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Abstract: The tropical fundamental class of a rational balanced polyhedral fan induces cap products between
tropical cohomology and tropical Borel-Moore homology. When all these cap products are isomorphisms, the
fan is said to be a tropical Poincaré duality space. If all the stars of faces also are such spaces, such as for fans of
matroids, the fan is called a local tropical Poincaré duality space.

In this article, we first give some necessary conditions for fans to be tropical Poincaré duality spaces and a clas-
sification in dimension one. Next, we prove that tropical Poincaré duality for the stars of all faces of dimension
greater than zero and a vanishing condition implies tropical Poincaré duality of the fan. This leads to necessary
and sufficient conditions for a fan to be a local tropical Poincaré duality space. Finally, we use such fans to show
that certain abstract balanced polyhedral spaces satisfy tropical Poincaré duality.
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1 Introduction

For an integer p > 0, a rational polyhedral fan X (Definition 2.2) and a commutative ring R, [18] introduced
the tropical homology H.(Z, ?5 ) and tropical Borel-Moore homology H>Y (£, ?;f ), along with dual constructions
of tropical cohomology H*(Z, 33’;) and tropical cohomology with compact support H(Z, ?ﬁ), see Definition 3.6.
These can be computed in many different ways, see e.g. [18; 24; 20; 14].

The balancing condition of tropical geometry (see [10, Definition 5.8]) can be formulated homologically as
the existence of a particular fundamental class [Z, w] € HgM (z, rJ"fjf) in tropical Borel-Moore homology ([24,
Proposition 4.3], [19, Remark 4.9] and Definition 3.12), depending on assigning R-valued weights w to maximal
faces. One can use the fundamental class to define a cap product

~[Z,w]: HU(Z,FP) — HM (2,53 )
for all p,q € {0,...,d}, see [19, Definition 4.11] and Definition 3.19. If these maps are isomorphisms for all
D,q €10, ..., d}, one says that the fan satisfies tropical Poincaré duality over R or is a tropical Poincaré duality
space over R, see Definition 4.1. We use the abbreviation TPD for tropical Poincaré duality.

This paper, which generalizes and deepens the results from the author’s master’s thesis [2], studies two
questions related to tropical Poincaré duality over a given commutative ring R.

Question 1.1. Which fans satisfy TPD over R?

The fan of a matroid is a TPD space over R and Z by [20, Proposition 4.27] and [19]. Moreover, motivating
the question, there are fans satisfying TPD which are not fans of matroids, see Example 4.4.

A useful property of the cap product is that, for any commutative ring R, when it is non-zero, it is injective
(Proposition 3.23). Using this in the case where R is a field, we can work with Euler characteristics and dimen-
sions of homology groups to give a criterion for a fan to have TPD, under some vanishing assumptions (see
Proposition 4.6). Furthermore, we completely classify one-dimensional TPD spaces over an arbitrary commuta-
tive ring R.
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Theorem 4.8. Let R be a commutative ring, and (X, w) an R-balanced fan of dimension one. Then (X, w) satisfies
tropical Poincaré duality over R if and only if it is uniquely R-balanced and all the weights are units in R.

In 4.11, we show that fan tropical hypersurfaces in R" must have simplexes as Newton polytopes.
Question 1.2. Which fans satisfy TPD over R at each of its faces?

By this, we mean that for each face y € X, the star fan y, as in Definition 2.6 should be a TPD space over R.
We call this type of fans local tropical Poincaré duality spaces over R (Definition 5.9), which is equivalent to the
notion of tropical smoothness defined by Amini and Piquerez [5] for R = Z. Fans of matroids can be shown to
be local TPD spaces.

Straddling the space between Questions 1.1 and 1.2, we prove the following theorem, which shows that
when the stars of the faces of a fan are TPD spaces, so is the whole fan, under some vanishing conditions on
Borel-Moore homology.

Theorem 5.4. Let R be a principal ideal domain, and (X, w) be an R-balanced fan of dimension d > 2, with
HEM(Z,FF) = 0 for q # d, for all p. If (y., w) satisfies TPD over R for each y € £ with y, # Z, then (£, w)
satisfies TPD over R.

Noticing the similarity of this result to the conditions for being a local TPD space, we are led to the following
characterization of local TPD spaces.

Theorem 5.10. Let R be a principal ideal domain, and (X, w) a d-dimensional R-balanced fan. Then X is a local
TPD space over R if and only if HqBM s, 3"5 )=0forally € X and q # d, and for all faces B of codimension 1, the
star fans B are TPD spaces over R.

In the two-dimensional case, we use Theorem 5.4 to show that, assuming the vanishing of parts of Borel-
Moore homology, a fan is a TPD space if and only if it is a local TPD space, see Proposition 5.7. This motivates
two new questions.

Question 5.13 (Geometry of BM homology vanishing). Let (X, w) be an R-balanced d-dimensional fan. Can the
fans with HZ" (y.., 5) = 0 for each face y € Z, q # d and all p be geometrically characterized?

Question 5.14 (Global versus Local TPD). Let (X, w) be an R-balanced fan which satisfies TPD over R. Does y also
satisfy TPD over R for each y € Z?

In the final part of this paper, we turn to generalizations for rational polyhedral spaces, see [19; 20], and
abstract tropical R-cycles (see Definition 6.1). These can be equipped with tropical homology and cohomology
groups, and a balancing condition for abstract tropical R-cycles leads to cap products. Tropical manifolds are
spaces equipped with charts to Bergman fans of matroids. These are studied in [20; 19; 14], and are shown to
satisfy TPD over R and Z. Thanks to [29], for tropical Calabi-Yau complete intersections there is a contraction
map to an integral affine manifold with singularities (IAMS), relating tropical cohomology and affine homology.
For IAMS, there is a cap product map which can be shown to be an isomorphism in certain cases by recent work
of [26].

The Mayer-Vietoris arguments used in [19] to show TPD on tropical manifolds can be applied more broadly.
We say that an abstract tropical cycle is a local TPD space over R if it is built from fans which are local TPD spaces
over R. These are the building blocks of the smooth tropical cycles as defined in [5]. We then prove the following
theorem.

Theorem 6.5. Let X be a local tropical Poincaré duality space over R. Then X satisfies tropical Poincaré duality
over R.

Recently, [4] establishes a full “Kéhler package” for smooth projective tropical cycles, working with rational
coefficients. They relate TPD of the canonical compactifications of Bergman fans of matroids to the Poincaré
duality of the Chow ring of a matroid established in [1], which was used in proving the Heron-Rota—Welsh
conjecture. It is suggested in [17] that such “Chow rings” satisfying three properties, collectively dubbed the
“Hodge package”, should be responsible for the log-concavity of many sequences which arise in mathematics.
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In forthcoming work [3], the authors show that the Tropical Poincaré duality property is a critical ingredient
in relating the topology of a variety to the tropical cohomology of its tropicalization.

Organization. In Section 2, we set conventions for fans, stars and integer weights. Then we define cellular (co)-
sheaves and cellular (co)sheaf (co)homology. In Section 3, we define the tropical multi-tangent cosheaves and
sheaves, which we use to define tropical (co)homology. This is used to describe a generalized version of the
balancing condition in tropical geometry, to generalize beyond integer weights. In Section 4, we define the TPD
over a ring R, and give some necessary conditions. Moreover, we give a complete classification in dimension
one, and some criteria in codimension one of R" for TPD to hold, which forms a first step towards answering
Question 1.1. In Section 5, we turn to Question 1.2. We first relate TPD at the stars of faces to TPD of the whole
fan, which is then used to characterize local TPD spaces. We then use our dimension one result to give a more
geometric description of the characterization. Finally, in Section 6, we use local TPD spaces to construct abstract
tropical cycles satisfying tropical Poincaré duality.

2 Preliminaries

In this section, we define and give references to the main objects and concepts used in the remainder of the
article. In Subsection 2.1, we introduce some conventions for weighted fans and the balancing condition, and for
cellular sheaves and cosheaves in 2.2. Finally, we introduce notions of homology and cohomology of cosheaves
and sheaves in Subsection 2.3.

2.1 Cones, fans and stars. Let N = Z" be a lattice, and Nr = N ®z R = R" be the associated real vector space.

Definition 2.1. A rational polyhedral cone ¢ in a lattice N is a set of the form
g= {Z;r:ll av; | a; € Zzo} cN

for vectors v; € N,suchthat or = 0®z R ¢ Ny is closed and strictly convex, hence has a vertex at the origin. The
lattice Lz(0) is the saturated sublattice of N generated by o, and the dimension of a cone is the rank of Ly(0g).
Another cone 7 is said to be a face of o if there is some element m € Homy(N, Z), with m(x) > 0 for all
X € g, l.e. a positive functional, such that 7 = {x € o | m(x) = 0}. Any face can also be exhibited by setting
particular coefficients a; to 0.
For a face 7 of g, the set Lz(7) ¢ Lz(0) is a sublattice. For dim 7 = dim ¢ — 1, we may select a primitive
integer vector vg/r € N such that Lz(0) = Lz(7) + Zvgy-.

Definition 2.2. A rational polyhedral fan X is a finite collection of rational polyhedral cones in N such that:

« Forany cone g € Z, if T is a face of g, then 7 € Z,

« For 0y, 0, € Z, the intersection o1 N 0, is a face of oy and o3.

The cones in X are also called faces, and the collection of faces of dimension i is denoted by Xt The dimension
of Z is the supremum of the dimensions of cones of Z. We write 7 < g if 7is aface of o and 7 < oif 7 is a proper
face, which gives a partial ordering on X. We say that a face o € X is maximal if it is maximal with respect to the
ordering <. We will require that all fans are pure dimensional in the sense that all maximal by inclusion faces
are of equal dimension.

Abusing notation, we also write X for the category associated to the partial ordering <, whose objects are
the cones o € Z, with a morphism 7 — ¢ € Homy(7, o) ifand only if 7 < a.

Note that all cones intersect in a common minimal cell, and since we required each cone to have a vertex,
this is the unique vertex v in Z. Moreover, a rational polyhedral fan corresponds to a cell complex in the sense
of [27; 11], when considering the fan as glued abstractly from the interiors of the cones.

