem 3.5.

Proof. The assertion is obvious for (I). We prove it for (II). Take a homomorphism
f+ H — G in G such that Ker(f) is finite and v: X — H such that u =f-v: X - G
is in MgH We want to prove v : X — H is in MgH, equivalently

Ker(mp.x : Zo(X1)? — CHo(X1)?) C Ker(vy, : Zo(X1)? — Hr(L))

for every algebraically closed field L D k. Since H is a reciprocity sheaf, by Remark 3.16
there exists X’ = (X, X’,) such that vy factors through CHy(X)°, so Ker(rr x/) C
Ker (v ). Since we can always factor through maps X” — X € Comp(X) as observed in
Remark 3.16, we can choose X/ > X . This implies that vy, induces a map

where the left hand side is equal to

G 6, Coo . * /! * !
D Ggﬁgcmi with Coo = ¢ ((Xao)1), Cho = ¢((XL)1),

Yo 6—>YL

where pz: C — X, are as in (3.13.1) with X replaced by X . Moreover, the image of

v, lies in Ker(f)(L), which is finite by the assumption. We will show that the group
G(C,Cu)
G(C,CL.)
Remark 3.14, we have

is divisible, which will imply that the map T, is the zero map. As observed in

G(C,Cx)

GC.CL) Ker(Pic(C, CL,)) = Pic(C, Cxo)),
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and the latter equals to (Ly)" x (L*)®, where r, s are some non-negative integers. In
particular, the above group is divisible thanks to the assumption ch(k) = 0, so Ty, is the
zero map. O

Proposition 3.18. Assume ch(k) = 0 and that X is a smooth and proper modulus pair over
k. Then, the MSE-Albanese torsor (alb§, AIbS™ M AILS™T Y of % exists. If dim X = 1,
it agrees with the Rosenlicht-Serre generalized Jacobian (<pxm,JacE%Xo®), JaCEOY),Xw)) of
[62, V.4.20].

Proof. If dimX = 1, this is precisely the content of [62, V.Theorem 1], and the very
definition of modulus for a rational map and local symbols. For the general case, as in the
proof of Theorem 3.8, it is enough to show the existence in the case k = k is algebraically
closed (the descent argument is identical). Similarly, we can restrict to the category
MgH’g of morphisms which are generating. Then by Theorem 3.5 and Lemma 3.17, it is
then enough to show that there exists a uniform bound on the dimensions of the groups
appearing in ./\/lgH’g . We do this by showing that MM is a (full) subcategory of M.
The required bound will be then provided by Lemma 3.9.

Suppose then that u: X — G is a k-morphism from X = X \ |X | to a commutative
connected algebraic group G such that the induced map on zero cycles factors through
CHo(X). Let ¢: C — X be a finite morphism from normal integral curve C such that
0(0) ¢ Xoo. Put C = C x5 X and Cop = ¢*(Xoo). Let uc: C — G be the composition
% o . Then we have

uc(diva(f)) = u(p«(diva(f))) = 0 in G(k) for any f € G(C,Cy).

In particular, the divisor C'» is a modulus in the sense of Rosenlicht-Serre for the rational
map (still denoted uc) uc: C --» G. Therefore we have then a factorization ([62, V,

Theorem 2])

Jacg o, —= G
c

where a: C' — Jacg o is the universal map from C' to its generalized Jacobian (with
respect to a chosen k-rational point). But now we have

ut(2(G)) = a* (a6 (AUG)) € a*(QJacg ¢, ) = H(C, 9 ®5 Oa(Cx)),

where the last equality follows from [62, V, Proposition 5]. This implies that (uc, G) €

Q
Mec.
ME. O

for any admissible curve and so, by Lemma 3.12, we deduce that (u,G) €
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3.4.1. Assume ch(k) = 0. Let X be as above. From the proof of Proposition 3.18, we
deduce immediately the existence of a natural surjective map of torsors

pLCH ALY 5 AT
equivariant with respect to a surjective homomorphism of algebraic k groups Albg’(o) —
AlbgH’(O) such that alb§" = pg’CH o alb§. We will see below that those maps are iso-
morphisms. To further relate the Chow groups of zero cycles with modulus of a pair X
with the Mg Albanese construction of 3.2, we also recall the following

Proposition 3.19 (/62, III, Proposition 10] or [/1, Proposition 4.3.1]). Let G be a com-
mutative algebraic group over a field K of characteristic zero. Let C be a proper normal
curve over K, C an open dense subscheme of C' and v: C — G a K-morphism. Let D
be an effective divisor on C supported on C\ C such that

YH(UG)) € HY(C, 9 @ Oa(D)).
Then we have dive(f)*y = 0 in G(K) for any f € G(C, D).

Proposition 3.20. Let k be a field of characteristic zero. Then the MgH—Albanese torsor
of X agrees with the MSt-Albanese torsor (alb$, Alb%(l),Alb%(O)) of Theorem 3.8.

Proof. It is enough to show that the two categories MgH and M% have the same objects
(as they are both full subcategories of X\P). According to Definitions 3.15 and 3.6, it
is enough to show the statement under the assumption that k& = k is algebraically
closed. We already know thanks to the proof of Proposition 3.18 that MEH is a full
subcategory of Mg (this does not require k to be of characteristic 0). To prove the
other inclusion, let u: X — G € ./\/lg By functoriality, for any X-admissible morphism
¢: C — X from a normal integral curve, the composition uc: C xx X — X — G
satisfies ul, (Q(G)) € HO(C, Q4 ©z 05(Cx)), where Co, denotes as before the pullback
¢*(X o). By Proposition 3.19 above, we have uc(dive(f)) = u(ps divg(f)) = 0 in G(k)
for any f € G(C, Cy), so that the map induced by u on the group of zero cycles of degree
zero Zy(X)? factors through CHp(X)?. The same argument applies to any base-change
to L D k algebraically closed, so that (u,G) € MM as required. O

Remark 3.21. Suppose ch(k) = 0 and that k = k is algebraically closed and let X be a
smooth proper integral modulus pair. Then the morphism

to the Albanese variety Alby = AlbgH’(O) of X induced by alby is surjective and regular.
We can reformulate the universal property in M by saying that Alby is the universal
regular quotient of the Chow group of zero cycles with modulus. As such it agrees, a
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posteriori, with the Albanese variety Alb(X|X.,) of [7, Theorem 1.1]. If £ = C and
| Xoo| is a strict normal crossing divisor, it agrees with the generalized Jacobian J;i(‘ X
(for d = dim X) studied in [13, 10.2]. Despite the fact that it is defined starting from a
different modulus condition on algebraic cycles, it agrees also with the Albanese variety
with modulus Alb(X, X.) defined by Russell [57]. This is a consequence of Lemma 3.12
and the fact that both Alb(X, X.) and Al (%) agree with the Rosenlicht-Serre

generalized Jacobian in the one-dimensional case.”

3.5. The Albanese scheme with modulus

Assume ch(k) = 0. We can now extend the construction of Ramachandran [53] to the
modulus setting. Let X € Sm(k) be geometrically integral and X € Comp(X). Thanks
to Theorem 3.8, we have a map, defined over k,

albP ™ X — ALY (3.21.1)

universal for morphisms from X to torsors under commutative algebraic groups in M%
(in the following, we shall say “to torsors under commutative algebraic groups with
modulus X”). Let AlbY € G* be the k-group scheme HneZ(Albg’(l))(@” constructed in
3.1.1. The universal map (3.21.1) composed with the natural inclusion of Albg’(l) in

Albg gives then a canonical morphism
ax: X — Albg

which is now universal for morphisms to k-group schemes in the appropriate sense. By
construction, the k-group scheme Albg is an extension

0— AILY@ 5 ALY 5 Z - 0. 3.21.2
X X

If X has a k-rational point, the extension is split, i.e. we have an isomorphism Albg =
Albg’(o) x Z. This happens in particular when k is algebraically closed, and corresponds
to the fact that we can trivialize the torsor Albg’(l) & Albg’(o). Recall now the following
Proposition, which follows from [41, Theorem 4.1.1] (while the transfer structure follows
from [64, Proof of Lemma 3.2]):

Proposition 3.22. The k-group scheme Albg, regarded as étale sheaf on Sm(k), has a
canonical structure of sheaf with transfers, and as such it has reciprocity in the sense of
[41, Definition 2.1.5].

7 An independent (and explicit) proof of the fact that over C the generalized Jacobian J%‘X

Alb(X, Xo) defined by Russell has been given by T. Yamazaki [70], using Hodge-theoretic methods.

agrees with
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Thanks to the Proposition, there is a unique map of preshaves with transfers
ax: Zy(X) — Alb%
extending the map ax: X — Albg defined above.

3.5.1. When X is moreover smooth over k, we can apply Proposition 3.18 to get a
map, defined over k, albgH’(l): X — AlbgH’(l), universal for morphisms to torsors in
MgH We can repeat the constructions of the previous point to get yet another k-group

scheme AlbgH € G* together with a canonical morphism
o X — AIbEH.
The group AlbgH has by the same argument of Proposition 3.22 a canonical structure

of étale sheaf with transfers, with reciprocity in the sense of [41, Definition 2.1.3]. This
gives us a unique map of presheaves with transfers

' Zy (X)) — AIbH
extending agH. By Proposition 3.20, we canonically identify AlbgH with Albg.
3.6. The maximal semi-abelian quotient

Let X € Sm(k) be geometrically connected. Serre’s Albanese map of Example 3.4
can be extended to a unique map of presheaves with transfers:

Z(X) — Alby (3.22.1)

where Albx is the semi-abelian Albanese scheme of X, defined by [53] or [64, Lemma
3.2] using the same recipe of Section 3.5. Since Alby is semi-abelian, it is a homotopy
invariant étale sheaf with transfers. Thus, taking sections over any field L D k, we have
a factorization of the map (3.22.1) through

KA (X)) = Alby (L),
where hoAl (X1) denotes the zeroth Suslin homology group of X = X ®j L. If X admits
a k-point, the scheme Albyx decomposes as Z X Alb()?), where Albg?) denotes Serre’s

semi-abelian Albanese variety of X. In particular, we get for any L D k algebraically
closed an induced (surjective) map on the degree zero part

' (X1,)° — AbY) (L) = Albx, (L). (3.22.2)
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Now assume ch(k) = 0. Let X € Comp(X). By e.g. [4, Proposition 2.6], there is a
natural surjection CHy(X) — hé\l(X), which can be composed with (3.22.2) to give a
surjective homomorphism

CHo(X1)? — Albx, (L).

By Definition 3.15, we have then that the object (alby, Albg;), Albg?)) belongs to MEH.

(0)

By Proposition 3.18, the universal property of AlbgH’ gives a unique surjection

AL 5 ALY

(and similarly for AlbgH’(l) and Alb()?), which factors through the semi-abelian quotient

Albgﬁg% of AlbgH"(o). It is straightforward to show that if X has a k-rational point, the

algebraic groups Albg}ié% and Albg?) are isomorphic. We have therefore the following

Proposition 3.23. Let X be as above, and suppose that X has a k-rational point. Then

the semi-abelian part of AlbgH’(O) agrees with Serre’s semi-abelian Albanese variety of

X.
3.7. Universal problem for presheaves with transfers

We suppose ch(k) = 0 and continue with the notations of 3.5. As observed in Re-
mark 2.9 (ii), for any F' € RSC(k, Z) and for every section g : Z(X) — F', there exists
X € Comp(X) such that g factors through w;hoi(%). In this case, we say that g has
modulus X. We apply this to the case AlbgH.

Proposition 3.24. Let X € Sm(k) be geometrically connected and X € Comp(X). Then
the canonical map ax: Z(X) — AILSY factors through wghoi(%) and it is universal
with respect to this property: for any smooth commutative k-group scheme G, seen as
étale reciprocity sheaf, and for any section g: Z.(X) — G with modulus X, there is a
unique morphism §: AlbjceH — G in PST such that

) g G

AIb§T.

L (X

Proof. We first prove that ax: Z:(X) — Alb{™ factors through w!hoi(f{). We have to
show that for any smooth k-scheme S, the map Z,,.(X)(S) — Alb{™(S) factors through
ho(X)(S) with ho(X) = w;h?(%) (cf. Remark 2.9(ii)). Since AIb$Y, as any commutative
k-group scheme, satisfies global injectivity, it is enough to check the factorization after
passing to the function field k(S) of S, and in fact even to its algebraic closure. Let then
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K D k be an algebraically closed field, and look at the map Z,(X)(K) — Albgi(K).
Let mo(X) be the spectrum of the integral closure of k in I'(X,Ox). The assignment
X — 7p(X) is universal for morphisms from X into étale k-schemes. Since X is geomet-
rically integral by assumption, we have Zi,(mo(X)) = Z (as étale sheaves), and the map
Zu(XK)— Albgg induces then a map

Zw(Xx)® — A

where Z,(Xx)° denotes the kernel of Z (X ) — Zi(mo(Xx)). We can then identify
Z1r (X )°(K) with the group of 0-cycles of degree zero Zo(Xk)® of Xf. Since X is a
proper modulus pair, we have CHg(Xx)? = ho(Xx)°(K) thanks to [40, Remark 2.2.3],
and thus the claim follows from Proposition 3.18. The same argument proves the universal
property as well. O

From now on, we write simply Alby for the k-group scheme AlbgH. We end this
section with the following result, which will be crucial for the construction of the category
of 1-reciprocity sheaves.

Lemma 3.25. Under the assumptions of Proposition 3.2/, the map

ax ®z Q: Qu(X) = Albx ®z Q

is a surjective morphism of étale sheaves with transfers with rational coefficients.

Proof. Let Im(ax) C Albx be the image of ax in PST. Since Albx is a smooth k-
group scheme, we have Albx € RSCyjs by [40, Cor.3.2.5]. Let C = Albx/Im(ax) €
RSC(k,Z). We have to show that a}; (C ®z Q) = 0. By (2.9.1), we have that a}; (C ®z
Q) € RSC¢(k,Q), in particular it satisfies global injectivity by [59, Theorem 0.2], i.e.
for any Y € Sm geometrically connected with function field k(Y) with algebraic closure

E(Y) there is an injective map

a5(C ®z Q)(Y) = agy(C ®z Q)(k(Y)) = (C @z Q)(k(Y)) = C(k(Y)) ®2 Q.

To complete the proof, it is then enough to show that C(k(Y")) = 0. This follows from
the fact that for any K D k algebraically closed, the map

Zir(X @ K)(K) — Albx(K)

is surjective, since CHo(Xx)? — Albg?) (K) is surjective. O
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4. The Albanese functors
4.1. n-Reciprocity sheaves

For any n > 0, let Cor(k)<, be the category of finite correspondences on smooth
k-schemes of dimension < n, and let MCor(k)<,, be the category of modulus corre-
spondences on smooth proper modulus pairs X = (X, X,,) with dim(X) < n. We let
MPST(k<y, A) be the category of additive presheaves of A-modules on MCor(k)<y.

The natural inclusions of subcategory of objects of dimension < n give rise to a
standard string of adjoint functors between the category of presheaves

(on1,00), on1: MPST(k<,,A) = MPST (k,A): o). (4.0.1)

Here, we follow the convention of [30] for the left Kan extension of the restriction functor
o). Note that this is different from the one adopted in [1].

Remark 4.1. Let
(0’7‘,{7!, A (J,‘:I: PST(k<,,A) S PST(k,A): 0¥*) (4.1.1)

be the analogous adjoint functors from [1]. Since the functor w clearly restricts to a
functor MCor(k)<, — Cor(k)<y, for all F' € PST(k, A) we have that

orw*F 2 w*oY*F in MPST(k<,,A).
By adjunction, we conclude that for all F € MPST (k<,, A),
ox wF = woy, F in PST(k, A).

