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Abstract

Mean value mappings is a type of generalized barycentric mappings that are used in for
instance computer graphics and geometric modelling. In this thesis we investigate when
mean value mappings between convex polygons in the plane are injective. We derive
a new proof for why all barycentric mappings, and thereby mean value mappings, are
injective between triangles. In addition, we present a new example of why mean value
mappings between convex pentagons are not necessarily injective. Our main result is that
we make some progress towards a possible proof that shows that mean value mappings
between convex quadrilaterals are injective. This proof relies on some assumptions that
will need to be proven before this proof is completely analytical. We test the statement
numerically, and all tests indicate that mean value mappings are injective between convex
quadrilaterals. We are, however, able to prove analytically that mean value mappings
between convex quadrilaterals are injective in the intersection between the diagonals in a
quadrilateral.
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Chapter 1

Introduction

Barycentric coordinates have for a long time been used to represent points inside a
triangle (see [1], [2]). However, in recent years there has been growing interest in the
construction and applications of various generalizations of barycentric coordinates, for
instance how to use generalized barycentric coordinates to deform shapes when modelling
and processing geometry. Most of these methods focus on two kinds of generalized
barycentric coordinates; Wachspress coordinates and mean value coordinates. Wachs-
press coordinates are relatively simple functions, in the sense that the coordinates only
consist of rational functions. These coordinates are, however, limited to convex polygons.
That is, for nonconvex polygons will the denominator in the rational expressions of
the Wachspress coordinates become zero at certain points in the polygon. Mean value
coordinates, on the other hand, are possible to generalize to nonconvex polygons, and
in later years there have been discovered a lot of interesting properties of mean value
coordinates that can be used in for instance computer graphics and geometric modelling.

In [3], Warren suggested that barycentric coordinates could be used to deform curves.
The coordinates can be used to define a barycentric mapping from one convex polygon
to another, and such a mapping will then map, or deform, a curve embedded in the first
polygon into a new one, with the vertices of the polygon acting as control points, with an
effect similar to those of Bézier and spline curves and surfaces [4]. It was then later shown
in [5] by Hormann and Floater, that the curve deformation method could be extended
to arbitrary polygons for a generalization of mean value coordinates. In addition, they
showed that these coordinates could be applied to for instance image warping, to improve
the idea of Phong shading and transfinite interpolation.

In curve deformation we want to guarantee that when we deform a curve we do not
introduce any new self-intersections. In this case, this is equivalent to show that the
barycentric mappings we use are injective. In 2008, Floater and Kosinka proved the
injectivity of Wachspress mappings between convex polygons in the plane [6]. They also
proved that mean value mappings between convex polygons with five or more vertices
are not necessarily injective in the plane, but it still remains to find out if mean value
mappings between convex quadrilaterals are injective.



Chapter 1. Introduction

The goal in this thesis is to show precisely that mean value mappings between convex
quadrilaterals are injective. Floater and Kosinka tested this statement numerically
in [6], and in this article they conjectured that mean value mapping between convex
quadrilaterals are injective, but it still remains to find a proof of this. During the writing
of this thesis there has been an attempt to prove that mean value mappings between
convex quadrilaterals are injective (see [7]), but the argument does not appear to be
complete.

Outline of Thesis

Chapter 2 gives an introduction to mean value coordinates and mean value mappings.
In addition, we will derive necessary and sufficient conditions for injectivity between
barycentric mappings.

Chapter 3 presents a proof of injectivity of barycentric mappings between triangles,
presents a combination of numerical and analytical proof of the injectivity of mean
value mappings between convex quadrilaterals and a counterexample for mean value
mappings between convex pentagons.

Chapter 4 gives a discussion and presents potential improvements of the results
presented in chapter 3. In this chapter we will also highlight further work.

Appendix A presents the code and test runs we use in the analysis of the injectivity
of mean value mappings between convex quadrilaterals.

Appendix B presents the analysis and test runs of the cases we left out in chapter 3.