Example 2.3. Consider the fan X displayed in Figure 1, which consists of the rays 71, 72, 73, 74 and the vertex v.
The fan is pure dimensional, its maximal faces are the 7; and it has dimension 1. It consists of the union of the
line x = 0 and y = 0 when considered in Ng. We have v < t; for each i.
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Example 2.4. Another example of a fan is shown in Figure 2. This fan has one vertex v, three one-dimensional
cones 7;, and three two-dimensional cones o;. For instance, the faces of g, are the cones 71 and 7, as well as the
vertex v.

T2
. . By . .
X >
T3 v 71
L] L] h 4 L] L]
T4
Figure 1: The cross Figure 2: The complete fan

Fans of particular interest in tropical geometry are the Bergman fans of matroids; see [30; 6] for definitions.
These serve as the local models of abstract tropical manifolds; see [24, Section 1.6].

Example 2.5. Let M be a matroid on E = {0, .. ., n} with lattice of flats ., and let Z{eq, . . ., e,} be the lattice of
rank n + 1 generated by elements ey, .. ., e,. Let N be the quotient defined by

0 — Z{eg+---+en} — Zieg,...,en} = N — 0.

For any subset S ¢ E, let ps = Y ;.5 7(e;) in N, so that in particular pg = 0. For any chain F. of flats of the
matroid M, say
F.={0¢F1¢---¢FxGE} %,

the cone associated to F. is the non-negative span
o(F.) = {25‘21 aipr, 1a;=20,i=1,...,k}

The Bergman fan of M is the simplicial fan Z(M) consisting of the cones o(F.) for all flags of flats F..
The Us 4 matroid on the set E = {0, ..., 3} given by the rank function r: 2F — 7. taking values r(S) =
min(|S|, 3) has the lattice of flats given by Figure 3. The Bergman fan of this matroid is shown in Figure 4.

Definition 2.6. The star y, atacone y € Xis the rational polyhedral fan with underlying setJ, ., K ¢ N, where
K={t(x-y) | teZs,X €K,y €y} < N, subdivided into rational polyhedral cones with a shared vertex.

The cone at a face y € X is the fan y- consisting of the faces k € X for each k < y. In particular, the vertex v
of Z is the minimal cell in each cone.

Example 2.7. We give two examples of stars:

(1) In the fan from Example 2.4, the cone 7 is contained in the cones o1 and g;. These give rise to the sets
01 ={(a,b) e N|a=>0}and g; = {(a,b) € N | a < 0}, so that the star 71, has underlying set equal to the
whole of N.

(2) In the Bergman fan of the Us 4 matroid, the star at any of the one-dimensional rays is has underlying set
equal to a product of Z together with the “tropical line”, i.e. the fan with rays (1, 1), (-1, 0), (0, -1) and a
vertex at (0, 0).

In both cases, these sets must then be cut up so as to form a rational polyhedral fan.

An integer weight function on a rational polyhedral fan Z of dimension d is a function w: 24 — Z. We
are interested in weighted fans satisfying the usual tropical balancing condition. This condition is equivalent
to being a Minkowski weight in the sense of [12]. For more on the balancing condition, see for instance [22,
Definition 3.3.1] or [10, Definition 5.7].
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»Q»

0

Figure 3: Lattice of flats of the U3 4 matroid Figure 4: Bergman fan of the U3 4 matroid, visualization by [13]

Definition 2.8. Let Z be a rational polyhedral fan of dimension d with weights w: £¢ — Z. We say that £
together with w is balanced at a face g € £4-1 if

> p<a W@Vasp € Lz(B),

using the notation from 2.1. We say Z together with w is balanced if it is balanced along each face f € Z¢1.

Example 2.9. Our previous examples of fans have all been balanced:

(1) The fan of dimension one discussed in Example 2.3 and shown in Figure 1 is balanced, for a given weight
function w: Z!' — Z, if and only if w(71) = w(t3) and w(t3) = w(74).

(2) The fan of dimension two in Example 2.4 is also balanced if and only if the weight function w: £' — Zis
such that w(oy) = w(gy) = w(os).

(3) It follows from [6, Proposition 2] that the stars y, of faces y in the Bergman fans of a matroid are them-
selves Bergman fans of matroids. It is shown in [1, Proposition 5.2] that, for the Bergman fan X(M) of
a matroid M, the only weight functions which satisfy the balancing condition are the constant ones.
The uniqueness of such a weight function follows from tropical Poincaré duality in [19, Proposition 5.5]
and the earlier [16, Theorem 38]. By our later Definition 3.12, this means that these fans are uniquely
Z-balanced.

2.2 Cellularsheaves and cellular cosheaves. One can define cellular sheaves and cellular cosheaves of modules
on a polyhedral fan:

Definition 2.10. Let R be a commutative ring, X a rational polyhedral fan. Then:
« A cellular R-sheaf G is a functor G: £ — Modp.
« A cellular R-cosheaf  is a functor F: Z°° — Modp.

A morphism of sheaves or cosheaves is simply a natural transformation of functors or contravariant functors,
respectively.

Remark 2.11. The category X, when viewed as a set, can be given the Alexandrov topology, such that cellular
sheaves and cosheaves in fact are sheaves and cosheaves with respect to this topology. For more on cellular
sheaves and cosheaves, see [11].
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We have considered the fan X as a category with morphisms 7 — o whenever 7 is a face of g, so that a sheaf
G induces a map §(7) — S(0), and a cosheaf F induces a map F(g) — F(r). This convention is in agreement
with [11; 27], but reversed from [9; 15] in the sense that their sheaves are our cosheaves, and vice versa.

Example 2.12. Let X be a rational polyhedral fan. For a module M over a ring R, the constant cosheaf M* with
values in M is the cosheaf defined as a functor M?: Z°%° — Modp taking all objects to M and all morphisms
to idy,. Similarly, the constant sheaf My with values in M is the sheaf defined as a functor My : £ — Modg taking
all objects to M and all morphisms to idy.

2.3 Cellular homology and cohomology. Considering the fan X as a subset of Ny, we select an orientation for
each cone g € Z. For each 7 < ¢ such that dim(7) = dim(o) — 1, we keep track of the relative orientations
by writing O(7, o) = 1 if the restriction of the orientation of ¢ to 7 coincides with the orientation of 7, and
O(t, o) = -1 ifitreverses it. In the two next definitions, we use the orientation O(7, o) = +1 to construct certain
(co)chain complexes for a given (co)sheaf. These definitions are equal to the ones in [11; 27; 21], and reversed
from [9; 15], who index by codimension.

Definition 2.13. Given a cellular sheaf G, the cellular cochain groups and cellular cochain groups with compact
support are defined, respectively, by

clz,9 = @ S and CciZ,9) = 50,

gell gelXl
oRr compact

for q > 0, where op is as in Definition 2.1. The cellular cochain maps
d1: C1(Z,9) - €5, G) and d%: cl(z,9) - 'z, 9)
are given component-wise for 7 € Z9 and ¢ € 29! with 7 < c by d;s: §(7) — G(0), where
d:s = O(1,0)5(1 — 0).

If 7 £ 0, we let the map d4 be 0.
The cohomology groups H*(Z, §) and H:(Z, ) of these complexes are the cellular sheaf cohomology and
cellular sheaf cohomology with compact support with respect to the sheaf G.

Definition 2.14. Given a cellular cosheaf &, the cellular chain group and Borel-Moore cellular chain groups are
defined, respectively, by

CEFH= P Fo and CMZ, ) =P Fo),

gexi oex
oRr compact

for q > 0, where oy is as in Definition 2.1. The cellular chain maps
3q: Cq(Z,F) > Cqa(E,F) and 9g: CJM(Z,F) — CPM(Z, F)
are given component-wise for o € 29 and 7 € 2%t by d4.: F(0) — F(1), where
O0gr = O(1,0)F (0 — 7).

If 7 £ g, we let the map 94 be 0.
The homology groups H.(Z, ) and H3M(Z, F) of these complexes are the cellular cosheaf homology and
cellular Borel-Moore cosheaf homology with respect to .

Proofs that the cellular (co)chain groups and maps defined above form (co)chain complexes can be found
in [11, Definitions 6.2.6-7] and [27, Theorem 1.1.3].

Remark 2.15. The above definitions of cellular cohomology work in the more general setting of polyhedral
complexes. Since we are working with pointed polyhedral fans, the unique compact cell is the vertex v. Then,
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for any sheaf G on a fan Z, the cellular cochain groups C?(Z, §) are trivial for q > 0, and therefore

G(v) forg=0,
HY(Z,9) = v ! .
0 otherwise.
Similarly, for any cosheaf J, the cellular chain groups C4(Z, J) are trivial for q > 0, thus
F(w) forq=0,
Hq(Z,9) =
! {O otherwise.

Example 2.16. Consider the fan from Example 2.3, with orientations chosen so that O(v, 7;) = 1 for all i. The
Borel-Moore homology of the constant cosheaf Z* is the homology of the complex

0 v 7t 2y 7 5 0,

where the matrix 9 is indexed by the 7; and given by
61 = (O(V, Ti) idZ)T,‘EEI = (1’ ]-y ]-y 1)

The Borel-Moore homology becomes HPM (£, 7*) = 7% and HEM (£, 7%) = 0.

3 Tropical geometry of fans

In this section, we introduce particular cellular (co)sheaves on fans which are of interest in tropical geometry.
After examining some properties of the resulting tropical (co)homology, we use this to define the balancing
condition in tropical geometry. Finally, we define the tropical cap product associated to a balancing of the fan. We
then introduce particular sheaves of interest in tropical geometry. Next, we generalize the balancing condition
on fans to weights in arbitrary rings, which finally leads to a treatment of tropical Poincaré duality over arbitrary
commutative rings.