For F' €¢ MPST(k,A) and X € Cor(k)<y, for any modulus pair ¥ € Comp(X), we
have X € MCor(k)<y,, hence o} F(X) = F(X)

worF(X) = lim  opF(X) =wF(X) =0, (wF)(X).
XeComp(X)

Finally, for every modulus pair X and every a: ¥ — w(X) € Cor(k), by [31, Theorem
1.6.2] there exists a proper modulus pair 9’ € Comp(Y) and o’: Q' — X € MCor(k)
such that @ = w(a’). In particular, since 9 € MCor(k)<,, the system {F(Y)} for
Y € Cor(k)<,, running over the maps Y — w(X) is cofinal in the system {F(w(Q))} for
2 € MCor(k)<y, running over the maps 9 — X. Hence we have that

Wi, F(X) =0y Fw(X)) = lim  F(Y)
(w(X)=Y)
YeCor(k)<n
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= lim  F(®))
(x=9")
YeCor(k)<n
= lim F@®)) = onw F(X),
(X—>9)
YeMCor(k)<n
Remark 4.2. The functors o, commute with colimits of presheaves since they are left
adjoint. The functor ¢} also commutes with colimits of presheaves, since they are com-
puted section-wise and o F(X) = F(X) for all X € MCor(k)<,. In particular for all
diagrams {F;} in MPST(k, A), onoy lim Fi & lim oy, 07 F;.

The following lemma is mutuated from [1, Lemma 1.1.16]:
Lemma 4.3. The unit map Id = 0,001 15 tnvertible.

Definition 4.4. We say that F' € MPST(k, A) is n-generated (resp. strongly n-generated)
if the counit map o, 10} F — F is surjective (resp. an isomorphism).

Remark 4.5. If F' is n-generated (rvesp. strongly n-generated), then w F' is n-generated
(resp. strongly n-generated) in the sense of [1]. Indeed, the functor w; is exact and

wiop1onF = UX!UT*L’ngF by Remark 4.1.

For example, if X = (X, X,.) with dim(X) < n, then Z,.(X) is strongly n-generated.
The proof of the following Lemma is a diagram chase.

Lemma 4.6. Quotients and extensions of (strongly) m-generated sheaves are again
(strongly) n-generated.

Definition 4.7. Let F' € CI(k,A). Following [1, Definition 1.1.20], we say that F is an
n-modulus presheaf if the natural map

1%
ho’ét(O’n’!O’fLF) — ho’étF = aéthIF

is an isomorphism of étale sheaves with transfers. Here, for any G € MPST(k,A), we
denote by hoet(G) the étale sheaf with transfers angIhoiG, where a}; : PST(k,A) —
Shvi; (k, A) is Voevodsky’s étale sheafification functor and weg is the composition w oild,
where i is the inclusion CI(k, A) — MPST(k, A), which has a right adjoint. Notice that
the functor hg ¢ is a composition of left adjoints, hence it commutes with all colimits.

We write Cl<,,(k, A) for the full subcategory of n-modulus presheaves.
The following is identical to [1, Remark 1.1.21]:

Lemma 4.8. Let ' € MPST(k, A) be strongly n-generated. Then hoi(F) is an n-modulus
sheaf.
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Remark 4.9. Notice that in this case, differently from [I, Remark 1.1.21], if I is an n-
modulus presheaf then it is not automatic that F' is the hE of a strongly n-generated
sheaf: we only know that the map

h(ljjcrn,ya:F - F
is an isomorphism after applying athCI.

Definition 4.10. We define the category of n-reciprocity sheaves RSCg; <n(k, A) as the
essential image of Cl<,,(k, A) via the functor afwci.

The following result is immediate:

Lemma 4.11. Let F' € Shv{;(k,A). The following are equivalent

(i) F is an n-reciprocity sheaf;
(ii) F = hoet0n,105G for some G € MPST(k, A).

Moreover, if the above conditions hold, we can take G € Cl<,,(k,A) in (ii).
Remark 4.12. If F' € RSCq; <, (k, A), then F is an n-generated étale sheaf in the sense
of [1]. Indeed, for F' = hg ¢ton,105G with G € Cl<,(k, A), then there is a surjective map
in Shvi (k, A)

vV _V _Vx

_ .V * 1% O * ~ * _
g0 10n " (F) = agw010,G — agwerhg ¢,0n10,G = ho 6407,10,G = F.

Recall that the category Hlg; <n(k A) of [1, Definition 1.2. 20] is the full subcategory
of HI¢ (k, A) of objects F' such that a¢ hO T, .UV*F — aV hA F = F is an isomorphism.

Proposition 4.13. If F € HI¢ <, (k, A), then F € RSCq <n(k, A).
Proof. Take F' € HIs <, (k,A). By Remark 4.1 we have
hoeton oW F = ho,étw*ox!aX’*F. (4.13.1)
Notice that h;w* = w*hﬁ‘l, so by full faithfulness of w* we conclude that
VoV

ho,etw UV oV*F = actmho w UX,O’V*F = afww* hA Tp

VhA n |O_V P = F
In view of (4.13.1) and Lemma 4.11, this implies F' € RSCq¢; <n(k,A). O

The following lemma is analogue to [1, Lemma 1.1.23]:
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Lemma 4.14. For any G € CI(k,A), the natural map
0V ho st (0n10tG) — oV *aliwer G (4.14.1)
induced by the counit map o,,10:G — G is an isomorphism in Shvi;(k<p, A).

Corollary 4.15 (cfr. [1, Corollary 1.1.26]). Let F € RSC(k, A) such that F = wciG with
G € CI(k,A) and consider the natural map

* v O * % [m) 1% 1%
ho,ét(dnygdnG) = aéthIhO UnygdnG — aéthIhO G = aéthIG = aétF

induced by the counit map o,10,G — G. Let N be the kernel of the above map. If N is
an n-generated étale sheaf in the sense of [1], then it is zero.

Proof. Since the functor ¢/* is exact, we have by the definition of N an exact sequence

of étale sheaves:
0— UX’*(N) — UX’*ho’ét<O'n,!U:LG) — UV’*aé‘;F,

n

hence by Lemma 4.14 we conclude 0/*(N) = 0. Since N is n-generated, we have a
surjective map of étale sheaves with transfers O‘X oy*(N) — N, showing that N = 0. O

4.2. 0-reciprocity sheaves

We specialize the general results of the previous section to the case n = 0. By defi-
nition, the objects of the category MCor<( of smooth modulus pairs of dimension < 0
are the finite étale extensions ¢ D k (with empty modulus divisor). The essential image
of the restriction of the functor w: MCor — Cor to MCor<( induces an equivalence
of categories

wj<o: MCor<g ~ Cor<g
whose inverse is given by
Ai<o: Spec(l) — (Spec(£), ().
and induces an equivalence of categories
Wi<o,!: MPST(]{JS(J, A) ~ PST(/ﬂSm A) )‘\SOJ' (4151)

Moreover, for any X € MCor with X = w(X), we have

MCor(X, (Spec(£),0)) = Cor(w(X), Spec(£)) = Cor(mo(X), Spec(¥)) = zmo(IX®rl)
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where mo(X) is the spectrum of the integral closure of k in I'(X, Ox) and mo(|Y]) for a
scheme Y denotes the set of connected components of the underlying topological space
|Y']. The first isomorphism follows from the fact that Spec(¢) € CorP™® (see [30, Lemma
1.5.1]), while the second and the third are classical (see [50, Lecture 1] and [1, 1.2.1]).
From this we get an adjunction

Al<o 0o ow: MCor = MCor<: 0. (4.15.2)

We let Iy denote A|<g o g ow. Passing to the categories of presheaves, we have that the
functor og, of (4.0.1) has a left adjoint:

H[)’! : MPST(]{?, A) = MPST(]{?S(),A) HS = 0o,!- (4153)
In particular, o is given explicitly by
00,1 (F)(X) = F(IIy(X)) = F(mo(w(X)),0) for F € MPST(k<o, A). (4.15.4)

The following Corollary shows that the category of O-reciprocity sheaves is simply equiv-
alent to the category of 0-motivic sheaves in the sense of Ayoub-Barbieri-Viale.

Corollary 4.16. Let G € MPST(k,A), then 09105G € CI(k,A). In particular, every
0-reciprocity sheaf is strongly 0-generated in the sense of [1], and we have equivalences

HIét,gO(ka A) ~ RSCét,gO(k, A) ~ Shvgi(kgo, A) (4161)
Proof. Let X € MCor and X = w(X). By (4.15.4), we have that
00,105G(X @ PY) = 0 G(mo(w(X @ P1)), 0).

On the other hand, we have that w(X ® P!) = X x A! and as observed in the proof of
[1, Lemma 1.2.2], we have that mo(X x A') = m(X), hence

00,105 G(X @ PY) = 03 G(mo(w(X @ PY)),0) = 04 G(mo(w(X)),0) = 00,105 G(X).
Hence 0¢,105G € CI(k,A) proving the first assertion. Let F' € RSCyq; <o(k, A) and let

F = hg 100,05 G with G’ € CI(k,A) be as in Lemma 4.11(ii). Then 0¢,10§G’ € CI(k, A),
So
F = a“é/thIhoiao,gaa‘G’ ~ afw09,105G = agtag:!a(‘)f’*ng’.

This implies that F' € Shvi(k<o, A). On the other hand, by Proposition 4.13 we have

HIét)SQ(k,A) — RSCémSO(k,A) — Shvg(k‘go,/\).
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By [1, Lemma 1.2.2], the composition above is an equivalence, hence we deduce the
equivalences of (4.16.1). O

4.8. 1-reciprocity sheaves and Albanese functors

In this subsection, we will assume that k& has characteristic zero. In particular, k
satisfies resolutions of singularities and for any smooth proper modulus pair, we can
identify AIbE™ with Alb$, and we simply write Alby for the Albanese scheme of X.

Remark 4.17. If ¢ = (C, C,,) denotes a 1-dimensional smooth and proper modulus pair
with C' geometrically integral, by Lemma 4.8, hg ¢ (€) is a 1-reciprocity sheaf. Moreover,
as observed in (2.9.2), we have:

ho,et(€) = abwethS (Z4(€)) = akiho(€) = Pic(C, Cw),

where Pic(C,C.,) denotes the relative Picard group scheme, whose connected com-
ponent of the identity EO(E, Cw) agrees with the Rosenlicht-Serre generalized Ja-
cobian Jac(C, Cy ). By Proposition 3.24 and the proof of Proposition 3.18, we have
Pic(C,Cw) = Albe. Hence we finally have that ho¢(€) = Albg is represented by a
commutative group scheme.

Remark 4.18. More generally, let X be a smooth and proper modulus pair. Then the
sheaf Alby is 1-generated. In fact, Albx can be written as extension of a semi-abelian
k-group scheme (i.e. a k-group scheme G such that GO is a semi-abelian variety) and a
unipotent algebraic group U. In characteristic 0, the group U is a product of G,, and
G, is a direct summand of hg¢ (P!, 200), so that it is 1-generated. The semi-abelian
k-group scheme G is a quotient of the generalized Jacobian of a suitable curve contained
in G by a theorem of Matsusaka [45], which is 1-generated by the previous remark (see
[1, 1.3]). Hence G itself is 1-generated by [1, Lemma 1.1.15]. Applying again [1, Lemma
1.1.15] to Albx we get the statement.

We deduce from the previous remarks the following analogue to [1, Lemma 1.3.4].

Lemma 4.19. Let F' € RSCyq; <1(k,A). Then any subsheaf of F is a 1-generated étale
sheaf in the sense of [1].

Proof. We essentially follow the steps in the proof of [1, Lemma 1.3.4], starting from
the case of F' = hg ¢ (€), for € a smooth and proper modulus pair of dimension 1. This
is a l-reciprocity sheaf by Remark 4.17. Let E C F be a subsheaf. Since colimits of
1-generated étale sheaves are 1-generated étale sheaves, (see 4.2), we can assume that
E is the image of a map a: Ay (X) — hoe(€), for X € Sm. Since for £ C &’ a finite
extension, the map X;» — X is an étale cover: this implies that A (Xp) — Agr(X) is a
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surjective map of étale sheaves, so we can assume X geom. connected. By Remark 4.17,
we have then a map

a: Ay (X) = Albe = ho 6(€).

Since Albe € RSC(k, A), by Remark 2.9 there exists a smooth proper modulus pair X
with X = X° such that a factors through ho(X), and by Proposition 3.24, it uniquely
factors through ax: ho(X) — Albx:

ho(X)

Alby —2 = Albe.

By Lemma 3.25, the motivic Albanese map ax is a surjective morphism of étale sheaves,
hence the image of a agrees with the image of a’. Thus E = Im(a’) is a 1-generated étale
sheaf by [1, Lemma 1.1.15] and Remark 4.18.

Now the general case. Let E C F = hg¢(o1,0;G) with G € MPST(k,A) (cf.
Lemma 4.11(ii)). The sheaf 0fG € MPST(k<1,A) can be written as colimit of repre-
sentable sheaves in MPST (k<1, A), i.e.

01G = lim Z; (€<, ¢=(C,Cy), dim(C)=1.

C—orG

Since o1, and hg ¢ commute with colimits (being left adjoints), we have then
F= h07ét(0'1,1(0'{G)) = @h07ét(01,IZtT(¢)§1) = liArgho,ét(Q:). (4191)

For any € € (€ — 0{G)<1, we have in particular a map hg ¢ (€) — F, and thus a map
from the fiber product

1'2_)11 (hovét(e:) XF E) — F

Q‘—)O’ly*F

which is surjective (the proof of surjectivity is formal and identical to the correspond-
ing statement in the proof of [1, Lemma 1.3.4]). Now it is enough to notice that each
ho,et(€) xp E C hoet(€) is a 1-generated étale sheaf by the previous step and the fact
that 1-generated étale sheaves are stable by colimits. To conclude we apply again [1,
Lemma 1.1.15]. O

Proposition 4.20. Let F' € Shvi(k,Q) be an étale sheaf of Q-vector spaces which is
1-generated in the sense of [1]. If it is a reciprocity sheaf, then it is a 1-reciprocity
sheaf. In particular, any subsheaf of a 1-reciprocity sheaf of Q-vector spaces is again a
1-reciprocity sheaf and the category RSCq <1(k, Q) is closed under taking subobjects,
colimits and extensions in RSCg(k, Q).
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Proof. By Lemma 4.19, any subsheaf of a 1-reciprocity sheaf is again 1-generated, and
by [40, Corollary 2.4.2] any subsheaf of a reciprocity sheaf is a reciprocity sheaf. Then
the second part of the Proposition follows from the first, since RSCg; (k, Q) is an abelian
category stable by colimits in Shvi;(k,Q) (here we are using the fact that we consider
Q-coefficients in order to exploit Proposition 2.1, since [40, Corollary 2.4.2] is a statement
about the Nisnevich sheafification) and 1-generated étale sheaves are stable by colimits
and extensions by [1, Lemma 1.1.15].

We now prove the first assertion. Let F' € Shv(;(k,Q) be a 1-generated étale sheaf of
Q-vector spaces and suppose that F € RSC(k,Q), i.e. that there exists G € CI(k, Q)
such that F' = wG. By Remark 4.1, we have that

VvV Vi *
0,00 F =woy01G

and the counit JK!UY’*F — F is the image via w of the counit o1107G — G. Since

G € CI(k,Q), the map 01107G — G factors through hOﬁJUJTG, which induces a fac-
torization

\% X vV v V= ()
agw01,07G ag 07,01 F F

\—) ho,ét (017!JTG)'

Since F is a 1-generated étale sheaf, the map (x) is surjective, hence the induced map
hoet(01,101G) — F is surjective. Let N = ker(hoe(01,07G) — F). By Lemma 4.11,
ho,et (01,107 G) € RSCe <1(k, Q) so that N is a 1-generated étale sheaf by Lemma 4.19.
Hence N = 0 by Corollary 4.15 so that hg¢(01,0fG) = F, which concludes the proof
by Lemma 4.11. O

Recall that RSCg (k, Q) is a Grothendieck abelian category by [40, Corollary 2.4.2].
The following corollary is immediate from the previous proposition.