Chapter 2

Mathematical background

This chapter is structured as follows: Section 2.1 gives a brief introduction to barycentric
and generalized barycentric coordinates. Here we will give a presentation of mean value
coordinates, and also present some useful properties that we will need later. In section 2.2
we define what a barycentric mapping is, and derive necessary and sufficient conditions
for a barycentric mapping to be injective.

In this thesis we will use bold letters for real vectors and coordinates x € R?, and

italic letters for scalar values a € R. In addition, we will let || - || denote the Euclidean
norm in R?.

2.1 Generalized barycentric coordinates

Ay e

As

Vi Vo
Figure 2.1: Barycentric coordinates in a triangle

Barycentric coordinates are based on how to represent any point x in a triangle
T C R? with vertices v, vo, v3. Any x € T partitions T into three sub-triangles A1, Ay
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and As (see figure 2.1). The three barycentric coordinates of x in 7" are the ratios of the
areas of the sub-triangles A; and the area A of T. So,

X = $1V] + Q2o + P3V3,

where

[

¢ = —, fori=1,2,3.

If we want to generalize this representation so we can represent any point x in any
polygon P with more than three vertices, in a similar way, we need to use generalized
barycentric coordinates. Let P C R? be a polygon with vertices vy, ..., v,, where n > 3,
ordered anticlockwise. We view P as an open set of R? and denote the boundary by 0P
and the closure by P. Then the set of functions ¢;: P — R, i =1,...,n will be called a
set of generalized barycentric coordinates if, for all x € P and i =1,...,n,

¢i(x) >0 (2.1)
Y di(x) =1 (2.2)
=1

Z i(x)v, = x. (2.3)

In this thesis we will investigate mean value coordinates, so we will now give a presentation
of these coordinates.

Vi1

Figure 2.2: Tllustration of mean value coordinates



2.1. Generalized barycentric coordinates

2.1.1 Mean value coordinates

In [8] it was derived a set of generalized barycentric coordinates from an application of
the mean value theorem for harmonic functions, namely the mean value coordinates. The
original motivation for these coordinates was for parameterizing triangular meshes ([9],
[10], [11]). It was later observed in [5] that these coordinates also were well-defined, though
not necessarily positive, for arbitrary polygons, as opposed to for instance Wachspress
coordinates. We will now define a formula for the mean value coordinates (see e.g. [12]).
Let P be a strictly convex polygon with vertices vy, ..., vy, ordered anticlockwise, where
n > 3. By strictly, we mean that no three vertices are collinear. Then the mean value
coordinates for x € P are defined by

i) = iX)
¢i = ¢i(x) ST w0y (x)° (2.4)

where

wi(x) = tan(a;—1/2) + tan(a;/2)

(2.5)

[vi — ]|

Here, a; = a;(x) is the angle at x in the triangle with vertices x, v; and v;11, as shown
in figure 2.2. We note that 0 < a; < 7 for x € P, since P is convex.

The mean value coordinates ¢; extend continuously to the boundary 0P (see e.g.
[6]). So, if x € OP we replace equation (2.5) with

wi(x) = (ricarivn — dio1 - dig)? T (rgrjn + dy - djn) /2, (2.6)
JETIRY,

where d; = v; — x and r; = ||v; — x]|.

Later on, we will see that we need an expression for the gradient Vw; of the weights
of the mean value coordinates ¢; to check if mean value mappings between convex
quadrilaterals are injective. We will therefore state an expression for Vw;, but before
doing this we will need to define some notations. Let e; = ﬁ, r; = ||vi — x|| and
t; = tan(«;/2). Further, define
e €
c; = — — L
Ti o Titl
and for a vector a = (ay,az) € R?, let a’ := (—ag,a;). We now let R; := % Then it
was shown by Floater [4] that

ti_ c-L_ t; ct e;
Ri:< - ),“ +( d > + =, (2.7)
ti—1+t;/) sino;—1 ti_1+t;) sina; 1