3.1 Tropical sheaves and cosheaves. For tropical (co)homology, the following sheaves and cosheaves are of
interest.

Definition 3.1 ([18, Definition 13]). Let XZ be a fan of dimension d in N. For ¢ € X let L(0) be the lattice of integer
points parallel to the cone 0. Forp = 1, . . ., d, the p-th multi-tangent cosheaf 3’% is the cellular Z-cosheaf defined
by the following data:
« For o € Z, one has F2(0) = Yo<y N Lz(y) € NP N.
« For 7 < g, the morphism (¢ — 7) € Homyw (0, 7) becomes the map (4,: rJ"g(a) — "f?(r), which is induced
by the natural inclusion.
In the case p = 0, we define 3”02 = 7*, with all maps being the identity.
Furthermore, the cellular cosheaf F7 also gives rise to a cellular sheaf g%, which is defined by % (0) =
rfg(a)*, with morphisms p. s 5 (7) — 5 (o) defined by dualizing (5. ?%(o) - ?f(r).
Following [19], for any ring R, we define a cosheaf J} by taking the tensor product 55 (0) = F7(0) ®z R,
giving an R-module, and tensoring the maps as well. Dualizing yields a sheaf ff}’;.

Example 3.2. We compute some values of these cosheaves:

(1) For Example 2.3, taking the ray 71, we have 3"12(1) = Lz(7) = {(1,0))z c Z?2. For the central vertex v, we
have

FEW) = Y1, La() = (L 0)z + (0, D)z + (-1, 0)z + (0, 1))z = 77

The cosheaf F7 is merely the constant cosheaf taking value Z, so that F%(t;) = Z and FZ(v) = Z.
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(2) For Example 2.4, we have 7Z(a1) = \* Lz(02) = ((1,0) A (0, 1))z = Z.

Remark 3.3. For any Z-module M and commutative ring R, the product My = M®zR is an R-module. Moreover,
by [8, Proposition II1.7.5.8] we have A? Mz = (/\’ M) ®z R. In particular, for a maximal face ¢ € X of a d-
dimensional fan, Lr(0) = Lz(0) ®z R is a free R-module of dimension d, and 9’}’;(0’) = (AP Lz(0))®z R =

NP Lr(0).

Remark 3.4. Let X be a fan of dimension d. For any a € x4, by Remark 3.3 we have ?g(a) = /\d Lg(a) = R.
Given a choice of orientation for a, we can select the unique generator A, € S"dz(a) = AP Lz(0) compatible with
the chosen orientation, and abusing notation, we let A, € ?g(a) = (AP Lz(0)) ®z R denote the corresponding
element A, ® 1z € FX(a).

Example 3.5. In Example 2.4, suppose we choose orientations such that all the one-dimensional rays point out-
ward, with all the two-dimensional cones being oriented clockwise. Choose the standard basis e, e; for the
ambient lattice N. We then have Ay, = e1 A ey, Ag, = e1 Aezand Ag, = e1 A ey,

Definition 3.6. The cochain complex (C*(Z, S‘Z), 6) from Definition 2.13 has cohomology groups H4(Z, S"}’;)
which are called the (cellular) tropical cohomology groups with R-coefficients of Z. Moreover, the cohomology
groups H{(Z, ”fl’;) of the complex (C.(Z, ?Z), 6) are called the (cellular) compact support tropical cohomology
groups with R-coefficients of X.

Similarly, the chain complex (C.(Z, ?5), 0) from Definition 2.14 has homology groups Hy(Z, ?{f) which are
called the (cellular) tropical homology groups with R-coefficients of Z. Finally, the (cellular) tropical Borel-Moore
homology groups with R-coefficients H5" (£, 5%) are the homology groups of the chain complex (C¥ (Z, F%), 9).

Proposition 3.7. The tropical cohomology with R-coefficients of any fan X is

4 _
HI(5, 57 - Frv) forq=0,
0 otherwise,

where v € X is the vertex.
Proof. This follows from Remark 2.15. O

Example 3.8. Consider again the 1-dimensional fan from Example 2.3. Since it is of dimension 1, the only 3"1!;
sheaves are 3"% = Ry and ff}e. By Proposition 3.7, the only non-zero cohomology groups are H°(Z, 3"%) = R and
HY(Z,F3) = Fp(v) = R2

Similarly, the only ?5 cosheaves are ffg = R* and fff . The computation of the homology with the constant
cosheaf Z* given in Example 2.16 carries through to R?, giving HPM(Z, F8) = R® and HEM(Z, FF) = 0. Finally,
to compute the Borel-Moore homology for %, we have the chain complex

[5]
0 — Prep FF(T) —— FROW) 5 0.

Selecting the Z-basis e; = (1, 0), e = (0, 1) for N, we can write this complex as

0 — ((1,0)) & ((0, 1)) & {(~1,0)) & (0, ~1)) —25 ((1,0),(0,1)) — 0,

where 94 is now the direct sum of the inclusion maps, and everything is suitably tensored with R. The Borel-
Moore homology is then given by H3Y (2, 5%) = 0 and HM (£, ) = ((a, b, a,b) | a,b € R) = R

Example 3.9. We now show how to perform the above computations using the [21] package for polymake [13],
when working with rational coefficients. A code example is given in Figure 5. To compute with polymake, one
specifies the rays of a fan, as well as which rays form a cone. The fan must be input in projective coordinates,
so that there is a distinct projection point [1, 0, 0], with all rays expressed using an embedding of N into the
hyperplane H = {(xo, X1, X2) | xo = 0}. Thus the ray 7; is [0, 1, 0]. Similarly the cones must all be given as
including the projection point [1, 0, 0], so that the one-dimensional ray 7, is given as [0, 2].

Note also that one may use the command $complex -> VISUAL; to receive a visualisation for two- and
three-dimensional fans. The output of the code in Figure 5 is shown in Figure 6.
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application ‘fan’;
$fan = new fan::PolyhedralFan(
INPUT_RAYS=>[
[1,0,0],[0,1,0],[0,0,1],[0,-1,0],[0,0,-1]
1,
INPUT CONES =>[
(0,11, (0,21, [0,3],[0,4],

)
$complex = new fan::PolyhedralComplex($fan);
$dim = $complex -> AMBIENT DIM;

Qcohom_dimensions = () ;
©BM_dimensions = ();
for(my $i=0;$i<$dim;$i++){
my $fi = $complex—>fcosheaf ($i);
my $si=$complex->usual_chain_complex($fi);
my $bmi=$complex->borel_moore_complex ($fi);
push QGcohom_dimensions, topaz::betti_numbers($si);

push ©@BM_dimensions, topaz::betti_numbers($bmi) ;

print "HAq(Sigma, FAp) dimensions; q=columns, p=rows";
print join("|n", @cohom_dimensions),"In|n";

print "H_qBM}(Sigma, F_p) dimensions; g=columns, p=rows";
print join("|n"”, ©BM_dimensions),"|nln";

Figure 5: Code in [13] to compute the tropical cohomology and Borel-Moore homology in Example 2.3

H q(Sigma, F"p) dimensions; g=columns, p=rows
10
20

H_q {BM}(Sigma, F_p) dimensions; g=columns, p=rows
03
02

Figure 6: Output from Figure 5

Recall from Definition 2.6 that one must subdivide the stars y, of faces y € Z to obtain a fan structure. The
next proposition shows that the tropical cohomology of y, is determined directly by 3’5 (y), and that the tropical
Borel-Moore homology can be computed using a simpler complex than the one coming from the subdivision.

Proposition 3.10. Let X be a fan and y € X a face of dimension r. Let fﬂ’;, 5 and fﬂg,y denote the p-th multi-tangent
sheaves on X and y respectively. Then
H(ys, ?Z’y) = ?1’;,2()/)'

Similarly, let 3”5’2 and ?g’y denote the p-th multi-tangent cosheaves on X and ys respectively. Then the Borel—
Moore homology H{;M Vs, 3"5 Yy is isomorphic to the homology of the complex

9gla> 9qlk>
0— @@ 1 — @ T T gy — o,
aes? KeZ1
a>y K>y

where we define 8} = @ 0. with the sum taken over all 6,7 > y, 0 € 9 and 7 € £
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Proof. First, by Definition 2.6 we must choose a subdivision of the space with support given by the cones k =
{ttx—y) | t >0,x € x,y € y} for each k > y, and we will have only one compact cell given by the created
vertex V € y,. By Remark 2.15, we have Ho(yz, 3"1’;,),) = fﬂgyy(ﬁ). Then, observe that for each k > y, the lattice
is unchanged in the sense that Lz(K) = Lz(k) as subspaces of N, and each maximal dimensional face a in the
subdivision of y is a subspace of a K. In particular, this implies that ?ﬁ)y(ﬁ) = ”f}’;, ().

Next, observe that the Borel-Moore homology is the equal to the regular homology of the fan when seen as
a subset of the one-point compactification N U {co} of the ambient lattice N. Then every cone ¢ € y» becomes a
disk g, in N U {oo}, and we have a CW complex structure on the underlying set of y, U {oo}. Then, similarly to
[24, Section 2.2] and [19, Remark 2.8], note that

CM(ys, T3) = P T3 (0) = D Hy(0c0, 8(0c0), T (0)),

oey! oyl

where the right hand side becomes the cellular homology with coefficients in the local system induced by 35 of
the CW complex y» U {oo}. This can be computed with an arbitrary CW structure. Therefore, the given complex,
which is the local system homology of the CW structure induced on |y, U {oco}| by taking the non-subdivided cell
structure of y,, will compute the Borel-Moore homology of the ?5 cosheaf. ]

The above proposition shows that, when working with stars of faces in a fan, the particular cellular structure
does not change the tropical (co)homology. This is not the case for general (co)sheaves, see for instance the wave
tangent sheaves defined in [24, Section 3].

3.2 Balancing in tropical geometry. It was observed in [19, Remark 4.9] and [24, Proposition 4.3] that the bal-
ancing condition from Definition 2.8 can be equivalently formulated as the condition that a particular tropical
Borel-Moore chain is closed. In this subsection, we use this observation to form a generalization of the balancing
condition to arbitrary commutative rings.