Corollary 4.21. The inclusion RSCg; <1(k, Q) C RSC(k, Q) (and consequently
RSCy <1(k,Q) C Shvii(k,Q)) is exact, and the category RSCy <1(k, Q) is a

Grothendieck abelian category (in particular, it has enough injectives).

The proof of the following Lemma is identical to the proof of [1, Lemma 1.3.6], using
Lemma 4.19.

Lemma 4.22. Let G € G* be a smooth commutative k-group scheme and let F be an étale
subsheaf of G with transfers such that its sheaf of connected components mo(F’) is zero.
Then F' is represented by a closed subgroup of G.



F. Binda et al. / Advances in Mathematics 417 (2023) 108936 41

Definition 4.23. A 1-reciprocity sheaf F' € RSCq; <1(k, Q) is called finitely generated
if there exists a commutative k-group scheme G € G* with mo(G) finitely generated
together with a surjection ¢: G ®z Q — F. If the kernel of ¢ is itself finitely generated,
we say that F' is finitely presented.

We write RSC}; o, (k,Q) C RSCg; <1(k, Q) for the full subcategory of finitely pre-
sented 1—recipr0city_sheaves. An almost word-by-word translation of [1, Proposition
1.3.8], using Lemma 4.19 and Lemma 4.22 gives the following canonical presentation
of every finitely presented 1-reciprocity sheaf. This result will be repeatedly used in the
rest of the paper.

Proposition 4.24. Any 1-reciprocity sheaf is filtered colimit of finitely presented 1-
reciprocity sheaves. If F' is a finitely presented 1-reciprocity sheaf, then there is a unique
and functorial exact sequence

0=-L—-GRzQ—>F—0

where G € G* is a smooth commutative k-group scheme such that mo(G) is finitely
generated and L € RSCe <o(k, Q) = Shvi;(k<o,Q) is a finitely generated 0-motivic
sheaf.

Remark 4.25. For a smooth commutative k-group scheme G € G*, write G*? for its semi-
abelian quotient: it is a smooth commutative k-group scheme such that the connected
component of the identity (G*%*)? is a semi-abelian variety. We have by Chevalley’s
theorem an extension

0—=U—G— G =0 (4.25.1)

where U is a unipotent group. Since k is of characteristic zero, U = G/, where r is the
unipotent rank of G. More generally, for any F finitely presented 1-motivic sheaf, by
Proposition 4.24 we have a functorial commutative diagram

0 —— L —— G®70Q F 0
X l J (4.25.2)
Gsab ®z Q FAl 0

where FA" .= hé;t(F), and since ker(G — G*?) is unipotent, by [50, Example 2.23] we
also conclude that CA'(F) ~ FA'[0], where CA"(F) is the Suslin complex. Moreover,
by the right exactness of hé;w the kernel of the map G*** @7 Q — FA isa quotient of
the lattice L, hence it is itself a lattice.

In general, if FF = @Fl is a l-reciprocity sheaf with F; finitely presented, then
FA" = lim(FiAl) and ker(F —» FA") = lim ker(F; —» FiAI). By (4.25.2), for each i there

— —

is a lattice L} and a finite dimensional k-vector space U; such that
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ker(F; — FA') = (U; ® Ga) /L.

Since lim(U;®xGq) = (lim U;)®, Ga, which is (non canonically) isomorphic to a (possibly
infinite) sum of G,, and £ = lim Z; is a 0-motivic sheaf, we have an exact sequence

0— L = ®Gq — ker(F; - FA') = 0.
Thus, for every 1-reciprocity sheaf F', we have an exact sequence
0= (8Gq)/L = F > FA 50 (4.25.3)

describing F as an extension of an Al-invariant sheaf by a quotient of a (possibly infinite
dimensional) vector group by a 0-motivic sheaf.

Recall that by [28, Prop. 11.1], if C has all colimits, then pro-C has all colimits. We
can now prove the following generalization to [1, Proposition 1.3.11].

Theorem 4.26. Let ch(k) = 0. The embedding RSCq <1(k,Q) C Shvi;(k,Q) has a pro-
left adjoint:

Alb: Shv{;(k,Q) — pro-RSC¢ <1(k, Q)
induced by colimit from

Qtr(X) — “Lilll ”(Albx(n) Rz Q)

n

for any choice of X € Comp(X) smooth.

Proof. For X € Sm(k), recall from Definition 2.8 the cofiltered category of Cartier
compactifications Comp(X). It is enough to show that for any X, for any choice of
X € Comp(X) with total space smooth (since ch(k) = 0, such choice exists), and for
any E € RSCy <1(k,Q), we have

lim Homgpyt (1) (Albyon ®z Q, E) = Homgpytr (1) (Qu (X)), E).
By Galois descent it is also enough to prove the claim for £ algebraically closed. By
Lemma 3.25, for any X(™ the Albanese map ax: Q- (X) = Albym ®z Q is a surjective
morphism of Shv;(k,Q), hence since filtered colimits are exact, we only need to show

that

lim Homgpyt (1) (Albyon ®z Q, E) — Homgpytr (1) (Qur(X), E)
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is surjective, i.e. that for any choice of X € Comp(X), every map Q,(X) — F factors
through Albym) ®z Q for some n. Since Q. (X) is compact in Shvi;(k, Q), by Propo-
sition 4.24 we can suppose that E is finitely presented. Let E' = coker(L — G ®z Q) be
as in Proposition 4.24. Then we get a long exact sequence

s HOI’D(Q”(X), G ®Z Q) — Hom(Qtr(X)a E) - Hgt(Xa L) -
Since L = Q, being k separably closed, H} (X, L) = H¥, (X,Q") = 0. Thus the map

Hom(Q(X), G) = Hom(Qy(X), E)

is surjective, i.e. every map s: Qu-(X) — E factors via o: Q¢ (X) — G ®z Q. By
Remark 2.9 (iii) for every o as above and for any choice of X € Comp(X), there exists n
such that s factors through hg ¢ (2(™). Considering now G with integral coefficients, we
deduce that there exists m such that mo defines a section of G over X with modulus X(*)
as in 3.7, hence by Proposition 3.24, mo factors through Alby), so o factors through
Albym ®z Q, concluding the proof. O

4.4. The log Albanese functor

We now generalize this to the logarithmic setting. As in Definition 2.8, we introduce
the following

Definition 4.27. Let X = (X,0X) € SmISm(k) and |0X |req be the reduced divisor on
X associated to 0X. We let Comp(X) be the cofiltered Category formed by the modulus
pairs (X, |8X|red+D) where (X, D) € Comp(X) and |5’X|red C X is an effective Cartier
divisor supported on the closure of [0X|;eq in X such that |8X lreq X5 X = [0X |red-

Let
L0gas: : RSCe(k, Q) — Shvge(k, Q)

be the composition in (2.10.1), which is fully faithful and exact. As observed in Re-
mark 2.11, Logge, is fully faithful, exact and commutes with all colimits.

Theorem 4.28. Let ch(k) = 0. The fully faithful exact functor
EOgdéc Itr
RSCq <1(k, Q) € RSCeq(k, Q) — Shvy (k, Q)
has a pro-left adjoint, called the log Albanese functor

Alb'°%: Shvl, (k, Q) — pro-RSCe <1 (k, Q).
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induced by colimit from

Qu(X) = “lim "(Albx) ®z Q)

n

for any choice of X € Comp(X) smooth.

Proof. We proceed as in the non-log case. Since Log commutes with filtered colimits, we
can reduce to prove the adjunction for maps against F finitely presented, quotient of a
smooth commutative group k-scheme G ®z Q by a lattice L. As before, it is enough to
prove the claim with & algebraically closed, by Galois descent. Since we are considering
sheaves of Q-vector spaces, we can assume that L =2 Q. For X € SmlSm(k) we have

Hggt (X, Logase (L)) = Hey(X — |0X],Q") = 0.

So following the steps of the previous proof, it is enough to show that for G € G* and
X € SmISm(k), any map

0 : Qi (X) = Logye (G @z Q)

factors through Logye (Albym ®z Q) for some n, and conclude by full faithfulness of
L0g4e;- On the other hand, for X = (X,9X) € SmISm(k) let X = (X, |0X |, + D) €
Comp(X) as in Definition 4.27, and for n > 1 let X(") = (X, |/3_\)?|red+nD) € Comp(X).
We have (see §2.3 for the notation)

Homgp,yr (Quer(X), L0gaet (G @z Q)
= Log(G ®z Q)(X)
= lim Homgscy,, (k,2) (@h§(x™), G 97 Q)

= lim HomRSCét(k,Q)(hoyét (:{(n)), G ®z Q)

—
n

—_

liny Homiogcr,, (5.@) (£09aet (o6 (X™)), Logae (G @2 Q)

n

where the first equality follows from Proposition 2.2, the second follows from the defini-
tion of Log in [60] and Remark 2.9, the third from the isomorphsim

aycughi M) @z Q = afw RH(x™ ®7 Q) = ho et (X) (see Definition 4.7
ét 0 ét 0 s

and the fourth from the full faithfulness of Logg4. So, there exists n such that o factors
through L£ogas ho.et(X), hence again there exists m such that mo is a section of G
with modulus X(™ as in 3.7, so by Proposition 3.24 and full faithfulness of Logye, it
factors through Logye (Albym) ®z Q), proving the claim. 0O
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5. Extension of 1-reciprocity sheaves

In this section, we prove some technical results about extensions in RSCqy <1(k, Q).
First of all, recall the Breen—Deligne resolution, whose proof is contained in [16, Appendix
to Lecture IV]:

Theorem 5.1 (Eilenberg—Maclane, Breen, Deligne, Clausen—Scholze). Let G € G*. Then
there exists a complex of presheaves (the Breen—Deligne resolution) Co(G) such that
Ci(G) = Z(G**) for some integert; > 0 together with an augmentation map s: C(G) —
G in Cpx(PSh(k,Z)) that is an equivalence in D(PSh(k,Z)). Moreover, the first terms
are computed as follows:

ZIG*3 x ¥ & 716 x G 25 2[6] 2 G — 0

e Oy is the sum map,

o A([z,y]) =z +y] - [2] - [y]

° 32([x,y,z,t,u]) = [x +y,z] - [1‘,y+ Z] - [2/72] + [x,y} + [t’u] - [U,t].
Remark 5.2. Every G € G* is a compact object in PSh(k,Z): since G is an exten-
sion of GY and (@), it is enough to show that G° and m(G) are compact. By
our assumption, mo(G) is finitely generated, so it is compact. Since G° € Smy(k)
by assumption, it is compact in PSh(Sm(k), Sets), and since the forgetful functor
PSh(Sm(k),Z) — PSh(Sm(k),Sets) preserves filtered colimits, GV is compact in
PSh(Sm(k),Z) too. Moreover, since the inclusion Shvg(k,Z) — PSh(k,Z) preserves
filtered colimits, we have that G is a compact object in Shvg(k,Z) too.

Corollary 5.3. Let G1,Go € G*. Then
Mapp (shv, ¢ (k,2)) (G1, G2) = Mapp(shve, (k,2)) (G1, G2)
Proof. By the Breen—Deligne resolution, for 7 € {ét, fppf} we have
Mapp(shy. (x,2)) (G1, G2) ~ RT(G"*, Gs)
and by a theorem of Grothendieck (see [46, III, Theorem 3.9]):
RI‘ét(Gft',Gg) ~ RFfppf(GTt. , Gg),
which allows us to conclude. O

Recall the following result proved in [2, Appendix B]:
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Corollary 5.4. Let G € G* and let F € Shvii(k, Q). Let i be the functor “forget trans-
fers”. Then

Mapp shve, (1,0)) (G @z Q, 1" F) = Mappspy 1,0 (G @z Q, F)
In particular, G ®z Q is a compact object in Shvii(k, Q).

Proof. The second part follows from the first and Remark 5.2 since i** preserves filtered
colimits. Recall the left adjoint Lv* of i'", which is computed by colimits by the formula

Ly(QX)[E]) = (v Q(X))[i] = Quer (X)1d].
If Ce(G) — G is the Breen—Deligne resolution, we have that
Ly" (G @z Q) = Ly (Ce(G) @z Q) = 7" (Ce(G) @z Q),

and the last equality follows from the fact that C;(G) is representable. This gives the
following equivalence:

Mapp shve, (1,0)) (G @z Q,1"F) =~ Mapp(snvi (1,0)) (L7 (G ®z Q), F)
~ Mapp snvir (k,0)) (1 (Ce (G) ®z Q), F)

By [2, Lemma B.4], we have an equivalence in Shv¥; (k, Q):
7 (Ce(G)©2 Q) = G®zQ
which allows us to conclude. O
We need the following easy but fundamental result:
Proposition 5.5. Let G € G*. Then for all F' € Shvg(k,Z) we have an equivalence:
MapD(Shvét(k,Z))(Ga F) ®z Q ~ MapD(ShVét(k,Q))(G ®z Q,F®z Q)
Proof. By adjunction we have
Mapp(shve, (1,0)) (G ®z Q, F @z Q) ~ Mappshy,, (1,2)) (G, ' ®z Q).

Notice that the tensor product is not derived since Q is flat. Consider the fiber sequence
in D(Shvg (k,Z)):

F— F®zQ—limF ®F Z/mZ
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Then since the colimit is filtered and G is compact, we have a fiber sequence

Mapp(shve, (k,2)) (G F) = Mapp(shy,, (r,2)) (G, F @z Q)
= lim Mapp shv,, (k,2)) (G, F @7 Z/mZ).

On the other hand, since Q is flat, ®zQ commutes with homotopy groups, so since m;
and ®7zQ commute with filtered colimits, we have that

i ((lim Mapp (shy,, (k,2)) (G> F ©7 Z/mZ)) ®z Q)
= lim (7 (Mapp (shve, (k,2)) (G, F ®7 Z/mZ) @z Q)).

Since m; Mapp shv, (k,2)) (G F®LZ/mZ) are Z /mZ-modules for all i, the above formula
is equal to zero, so we conclude. O

Finally, we can deduce the following result, which (for the most part) is a well-known
application of the Breen—Deligne resolution:

Proposition 5.6. Let G1,G2 € G*. Then the groups Extgyy,, 1r,z)(G1,G2) are torsion for
n > 2.

Proof. If G5 is discrete, this exactly [15, Proposition 3.2.1, (i)]. If G2 is connected, as
pointed out in [15, Proposition 3.2.1, (ii)] this can be deduced from Breen’s method
from [12]. In fact, let X be the underlying smooth scheme of G;: using the Breen—
Deligne resolution of Theorem 5.1, one reduces to show that HZ, (X **, G2) is torsion for
g > 2. If G4 is represented by a semi-abelian variety, this was pointed out in [12, §7,8,
and 9]. If Gy = Gy, then HY (X**,G,) = Hj, (X**, G,):

Zar

(i) If Gy is discrete, then dim(X**) =0 so Hy, (X**,G,) =0 for ¢ > 1.

(ii) If G1 = Gy, or Gy, then X ** is affine so H7 (X**,G,) =0 for ¢ > 1.

By Chevalley’s classification, we are left to the case where G; is an abelian variety. In
this case, since ch(k) = 0, we have that G, is already a sheaf of Q-vector spaces, so by
Corollary 5.4 and Proposition 2.2 we have:

EthhVét(k,Q)(Gl & Qu Ga) = Eth’th\ﬁs(ka) (Gl, Ga).
So we will conclude by the following:
Claim 5.7. Let Gy be an abelian variety. Then Extgpye (1, z)(G1,Ga) =0 forn > 2.