SO

For proof see [4].
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2.1.2 Useful property of generalized barycentric coordinates

Let P C R? be a strictly convex polygon with vertices vy, ..., v,, where n > 3.
Furthermore, let ¢1,..., ¢, be a set of generalized barycentric coordinates and let Xpound
be a point on the boundary of P, P. Then there exists an [ € {1,2,...,n} such that

Xbound = (1 - M)Vl + HVit1, (28)

for some p € [0, 1], with indexes treated cyclically [6]. Since ¢1, ..., ¢, are barycentric
coordinates they have to satisfy (2.1) - (2.3) which implies that

¢Z(Xbound) =1- Hy ¢l+1(Xbound) = W, and ¢i(xb0und) =0 for ¢ 7& la [+ 1. (29)

We will need this property later in section 3.2 when we are checking if mean value
mappings between convex quadrilaterals are injective.

2.2 Barycentric mappings between convex polygons

Let P, C R? be strictly convex polygons with vertices pi, p2, - .., Pr and qi,qs, - - -, Qn,
respectively, ordered anticlockwise, with n > 3. We view both polygons as open sets of
R? and denote their boundaries by 9P and dQ and their closures by P and Q. We now

define a barycentric mapping as a smooth mapping f: P — Q by

n

f(x) =) ¢i(x)q;, (2.10)

i=1
where ¢1,..., ¢, are a set of barycentric coordinates satisfying (2.1)-(2.3).
We observe that since ¢1,. .., ¢, satisfy (2.1)-(2.3), f(x) is a convex combination of

the points q, so f(P) C Q. Furthermore, by (2.9), if x is the boundary point (2.8) then

f(x) = (1 - pa + par1, (2.11)

for some p € [0,1].

Thus, f maps P to 0Q in a piecewise linear fashion, mapping vertices and edges
of OP to corresponding vertices and edges of 0Q).

2.2.1 Conditions for injectivty

We will now derive conditions for injectivty of generalized barycentric mappings; both
sufficient conditions and necessary conditions. Using basic results of real analysis, see for
instance [13], it can be shown that a sufficient condition for the injectivity of f in (2.10)
is that its Jacobian J(f) is strictly positive in P. Therefore, we will now try to find an
expression for J(f) in terms of signed areas of triangles formed by vertices of Q.



2.2. Barycentric mappings between convex polygons

Lemma 2.2.1 (rendered from [6]). Let f(x) = (g(x), h(x)), and 8, f(x) := 2L, r=1,2.

= 8:17T7
Then, for any set of differentiable functions ¢1, ..., ¢y satisfying (2.2)
JE)(x)=2 > D(¢i, 5 ¢r)(x)A(ai, qj, qr), (2.12)
1<i<j<k<n
where
. 819 81h
J(f) - 829 62]1 ’
and
a b c
D(a,b,c) =|0ha 0O1b 0Oic|. (2.13)
(92(1 821) 820
Proof. Differentiating (2.2) and (2.10) gives the matrix identity
1 g h é1 o op ) (1 oal @
0 619 81h = 815251 a1§Z)n
0 Oag Ooh Do1 - 0adn) \1 ¢b @2

Applying the Cauchy-Binet theorem (see [14], formula (1.23)) to this equation and using
the fact that the determinant of the matrix on the left equals J(f), the result follows. W

Since @ is strictly convex we have that A(q;, q;,qx) > 0, whenever 1 <i < j <k < mn,
since the triangle with vertices q;,q; and qy is positively oriented. Thus, Lemma 2.2.1
leads to a sufficient condition for injectivity, which we will now state in the theorem
below.

Theorem 2.2.2 (rendered from [6]). If ¢1,. .., ¢n are differentiable barycentric coordinates
such that for all x € P, D(¢s, ¢j, or)(x) > 0 for all i, j, k satisfying 1 <i < j <k <n
and D(¢;, ¢j, d1)(x) > 0 for some i, j, k satisfying 1 <i < j < k < n, then £ is injective.