Definition 3.11. Let R be a ring. An R-weight function w: £¢ — R on a d-dimensional fan Z is a function such
that for all a € £¢, the weight w(a) is not a zero-divisor. A pair (£, w) will be called an R-weighted fan.

Definition 3.12. An R-weighted fan (X, w) is R-balanced if the fundamental chain Ch(Z, w) given by
Ch(Z, w) = W(@)Ad)qest € C3" (£, Fa)

is a cycle, where the A, are chosen as in Remark 3.4. In this case, we have HgM (z, ffg ) # 0, together with an
induced fundamental class
(£, w] = [Ch(Z, w)] € HEM(Z, F5).

If HEY (2, 5%) = ([£, w]) = R, we say that X is uniquely R-balanced by w.

Example 3.13. We now compute the fundamental chain in the fan X of Example 2.4. Choose orientations such
that the elements A4, are as in Example 3.5. Moreover, we choose a weight function assigning the value 1 to each
of the cones g;. Then the fundamental chain is:

(Ag)P, = (e1 N ey, e1 Ney, er Aey) € CEM(Z, T2,

It is then straightforward to check that, under the boundary map 95, taking into account orientations, this chain
is mapped to zero. For instance, for the component of CfM Z, iTZZ) corresponding to 71, we have

—e1Aex+eiAey =0 e FZ(ry),

with the first 2-wedge corresponding to g; and the second to g,. Thus the fan is Z-balanced, and there is a funda-
mental class [Z, w] € HfM (z, ?f). Moreover, it can be checked that this class generated the whole cohomology
module, so that this fan is in fact uniquely R-balanced.

The above definition, which is equivalent to the usual balancing condition [10, Definition 5.8], is similar in
flavor to the description given by [7, Theorem 2.9]. We illustrate this with the following example.
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Example 3.14. In this example, we explicitly relate the above definition of balancing to the one given in Defini-
tion 2.8. Let (£, w) be a Z-balanced fan of dimension d in the sense of Definition 3.12. Then, for each € £9-1,
we pick a generator Ag € Lz(p) respecting the orientation. Now for each a ¢ Z4 with B < a, the vector Va/B
from Definition 2.1 is such that Ay = Ag A vgp.

Looking at the -component of 3: C2M(£, 3%) — CBM (£, 5%), we have

A(W(@AL)p = Y W@ =ApA Y w@vap.
B<a B<a
Therefore, the chain Ch(Z, w) is closed if and only if all of the faces § are balanced in the sense of Definition 2.8.
Thus the definitions are equivalent.

Proposition 3.15. Let (X, w) be an R-balanced fan and y € X a face. Then (ys, w) is R-balanced, where w is un-
derstood to be the weight function induced on y» by w.

Proof. By Proposition 3.10, we have that H3" (y,, F%) can be viewed as the kernel of the map

P w2 P ).

aexd Berdt

a>y B>V
Moreover, the class

Ch(ys, w) = (W(a)Aq)gexa

ax>y

is a cycle since Ch(Z, w) is a cycle in CgM Z, fff; ). Thus (ys, w) is R-balanced and we have a fundamental class
(=, wl € HPM (s, F5). O

3.3 Tropical cap product. There is a cap product relating H(Z, ZTZ) to Hgf"fl z, ?g_p), which will be at the core
of tropical Poincaré duality. We extend the version given in [19, Definition 4.10] for R = Z to arbitrary com-
mutative rings R, using the contraction map from multilinear algebra for a general ring R, as developed in [8,
Section III.11].

Definition 3.16 ([8, Section II1.11.9]). Let M be a rank d free R-module, let My be the dual module, and let 0 <
p1 < p2 < d. The interior product or contraction defined by y = y1 A -+ Ayp, € AP2 Mp is the map

P1 P2—P1
1y /\M; — /\ MR,

which is defined on x = x1 A--- A x, € AP* Mj tobe

D1
X,y = (-1 b2 Z sign(a) (H Xi(ya(i)))ya(p+1) A« AYad),
a i=1
where the sum is taken over all permutations a € S; which are increasingon1,...,pandp +1,...,d, and is
extended linearly.

Remark 3.17. In [8, Section II1.11.10], an explicit formula for this contraction map is given in terms of bases.
Letting ey, ..., em be abasis of Mg, the elements ey := e, A---A e, € /A\P* Mg, for all ordered strictly increasing
subsets I = {iy < --- < ip,} € [m] of size p, form a basis of AP?* M. Letting fi, .. ., fm be the dual basis to the e;
for M, the elements f; with J = {j; < --- < jip,} € [m] form a basis of /\P* M. Then the contraction map defined
by e; is given by

fkiep=0 ifK ¢J,

{fKJe] = (—1)V+p1(p171)/2€]\1( if K ¢ Jand p; = |K|,

where v is the number of ordered pairs (4, ) € K x (J \ K) such that A > pu.

Aproofthat these contraction maps are the same as the formulation in terms of compositions given in [5; 2]
follows from the arguments given in [2, Lemma 4.1.4].
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Definition 3.18. For each facet a € £¢ of a d-dimensional R-balanced fan Z, we have chosen a generator A, €
3"5 (a) = /\d Lr(a) = RbyRemark 3.4, and a weight w(a) € R which is not a zero-divisor. The contraction defined
by w(a)A, is the map

p d-p
w(@Aq: [\ Lr(@)* — ) Lr(@).

Since w(a) is not a zero-divisor, Remark 3.17 shows that this map is injective. It is an isomorphism if and only if
w(a) is a unit.

Definition 3.19. Let the weighted fan (Z, w) be an R-balanced fan of dimension d. The cap product ~ Ch(Z, w)
with the fundamental chain of Z is the map given by

~ Ch(Z, w): CU(E, F}) — CHM (£, 55 )

(Uy)yega = ( Z W(a)la,r<,0y,a(uy)JAa>>
Texd-q

aezd
y,T=a

where A, is as in Remark 3.4.

Remark 3.20. For anychaino € CgM (z, 3‘5 ), a cap product ~ o can be similarly defined. It is noted in [19, p. 13]
that the Leibniz formula holds for this cap product, such that 0(a ~ o) = (-D)™Y(d(a) ~ 0 - a ~ 8(0)). In
the case where R = R, the Leibniz formula also follows from [20, Remark 2.2, Definition 4.11]. Therefore the
above defined map descends to tropical (co)homology, and we have the cap product with the fundamental class
~ [Z, w]

~[Z,w]: HU(Z,FP) — HM (2,58 ).

Example 3.21. In Example 3.14, we computed the fundamental class of the fan X from Example 2.4, given the
all-one weight function w. We will now compute some examples of the cap product. Let e1, e; € N = Z? be the
standard basis for the underlying lattice, and ey, e; the dual basis for the dual lattice N*. Then

HY(Z,59) = F5,(v) = 2,
HY(Z,5%) = F,(v) = (e}, €5)z,
HY(Z,52) = T5,(v) = (e} Ae})z.

Moreover, all other cohomology groups are zero, by 3.7. Next, the Borel-Moore chain complexes are given by

Mz, 8. 02722 >273 70,
3 3

Mz, 50 0> P FHo) - P FE(T) - Fw) -0,
i=1 j=1
3 3

Mz, 37 0 P Fa) - P FF(r) - Fw) — 0.
i=1 j=1

We now compute H¥Y(Z, %) as an example. We have (1)) = (e1, €2)z for each j and F%(0;) = (e1, €2)z for
each i. Taking the direct sum of these bases in EB?zl S"lz(oi), and respecting the orientations, we may express
the differential 9, : @;_, 7%(0;) — EB]?’:l F%(;) in coordinates as:

(al,ﬁl, aZ’BZ’ aS’BS) — (_al + a2’ _Bl +ﬁ2: al _ a3)ﬁ1 _BS’ _aZ + (13, _ﬁZ +ﬁ3)’

with a’ and B! corresponding respectively to e; and e, for ¢;. We compute a basis for the kernel of this map, i.e.
a basis for HZM(Z, F%) to be

HM(Z, %) = ((1,0,1,0,1,0),(0,1,0,1,0, 1))z c C3¥(Z, F%)
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Similar computations show that the remaining Borel-Moore homology groups are given by:

HMZ, 38 =0 HMEZ 3% =0 HME, 58 =72

HMZ, 38 =0 HMEZ 37 =0 HM (2, 57) = 72

HMEZ, 38 =0 HMEZ 32 =0 HM(Z,37)=(Z,w])=2Z.
Finally, we now compute an example for the cap product map, in particular ~ [Z, w]: H*(Z, I5,) — HZM(Z, 7%5).
Working from the definition, we have that

3
e — (6] Aq,, €] A, €] Ag,) € P FL(a0).
i=1

Expanding this using the (a!, Bi) basis from above, these contractions are such that e} — (1,0,1,0,1,0), and
one can similarly check that e5 — (0,1,0,1, 0, 1). This shows that ~ [Z, w] is in this case an isomorphism.

Proposition 3.22. Let (X, w) be an R-balanced fan of dimension d. The cap product with the fundamental class
~ [Z, w] in tropical cohomology

~ (£, w]: HU(Z,FP) — HM (2,58 )
is the 0-map for q # 0.
Proof. By 3.7 we have HI(Z, 3"5) = 0 for g # 0, hence this cap product is non-trivial only when q + 0. O
The above proposition shows that in the fan-case, the only interesting cap products are of the form

~ [Z,w]: H'Z, F}) - HM(E, 55 ),

forp =0,...,d. Moreover, in 3.23 below, we show that these are injective for any commutative ring R. In the
case where R = R, this was shown in [2, Theorem 4.3.1], and for R = Z it is stated in [5, Section 3.2.2].