Proof. For a curve C C G intersection of ample divisors, the map Jo ®z Q — G1®zQ
is split surjective, which implies that we have a split inclusion:



48 F. Binda et al. / Advances in Mathematics 417 (2023) 108936

Extgnve (5,2)(G1, Ga) = Extgny,, 1,0)(G1 © Q, Gq) =

EthhVét(k,Q)(JC X Q, Ga) = Ethhviﬂs(k,Z)(JC’ Ga)7

which reduces to the case where G; = J¢. Since J¢ is an abelian variety, it is a birational
sheaf in the sense of [38], so for X € SmISm(k) we have an isomorphism

Jo(X) = Jo(X°)
which implies that we have an isomorphism of dNis sheaves (cf. Remark 2.13) :
whog(e) = wiyg(Jo).
Since G, & w;jog Log(G,), the adjunction (2.13.2) implies an equivalence

Mapp st (k,2))(Jo: Ga) = Mappshvie. (k,2)) (WiegJc, L0g Ga).

dNis

On the other hand, since J¢[0] is a direct summand of the Suslin—Voevodsky complex
CA'(C) in D(Shvi, (k,Z)) by [66, Section 3.4], we have that wingJc[0] is a direct sum-
mand of (M (C, triv)) by [11, Theorem 8.2.11], where ¢ is the inclusion of logD M (k, Z.)
in D(Shvgnis(k, Z)). Since now Log(G,) is O-local, we have an injective map:
Extgnyir (k,2)(@iog /o, £0g Ga) = T Mapp(snyi, (k,2)) (M (C; triv), Log(Ga))
= 7_p Mapiogp et (1,2) (M (C, triv), Log(Gq))
= H"(C,0c¢)

and the latter is zero for n > 2. This allows us to conclude. O

Remark 5.8. Recall that if F' € RSCe <1(k, Q)*, then there exist L — G as in Proposi-
tion 4.24 such that

0-L—-GQ—F—0.

By Remark 5.2 and 5.4 (plus the fact that RSCq; <1(k, Q) is closed under colimits in
Shv{;(k,Q)), L and G are compact in both Shve(k,Q) and RSCq <1(k,Q), which
implies that F' is compact in both Shvg(k, Q) and RSCq; <1(k, Q).

We are now ready to prove the following:
Proposition 5.9. The category RSCq <1 (k, Q) is closed under extensions in Shve (k, Q).

Proof. Let Fy,Fy € RSCq <1(k, Q). Since RSCq; <1(k, Q) is a full subcategory of
Shv,,(k, Q) by Proposition 2.10, we have that an extension in RSCqg <1(k, Q) splits
in Shvg(k, Q) if and only if it splits in RSCyg <1(k, Q), so
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Extrsc,, -, (@) (F1, F2) = Extghy,, (o) (F1, F2).

By Proposition 4.24, we can write F1 = lim F, with I, € RSC}; ;. In particular, there
is a surjective map @F;, - Fi. Let K be its kernel: we have the following commutative
diagram with exact rows:

HOmRscéhgl(K, Fg) e EXt%{SCéc,gl(Fl’FQ) e HEXt%?.SCét_Sl(Fil’FQ) e EXt%‘-SCéc.gl(K’ Fg)

I I I i
HomShvéc (K, FQ) e EXtéhva (1‘7‘17 F2) _— HEXtéhvét (Fi] 5 FQ) _— EXtéhvét (K, FQ)
(5.9.1)
so by the five-lemma (%) is surjective if (xx) is surjective, hence we can suppose
Fy € RSC}; (k,Q). Since Fy is compact in both Shve(k,Q) and RSCe <1 (k, Q)
by Remark 5.8 and filtered colimits are exact, again by 4.24 it is enough to suppose that
F, € RSCY, . (k, Q). Let F; = coker(L; — G; ®z Q) as in Proposition 4.24, we have a
commutative square with exact rows (we omit the ®zQ here):
G1, Lo)

1 1 2
Extrsc,, ., (G1,G2) —— EXtRscét,Sl(GlaFﬂ — Extrsc,, -, (

I © |

2
EXtéhVét (Gl, Gg) L} EXtéhVét (Gl, FQ) _— EXt%hVét (Gl, LQ)

By Proposition 5.5 and Corollary 5.3, we have that

Extgny, (5,.0)(CG1 ®z Q, G2 @z Q) = Extgpy, (1.2)(G1,G2) ®z Q.

By [48, Exercise 5-10] we have that G* is closed by extensions in fppf sheaves, which
implies that if E € Extéhvét(k’Q)(Gl, Gs), there exists G’ € G* such that E = G’ ®z Q,
in particular E is in the image of (1). This implies that (1) is an isomorphism. Moreover,
Ext%hvét(kz)(Gl, Ly) ®z Q = 0 by Proposition 5.6, which implies that (2) is surjective,
so (3) is surjective, hence an isomorphism. We have now the following commutative
diagram with exact rows:

Homrsc,, o, (L1, F2) — Extpsc,, ., (F1, F2) — Extpsc,, , (G1, F2) — Extgsc,, -, (L1, F2)

Homshv,, (L1, F2) ——— Extgy,, (F1, F2) —— Extgy,,, (G1, F2) ——— Extgy,,, (L1, F2)
and we conclude using the 5-lemma. 0O

Lemma 5.10. For all Fy, F» € RSCqg <1(k, Q) we have

ExtghVét(k,Q)(Fla F)=0 fori>2.
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Proof. First suppose that Fy € RSCY; -, hence it is a compact object in Shve(k, Q).
Since filtered colimits are exact, as in the proof of Proposition 5.9 we can assume that
Fy € RSC; (K, Q). For i = 1,2, let F; = coker(L; < G;) be as in Proposition 4.24
(again, we omit ®zQ). Since L; is a lattice, we have that ExtiShvét(kQ)(Ll, Fy) =0 for
i > 1, so we can suppose I} = Gy. Since by Proposition 5.6, we have

Ext§ny,, (r.0)(G1, L2) = Extpy, (r.0)(G1,G2) =0 fori>2,

we get Extghvét(k@)(Fl, Fy) = 0 for i > 2, which concludes the case F; € RSCf; ;. In
general, let 0 — @ Go/L1 — Fy — FA" — 0 be as in (4.25.3). Then we have a long
exact sequence

Exthpy,, 5.0y (Ff + F2) = Exthpy. o) (F1 Bo) = Exthpy (n.0)(©Ga/L1, F).
(5.10.1)
As in [1, Proposition 2.4.10], £; splits as a direct sum £; & &,L,, of finitely presented
0-motivic sheaves, which implies that

Ext&py,, (k.0) (L1, F2) = HExtiShvét(ka)(Eal JFy) =0 fori>1.
Moreover, G, € RSCgtél, so by the previous case:

EXtiShvét(k,@)(@Ga,Fz) = HEXtiShvét(ka)(Ga,Fz) =0 fori>2.
This imples that the last term of (5.10.1) vanishes for ¢ > 2. In order to conclude, it is
enough to show that Extéhvét(k,@)(FlAl,Fg) = 0. In other words, we can suppose that
Fy € Hlg <. Arguing as before, consider now the exact sequence

0— ®Go/Ls — F» — FA 0.
It induces a long exact sequence
Extbny., k.0)(F1. €D Ga/L2) = Extlpy,, .0)(Fi. F2) = Bxthp,, .0 (F1, F)
By [1, Proposition 2.4.10] we have that for ¢ > 2
ExtSpye, (r.0) (F1 Fa* ) = Extlipy, .0) (F1, £2) = 0,
so we need to show that
Extgpy,, (1.@) (F1, ®Gq) = 0 for i > 2.

As in the proof of [1, Proposition 2.4.10], we can reduce to separately analyze the fol-
lowing cases:
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(i) Fy = L is a 0-motivic sheaf.
ii 1 = L ® G,,, where L is a 0-motivic sheaf.
(ii) F1 = L ® G, where £ 0 heaf
(iii) F1 ~ Py Ap ® Q, where Ag are abelian varieties.

If £ is 0-motivic, again it splits as a direct sum @ L, of finitely presented 0-motivic
sheaves. In particular

Ext§hy,, (5.0) (£ ® Ga) = H Ext§hy, (5.0 (Las DGa),
and
EXtShve, (5,.0) (£ © Gm, ©Ga) = [ [ Extény,, (.0)(La ® Gm, ©Ga)
Since now both £, and £, ® G,, are in RSCgt,Sl, so they are compact objects in

Shvg (k,Q), we can put the direct sum outside the Ext and conclude the vanishing for
i > 2 in case (i) and (ii) thanks to Proposition 5.6. In case (iii), A3 ® Q € RSC}; -, so

ExtShye, (1,0) (@845 ® Q, 6G,) = H ExtShy,, (1,0) (48 © Q, ®G)
B

= [T P Extinve, r0) (45 @ Q, Ga)
B
and the last term vanishes by Claim 5.7. O
Proposition 5.11. For Fy, F» € RSC¢ <1(k, Q), we have
Extrsc,, -, (@) (Fi, F2) = Extgpy,, 1.0) (F1, F2) for alli > 0.

In particular the category RSCg; <1(k, Q) has cohomological dimension 1, i.e. for i > 2
we have

EXtiRscét,Sl(k,@) (F1, Fy) = 0.

Proof. The case ¢ = 0 is Proposition 2.10 and ¢ = 1 is Proposition 5.9. In light of
Lemma 5.10, the first part for i > 2 follows from the second. Let 0 = F» -1 — B — 0
with I injective in RSCq <1 (k, Q), so that for ¢ > 2 we have that

Extrsc,, -, (k) (F1, F2) = Exti{slcétél(k,Q)(Fl, B).

Notice that by Proposition 5.9, we have a commutative diagram where the vertical maps

are isomorphisms:
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(x1)
Extgy, (1,0) (F1, 1) —— Extgpy,. (r.0)(F1, B)

| |

(+2)
Extrsc,, o, (@) (F1: 1) — Extrsc,, _, (o) (F1, B)-

Since Ext%hvét(k@)(Fl,FQ) = 0 by Lemma 5.10, the map (x1) is surjective, so
the map (x2) is surjective. Since I is injective, Ex’cﬁscét k1, 1) = 0, so
Extﬁscét <1 (k,@)(F1, B) = 0. We conclude that:

EXt%{SCét(k,Q) (Fy, F3) =0,

which concludes the case i = 2. In general, suppose that ExtiRSCét.Q(kyQ)(Fl, F,) =0 for
all I, Fy € RSCq <1(k,Q), in particular Extﬁscét <1 (k,@)(F1, B) = 0, so we conclude
that Exti;fslcét ik @)(F1, F5) = 0, which by induction finishes the proof. O

Theorem 5.12. Every complex in C € D(RSCg <1(k,Q)) is formal, i.e. we have an
equivalence:

C ~ @m(C)[z}

Proof. By Proposition 5.11, we have that for every F' € RSC¢; <1, and i > 2,

ét, <1

so the spectral sequence

Ey = Extgrsc,

ét,<1

(m;C, F) = it j Mappmsc,, ,)(C, £10]) (5.12.1)

ét,<1

degenerates at page 2, which allows us to conclude by [17, Prop (1.2) and Rem (1.4)]. O
6. The derived Albanese functor

Assume that k has characteristic zero. The goal of this section is to show the existence
of a left derived Albanese functor in the sense of Definition A.10. To ease the notation,
we will write Shv" (resp. Shv'", resp. logCI) for Shvil, (k,Q) (resp. Shvli. (k,Q),
resp. logCI ;) and we will identify it with Shvi (k,Q) (resp. Shv'i (k,Q), resp.
logCI,,,) by Proposition 2.1 (resp. Proposition 2.2). We also write RSCq,<1 C RSCy
for RSCe <1 (k, Q) C RSCq¢(k, Q). In this section we let Logye, denote the functor from
Theorem 4.28:

RSC¢ <1 — Shv''". (6.0.1)
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By Remark 2.11 and Proposition 4.20 this functor is fully faithful, exact and commutes
with all colimits.

We announce the main theorem (cfr. [1, Thm. 2.4.1]), whose proof will occupy the
rest of the Section.

Theorem 6.1. The functor Alb'°® of Theorem /.28 has a pro-left derived functor L Alb'°®
which factors through the stable co-category of effective log motives, giving rise to the log
motivic Albanese functor (still denoted L Alb'°8):

L AL 2 1ogDM T (k, Q) — Pro-D(RSCq;.<1),

which is a pro-left adjoint of the functor

D(Logqet)

e Li
WI2EPM™ L D(RSCyy 1) D(Shv'™) = logD M (k, Q).

6.1. Some preliminary results
We collect now some technical lemmas that will be used in the proof of the main

theorem.
Recall the pair of adjoint functors from (2.2.1)

whe: Shv (k, Q) T Shviff (k,Q): w™®

where wi,, ['(X) = F(X — [0X]). Recall that wjliogwl*og = id and that by [11, Proposition
8.2.8], for F' € Hle we have that wi,(F) & Logge F.

Lemma 6.2. For any finitely presented 1-reciprocity sheaf F' € RSCe¢ <1, we have an
isomorphism:

1
wéOgHO_mShvm (wl*ogG”L? Eogdét F) = I‘IO—mShvtr(Gm, FA ),
where FA' denotes the mazimal A'-invariant quotient of F (see (4.25.2)).
Proof. Consider the presentation 0 — L — G — F — 0 of Proposition 4.24. Since
L € HI, we have that Loge, L = wi,, L and by Proposition 2.3, by [15, Lemma 3.1.4]

and by Proposition 2.10, we have

wéog Homg,y 16 (Wiog G Wing L) = Homgy e (G, L) = 0 and

1 * *
wﬁog méhv“r (wlogGm’ wlogL) = Méhv” (Gm’ L) =0.

Since Logys; is exact, this gives an isomorphism
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log * ~ 1 *
w, *Homgy,y i (W G,y L0gaey G) = w," Homgyyier (Wi G L0ggey F)

Moreover, by [11, 8.2.4] together with [50, Theorem 7.16}, wi;,, G [0]&Q = M (P, 0+00),
so forall 4 >0

wéogméhvl“ (wl*ogGm’ ‘Cogdét GZ)
1
= WiwﬁogMapShvltr (M(P17 0+ OO), £Ogdét GZ)/ KOgdét GZ

By the fiber sequence M (P!, triv) — M (P, 0) & M (P!, 00) — M(P!,0 + o) and the
fact that L£ogus(Ga) is both (PL, triv) and O-local, we conclude that

WP Ext gy i (WG, Logag, Gp) =0 for i > 0.,
We can now conclude from the sequence (4.25.1) and Proposition 2.3, since we have that:

* _ * * sab
o"’ﬁLIOInShv“‘r (wlogG’m’ ﬁogdét G) - wﬁiHomShv" (wlogGmﬂ wlogG )

= Homgy, (G, G*%%). O

Let X = (X, D) be a smooth proper and geometrically integral modulus pair, and let
Alb;‘lb be the maximal semi-abelian quotient of Alby. Suppose that X = X \ D has
a k-rational point. Then, by Proposition 3.23, Alb5" agrees with Serre’s semi-abelian

Albanese variety of X, Alby. We have an exact sequence as in Remark 4.25:
0— U(X) 9k Gy — Albx — AIb5™ = Albx — 0 (6.2.1)

where U (%) is a finite dimensional k-vector space. Since Albx € HI<y 4, which is a Serre
subcategory of RSC<j ¢, the natural surjection of (6.2.1) (with rational coefficients)
gives then rise to a map

Extyy,, _, (Albx, Gy,) = Extgge,, -, (Albx, Gp,). (6.2.2)
Lemma 6.3. The map (6.2.2) is an isomorphism.
Proof. We need to show that

Homgsc,, ., (U,G) =0, and Extggc.

ét,<1

(U, G) = 0.

ét,<1

which by Proposition 5.11 follow form analogous vanishing in Shvg,, which are well-
known (see e.g. [62, VII, Proposition 7]). O

Notice that for every G € logCI, we have that Homgy, 16 (Wi Gin; G) € 1ogCl since

Homgj,y1tr (Wiog Gy G) = mo(RHomgp 16 (Wiog Gin, G))
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and RHomgy, 1 (Wit , G, G) is clearly D-local (see [8, Lemma 2.10]).

Lemma 6.4. For any finitely presented 1-reciprocity sheaf F' € RSCg <1, we have an
isomorphism:

~ 1
wihgGm ®loger Homgyiex (Wi, Giny L0gas (F)) — wing (G @ax Homgy, e (G, FA ).
where Rogci 5 the tensor product of the category logClI.

Proof. By Lemma 6.2, we have that
1 * ~ 1
wy  Homgpy i (1,0) (Wing Gms L0gagr F) = Homgpyer 1,0y (Grmy FA).
Moreover, the right-hand side is in HI¢ (k, Q), hence by (2.12.1) we have an isomorphism

* *  log *
}IO—mShv“r (wlogGm7 ‘Cogdét F) = wlogwﬁ I—Io—rnShvl“' (wlogGm7 Eogdét F)

* 1
= wlogI—IO—mShv“(Gm7 FA )7
so we conclude since by Lemma 2.7 we have that

AN ~ Al
WingGm Qloget wipgHomgy ot (G, FA) 2 Wit (G, @1 Homgy ot (G, FA 7)), O

Remark 6.5. Thanks to Proposition 4.24, we can write every F' € RSCq <1(k, Q) as
filtered colimit of finitely presented 1-reciprocity sheaves, F' = 11‘11%1z F;. Since the functor
Loggs from (6.0.1) commutes with all colimits, we have Logye, (F') = lim; Logae, £ By
the isomorphism

wl*ogGm = coker(Q — hgog(Plv [0] + [o2])),

given for example by [11, 8.2.4] together with [50, Theorem 7.16], we see that wy,, Gy, is

Itr

a compact object in logCI, hence in Shv'"'. By Lemma 6.4 we have an isomorphism

* * ~ 12 * 1
WlogGm Rogcr Homgy,ier (wlogGm’ Logger F) = h;fglwlog(Gm @u1 Homgyp,, o (G, FiA ))
(2

(6.5.1)
Moreover, since wéog commutes with (filtered) colimits, we have that
1
wjljog (wagGm®10gc1HomShvm (WiogGm» L0gaeq F)) = lim (Grm@uiHomgy i (G, FA ).
(6.5.2)

In particular, since Hly is closed under colimits we have that for exery F' € RSCg <1,

wéog (Wing G @roger Homgy, e (wing G, Logae, F)) € Hlg, .
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Lemma 6.6. Let F € RSCyq; <1(k,Q), then:
H (X, WiogGm ®loger Homgyyier (Wi Gim,y Logae, 1)) =0 for j > 1. (6.6.1)
Proof. Recall that for a torus T, we have that
H (X°,T)=Hj (X°,T)=0 forj>1. (6.6.2)

By Proposition 4.24, let I = lim, F; with I; € RSCy; ;. Since dNis-cohomology com-
mutes with filtered colimits, the left hand side of (6.6.1) is isomorphic to

lim HY (X, wihg (G @p1 Homgpyos (G, FA))).

The sheaf Homgy,tx (G, F2A') s a 0-motivic homotopy invariant sheaf by [1, Corollary
1.3.9], hence T; := Gy, @1 Homgy, o (G, FA') is a torus. Then since Wig 1s exact and
preserves injective sheaves, we have by (6.6.2) that

Hins (X, wih, T) = HY (X0, T3) =0 forj>1. O
Let X € SmlSm(k) and X € Comp(X). For H € Hlg, consider the composition:
&) x 2) x
EXt:ll?.SCét (Albx, H) — EthlogCIdNis (‘Cogdét (Albx), wlog(H)) — H(}Nis(X? wlog(H))
(6.6.3)
where (1) is the application of the exact functor Log and the isomorphism (2.12.1) and

(2) is given by the map Qi (X) — Logys, Albx. For a smooth scheme X, let NS"(X)
be the group of codimension r-cycles modulo algebraic equivalence.

Lemma 6.7. Let F' € RSCyq; <1 and let X € SmISm(k) connected such that X° is affine
and NSl(X%) = 0. Then for X € Comp(X) the map Q(X) — Log(Alby) induces an
isomorphism:

Extisc,, (Albx, w,” (] Gm ®1ogcr Hom(wi,, G, Logas, (F)))) ~
HjNis(Xv C’L)l*ogG"m« ®10€CI Hom(wikogGm’ ‘Cogdét (F)))

Proof. Let F = lim F; with F; € RSC}, .y and T = w;, G, ®iogct Hom(wy Gy,
— et s og 0og

Logaey F') and T = wi,, G @rogor Hom(wii,, G, Logag, Fi). By Corollary 5.4, Alby is

a compact object in RSCyg;. Since filtered colimits are exact and RSCg¢; <1 € RSCy; is

closed under extensions, by (6.5.2) we have that

Extirsc,, (Albx,w,*T) & lim Exthsc,, _, (Albx, w,T}).

3

On the other hand, by Lemma 6.4 we have
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1 ~ 1 * Al
Hanig (X, T) = lim H g (X, wiog (G @1 Homgpyir (G, 7))
i
Moreover, since wy,, is exact and preserves injective sheaves we have that

Hnis (X, @iy (G @rrHomgyyor (G, FA))) & Hi (X°, Gy @priHomgp i (G, FA)).

Finally, HomShvn(Gm,FiAl) is a lattice by [1, Corollary 1.3.9], hence it is enough to
show that for every lattice L we have an isomorphism

EXt%lSC/ (_Alb_'{7 G, QHI L) = Hlilis (XO, G,, QHI L)

ét,<1

By [1, Lemma 2.4.5], since X° is affine and NSl(X%) = 0, we have that
HYo(X°, Gy ®nn L) = Extygy,, _, (Albxo, Gy ©ur L),
so it is enough to show that the canonical map Alby — Albx. induces an isomorphism
Extyyy,, _, (Albxe, Gy, ®mun L) = Extrsc,, ., (Albx, Gy, @ur L).

If k£ is algebraically closed, we have L = Q", hence the above isomorphism comes from
Lemma 6.3. A Galois descent argument (see [1, Lemma 2.4.5, Step 1]) allows us to deduce
the isomorphism above for any k. 0O

6.2. Deriving the Albanese functor

We are ready to prove Theorem 6.1. The categories RSCg; <1 and Shv''™ are
Grothendieck abelian categories and the functor wgé from (6.0.1) is exact and commutes
with filtered colimits.

The derived co-category D(Shv'™) is equivalent by classical reason to the co-category
underlying the model category Cpx(PSh'""(k,A)) with the dNis-local model structure
considered in [8]. In particular, by [8, Lemma 2.15], the functor iy, : D(Shv'"") —
Chdg(Shvm) preserves filtered colimtis. In particular, the commutative square of oco-

ltr)

categories:

Chag(RSCq;,<1 )Chdg(ﬁfét) Chgg(Shv''™)

ngl Lml

DRSCe 1) L%l p(Shy'™)

satisfies the hypotheses of A.4, so that D(Logys) has a pro-left adjoint L Alb'°8. We
consider the BC-admissibility with respect to this diagram. Recall from Lemma A.14



58 F. Binda et al. / Advances in Mathematics 417 (2023) 108936

that a compact object P € Shv'"" is BC-admissible as an object of Chdg(Sthtr) if and
only if for every injective object I € RSCg; <1 we have

Ethhvltr (P, Eogdét (I)) =0 for i # 0.
We make the following definition (see [1, Def. 2.4.2]):
Definition 6.8. X € SmlSm(k) is Alb'8-trivial if X° is affine, NSl(X%) =0 and

Hj

Zar

(X,0x)=0 forj>0.

Remark 6.9. If X = Spec(R) is affine and 90X is supported on a principal divisor with

global equation f, then X° = Spec(R[%]) is affine, in particular if NSl(X%) = 0 we have

that X is Alb'5-trivial and X° satisfies the hypotheses of [1, Proposition 2.4.4].
The main technical input of the proof of Theorem 6.1 is the following result:

Proposition 6.10. Let X € SmlSm(k) be AIb'°8-trivial, then the complex Qi (X)[0] is
BC-admissible.

Proof. We follow (with some modifications) the path of the proof of [1, Proposition
2.4.4]. Since Q4 (X)[0] is a compact object, by Lemma A.14 it is enough to prove that

Extly, i (Quer(X), Logaer (1) = 0, for i > 0 and for every I € RSCe; <1 injective.

By [11, Proposition 4.3.2] the Ext groups in Shv''" can be computed as cohomology
groups:

Ethhvltr (Qltr (X)’ ‘COgdét (I)) = HélNis(Xa ‘Cogdét (I))a

so we need to check that Hiy (X, Logae(I)) = 0 for i > 0. In order to control this
cohomology, we look then at the adjunction map

wl*ogGm Qloger Homgy e (wl*ogva L0gaet (1)) = Logae (1) (6.10.1)

By Lemma 6.6 and Lemma 6.11 below, we get that H7y, (X, £ogae (I)) = 0 for j > 1
and that we have a surjection

HéNis (X7 wl*ogGm ®logCI HO—mShv“" (wl*ogva ‘Cogdét (I))) - H&Nis(X7 ['Ogdét (I)) — 0.
(6.10.2)
We are then left to show that the displayed morphism in (6.10.2) is the zero map.
For every modulus pair X € Comp(X), the canonical map Q. (X) — Logy, Albx
gives for any F' € RSCyg, <1 a natural map (again we are using the fact that Logge, is
exact):
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Extrsc,, -, (Albx, F) — Extgy e (Logae, Albx, Logae F) — Hinis (X, Logagy F),

ét,<1

hence, from (6.10.2) we get a commutative diagram (cfr. with the proof of [1, 2.4.4])

Ext%{scét.gl(Albx7wéog(wl*og(;m ®roger Hom(wit, G, Logae, (1)) — Ext}lscétél(Albx, I
Hlnio (X, wl*ogGm XlogCI Hom(wl*ogGm7 Logae (1)) > Hinie (X, Logaee (1))

(6.10.3)
-, (Albx, I) is zero. On the other
hand, the left vertical map is an isomorphism by Lemma 6.7, which implies that (6.10.2)

Since I is injective in RSCg; <1, the term Extgrgc
is indeed the zero map. This finishes the reduction of the proof of 6.10 to Lemma 6.11. 0O

Lemma 6.11. Let ' € RSCyq; <1 and let N and Q be respectively the kernel and the
cokernel (computed in Shvltr) of the morphism

wl*ogGm ®1ogct Homgy e (wl*ogGm, L0gger F) = Logge, F. (6.11.1)

Then for j > 0 we have the following vanishing:
HéNis(X? N) = HgNis<X7 Q) =0. (6.11.2)
Proof. Since cohomology commutes with filtered colimits, let F' = lim F; with F; finitely

generated 1-reciprocity sheaves. For all i, let K; and N; be the kernel and the cokernel
of the adjunction map

Wiog Gm @loger Homgy, piex (Wiog G,y L0gagy i) — Logag, Fi- (6.11.3)

As observed in Remark 6.5, since filtered colimits are exact we have that K = @KZ
and Q = li_r)nQi, hence it is enough to show that for all i:

Hjyio (X, V) j>0 (6.11.4)

=0,

Hini(X,Qi) =0, j>0. (6.11.5)
By Lemma 6.4 we have that the left hand side of (6.11.3) is isomorphic to wf‘og(Gm QHI
Homgy, o (G, FZ-AI)). Let K; and R; be the kernel and the cokernel of the adjunction
map

¥; : G, @p1 Homgypye (G, FA') — FA'.

We have the following diagram:
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0 —— Ni — w}5,Gm ®toger Homgpur (@i, G, L0gae Fi) ——— Logae, Fi ——» Qi ——> 0
| l ! l
00— wi, Ki ——— wih, (G @1 Homgpy oo (G, FA)) — 55 o FA —— wf R, — 0.
(6.11.6)
By the cancellation theorem [67], Homgy, o (G, G @1 M) = M for M € HI, and
Homgy, o (G, _) is exact as an endo-functor on HI. Hence we get Homgy ,ir (G, K;) =
Homg,, v (G, R;) = 0, in particular the sheaves K; and R; are birational sheaves in the
sense of [38] (see [38, Proposition 2.5.2]). In particular, since wy;, is exact and preserves
injectives, by [50, Proposition 14.23] and [38, Proposition 2.3.3] that

Hinio (X, wig Ki) = HE (X2, K) =0, >0 (6.11.7)
Hinio (X, wi Ri) = HY (X°,R;) =0, j>0. (6.11.8)

Since N; is a subsheaf of wl*OgKi, wéOgNi is a subsheaf of Kj;, so it is a birational sheaf,
in particular it is an object of HI by [38, Proposition 2.3.3 (a)] so N; & wlogwu “¢N; by
(2.12.1). Therefore the same argument gives the vanishing (6.11.4).

Let H; be the kernel of the map F; — FiAl. By a snake lemma argument on
(4.25.2), there exists a lattice L, and r; > 0 such that Gli/L, = H;. By the ex-
actness of Logys, we have that Logys GIi/w*L’ = Logye Hi. Since L' is a lattice,
Hyo(X,w* L) = HY (X°,L') = 0 for j > 0 and by [55, Corollary 6.8] with ¢ = 0
we have that (see (2.1.2)):

Hinio (X, Logaey Ga) = lim  H (Y, Oy). (6.11.9)
YeXzy

By the comparison of Zariski cohomology with Nisnevich cohomology for coherent
sheaves we have that for all Y € X§™:

H{y (Y, Oy) = H, (Y, Oy).

By definition the map Y — X is the composition of blowups in smooth centers, hence
the well know blow-up formula (see e.g. [23, Corollary IV.1.1.11]) implies:
H?

(Y,0y) 2 H) (X,0x)=0, j>0,

Zar Zar

where the last vanishing comes from the fact that X was taken Alb'°®-trivial. In partic-
ular, we conclude that

Hiinis(X, Logae Hi) = 0 for i # 0. (6.11.10)

From the diagram (6.11.6) and a snake lemma argument, we get the following short
exact sequence:
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0 = Wiog Ki/Ni — Logae, Hi — ker(Q; — wipgRi) — 0. (6.11.11)

Now by (6.11.7) and (6.11.4) we have that H7y, (X, wingKi/Ni) = 0 for j > 0, so by
(6.11.10), (6.11.8) and (6.11.11) we deduce (6.11.5). O

Given Proposition 6.10, we can show the following

Lemma 6.12. The category Shv'it. (k, Q) is generated by the set of Alb'8-trivial objects
Of ShvldtI{Iis(kv Q)

Proof. The category Shvlfﬁis(k,(@) is compactly generated, and a set of compact gen-
erators is given by Qu,(X)[i], for X € SmlSm and ¢ € Z. By Proposition 6.10, it
is then enough to show that any X € SmlSm can be covered (even Zariski-locally)
by X; € SmlSm which are Alb'°®-trivial. Let U; be a Zariski cover of X such that
|0X|y, is principal. By [1, Corollary 2.4.6]), we can cover each U; by affine U;; such that
NS'((Ui;)z) = 0, and since |0X v, is principal, |[0X|y,; is again principal. Considering
the log schemes Uj; := (Uij, 0Xy,;), we have that NSI(%)E) — NSI((UZ-OJ-)E) is surjec-
tive by [21, Example 10.3.4], hence NSl((Uin)E) = 0. We conclude that {U;;} is a Zariski
cover of X by Alb'8-trivial log schemes. O

Proof of Theorem 6.1. From Lemma 6.12 and Proposition 6.10, we have that the oco-
category D(Shv'ix.(k,Q))) is generated by a set of compact BC-admissible objects
concentrated in degree zero. The existence of the derived log Albanese functor L Alb'°®
as pro-left derived functor of Alb'°® follows then from Theorem A.13, and by construction
it is equivalent to the pro-left adjoint of the functor D(Logge)-

We are left to show that the functor L Alb'®® factors through the localization
Ley: D(Shvis(k, Q) — logD M (k, Q).