Proposition 3.23. For an R-balanced fan (X, w) of dimension d, the map
~[Z,w]: H'(Z,5p) —» HM(Z, 5] )
is injective.
Proof. We have HE(z, &"g_p) = ker(d4) and HO(Z, %) = FE(v), so that ~ [£, w] is exactly

~ Ch(Z, w): FH(v) - P F§_(a)

aexd

U = (py,a(U) ;W(@)Ag)gesa

where the image lies in H3Y(Z, ?§_p) € Pyex S"dR_p(a). This is the composition of the map @, pyv.q: Fr(v) —
P gzt Th(a), which is injective since it is dual to the surjection @, ¢z Fh(a) — F5(v),and the direct sum of the
contractions @@ c5e 4 W(a)Aq, which are injective by Proposition (3.18). Thus this cap product is the composition
of injective maps and is therefore injective. O

Proposition 3.24. Let (X, w) be an R-balanced fan and y € X a face. Then the cap product map on the star fan
~ [y, wl: HO(ys, T) = Hi" (ys, T5_)

is given by

U (U w(a)Aa)gesd,
ax>y

where we identify HO(y», 75) = F8(y), and H3™(y.., Fy_p) as the kernel of the first map in the complex from 3.10.

Proof. Theidentifications are justified by Proposition 3.10, and the existence of this fundamental class by Propo-
sition 3.15. It remains to show that the stated formula corresponds to the cap product. Consider a subdivision
making y» a pointed fan. Each d-cell @ of the subdivision maps to a d-cell a > y of Z, similarly as in the proof of
Proposition 3.10. The formula then follows from the induced map in homology. O
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4 Tropical Poincaré duality

In Subsection 4.1, we define TPD over aring R, and give an example of a non-matroidal fan satisfying the duality.
In Subsection 4.2, we give some necessary conditions for the duality to hold, along with a characterization by
an Euler characteristic condition. Finally, in Subsection 4.3, we turn to the problem of determining which fans
are TPD spaces. We classify all the one-dimensional fans satisfying TPD over a ring R and study tropical fan
hypersurfaces in R" satisfying TPD. This forms a first step towards answering Question 1.1.

4.1 Definition and examples. In this subsection, we define what it means for a fan to satisfy TPD over a com-
mutative ring R. When R = Z, this is the definition from [19, Definition 5.2], and when R = R, our definition
can be shown to be equivalent to [20, Definition 4.12].

Definition 4.1. We say that an R-balanced rational polyhedral fan Z of dimension d with weights w satisfies
tropical Poincaré duality over R if the cap product with the fundamental class

~[Z,w]: HU(Z, T}) — HPM (2,57 )

is an isomorphism forall p,q =0,...,d.

Example 4.2. Returning again to Example 2.4, one can verify that all the possible cap products are isomor-
phisms, as we did explicitly in Example 3.21 for the cap product ~ [£, w]: H(Z, F5) — HZM(Z, F%), so that
this fan satisfies tropical Poincaré duality over Z.

Example 4.3. Similarly, explicit computations can be carried out for Example 2.3. Comparing with Example 3.8,
we have dimz H2(Z, %) = 2 and dimz H?M(Z, 3%) = 3, while dimz H'(Z, 3%) = 2 and dimz H(Z, IF) = 1.
Thus the cap product maps

~[Z,w]: H'Z,9%) — HPM(g,92) and
~[Z,w]: H'Z,95) — HM(Z, 55

are not isomorphisms, and the fan does not satisfy tropical Poincaré duality over Z.

As mentioned in the introduction, the Bergman fans of matroids satisfy TPD over R and Z [20; 19], however
these are not the only such fans, as can be seen from the next example.

Example4.4. Letf; = (0,1,1,1), f» = (1,0,-1,1), fs .= (1,1,0,-1) and fa := (1,-1, 1, 0) be vectors in R* and
let eq, ey, 3 and e, be the standard basis. Consider the fan generated by the cones of vertices connected by an
edge in Figure 7, so that for instance the cone of e; and f; is included. This fan was used in [7] to construct a
counter-example to the strongly positive Hodge conjecture. It is not matroidal, since it does not satisfy the Hard
Lefschetz property of [1].

€1 € €3 €y —€ —€3 —€4

fi f2 f3 fa ~f1 -f2 -f3

Figure 7: The graph of cones for Example 4.4
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We compute its cellular tropical homology and cohomology over Q using the cellular sheaves package [21]
for polymake [13], we have

H(Z,5%) = Q HM(2,9) = Q
Bz, F)=qQ" and  HMEIR)=Q*
H(Z,98) = Q° HMEZ, 5 = Q°

with all other groups being zero. By Proposition 3.23, the cap product is injective, and since the dimensions
agree, the cap products are isomorphisms when they are nonzero. Hence the fan satisfies TPD over Q, where
the weights for the fundamental class are chosen so as to form a generator of HfM (z, S';Q) =Q.

4.2 Necessary conditions for tropical Poincaré duality. We now turn to giving some necessary conditions for
TPD to hold. First, in light of Proposition 3.7, the Borel-Moore homology of fans satisfying TPD is concentrated
in degree d. Indeed, by Proposition 3.7, H1(Z, ?z) = 0 for q # 0, hence the isomorphism ~ [Z, w]: HI(Z, ?g) =

HyM (2,3 ) gives HEM(Z, 57 ) = 0for q # d.

Note also that, for (Z, w) be an R-balanced fan satisfying TPD over R, £ must be uniquely R-balanced by
w. This is because the cap product maps 1 € R = H°(Z, ?ﬁ) (see Proposition 3.7)to 1 ~ [Z,w] = [Z,w] €
HAM(z, %), which must be a generator. Then by Definition 3.12, the fan £ is uniquely R-balanced.

Example 4.5. For any ring R, the fan in Figure 1 is R-balanced, but not uniquely R-balanced by Example 3.8,
hence it cannot satisfy TPD over R.

Now, assuming that we are working over a field k, and that the Borel-Moore homology of the fan vanishes
in an appropriate way, we can determine that the fan satisfies TPD through an Euler characteristic argument.

Proposition 4.6. Let k be a field, and let (X, w) be a k-balanced fan of dimension d. Suppose that HqBM Z, ?}1,‘) =0
for q + d. Then for a given p, the cap product

~[Z,w]: HY(Z,3P) — HM (2,55 )
is an isomorphism for all q if and only if
DM (E, Ty ) = dimy FLv). 6]
Moreover;, (2, w) satisfies TPD over k if and only if Equation (1) holds for all p.
Proof. Since the only compact cell in X is the vertex v, we have
Fhw) ifq=0,
0 otherwise.

m@ﬁh{

The vanishing condition on tropical Borel-Moore homology implies that the cap product ~ [Z, w]: H1(Z, ”fﬂ’i) —
HdBf{Z(Z, 321(—;;) is an isomorphism for q # 0, and
X(CME, Ty ) = xHME, T ) = (D) dimy HPY (2, TG ). ¥
Since the cap product is injective by Proposition 3.23 and we are working over a field, the maps
. 70 p K
~[Z,w]: HZ, 9y) - HM(Z, Tip)
are isomorphisms if and only if dimy HO(Z, fﬂi) = dimyg fﬂi(v) is equal to dimg HgM z, ?‘é‘_p). By Equation (2),

this is exactly the claimed result. O

4.3 Dimension one and codimension one. We completely classify rational polyhedral fans of dimension 1 sat-
isfying TPD over an arbitrary commutative ring. We begin with a utility lemma:

Lemma4.7. Let R be a commutative ring, and (X, w) an R-balanced fan of dimension one. Then we have
HMZ, 38 = 0and HM (2, 55) = 0.
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Proof. Letv € X be the vertex of the fan. By Definition 3.6, the tropical Borel-Moore cochain complexes are

50
Mz, 35): EPR—->R—0 and

eext

al
Mz, g0 P IR = Fw) —o.
eext
Here 9] is the map given by the matrix (11 ... 1).Itis surjective and thus H3"(Z, F¥) = 0. Similarly, 7R (v) =
Yeest LR(€) = Y pesn TR (e), thus 07 is surjective, hence HEY (Z, 7F) = 0. O

Theorem 4.8. Let R be a commutative ring, and (£, w) an R-balanced fan of dimension one. Then (X, w) satisfies
tropical Poincaré duality over R if and only if it is uniquely R-balanced and all the weights are units in R.

Proof. We need to show that all four of the following cap products
) ~ [Z,w]: HY(Z,T}) — HM(Z, F5),
2) ~[Z,w]: HY(Z, 5% — HEM(z, IF),
(3) ~[Z,w]: H(Z, 5% — HEM(z, IRy,
@ ~[Z,w]: H(Z,T5) — HM(Z, F5),

are isomorphisms if and only if (£, w) is uniquely R-balanced and all the weights are units in R. We will show
this in three steps:

(a) First, we show that the maps (1) and (2) are trivial maps between zero-modules.
(b) Then we show that (3) being an isomorphism is the definition of being uniquely R-balanced.

(c) Finally, we show that (4) is an isomorphism if and only if (£, w) is uniquely R-balanced, with the added
condition that all the weights are units in R.

In total, this will then show that (Z, w) satisfies tropical Poincaré duality over R if and only if it is uniquely
R-balanced and all the weights are units in R.

Beginning with (a), by Lemma 4.7 and Proposition 3.7, all involved modules are zero. Moreover the cap
product map is zero by Proposition 3.22, hence the maps (1) and (2) are trivially isomorphisms.

Next for (b), the map ~ [Z, w]: H(Z, 5%) — HBM(Z, 3F) is given by sending a scalar a € H(Z, 5%) = R
to a ~ [Z, w]. The O-contraction of a scalar is multiplication by this scalar, so that a ~ [Z,w] = a - [Z, w]. Itis
therefore an isomorphism if and only if ([Z, w]) generates HfM (z, ?f), which is the Definition 3.12 of uniquely
R-balanced.

Finally, we turn to (c). We begin with some notation. Let v be the vertex of £ and number the one-
dimensional rays as €1, ..., &y, with weights w; = w(g;). The Borel-Moore cochain group is CfM z, 3’5) =
@, R, which has a basis x1,...,Xm, with x; corresponding to &;. The elements x; — xn, € CPM(Z,FF)
fori = 1,...,m - 1 form a basis for HYM(Z,F¥) = ker(1 1 ... 1). For each & we select the generator
A; € Lg(e;) compatible with the orientation of ¢;, and let ©; = (g, (A;) be its image under the inclusion
te,v: FR(e)) — FF(v). Thus the fundamental class [£, w] € HPM(Z, 7}) is explicitly the element (wiA)", €
HM(Z, FF) = ker((te,0)]",) ¢ CPM(Z, FF). The cap product map ~ (£, w]: H(Z, F3) — HPM(Z, IF) takes a
covector ¢ € H(Z, FL) = T(v) to the element

(Wip(O))™, € HPM (5, 3%).

Now, suppose all the weights w; are units in R and (Z, w) is uniquely R-balanced. Then the elements w;0;
fori=1,...,m-1form a basis for S"f (v), with the corresponding dual basis wi‘l@; for 5“11?(\)). Then, for each
j=1,...,m-1,

1% -1 % -1 %
W] @] - [2) W] = (WIW] @] (@l)):il = (O, DR} 0: 1a Oa ) Wij @] (@m))a

where the only two non-zero entries are in the j-th and m-th positions. Since this is a cycle in CfM Z, ’J’g ), we
must have 1 + wmwjfl@;‘(@m) = 0, so that

w].‘lejf‘ ~[Z, W] = Xi — Xm.
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Thus the images of the basis elements W]T1 6; of FR(v) form a basis of H2(Z, F¥), hence ~ [Z, w] is an isomor-
phism.

For the converse direction, we show that if either the weights are non-units or the fan is not uniquely R-
balanced, then the cap product is not an isomorphism.

First, suppose some weight wy is not a unitin R. Then for any ¢ € H 0z, 3’}3) = 3}1?(\}), the k-th component of
@ ~ [£, w]is contained in the ideal (wx) ¢ R, which does not contain 1. Hence the element xx—xn, of HP (Z, F)
cannot be in the image of ~ [Z, w], which is therefore not surjective and hence not an isomorphism.

Finally, suppose that X is not uniquely R-balanced. Since HfM z, CT“OR ) is free of rank m — 1, we may as-
sume that 3‘}?(\)) is as well, otherwise there cannot be an isomorphism. Since X is not uniquely R-balanced,
rankg HPM(Z, 3%) > 1, so that by working with the Euler characteristics, we must have rankg FX(v) < m - 1.
Dualizing, we obtain that rankg Fx(v) < m - 1 = rankg HM(Z, F§) and so the cap product cannot be an iso-
morphism. O

Corollary 4.9. Let k be a field and (X, w) a k-balanced fan of dimension one. Then (X, w) satisfies TPD over k if
and only if it is uniquely k-balanced.

Proof. By Theorem 4.8, (X, w) satisfies TPD if and only if it is uniquely k-balanced, and all the weights are units
in k. The weights are non-zero by Definition 3.11, hence must be units since k is a field. O

Example 4.10. Let 2 c 73 be the 1-dimensional fan with a vertex at the origin, and let the four cones o1, 07, 03
and o4 be generated by the vectors v = (1,0, 2), v, = (-1,0,0), vs = (0,-1,0), v4 = (0, 1, -2) respectively. This
is a balanced fan with the constant unit weight function w(o;) = 1. The Borel-Moore chain complex cBM(z, iﬂz)
can be written as

(loy)
0 — Az @A)z @A)z @ (As)z —— FE(V) —— 0 .

Since (g, v(A;) = vi, we see in fact that HPM (Z, 3%) = ([Z, w]) where [Z, w] = (A1, Ay, A3, Ag). Thus (Z, w) is also
uniquely Z-balanced. Moreover, the complex C2¥(Z, 5%) is

4 (1111})

0 > Z Z > 0,

so that HPM (2, 3%) = 73. We pick the basis vy, vy, vs for I, (v), and balancing gives v4 = —v; — v, — v3. The dual
basis for I5,(v) is v}, v;, v;. We see that

vi ~ [Z, w] = (&,46,)(®pv,qs,)(V])
= (@, Aq)(®(V] © Lg,v))
= (V1 (tgy,v(A1)), V] (Lay,v(A2)), V] (La3,v(A3)), V{ (L v (Ad)T))
= (vi(v1), vi(v2), vy (v3), v (Va))
=(1,0,0,-1).

Similarly, v; ~ [Z,w] = (0,1,0,-1) and v; ~ [Z,w] = (0,0,1,-1). Since the images of the generating set
y1,y;,y; for 3"12(\/) form a generating set for HfM Z, 3’02) = 73, the cap product is an isomorphism.

For codimension 1 fan tropical cycles in R", which are fan tropical hypersurfaces, we can characterize
the Newton polytopes of the hypersurfaces having TPD. We refer to [23, Chapter 2] for background on tropical
hypersurfaces in R", which they call very affine tropical hypersurfaces.

Proposition 4.11. Letf ¢ T[xél, ey xﬁl] be a tropical Laurent polynomial such that the very affine tropical cycle
X = V() ¢ R™! is supported on a pointed fan. If X satisfies TPD over a commutative ring R, then the Newton
polytope A(f) of f is a simplex.

Proof. By assumption, the very affine tropical cycle X is a pointed d-dimensional rational polyhedral fan, see
[23, Corollary 2.3.2]; thus HY(X, ?ﬁ) = 0 for all ¢ > 0 and all p, and the isomorphisms ~ [X]: HI(X, fﬂ’;) —

Hgf/fl(X, ?g_p) give in particular that Hgf"fl (X, &) =0forallq > 0.



362 —— Aksnes, Tropical Poincaré duality spaces DE GRUYTER

Since X is the d-skeleton of the dual fan to A(f) by [23, Thm 2.3.7, Corollary 2.3.2], dimg HM (X, Fo) is
#Vert(A(f)) — 1, the number of vertices of the polytope A(f) minus 1.
Since X is d-dimensional, dimp H°(X, ?g) = dimg ?ﬁ(v) = (dgl), thus by Poincaré duality we have

#Vert(A(f) - 1 = dimg HE (X, 58) = dimp HO(X, 79) = (d ;’ 1) —d+1,

and so A(f), being (d + 1)-dimensional and having d + 2 vertices, is a simplex. O

5 Local tropical Poincaré duality spaces

In this section, we study Question 1.2. In Subsection 5.1 we prove Theorem 5.4. This theorem implies that TPD
on faces of a fan, along with vanishing of its tropical BM homology, gives TPD on the whole fan. A version of
the proof gives a partial classification of TPD spaces of dimension two. In Subsection 5.2 we use Theorem 5.4
to prove Theorem 5.10, which states that local TPD spaces are exactly fans whose codimension one faces are
local TPD spaces, and all of whose faces have vanishing tropical BM homology. Then we use the dimension one
classification from Theorem 4.8 to give a more geometric characterization of local TPD spaces in Corollary 5.11.

5.1 TPD from faces. We fix a principal ideal domain R, and we use the following shortened notation
BM (5. py._ pyBM R
Hy g p(ZR) =Hy" (2, Fg_p).

We prove Theorem 5.4 in two steps: The first step will be to show Proposition 5.2, which relates the cellular chain
complex C.(Z, ?ﬁ) to a complex involving the Borel-Moore homology groups HgM Vs, ?g_p) for faces y € Z by
using the cap product, which we show is exact. We then prove the theorem by showing that TPD on the faces,
along with exactness in the mentioned complex, imply Poincaré duality for the whole fan.

Let Z be a d-dimensional rational polyhedral fan. For each maximal face a € Z9, the constant sheaf
S"f,l{p(a)g,5 gives a cochain complex (C;(ax, ffgfp(a)aﬁ), d:,). Taking the direct sum of these for all a ¢ Z9, we
obtain a complex

@, d) = (P Cilas, 75 (@a), P ). 3)

The i-th term of this complex is given by

A= (P Celas, T, (@) = D D T (@
a aexd yext
y<a
Rearranging terms, we may use Proposition 3.10 to obtain an inclusion
D Had =R AL
yelt
Proposition 5.1. There is a cochain complex (D, c;- HdBf‘(;’_p(yz ;R), d*), which is the restriction of the cochain
complex (A®, d*) from Equation (3).
Proof. It suffices to show that, for each i > 0,
d"(@Hﬁ,ﬂg_pwz; R)) < D Haip(x=iR).

yeLt KeZil

This follows from a direct computation. O
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Proposition 5.2. For every R-balanced fan (X, w) of dimension d > 2, there is a commutative diagram
p §° p &t p 8
0 — Jr(v) —— @ Fp(t) ——— D Fp(0) —— -

et gel?
l‘mw] l@r”[fz,wl leaaﬁ[az,w] ()
Do Dadi B di
0 — HYY ,(ER) =" @ HIY (1, R) =" @ HYY (0 R) ="
et gex?
with all the vertical maps being injective, where the upper row is given by the complex (C.(Z, 3"5), 6°), and the
lower row is the complex (D, HdBf‘(;’_p(yz; R), d*) from Proposition 5.1.

Proof. First, we wish to show that the following diagram is commutative:

0 1 2
0—— v —F - RO —— P F0e) 2 -
et oek?
lACh(Z’W) l@,ACh(rz,w) lEB(,ACh(aZ,w)
R @n dg R @n d%{ ‘R @a dé
0 = Boese Fgp(@ =" D D Fg,(@ =D D Fy (@ ="

e gexd ogeX? gexd
ast a>o

The upper row is the compact support complex (C.(Z, ?ﬁ), 6°) for the i'ﬂ’; cohomology; see Definition 2.13. The
lower row is the complex (A°, d*) from (3), where the order of indexing is changed for clarity in relation to the
cap morphism.

The first vertical map in diagram (4) is given by the cap product on the chain level of (X, w), as in Defini-
tion 3.19. For the r-th column, the vertical map is given as the direct sum over all y € Z" of the maps

~ Ch(ys, w): F() » P FE_ (@)

aex?
axy

Vi (V) s w(@)Ag) gege-
a>y

To obtain commutativity of the described diagram, we select one square and show commutativity there:

D Fy) —— P Fw

VEEV Kexr+l
lEBVACh(VZ,W) léBKﬂCh(KZ,W) 5)
D. 4
D P T, —= B ]I,

YEL" qexd keZ™! qegxd
ax>y a>k

For v = (vy)yezr € EBVE yr S’f;(y), we can expand the definitions for the right then down composition to get

(@ — Ch(ky, ) o 5r)(v) - <@ ~ Ch(ks, W))((Z o, K)VV>KGEM)

K K Y<K
= ((Z oy, K)vy)J W(a)/la),cew-
Y<K aezd

a>K

For the down then right composition, we get

(( @ e (E? ~ Ch(ys, W)))(V) = (@ dZ)((W(a)"y JAa>V€Zm, aezd)

ax>y

= (Z Oy, K)(vy W(a)Aa)>KE£M.