Recall that logDM®® (k, Q) is obtained as localization of D(Shv'ix,. (k, Q)) with respect
to the class of maps:

Quer (X x ﬁ) [n] = Qe (X)[n] (CD)

for X in SmlSm(k). From the proof of Lemma 6.12, we can suppose that X is
AlIb'°8_trivial (this is the exact analogue of [1, 2.4.1]). We are then left to show that
L AIb8(Qy(X x 0) — Q1ix(X)) is contractible for X an Alb'°%-trivial object. Since
Qi (X) is BC-admissible by Proposition 6.10, we have by Remark A.9 that

L AIb8(Q(X)[n]) = « lim 7 Alb () [n], for any choice of X € Comp(X).
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Note also that if X is Alb'°&-trivial, so is X x 0. Indeed, (X x 0)° = X° x Al is affine
if X° is affine, NS'((X° x A')z) = NSY(X?) and Hj, (X x P*, Oxp1) = Hp, (X, Ox)

Zar
for all 7. Therefore

L AIb"8(Qy (X x O)[n]) = « lim "Alb i), 7, for any choice of X € Comp(X).

3
On the other hand, by construction we have
Alb,) 5= Albyq),
proving the factorization. The pro-adjunction now is formal since for X € D(RSCyg; <1),

we have that D(Logae)(X) € D(logCI), hence it is (dNis, 0)-local by [8, Corollary 5.5],
so:

3 . o eff
D(L0gger)(X) = igLD(Logag,)(X) = igwofPM (X)),
hence for any Y € logDM®® (k, Q)

logDM* .
Mapyogp e (1, @) (Vs Wt (X)) = Mapp(shvir, (k,0)) (igY, D(L0gaer ) (X))

= Mappro-D(Rscét,gl(k,Q)) (L Alblog(y)a X)
as required. O

6.3. Some computations

Recall from [15, Theorem 9.2.3] (see also [52, Theorem 1.1] for a statement in a
language more similar to ours) that®

L Alb(w(X)) ~ Alb(w(X)) & NS*(w(X))[1], (6.12.1)
where NS*(w(X)) is the torus dual to the Néron-Severi. The goal of this section is to
give an explicit description of L AIb'*8(X): for X = (X, 8X), recall that w(X) is defined

as X —|0X/|. We will prove the following result:

Theorem 6.13. Let X € SmlSm geometrically connected and (X, D) a Cartier compact-
ification of X. Then we have that

8 The splitting is not stated but it can easily be deduced by [17, Prop (1.2) and Rem (1.4)], similarly to
Theorem 5.12.
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“lim "(H(X, Ox(nD))" @ Gq)
for 2 <i < dim(X)
“lim *((H(X, Ox (nD))/H' (X, Ox))" &k Ga ) & NS* (@(X))
fori=1
AIbS(X)  fori=0

0 otherwise.

L; Alb'8 (X)) =

Moreover, the canonical map L AIb'°8(X) — @?;%(X)Li AIb'°8(X)[i] is an equivalence.

We start with the following observation:

Proposition 6.14. The inclusion D(ia1): D(HIg <1) — D(RSCe.<1) has a left adjoint
Li} such that m(LE)(F) = hf‘l(F) (the Suslin hyperhomology).

Proof. By Proposition 5.11, the inclusion D(RSCq¢ <1) — D(Shvi;(k,Q)) is fully faith-
ful, then for F' € D(RSCq¢; <1) and H € D(HIg; <1):

MapD(Rscét,Sl)(F, D(iar)(H)) ~ MapD(Shvg;(k,Q))(Fa D(iar)(H))
1 1
=~ Mapp et (1,0)) (C1 (F), H) = Mapp gy, _,) (LA C (F), H)

which implies that Lfﬁ exists and it coincides with L Alb Cfl. We can write F =
hocolim, ,, F;[n] with F; € RSCZ,. Since CA": D(Shv'i(k,Q)) — DM (k,Q)) com-

mutes with all (homotopy) colimits as a left adjoint, we have

Cfl (F) ~ hocolim Cfl (F3[n]) W hocolim(hoAl (Fy)[n)),

where () follows from Remark 4.25. Hence the homotopy groups of C2" (F) are 1-motivic
so that m L51 (F) = ;L AlbCA' (F) = ;CA (F) = kA (F). O

Lemma 6.15. Let Pro-L%: Pro-D(RSCq;,<1) — Pro-D(HI <1). For X € SmlISm(k)
geometrically connected, Pro-LfﬁLAlblog(X) is a constant pro-object and

Pro-L31 L AIb'8(X) =~ ¢(L Alb(w(X))),
where ¢ denotes the constant pro-object.

Proof. Let Qi (Ys) — Qiir(X) be a resolution in Shv'if, (k, Q) by Alb-trivial objects.
Then L; Alb'°8(X) = 7;(AIb'°8(Y,)). On the other hand, by construction, Q(w(Ys)) —
Qiur(w(X)) is a resolution in Shvl(k,Q) by affine NS'-local objects in the sense of
[1], so L; Alb(w(X)) = m; Alb(w(Ys)). By Proposition 3.23 and (6.2.1), for 2), Cartier
compactifications of Y,, we have a fiber-cofiber sequence:
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“Iim "U(D8") @1 Gq — AID5(Ya) — c(Alb(w(Ya))), (6.15.1)

where U( S")) are finite dimensional k-vector spaces. The complex Alb(w(Y,)) is Al-
local, so we have that

Pro-L3:¢(Alb(w(Ys))) = c(Alb(w(Ya))) = ¢(L Alb(w(X)))
and for all 4, n, there exist r; 5, such that U(Q)En')) Q1 Gq = Gg'", so we conclude since:

Pro-L3; (*lim"(Y4”)) = “lim "LZ; (U(VSV) = 0. O

n n

The lemma above gives a natural map L Alb'°(X) — ¢L Alb(w(X)). Let
Fib(X) := hofib(L AIb™(X) — cL Alb(w(X))). (6.15.2)
In view of (6.15.1), we have that

Fib(X) ~ “1lim "U(Y%") @, Ga. (6.15.3)

since for Qi (Ye) = Qi (X) an Alb-trivial resolution and 9)e a Cartier compactification
of Y,, the map Alb(Q_)(-n)) — Alb(w(Y;)) is surjective with kernel U(Q_)En)) for all 7.

K2

Definition 6.16. Let (G,) € D(RSCyq; <1) be the stable co-subcategory generated by
direct sums of G, and let (G,)“ be the full subcategory of compact objects. In particular,
F € (G,)¥ if and only if there exist s <t € Z and r, ..., > 0 such that

t
F~ @ng‘m.

Remark 6.17. Let Pro-((G,)¥) € Pro-D(RSC¢ <1), then for all X as above Fib(X) €
Pro-((Gg4)%).

Remark 6.18. Let Vectsy be the category of finite dimensional k-vector spaces. By Propo-
sition 5.11 and [62, VII, n.7, Proposition 8]:

MapD(RSCétygl)(GL GZ[ZD = HomVEthd(kT7 ké)[l] = MapD(Vethd)(kr7 ké[ZD
In particular, the functor V +— Spec(k[V"]) induces an equivalence of co-categories
_ Rk Gat D(Vectfd) — <Ga>w

with quasi inverse given by RI'(Spec(k),_).
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Let (_)Y: Vectyq — Vect;] denote the equivalence given by the dual vector space.
It induces an equivalence:

(_)Y: Pro-D(Vects) — Ind-D(Vecty).
Remark 6.19. There is a commutative diagram of stable co-category:

Map(_,Gg)

Pro-(G,)¥ Pro-D(Vectyq) N Ind-D(Vect))

-
Pro-RI'(Spec(k),_)
where Map denotes the mapping space in Pro-D(RSCyg; <1). This easily follows from the

fact that any map of sheaves f: G}, — G is indeed a map of vector groups, hence since
G, = k ®; G,, we have a commutative diagram in D(Vectsq):

Map(G$,G,) —— RI'(Spec(k), GS)Y

lf"‘ lf(k)t

Map(Gj, Ga) —— RT'(Spec(k), Gy)".

Proposition 6.20. Let X € SmlSm(k) geometrically connected. Then for any (X, D)
Cartier compactification of X and i > 2, we have that

L; AIb'°¥(X) ~ “lim "(H'(X, Ox(nD))") ® Ga.
In particular, L; AIb'°8(X) = 0 for i > max(dim(X),2).
Proof. By (6.12.1), for X as above we have that for i > 2
L; AIb'°8(X) ~ m;Fib(X).
By Remark 6.19 we have that
Fib(X) ~ Map(Fib(X), G,)" @i G, (6.20.1)
where for V' = lim V; € Ind-D(Vectyy), VY = “lim”V;". In particular, it is enough to

compute m_; Mapp,, prsc,, <,)(Fib(X), G,) for i > 2, which again by (6.12.1) agree

with 7_; Mapp,, prsc (L AIb'8(X), G,). By Theorem 6.1 and [11, Theorem 9.7.1]

and (2.13.3).

6t,<1)

MaPPrO-D(Rscét,Sl)(L Alblog(X)a G,) ~ MaplogDMeH(M(X)7 L0gaey Ga) ~ RI'(X, Ox).
(6.20.2)
Let now (X, D) be a Cartier compactification of X. This gives an isomorphism:
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RT(X, Ox) = liy RT (X, Ox(nD)),

and the right-hand side is in Ind-D(Vect;}), which completes the proof. O
Proof of Theorem 6.13. The only case left is ¢ = 1: we consider the long exact sequence
of homotopy groups arising from (6.15.2). The map L; Alb(w(X)) — mo(Fib(X)) is

zero since by (6.12.1), L Alb(w(X)) is a torus, so we get a short exact sequence in
pro- RSCét7§12

0 — mFib(X) — L AIb'%(X) — Ly Alb(w(X)) ey ¢(NS*(w(X))) = 0. (6.20.3)

Since m Fib(X) = “lim”V; with V; vector groups, we have

Extpro. RS, o, (NS (w(X)), mFib(X)) = m1 (lim Mappgsc,, -,)(NS*(w(X), V)))

Since NS*(w(X)) is a torus, by [62, VII, n. 6, Proposition 7] and Proposition 5.6, we
have that for all vector groups V'

Mapprsc,, <,)(NS"(w(X),V)) ~ 0,
so (6.20.3) above splits and
Ly AIb'°8(X) = 7 Fib(X) ® NS* (w(X)). (6.20.4)
Moreover, we have

Map(mFib(X), G,) ~ Map(L; AIb'8(X), G,)
~ HomMpro RSCy, <, (L1 AID'¥(X), G4)[0],

where Map denotes the mapping space in Pro-D(RSCyg;, <1). Hence (6.20.4) gives:
71 L AIb'°8(X) = (Hom(L; AIb'5(X), G,)Y) @k Gu @ NS* (w(X)). (6.20.5)

Let us compute Hom(L; Alb'°8(X), G,): by (6.20.2) and the degeneration of (5.12.1) we
have an exact sequence:

0 — Ext'(AIb'8(X), G,) — H'(X,0x) — Hom(L; AIb'8(X),G,) — 0.  (6.20.6)

In particular, we have a similar exact sequence for the log scheme (X, triv), which we now
investigate. For X proper we have by construction (see Theorem 4.28) that AlIb'8(X) is
the constant pro-object Alb(X), so there is a surjective map

AIb'°%(X) — AIb8(X)
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whose kernel is an extension of the torus 7 := ker(Alb(w(X)) — Alb(X)) by the pro-
vector group “@”U(Y, nD) ®, G, where U(X,nD) comes from Definition 3.6. For
i > 1, we have that h_r)nExti(U(Y, nD),G,) = 0 and Ext'(T,G,) = 0, so we have a
surjective map:

Ext!(AIb'°¢(X), G,) — Ext! (AIb'°¢(X), G,). (6.20.7)

Combining (6.20.6), and (6.20.7) we have a commutative diagram with exact rows:

0 — Ext'(AIb°8(X),G,) —— H*(X,0x) —— Hom(L; Alb'8(X),G,) — 0

| | |

0 — Ext!(AIb8(X),G,) —— H'(X,0x) — Hom(L; Alb'°8(X),G,) — 0

so to conclude it is enough to show that L; Alb'8(X) = NS*(X), which implies that
Hom(L; Alb'°8(X), G,) = 0, so the diagram above implies

Hom(L; AIb'°8(X), G,) ~ coker(HY(X,0x) — HY (X, Ox))

and we will conclude by duality and (6.20.5).
By (6.20.4), it is enough to show that 71 Fib(X) = 0. By (6.20.1), we have

mFib(X) 2 my (Map(Fib(X), Ga)" @ Ga) = (7_1 Map(Fib(X), Ga)¥ @k Ga),

so it is enough to show that 7_; Map(Fib(X),G,) = 0. By (6.15.2) for X we have a
fiber-cofiber sequence:

Map(L Alb(X), G,) — Map(L Alb'*%(X), G,) — Map(Fib(X), G,). (6.20.8)
By (6.12.1), we have

7_1 Map(L Alb(X), G,) = 1o Map(NS*(X), G,) ® 7_1 Map(Alb(X), G,).
Since NS*(X) is a torus and Alb(X) is an abelian variety, we have:

Map(NS*(X),G,) ~0 and Ext'(AIb(X),G,) = HY(X,0%),
where the last isomorphism is classical (see [62, VII, n.17, Théoréme 7]), and
7_9 Map(L Alb(X), G,) = 0.

Finally, 7_; Map(L Alb'8(X), G,) = H'(X, G,) by (6.20.2), so the map

7_1 Map(L AIb(X), G,) — 7_1 Map(L Alb'*%(X), G,)
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in the long exact sequence of homotopy groups of (6.20.8) is an isomorphism, which
implies the desired vanishing. O

Remark 6.21. We observe from Theorem 6.13 two extreme cases: if X is affine, we have
that H' (X, Ox) ~ @H’(Y, Ox(nD)) =0 fori > 1, so
n

AIb8(X) ifi=0
L; Ab'8(X) = { NS*(X) ifi=1

0 otherwise.

In particular, L; AIb'°8(X) is constant for i > 1. For X proper, H'(X,Ox) =
HY(X,0%), so

Alb(X) ifi=0
L; AIb'*%(X) = { NS*(X) ifi=1
(Hi(Y,Ox)v) Qr Gy ifi > 2.

In this case, L AIb'°8(X) is a constant pro-object. This shows that Proposition 7.4 cannot
be extended to the whole DM (k, Q): in general, if M € DM (k,Q), L AIb'°8(w* M)
is not equal to L Alb(M): the difference is controlled by coherent cohomology of degree
> 2.

6.4. Open questions

We end this Section with the following observation. It seems to be an interesting
question to determine under which conditions L; Alb'°® is a constant pro-object.

This is related to the following problem: let X’ — X be a desingularization of a d-
dimensional, integral variety over a field k, and let D be an effective Cartier divisor on
X' covering the exceptional fiber, and assume that codimx (7w (D)) > 2. Let D denote
the r-th infinitesimal thickening of D and FYKy(X’,rD) the subgroup of the relative
K-group Ko(X’,rD) generated by the cycle classes of closed points of X’ — |D|, for each
r>1.

Bloch and Srinivas conjectured (see [63, p. 6]) that the pro-object “lim "FAK (X,
nD) is essentially constant and equal to F¢K,(X). The Bloch-Srinivas conjecture was
proved for normal surfaces by Krishna—Srinivas [35, Theorem 1.1], and for ch(k) =
0 it was later extended to higher dimensional projective and affine varieties over an
algebraically closed field by Krishna [32, Theorem 1.1] [33, Thorem 1.2] and Morrow [49,
Theorem 0.1, (i), (iv)].”

9 The conjecture is indeed true in a more general class of examples: the interested reader can check (49,
Theorem 0.1 (%)-(viz)].
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The proof of [49] indeed relies on a natural reformulation of the Bloch—Srinivas con-
jecture for the Chow groups with modulus:

Theorem 6.22 (cfr. [/9, Theorem 0.3]). Let k be an algebraically closed field of character-
istic zero and w: X' — X and D be as above and assume that X is projective. Then the
pro-object “liLn "wCHo(X,nD) is constant with stable value equal to the Levine—Weibel
Chow group of zero cycles CHEW (Y)) of [44] (see also [7]).