Y<K aexd
a>K
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Comparing the two above equations, diagram (5) is commutative since the contraction , w(a)A, is R-linear.
Lastly, we we wish to show injectivity of the vertical maps, when restricting to the Borel-Moore homology
groups. By Propositions 3.24 and 3.10, for each x € X, we have

HM (ks 5] ,) = ker(@ Fp (@ — D ?g_p(ﬁ)>,

ae!? pezdt
a>K IS>K

and the given formulas for the maps P,y ~ Ch(ks, w) correspond exactly to the cap products in homology

P ~ lxe,wl: P Fo0 - P HM (k2,55 ).

K KeXr+l Kexrr+l

We have the following diagram when only considering the images
p 8 p ek p &
0 —— Fp(v) ——— P Fp(r) —— P Fpl0) —— -

et gex?
lﬁ[z’wl l@rﬁ[rbw] \L@o"[az,w] (©)
Da ds Do di Do
0 — HpY ,(ZGR) =" @ HIY (1, R) =" @ HyY ,(05R) ="
el geL?
where the cochain differentials in the lower row have been restricted. These vertical maps are the direct sum
of cap products, so by Proposition 3.23 they are injective. O

Proposition 5.3. Let Z be a fan of dimension d > 2 such that HqBM ys, 3"5) =0, for q # d and all p, for each face
y € Z. Then the complex (EBVE 5 Hg’]g_p(yz i R), d*) in Proposition 5.1 is exact except in the rightmost position.
Proof. We will construct a double complex K.. which corresponds to the Cartan—Eilenberg resolution of di-
agram (4), using that these are the homology groups of the complexes C?¥(y,., ?g_p). Then, we use the two
spectral sequences converging to the homology of the total complex H.(Tot(K. .)) to deduce that the complex is
exact except in the rightmost position.

Let (K.., d%, d°) be the first-quadrant double complex given by

Kr,s = @ @ ?g,p(}’)
KEL' yegd-s
yzK
for r > 0, s > 0. Since all the indices used are relating to the dimensions of particular faces of the fan Z, this is a
first-quadrant double complex.

The vertical differential (d%)r,s : Krs — Ky 541 is the direct sum over the differentials 8% of the chain com-
plex for tropical Borel-Moore homology on the star k. for each face k € Z, i.e. (dﬁ’\)r,s = Presr agfs from
Proposition 3.10. The horizontal differential (dﬂ)r’s : Kr s — Kri15 1s the direct sum over the differentials d;, in
the complex of cochains of compact support for the constant sheaf taking value ﬁ”dR_p(y) on the cone y., trun-

cated in degree 1, for each face y € £%-5., Explicitly, (d%),s = Dyesi-s d), where d;, comes from the complex

R 9 R a ay? R a’!
0= F,(» — DT, — ... &> D T ,(») = Fap(y) — 0
rest kexst
y>T y>K

by Proposition 3.10. We have d% o d% = 0 and d% - d2 = 0 since both are direct sums of differentials of complexes.
Moreover, we have d2 o d% = dS o d which can be checked directly.

Now, since K. . is a double complex, we can look at the two associated spectral sequences converging to the
homology of the total complex (Tot(K..), dr) given by Tot(K. .)m = [],,s-m Kr,s with differential dr = d. + d.
We refer to [28, Chapter 5.6] for details.

First, we take the spectral sequence E”, with E° = K. . and the first differential d° being the horizontal dif-
ferential d° of K. ., which is equivalent to computing the homology row by row. Since the rows K. s are the com-
plexes EBVG sa-s Co(V<, F(p)y.) with F(y) = Srg_p(y), observing that this is merely the reduced F(y)-cohomology
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of a polytope over which y is a cone, gives
Hy(K.5,d2) =0

for each s # d. In degree d, we have H(K. 4, dg) = Srg_p(v) for k = 0 and Hk(K. 4, dg) = 0 otherwise. Thus the
E! page becomes

r,s =

R _ _
. Cr"d_p(v) r=0ands =d,
0 otherwise.

There are now no further non-zero differentials of the spectral sequence, so the E' page is the E® page. In
particular, we conclude that
?ﬁ_p(v) for q = d,

Hy(Tot(K..).) = {0 ¥

otherwise.

Next, we consider the spectral sequence E”, with EY = K.. and the first differential d° being the vertical
differential dS of K... Taking this differential is therefore equivalent to computing the homology column by
column. The r-th column is the direct sum over each y € Z" of the complex

B ar ay al
0> @I @ @ Fp,B ... F B I, FF,0 0
aez? Perdt ket
a>y B>y K>y

each of which has the tropical Borel-Moore homology of the star y, by Proposition 3.10. Since by assumption
HEM(y,, F5) = 0 for q + d and all p, for each face y € X we find

BM R i —
Hk(Kr,.,d'A)={?KEZ'Hd (Fz, Fgp) A k=0,

otherwise.
Thus the ET page has only the bottom row
BM NG BM R\ Dodh BM R Dl
0 — Hy (E,S"d_p) — S%Hd (Tz,ffd_p) — (S%Hd (az,ffd_p) — ...

The E2 page is then merely the homology of this complex, and since it is concentrated in one row, this must be
the E page. In particular, by (7) the complex only has homology in the rightmost position. O

Theorem 5.4. Let R be a principal ideal domain, and let (£, w) be an R-balanced fan of dimension d > 2, with
HM(Z,F5) = 0 for q # d and for all p. If (y., w) satisfies TPD over R for each y € Z with y, # Z, then (£, w)
satisfies TPD over R.

Proof. By assumption HgM(Z, ?g_p) = 0 for q # d, and H1(Z, F%) = 0 for q # 0 by Remark 2.15, for all p. Thus
the cap product map
. p
~ [Z,w]: HY(Z, Fp) — HP'L (2, F5 )

is an isomorphism forall ¢ = 1, ..., d and for all p, and it remains to show that
. p
~[Z,w]: H'(Z, ) —» HM(Z, 5] )

is an isomorphism for all p.

Since HqBM z, ?g_p) = 0 for q # d and (y», w) satisfies TPD over R for each y € X with y, # X, we obtain
Hgf”g(yz, Sde_p) = 0 for all y € Z. Thus by Proposition 5.3 the lower row in diagram (4) is exact in all degrees
except d.

Moreover, the upper row of diagram (4) is the complex C.(Z, S”fe), which can be seen to be the dual complex

to C?M(Z, 5F) by the Definitions 2.13, 2.14 and 3.1. The complex C¥(Z, FF) consists only of free R-modules,
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Figure 8: A fan whose faces excluding the vertex satisfy TPD, but does not itself satisfy it. Figure generated using polymake [13]

since 3"5 (y) is a sublattice of N®z R for all y € X and the ring R is a principal ideal domain, hence we may apply
the Universal Coefficient Theorem for cohomology [28, Theorem 3.6.5]. Thus for each q we have

0 — Extp(HZY(Z,F8),R) — HL(E,F§) — Homg(HLY(Z,55),R) — 0.

Since we assumed Hgf’fl(z, Srg_p) = 0 for q # 0, for all p, one has H{(Z, FF) = 0for q # d, for all p. Hence the
upper row of diagram (4) is exact except in the last position.

The cokernel complex to the chain complex map in (4) gives following short exact sequence of chain com-
plexes:

0 — (Cu(Z,57), 8" — (6@ HM(ys, 55 ,), @I) — coker(~) — 0.
ez

This gives a long exact sequence in homology, and since the two first chain complexes are exact in all but the
last position, so is the cokernel chain complex. Thus we have the following exact sequence:

0 — coker(~ [Z,w]) — coker(6p, ~ [, w]) — coker(P, ~ [0, W]) — ---

Since each of the stars (y,, w) satisfies TPD over R, we have coker(EBy ~ [ys, w]) = 0 and so exactness gives
coker(~ [Z,w]) = 0. Thus ~ [Z, w] is both injective by Proposition 3.23 and surjective, hence is an isomor-
phism. O

Remark 5.5. In the proof of Theorem 5.4, the condition that R is a PID is only used to show that HgM <, :T;f y=0
for all ¢ # d implies that H{(Z, ”fﬁ) = 0 for all ¢ # d. One can let R be an arbitrary commutative ring if we
instead assume this latter condition, giving another variant of the theorem.

It is not sufficient that all the star fans y, of faces y € X with y # v satisfy TPD. The assumption that

HyM(Z, 34 ) = 0 for q # 0, for all p, is necessary and not implied by TPD of the faces. This is shown by the
following example, which is also studied in [2] and in [5, Section 11.1].
Example 5.6. Let Z be the fan shown in Figure 8, where the rays are eq, ey, —e1, —€3,—€1 + €3 + €3, —e1 + €3 —
es, e1 — ey + e3, e1 — e5 — e3. Each of its two-dimensional faces is maximal, so that the star at these faces is just a
two-dimensional linear space, which satisfies TPD. Moreover, each ray has exactly three faces meeting in it, so
that the stars are uniquely balanced, and satisfy TPD. We could therefore expect Theorem 5.4 to give us that the
whole fan X has TPD.