By the universal property of the Albanese map, we deduce that if in the situation
of Theorem 6.22 we assume that D is a simple normal crossing divisor, the pro-
object « @ "nAlb(x ,p) is indeed essentially constant, so the pro-object Lo Alblos (X —
m(|D]), triv) is essentially constant. Then the following question arises naturally:

Question 6.23. Let X be a proper variety and U C X be a smooth open subvariety.
When is the pro-reciprocity sheaf L; AIb"9(M (U, triv)) essentially constant?

Notice that in general L; AIb™Y(M (U, triv)) is not essentially constant: let X be a
proper non-singular surface, and U = X — Y for some closed subscheme Y of X.
Let (X', D) be the blow-up of X in Y. As observed in [25, p. 407], if some irre-
ducible component of Y is a point, then dim(H!(U,Opy)) = oo. On the other hand,
dim(H (X', Ox:(nD))) is finite for every n, so L; Alb'°9(M (U, triv)) is not constant by
Theorem 1.3. At the moment, we do not know if there is a nice family of pairs U C X
that answers Question 6.23 positively.

7. Logarithmic 1-motivic complexes

For any perfect field k£ and any commutative ring A, recall the stable co-category
of 1-motivic complexes DMeSﬁi(k, A), i.e. the full stable co-subcategory of DM (k, A)
generated by M (X), with dim(X) < 1. If A = Q, by [1, Theorem 2.4.1], the composition

LAlbe;: DM (K, Q) — DM (k,Q) £2% D(HIL, (£, Q))
is an equivalence. To ease the notation, we will denote the functor Rwy,, from (2.6.1)
simply by:

w* : DM (k, Q) — logDM (K, Q).
We give the following definition:

Definition 7.1. For any perfect field k and any commutative ring A, we let logDMefl (k,A)
be the full stable oo-subcategory of logDM°®®(k, A) generated by w*DMiﬁl and
L0gys.(U)[n] for a unipotent group scheme U. We will call it the stable co-category
of log 1-motives.
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Remark 7.2. By [11, Theorem 7.6.7], if k satisfies (RS) the co-category w*DML is
equivalent to the co-subcategory of logD/\/leH(k, A) generated by M (X) with X a p&)per
smooth curve. Moreover, if ch(k) = 0, every unipotent group scheme splits as a direct sum
of G, hence the category logD/\/legff1 (k,A) is generated by w*D./\/legﬁl and Logqs Galn].

eff
Moreover, if A is a Q-algebra, the functor wl<°1gDM from Theorem 6.1 factors through

logDM (k,Q): indeed the category D(RSC<(k,Q)) is generated by ho(€)[n] with
¢ = (C, Cs) a proper modulus pair of dimension 1 such that C — |Cs| is affine. By [58]
and the proof of Proposition 3.18, we have that ho(€) ~ Albg, so the exact sequence
(6.2.1) gives a fiber sequence in D(RSC<1(k,Q)):

Gy [n] = ho(€)[n] = ho(€rea)[n]-
Let C € SmISm(k) be the log scheme (C,dC) with |0C| = |Cx|, then
WIPEPM  (€,00)[m] = Wb (C = Coc)m] = w* M (T — Cog)[m)]
where the last equality is [66, Thm. 3.4.2] since C — C,, is affine. By construction

eff
Logae Galn] = wlgolgDM G,[n]. By repeating this argument backwards we conclude

eff
that the functor wlgolgDM is also essentially surjecrive on logDMeSHl(k’, A).

From now on, we consider again ch(k) = 0 and A = Q. We have the following
generalization of [1, Theorem 2.4.1]:

e log logDMCFf . .
Theorem 7.3. The composition L Alb*°® ow ] is equivalent to the constant pro-

eff
object functor. In particular, the functor wlSOlgDM 1s fully faithful and induces an

equivalence
WIEPM™ L D(RSC oy (%, Q)) =5 logD M, (k, Q): lim L AIb'% .
Proof. By construction, the proof follows from Proposition 7.4 and Lemma 7.5 below. O

Proposition 7.4. There is a commutative diagram of stable co-categories:

D(HI<; (k,Q)) —— Pro-D(RSC<(k,Q))

LAlb<,
/ TLAlbl‘)g

DME (k,Q) —— DM (k,Q) —— logDM(k,Q).

Proof. The category D/\/legﬂ1 (k, Q) is generated by M Al (C) with C affine curve, and for
such C we have NS'(Cy) = 0. Tt is then enough to show that

L AIb%(w* MA (C)) ~ 5L Alb<y (MA'(C)).
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Recall that w*MA' (C) = M(C,0C) with C' any smooth compactification and C is the
log structure associated to the closed subscheme Cy, := C \ C with reduced structure.
Since C' is affine, the right-hand side is equivalent to the constant pro-object Alb(C)[0],
so we conclude by Theorem 6.13 since there exists n > 0 such that H(C, Ox(nCx)) = 0
and AIb'°8(C,8C) = Alb(C). O

Lemma 7.5. For alli >0, L; Alblog( logDM G,) =0.

Proof. For all F € RSCyg; <1(k, Q) and all 4, we have by adjunction that

Mapp,.,. D(RSCoe,<1) (LAlblog( logDM G ) F[Z])

o (7.5.1)
~ Mapiogp pett (1,0) (WT G, Logae, (F)]i])-

Noting wlOgDM Ga ~ L L0gaet(Ga)[0] and Logye,(Ga) = wfogGa by (2.13.3), we get

logDMe®f . .

Mapiogp atet (1,0) (Wt G, Logae (F)[i]) = Mapp(shvier (r,0)) (w{iogGa’ Logae (F)[i])
1 .

=~ Mapp syt (1,0)) (Ga, Wy L0gaey (F)]i])

~ Mapp(shv (k,0)) (Ga: Fli])-
(7.5.2)
where the first equivalence holds since Logy (F)[i] is O-local, the second follows from
(2.13.2) and the last holds since wéog L0ggs =~ id. By Theorem 5.12, we have that

LAlblog( logDM G' @Lj Alblog(wlgolgDMeff Ga)[j]’
J

hence noting my commutes with products, we have

—
*
—

7o Map(L AIb (' EPM " G, ), F[i])

E

[1;50 ™0 Map(L; Alblog(wlgolgDMeﬁ.Ga)v Fli — j])

E

i i—J o) logDM* i
Do Exty.) msc, o1 (r0) (Li AIDH(WF G.), F) Extgpyt (6,0) (Gas F),

mo Map(Gy, F[i])

1R

R

where () follows from (7.5.1) and (7.5.2). So, Homp,o- RsCy, <, (Li Alb(w logDM G,), F)
is a direct summand of ExtShv (ks Q)(Ga, F), which for i > 2 is zero by Proposmon A1,
For i = 1, the above diagram gives
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eff
EXtéhvgi(k,Q) (Ga? F) = Ethl)ro— RSCoq; <1 (LO Alblog(wlgolgDM Ga)7 F)@

eff
Homyro RSCy <, (L1 Alblog(w‘;gDM G.), F).

On the other hand, Lo A]blog(wlgolgDMcHGa) >~ AIb'°8(L0ge (Gq)) = G, since L Alb'°8
is the derived functor of Alb'°® and Log44 1s fully faithful, so Proposition 5.9 and Corol-
lary 5.4 implies that

eff
Hompro RSC,, <, (L1 A2 (w28PMT G,), F) = 0,
which concludes the proof. 0O
8. Laumon 1-motives and compact objects

In this Section, we combine the results of [6] with some arguments of [15]. As before,
let k be a field of characteristic zero.

8.1. Review of Laumon 1-motives
The following definition is adapted from [6, 1].

Definition 8.1. An effective Laumon 1-motive is a two-terms complex M = [[' 2% G],
where I is a formal k-group and G is a connected algebraic k-group, both seen as objects
of Shvg (k). We say that M is étale if T is a lattice.'” An effective morphism

(f.9) ’
M=T%G —% M=%
is a map of complexes. We denote the category of effective (resp. étale) Laumon 1-motives
by M (vesp. M‘f:ff ). An effective Laumon 1-motive is an effective Deligne 1-motive if
G is semi-abelian. We write Mf)’eff for the full subcategory of effective Deligne 1-motives.

Definition 8.2. An effective morphism (f,g): M — M’ is strict if g has (smooth)
connected kernel, and a quasi-isomorphism if g is an isogeny, f is surjective and
ker(f) = ker(g) is a finite k-group scheme.

Note that if (f, g) is strict and g is an isogeny, then g is an isomorphism of commutative
algebraic groups. Write X for the class of quasi-isomorphisms: it admits a calculus of right
fractions (see [15, C.2.4] or [5, Lemma 1.6]). We can now give the following Definition
(see [6, Definition 2] and [14, Definition 1.4.4]).

10 Note that this definition is different from the one given in [14, 1.4], where the authors require in addition
that U(G) = 0.
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Definition 8.3. The category of étale Laumon (resp. Laumon, resp Deligne) 1-motives
M$ ¢ (vesp. M$, resp. MP) is the localization by ¥ of the effective category.

Recall [15, Appendix B] for the notion of C ® Q for an additive category C. The proof
of the following proposition is identical to [15, Corollary C.7.3]:

Proposition 8.4. The categories MP @ Q, M$¢ @ Q and M7 & ® Q are abelian.

Definition 8.5 (see [6]). Let M‘ll; be the full subcategory of M{ . whose objects are
l-motives M = [I' % G] with ker(u) = 0.

Lemma 8.6. The category M‘f; ®Q is a generating subcategory of MY 4 ® Q, and it is
closed under kernels and extensions. Moreover, for every object M € MY 4 ® Q there
exists a monomorphism f: M' — M" in M‘f; ® Q such that M = coker(f).

Proof. This is essentially [6, Lemma 4]. O

Remark 8.7. The reader might wonder if there are interesting examples of étale Laumon
1-motives which are not Deligne 1-motives. The prototype of such example is given by
the 1-motive M* = [I' — Gf] which is the universal G,-extension of the Deligne 1-
motive [I' — G]. Starting from the motive M?¥ it is possible to construct the universal
sharp extension M*® of M, as discussed in [14]. Note however that the category MY 4 is
not closed under §-extensions: as remarked in [14, 3.1.5], [0 = G,]* = [G4 — G?2], which
is clearly not étale.

Remark 8.8. The category of Deligne 1-motives has an interesting self-duality, induced
by the classical Cartier duality for algebraic groups. This extends to Laumon 1-motives,
see [14]. Note that while the Cartier dual of a Deligne 1-motive is again a Deligne 1-
motive, the dual of an étale Laumon l-motive is in general not étale. For example, if
A is an Abelian variety (see as l-motive [0 — A]), its universal G, extension is the
étale Laumon 1-motive A® = [0 — A%], which is not a Deligne 1-motive. Its Cartier dual
(AD)* is the 1-motive [A’ — A’], where A’ is the dual Abelian variety of A and A’ is the
formal completion of A’ along the identity. Clearly, (4%)* is a Laumon 1-motive that is
not étale.

Remark 8.9. Consider the functor
P MES — Shve(k, Q) [L % G] — coker(u) @z Q.

If [L; 2% G1] — [La =2 Go] € B, then by definition coker(u;) ® Q = coker(us) @ Q.
This together with [15, Lemma B.1.2] implies that p°f induces:

p: Mi g ®@Q — Shve (k, Q).
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Lemma 8.10. The restriction of p to M?:t ® Q induces an equivalence (cf. Defini-
tion 4.23):

p* MU ©Q — RSCY, .

Proof. By definition, for [L — G] € M ® Q, p([L — G]) € RSC}, 4, and by
Proposition 2.10 for every morphism f we have that p(f) is a map in RSC; -, hence

P
p*. O

* is well defined. The presentation of Proposition 4.24 gives then a quasi-inverse of

Remark 8.11. For a category C, we write Ind(C) for the Ind-category of C as in e.g. [36].
By [36, Prop. 6.3.4] and Remark 5.8 the functor Ind(RSC}; o;) — RSCg <1 induced
by filtered colimits is fully faithful. It is also essentially surjective by Proposition 4.24,
hence it is an equivalence. Combining this with Lemma 8.6 and 8.10, we have a functor

. . (+) .
T: M ®Q = Ind(M$ 4, ® Q) = Ind(M7%, ® Q) = RSCr,<1(k,Q)  (8.11.1)

where (x) follows from the fact that ./\/l(f;t ®Q is a generating subcategory of M{ ; ® Q.
Since M{ 4 ®Q is abelian by Lemma 8.4, it is idempotent-complete, hence following the
steps of [36, Exercise 6.1] the functor (8.11.1) is fully faithful and it identifies M ;, ® Q
with a set of compact generators of RSCq; <1. Moreover, by [36, Proposition 8.6.11], the
category T'(M7 4 ® Q) is closed under extensions in RSCes <1.

8.2. The derived category of étale Laumon 1-motives

By [36, Proposition 8.6.11] and Remark 8.11, the image of the functor T of (8.11.1) is
a Serre subcategory of RSC<«1 ¢ (k, Q), hence we can consider the triangulated category
Dj’wll . (RSC<144(k,Q)) of bounded complexes of RSC<;(k,Q) such that H,(C) =
T([Ln — Gyp) for [L, — Gn] € M{ 4, @ Q.

Remark 8.12. The functor T of (8.11.1) induces an equivalence of triangulated categories:

D*(M§ 4 ®Q) =~ Dlyyy  (RSCe <1 (k,Q))

where the latter is the triangulated derived category, since by Proposition 5.11, every
object of RSC;ft,Q is of projective dimension at most 1 in the sense of [29], in particular
the image of T satisfies [29, 1.21 Lemma (c2)], hence the equivalence comes from [29,
1.21 Lemma (c)].

Definition 8.13. Let D*(M¢ ¢, ® Q) be the full co-subcategory of D(RSCg, <1) spanned
by bounded complexes C' € D*(RSCg; <1) such that m,C = T([L, — G,]) for [L, —
G, € M 4 ® Q.
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Remark 8.14. Notice that since the category M‘iét ® Q does not have enough injective
nor projective objects, we cannot use [43, 1.3] to construct D?( {6 ® Q) directly.

Lemma 8.15. There is an equivalence of co-categories:
D(RSCe,<1(k,Q))* = D" (M 4 © Q)

where the left hand side denotes the subcategory of compact objects as in [42, Notation
5.8.4.6].

Proof. Since the set of objects of RSCyg; <1(k, Q) lying in the image of (8.11.1) is a set
of compact generators, by [65, Lemma 094B] we have an equivalence

D(RSCe,<1(k,Q))” =~ Idem(D* (M ;, ® Q))

where the right-hand side is the idempotent completion of D¥( {6 ®Q), see [42, Defini-
tion 5.1.4.1]. On the other hand, the category D’( 1.6®Q) is idempotent-complete since
the image of (8.11.1) is idempotent complete (it is an abelian subcategory), hence every
object of D(RSCg; <1(k, Q))* lies in D( {6 ® Q). The other inclusion is clear. O

Theorem 8.16. Let logDM%ﬁygm(k, Q) = logDM%ﬁ;(k, Q)¥. The functor wlgolgDMeﬁ pre-
serves compact objects and it induces an equivalence

D (M 4 ® Q) =5 logDME (k. Q).

Proof. By Lemma 8.15, if C' € D(RSC<;) is compact, then it is a bounded complex
such that m;(C) = T'(M;) for M; € M{ ; ® Q. In particular, there exists n such that
C = 71>,C, so we get a fiber-cofiber sequence in D(RSCq; <1):

T(My)[n] = C = m>p_1C.

If C is compact, then 7>, _1C' is compact, so by induction on the length of the bounded

complex it is enough to show that for M € M7, ® Q, the object wlgolgDMeH(T(M)[n])

is compact. As observed in Lemma 8.6, there is an exact sequence in M @Q:
O0—=M —-M'—-M-—0
with M', M" € M{;, and since T is exact we have
logDM°®ff logDM°®ff logDM®ff
wglg (T(M)[n]) = coﬁb(wglg (T(M")[n]) — wglg (T(M")[n)).

Thus, it is enough to show that w?fDMeH(T(M)[n]) is compact for M = [L < G]. In
this case, we have that T'(M) = coker(u), so we have a cofiber sequence
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WIEPMT (L)) =5 WIOBPM™ Gy IOEDM™ (P () ).

We conclude since w?{gDMeH(L)[n] = w*L[n] and wléolgDMeH(G[n]) = wfg;(G)[n] are com-

pact. The equivalence then follows from Theorem 7.3 and Lemma 8.15. O
Appendix A. Pro-left derived functors

In this appendix we generalize to pro-left adjoints the results discussed in [1, 2.1]
and [36, 14.3] for left adjoints. We use in an essential way the formalism of (stable)
oo-categories of [43] and [42].

A.1.  We consider the following commutative square:

c—%.p

ch LDl (A.0.1)

¢ <
where C,C’, D and D’ are co-categories, L¢ (resp. Lp) has a fully faithful right adjoint
ic (resp. ip). Let a : LpG — G’ L¢ be the equivalence that makes the diagram commute.

As observed in [43, Definition 4.7.4.13], « induces a natural transformation (the Beck—-
Chevalley map)

BC(a) : Gic — ipG'.

Definition A.1. In the situation of A.1, an object X of D is BC'(«)-admissible if and only
if for any Y € C’ the Beck-Chevalley map induces an equivalence:

Mapp (X, ipG'(Y)) = Mapp (X, Gie(Y)). (A.1.1)

Assume that G and G’ have left adjoints F' and F”, then by adjunction « induces a
map

B: F'Lp — LcF.

A.2.  Let C be an (arbitrary) oco-category. We consider as in [27, Section 2] the
oo-category of pro-objects Pro-C together with the “constant pro-object” embedding
¢: C — Pro-(C) such that Mapp,,¢(_,c(Y)) commmutes with cofiltered limits.

Every element in Pro-C is corepresented by a diagram I — C for I (the nerve of)
a small cofiltered poset. We will often denote an object of Pro-C as lim, , "X; for a
diagram I — C. By construction we have that

Mappyo.c(* lim "X,  lim ”Y;) ~ lim lim Mape (X, ¥;)

i€l Jje€l2 Jj ot
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where the limits and colimits are computed in the oco-category of spaces S.

Remark A.2. The functors L¢ and i¢ extend levelwise to an adjunction (Pro-L¢, Pro-ic)
on Pro-C and Pro-C’ with the same properties. The verification is immediate. In partic-
ular, if D and D’ have all limits, G and G’ give the following commutative diagram:

Pro-C % p

lPro—Lc LD\L

Pro-¢’ 2 pr
which satisfies the hypotheses of Situation A.1 with equivalence
o’ . LpPro-G — Pro-G'Pro-L¢.

In particular, since ip commutes with all limits being a right adjoint, it is immediate
that X € D is BC(«)-admissible if and only if it is BC(aP™®)-admissible.

Remark A.3.If C is an accessible stable oo-category equipped with a t-structure
(C<0,C>0) with heart C¥, the co-category Pro-C is also stable (see e.g. [39, Lemma
2.5]) and it comes equipped with a ¢-structure such that (Pro-C)<g (resp. (Pro-C)>q) is
the full subcategory of objects which are formal limits of objects in C<q (resp C>o).

A.3.  Let A be a Grothendieck abelian category. Write Ch(A) for the model category
of chain complexes with the injective model structure. Let W be the class of quasi
isomorphisms. We consider the co-categories (see [43, 1.3.5]) Chgg(A) = Ngg(Ch(A))
and D(A) = Ngg(Ch(A))[W™1]. An exact functor G: A — B between Grothendieck
abelian categories induces a dg-functor Ch(G) : Ch(A) — Ch(B) which preserves W, so
by taking the dg-nerve it induces a functor Chge(G): Chgg(A) — Chqg(B) such that
Chge(G)(C) = Ch(G)(C), and by e.g. [26, Proposition 4.3|, it induces D(G): D(A) —
D(B) on the localizations. Note that both functors are clearly stable (i.e. they commute
with shifts). By construction, we have a commutative square of co-categories:

Chag(A) 29 cny, (B)
lLA LBl (A.3.1)

pA) — 29, pB)

where La and Lp have fully faithful right adjoints io and ig. We will fix a that makes
(A.3.1) commute and just say that an object is BC-admissible.

Remark A.4. Note that, since G is exact, we can identify the Beck-Chevalley transforma-
tion Chqg(G)ia — iBD(G) as follows. For any object I € D(A) (i.e. a fibrant complex
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in Ch(A) for the injective model structure), the object D(G)(I) is a fibrant replacement
of Chag(G)(i4(1)). The map Chae(G)(ial) — i8D(G)(I) in Ch(B) is thus given by
the functorial fibrant replacement. In particular, if Ch(G) is a right Quillen functor, the
map Chae(G)(ial) = isD(G)(I) is an equivalence in Chqg(B). On the other hand, the
functors considered here are not necessarily right Quillen.

Remark A.5. If the functor G has a left adjoint F', then X is BC-admissible if and only
if it is F-admissible in the sense of [1, Definition 2.1.5].

A.4. Pro-left derived functors

Fix A, B and G as above and we assume that G and ig commute with filtered colimits.
Since G is exact, it preserves finite limits, so it has a pro-left adjoint F': B — pro-A.
The functor D(G) is then an accessible functor between presentable oo-categories that
preserves finite limits, hence it has a pro-left adjoint LF: D(B) — Pro-D(A) (see e.g.
[27, Remark 2.2]).

For any chain complex C, let 0<,,C and 0>,C denote the stupid truncations (see [65,
Tag 0118])."" We have an equivalence in Chgg:

C = lim(limos_po0<,C). (A.5.1)

=y
n m

Definition A.6. We say that a chain complex C is strictly bounded if there exists m,n
such that C' = 0<,C = 0>_,,,C.

Remark A.7. Notice that if C € Ch(B), the object Ch(F)(C) a priori lives in
Chgg(pro-A), which contains strictly Pro- Chgqg(A). If C is a strictly bounded com-
plex, let m,n such that C = 0<,C = 0>_,,C, then for r € [-m,n] let FY(C,) =
“ lin 7ie1,.(X,)q, for small cofiltered posets I,.. Then one can find a cofinal set I C I,. for
all r such that

Ch(F)(C) = “lim (... = (X,); = (Xro1)s = --.).
el

In particular, Ch(F)(C) € Pro-(Chgg(A)).
Proposition A.8. For all C' € Chyy(B) strictly bounded, there is an equivalence in S:
Mapp,q. cha,(a) (Ch(F)(O)[0],Y) = Mapgy,, 8)(C[0], Chag (G)(Y)).

Proof. Let C,, = 0 for n ¢ [—7, s]. The cofiber of the map o<s_1C — C' is equivalent
to C[s], hence by induction on r + s we are reduced to the case where C' = C,[s] with

11 Notice that we chose the convention for chain complexes, which is different from [1, Lemma 2.1.10]:
there the convention is for cochain complexes.
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Cs € B, and clearly Ch(F)(Cs[s]) = F(Cs)[s]. Since Pro- Chge(A) is pointed, by [43,
Remark 1.1.2.8] it is enough to show that for all m,

7o Mapp,.,. Chdg(A)(F(X)[m]a Y) ~mo MapChdg(B)(X [m], Chag(G)(Y)).
Let F(X) = “lim "T;, then for all m we have an isomorphism of abelian groups:
Homeps) (X[m], Ch(G)(Y)) = lim Homcya) (Ti[m], Y),

and since my commutes with filtered colimits in S we have by [43, Remark 1.3.1.5, Remark
1.3.1.11 and Definition 1.3.2.1]:

o Mappyo chy, (a) (F(X)[n],Y)

= lim mo Mapcy,, a) (T3[n], Y)
= coker(@ HomCh(A) (T’z [n + 1], Y) — 121_)1 HomCh(A) (Ti [n], Y))

12

coker(Homey gy (X [n + 1], Ch(G)(Y)) — Homep(a) (X [n], Ch(G)(Y)))
mo Mapcy,,, 8)(X[n], Chag(G)(Y)). O

1

Remark A.9. A priori, there is no relation between F' and LF, but if X is strictly bounded
and BC-admissible, then Proposition A.8 implies that

LF(L(X)) =~ Lpro.a Ch(F)(X)[0].
In particular for X € B such that X[0] is BC-admissible,

F(X) ifn=0

™ (LE(Le(X[0)) = {0 otherwise

Remark A.9 motivates the following definition:

Definition A.10. In the situation of A.4, LF is said to be a pro-left derived functor of F
if for every X € B

moLF(X[0]) = F(X).
A.5. BC-admissible resolution

We will fix the setting of A.4. By abuse of notation, we will say that P € B is
BC-admissible if P[0] € Chgg(B) is.

Proposition A.11. Let P, € Chqg(B) be a strictly bounded complex (see Definition A.6)
such that P, is BC-admissible for all n. Then P, is BC'-admissible.
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Proof. Up to shift, we can suppose that P, = 0>0Ps = <, Ps for some n > 0: we proceed
by induction on n. If n = 0, then P, = P,[0], and it is BC-admissible by assumption.
Let n > 0 and consider the fiber-cofiber sequence in Chqg(B):

0<n—1Ps = Py — P,[n].

For all I € D(A), we conclude by the following diagram in & where the left and right
vertical maps are equivalences by induction:

Map(Pa[0], Chag(G)(iaI[~n])) —— Map(Pa, Chag(G)(ial)) — Map(o<n_1 Pa, Chag(G)(ia 1))

3 | E

Map(P,[0],i8D(G)(I[—n])) ——— Map(P.,iBD(G)(I)) —— Map(o<n—1Fe,i8D(G)(1)).
a

Recall that B is said to be generated by a set of objects E if and only if F is closed
under direct sums and for every X € B there exists a surjective map

Py—X—0 (A.11.1)

with Py € E. Suppose that B is generated by a set of objects E which are BC-admissible.
Then let K be the kernel of (A.11.1), so there exists P; € E together with a surjective
map P; — K, hence we have an exact sequence:

By iterating (A.11.2) one can construct a resolution Py — X|[0] where P, € E and
P, =0 for n < 0. We will call this a connective BC-admissible resolution.

Lemma A.12. Suppose that B is generated by a set of objects which are BC-admissible.
For any X € B and any connective BC-admissible resolution Py — X|[0], we have that

LF(Lg(X[0)) ~ lim Lpro.a (Ch(F) (o<, Pa).
n

Proof. Since P, — X]0] is a resolution, we have Lg(P,) ~ Lg(X[0]). Moreover, since

P, is connective, we have that P, = lii)nognP., and o<, P, are BC-admissible by Propo-

sition A.11. Since LF and Ly commute with all colimits, by Remark A.9 we conclude

that

5

LF(LBX[OD ~ Li_rglLF(LBO'SHP.) ~ lim LprO_A(Ch(F)(O'SnP.)). O

We can now prove the main theorem of this appendix:
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Theorem A.13. In the situation of A.4, suppose that B is generated by a set objects which
are BC-admissible. Then the functor LF is a pro-left derived functor of F.

Proof. Let X € B and P, — X|[0] a BC-admissible resolution, in particular P, €
D(B)>o. Since L X[0] € D(B)>o and LF is right t-exact, LF(LgX[0]) € Pro-D(A)>¢,
hence

Since < is a left adjoint, it commutes with colimits, so by Lemma A.12 we have

sy

TS()LF(X[O]) = T<0 13;51 LPro-A Ch(F) (Ugnpo) ~ lim TSOLPTO_A Ch(F) (USnPo)

n

where the last colimit is computed in Pro-D(A)<g. On the other hand, by definition of
the t-structure on Pro-D(A) we have

TSOLPro—A Ch(F) (USnPo) ~ LPro—ATSO Ch(F) (Jgnp.).

For n > 1, we have that 7<o Ch(F)(0<,P,) = coker(F(P;) — F(F))[0], and since F is
a left adjoint, it preserves cokernels, so

coker(F(P)) — F(Py)) = F(coker(P, — Py)) = F(X).

We conclude that in Pro-D(A)<o we have

— —
n

lim TSOLPro-A Ch(F) (USnP.) ~ lim LPrO_AF(X) [0] ~ LprO_AF(X)[O}

since Lpyo-a F(X)[0] € Pro-D(A)Y we conclude that

moLF(X[0]) = mo(im 7<o Lpro-a F(0<nPs)) = F(X). O

n

A.6.  We end this appendix with a criterion of BC-admissibility.

Lemma A.14 (See [1, Lemma 2.1.10]). In the situation of A.J, let P € B such that P[0]
is compact in Chag(B). Then P is BC-admissible if and only if for any injective object
Iy € A, Extg(P,G(Iy)) =0 fori#0.

Proof. Suppose first that P is BC-admissible. If Iy € A is injective, then Iy[0] is fibrant,
so Io[0] = ia LA (Ip[0]). Let I = La(Ip[0]), then:

Extg (P, G(Io)) = 70 Mapgy,, ) (P[0], isD(G)(I[=n])).

Since P[0] is BC-admissible, we have:
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70 Mapay,, ) (P[0], i6D(G) (I[~n])) = 70 Mapcn,, (1) (Pl0], Chag (@) (iaT[-n])))
= T Mapchdg(B) (P[0]7 G(IO)[_n]))

The last term is zero for n # 0, hence Extz (P, G(I)) =0 if n # 0.
Let us now show the converse implication. We need to show that for every Y € D(A)
the Beck-Chevalley map induces an equivalence:

Mapc,, ) (P[0}, iBD(G)(Y)) ~ Mapcy,, i) (P[0], Chag(G)(iaY)).

Let I :=ia(Y), 80 0>_no<mI is a strictly bounded complex of injectives; since P[0] is
compact and the colimit in (A.5.1) is filtered, Lemma A.15 below implies that:

Mapcy,,, B) (P[0], Chag (G) (1)) = lim(lim Mapgy,, ) (P[0], 0> —no<m Chag (G)(1)))

' m
= lm (i Mapy ) (P10 Chs(G) (0 -n0 2 ])
= %1(1%%1 Mapcy,, B)(P[0], iBD(G)(LA0>—no<m]))
~ Mapcy,, (g (P[0, im lim ig D(G)(Lao>—no<m)).

(A.14.1)
Next, observe that, for any n and m, the map Cha(G)(0>_no<nl) —
iBD(G)(LAG>—n0<mI) is a fibrant replacement (see Remark A.4) of bounded com-
plexes, which is given by the total complex of injective resolutions of each G(I,.) — J2.
So, we have that
lim igD(G)(LACG> —nO<md) == im Tot, e[y 1) (J7) = Tot,y> _n(J7)

— —
m m

(A.14.2)
~ ZBD(G) (LAO'S_”I).

Since ig commutes with filtered colimits by assumption, (A.14.1) and (A.14.2) imply:

Mapcy,, (B) (£[0]; Chag(G)(iaY)) =~ Mapcy,, g) (P[0], ig im D(G)(Lao<—n1)).

'
(A.14.3)
For every q € Z, we have that for n > ¢:
7, D(G)(Y) = G(r,Y) = G(ryo<nl) = 7,D(C)(Lac<—u]),
so since homotopy groups commute with filtered colimits:
T im D(G)(Lao<—nl) 2 limm,D(G)(Lao<—nl) = 7 D(G)(Y) (A.14.4)

—
n n

The proof follows then from (A.14.3) and (A.14.4). O
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Lemma A.15. Let P € B such that for any injective object Iy € A, Exty(P,G(Io)) = 0
for i # 0. Then for any strictly bounded complex I € Ch(A) of injective objects of A:

Mapgy,, B) (P0], Chag(G)(I”)) = Mapcy,, (8) (P10, isD(G) (Lal’)).

Proof. Let IY = 0 for n ¢ [, s]. The cofiber of oc<5_11° — I” is equivalent to I°[s]: by
induction on r + s we reduce to I° = I,[s] with I, an injective object of B. We conclude:

Tn Mapey,, () (P[0}, iBD(G) (Lals]s])) = Exty (P, G(15))

0 ifn#s
Homg(P,G(I;)) ifn=s 0O
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