However, observe that dimg ?;Q(o) = 1 for each o € X%, while dimg ??(T) = 2 for each 7 € Z! and
dimg ff;Q(v) = 3. There are 12 two-dimensional faces and 8 one-dimensional faces, so that

X(CEM(E, F)) =12 -8-2+3=-1.

since y(CEM(£, F)) = y(HEM(Z, F3)), we must have that HPM (£, F32) # 0. Finally, since H'(Z, Fg) =0, the cap
product ~ [Z, w]: H'(Z, 3’“22) — HM(Z, ??) cannot be an isomorphism.
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Proposition 5.7. Let k be a field and (X, w) a k-balanced fan of dimension 2. Suppose that HgM z, ?},‘) = 0 for
q + 2, for all p. Then X satisfies TPD over Kk if and only if each of the stars (s, w) with T € X satisfies TPD over k.

Proof. First, we show that for each o ¢ 22, the star o. satisfies TPD over k. For each o € Z2, we have from
Proposition 3.10 that

p *

H(0,, 9}) = T(0) = ( \Lz(0) 2 k),

d-p
HM(0,, Ty ) = T4 ,(0) = [\ Lz(0) @z k.

Moreover, the cap product is an injective map by Proposition 3.23. These two vector spaces have the same di-
mension, hence the cap product is an isomorphism.
Next, we consider again the sequence

0 — coker(~ [Z,w]) — coker(p, ~ [, w]) — coker(P, ~ [ox, w]) — ---

from the proof of Theorem 5.4. Since o, satisfies TPD over k, coker(€P, ~ [0x, w]) = 0, and so coker(~ [Z, w]) =
coker(€p, ~ [7», w]). Since both these maps are injective by Proposition 3.23, the result follows. O

Remark 5.8. Theorem 5.4 shows that under the assumption of the vanishing of Borel-Moore homology, TPD on
a fan X can be deduced from TPD on its faces. In fact, it is not necessary to assume that all the faces satisfy TPD:
In general, the “vertical first” spectral sequence in Proposition 5.3 degenerates on page 2 when HqBM Vs, 3’5) =0,
for g # d and all p, for each face y € Z. However, the exactness of the lower row in diagram (4) in positions 0
and 1 follows from the weaker assumption that HgM Vs, 3”5 ) = 0, for q # d and all p, for each face y € Z! with
i = 0,1. One can then show, in a restricted version of the proof of Theorem 5.4, that TPD for all 7 € 1 implies
that X satisfies TPD.

5.2 A characterization of local TPD spaces. We now turn to studying fans which satisfy TPD at every face.
Using Theorem 5.4, we characterize such fans as the ones for which the condition holds in codimension 1 along
with a vanishing condition on Borel-Moore homology, which was suggested to us by Amini and Piquerez [5].

Definition 5.9. Let R be a ring, and (Z, w) an R-balanced fan. If for each face y € X the star fan y, satisfies
tropical Poincaré duality over R, we say that Z is a local tropical Poincaré duality space over R.

In particular, this implies that X satisfies TPD over R. In the case where R = Z or Q, being a local TPD space
is equivalent to the tropical smoothness introduced by Amini and Piquerez in [5]. We use a different notion of
the star of a face, but the equivalence of the definitions can be seen from [5, Proposition 3.17], which in turn
follows from the tropical Kiinneth theorem [14, Theorem B].

Theorem 5.10. Let R be a principal ideal domain, and (X, w) a d-dimensional R-balanced fan. Then X is a local
TPD space over R if and only if HqBM Vs, G—"{f )=0forally € X and q # d, and for all faces [ of codimension 1 the
star fans By are TPD spaces over R.

Proof. If X is a local TPD space over R, each of the star fans y, for y € Z, in particular the codimension 1 faces
are TPD spaces over R. Moreover, this implies that the Borel-Moore homology groups HqBM Vs, 3"5) vanish for
q+dandally e Z.

Next, assume that the star fans f, for § € 2% are local TPD spaces over R and HZ™(y., 55) = 0 for
all y € Z. First, we apply Theorem 5.4 to all faces of codimension two u in Z. For a given u € £4°2, we have
HqBM (Us, ?5) = 0 for all p by assumption. Moreover, each face j € s is a subdivision of a face § € Z with § < u.
By assumption all these faces of £ are TPD spaces, and therefore the subdivided faces f of u; are as well. Hence
we may apply Theorem 5.4 and conclude that p is a TPD space. Thus, all of codimension 2 faces of Z are TPD
spaces. Proceeding inductively, we can apply Theorem 5.4 to all the stars y, of faces y € X. Thus X is a local TPD
space. O



368 —— Aksnes, Tropical Poincaré duality spaces DE GRUYTER

Corollary 5.11. Let (X, w) be a d-dimensional Z-balanced fan. Then X is a local TPD space over Z. if and only if
HgM Ps, 3"1?) =0forq + dandally € Z, all the weights are +1, and for all faces  of codimension 1 the star fans
Bs are uniquely Z-balanced in the sense of Definition 3.12.

Proof. For each face 8 of codimension 1 of X, observe that each face of dimension d of the star fan f3, is a linear
space, hence is a TPD space over Z. Furthermore, each star fan 8, has a (d — 1)-dimensional lineality space, and
we may write . = Zg x R for some “reduced star” Zp of dimension 1. Since R% satisfies TPD over Z, by [5,
Proposition 3.18] the star fan f, is a TPD space over Z if and only if Zg is a a TPD space over Z. By Theorem 4.8,
this is the case if and only if X is uniquely Z-balanced with +1-weights. Therefore f, is a local TPD space over
7 if and only if it is uniquely Z-balanced with +1-weights. Finally, the equivalence follows from comparing with
Theorem 5.10. O

Remark 5.12. Passing from Theorem 5.10 to Corollary 5.11 is mostly dependent on the Kiinneth formula for the
3"% cosheaves from [14]. A generalization of the Kiinneth formula to ?}f for another ring R would also lead to a
generalization of Corollary 5.11.

Theorem 5.10 illustrates that it would be desirable to obtain a geometric understanding of the vanishing
condition for the tropical Borel-Moore homology.

Question 5.13 (Geometry of BM homology vanishing). Let (X, w) be an R-balanced d-dimensional fan. Can the
fans with HM (y.., F3) = 0 for each face y € £, q # d and all p be geometrically characterized?

We note that it is not clear whether TPD of the whole fan implies local TPD. We have not been able to
construct a fan satisfying TPD such that the star of one of its faces does not.

Question 5.14 (Global versus Local TPD). Let (X, w) be an R-balanced fan which satisfies TPD over R. Does y also
satisfy TPD over R for each y € £?

Even assuming that H{" (., 55) = 0 for q¢ # d, along with TPD on the whole fan (X, w), the proof of
Theorem 5.4 does not directly imply that X is a local TPD space generally. In algebraic topology, the question of
going from Poincaré duality globally on a CW complex to Poincaré duality locally has been investigated using
techniques from surgery and homotopy theory; see [25] for an overview.

6 Tropical Poincaré duality for polyhedral spaces

In this section, we use the results of Section 5 to prove that abstract tropical cycles which have charts to local
TPD spaces satisfy tropical Poincaré duality. In [19, Theorem 5.3], the Mayer—Vietoris argument that shows that
tropical manifolds satisfy tropical Poincaré duality over Z is predicated on the existence of charts to fans of ma-
troids, which are local TPD spaces over Z. This suggests that the local TPD spaces characterized in Theorem 5.10
are useful as building blocks for general spaces satisfying TPD. We show this in Theorem 6.5. We refer to [19] for
the definitions of rational polyhedral spaces, rational polyhedral structures, as well as the tropical cohomology
and Borel-Moore homology theories available on such spaces. Here we generalize these to take coefficients in
an arbitrary commutative ring R, as in Definition 3.6. Moreover, one can generalize [19, Definitions 4.7-4.8] of
the weight function to an arbitrary commutative ring, as in Definition 3.11, which gives rise to a fundamental
chain Ch(X, w) e C5M(X, 5%) for d = dim X.

Definition 6.1. A rational polyhedral space X of pure dimension d with a rational polyhedral structure € and a
weight function w is balanced if the fundamental chain Ch(X, w) € CgM (X, 3”5 ) is closed, inducing a fundamental
class [X,w] € HdBM (X, 3"5 ) in tropical Borel-Moore homology. We call the triple (X, C, w) an abstract tropical
R-cycle.

Abstract tropical R-cycles are the candidate spaces for satisfying tropical Poincaré duality over R, slightly
generalizing [19, Definition 4.11].
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Definition 6.2. Let X be an abstract tropical R-cycle of dimension d. The fundamental class [X, w] induces a cap
product
. p BM R
~ [X,w]: HI(X, F%) — Hy (X, Fq_)

between tropical cohomology and tropical Borel-Moore homology. If these are isomorphisms for all p and g,
we say that X is a tropical Poincaré duality space over R.

Definition 6.3. Let (X, C, w) be an abstract tropical R-cycle over a commutative ring R. We say that (X, C, w) is
a local tropical Poincaré duality space if for each g € C, the rational polyhedral complexes {¢p4(7) | T € 7.} are
local TPD spaces over R.

Example 6.4. Tropical manifolds, which have charts to Bergman fans of matroids, are examples of local TPD
spaces over Z and R, see [19; 20].

Theorem 6.5. Let X be a local tropical Poincaré duality space over a principal ideal domain R. Then X satisfies
tropical Poincaré duality over R.

Proof. The two steps of the proof given in [19, Proof of Theorem 5.3] carry through. Since the open stars of
faces satisfy TPD over R, the first step is identical, noting that the same arguments carry through working in
the category of R-modules. The induction argument given in the second step also carries through, as the same
sequence of complexes can be constructed in the category of R-modules. O

Remark 6.6. Note that Definition 6.3 in the case where R = Z is equivalent to the definition of smooth tropical
variety given in [5, Definition 3.22], such that the case R = Z of Theorem 6.5 is equivalent to [5, Theorem 3.23].

Theorem 6.5 justifies the naming in Definition 6.3, generalizing the relationship between local TPD spaces
and TPD spaces as defined in Definitions 5.9 and 4.1. Moreover, Question 5.14 about the relationship between
local TPD and TPD are also applicable in this more general setting.

Question 6.7 (Global versus Local TPD for abstract tropical cycles). Let (X, C, w) be an abstract tropical R-cycle
satisfying TPD over R. Does y also satisfy TPD over R for each y € C?
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