In [6] they also derived a set of necessary conditions for injectivity, so we also state
this result in a theorem below.

Theorem 2.2.3 (rendered from [6]). If ¢1, ..., ¢n are differentiable barycentric coordinates
and f is injective, then for r,s,t satisfying 1 <r < s<t<mn,
> D(¢i, dj, ¢x) >0 in P. (2.14)
r<i<s<jg<t<k<n4r

Proof. (rendering from [6]) If f is injective then J(f) > 0 in P. Let @ be the polygon
with vertices

q=-=q1=(0,0), q = =qs—1 = (1,0),
qS:“.:qtilz(O’l)’ qt::qn:(()?O)
Then A(qi,qj,qr) = 5 if 1 <i<r<j<s<k<torr<i<s<j<t<k<nand

zero otherwise. Substituting these values into (2.12) gives

JE)(x)=2 > D(i ¢ k) (x)A(qi 95, qk)

1<i<j<k<n
= 2( > D(¢i, ¢j, dr)(x) Alai> 5, Ak )+
1<i<r<j<s<k<t
> D(¢i, ¢5, dr)(x)A(Qi, qj, A ))-
r<i<s<j<t<k<n
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SinceA(qi,qj,qk):%When1§i<r§j<s§k<t0rr§i<s§j<t§k§nwe
have that

J(f)(x) = > D(¢i, b5, dr) (%) + > D(¢i, bj, d1)(x) > 0. (2.15)

1<i<r<j<s<k<t r<i<s<j<t<k<n

If we now replace i, j, k by k,i,j in the first sum of (2.15) and use the fact that

D((bk? ¢i7 (b]) = D(¢17 (b]? ¢k)7

the first sum can be written as

> D(i, b5, 01)(x) = > D(di, b, drn) ().

1<i<r<j<s<k<t r<i<s<j<t
n+1<k<n+r

Replacing ¢, by ¢, and combining this second expression with the second sum in
(2.15) gives (2.14). [ |

We have now derived sets of sufficient conditions and necessary conditions for
injectivity of barycentric mappings, based on the signs of the determinants D(¢;, ¢;, dr).
It is worth to notice that we have not found a set of conditions that are both sufficient
and necessary for some general n. However, Floater and Kosinka showed in [6] that
the sufficient conditions of Theorem 2.2.2 were good enough to show that Wachspress
mappings are injective, while the necessary conditions of Theorem 2.2.3 were sufficient to
find a counterexample for mean value mappings with n > 5. We will use the sufficient
conditions of Theorem 2.2.2 when we investigate if mean value mappings are injective
between convex quadrilaterals in section 3.2.
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Injectivity of mean value mappings

We recall that our goal in this thesis was to investigate when mean value mappings are
injective, and we will present the results that we found in this chapter. This chapter is
structured as follows: Section 3.1 proves injectivity of all barycentric mappings between
triangles and thereby also mean value mappings between triangles. This proof has already
been done in [6], but we will present an alternative proof in this section. In section 3.2 we
will investigate the injectivity of mean value mappings between convex quadrilaterals. We
are able to prove analytically that mean value mappings between convex quadrilaterals
are injective in the intersection between the diagonals, but for the rest of the quadrilateral
we will rely on some numerical analysis. This is the main result in this thesis, and this
analysis will support the numerical result found by Floater and Kosinka in [6]. Last, in
section 3.3 we will present an example that proves that mean value mappings between
strictly convex pentagons are not necessarily injective.

3.1 Injectivity of barycentric mappings between triangles

Let T be a triangle with vertices vy, vy and vs, ordered anticlockwise, and assume that
v1, Vo and vz are non-collinear. We know from chapter 2.1 that barycentric coordinates
in R? have to satisfy equation (2.2) and (2.3) (note: in R? (2.3) is two equations). Then,
by Cramer’s rule [15], we have that the barycentric coordinates ¢1, ¢2 and ¢3 for T are
uniquely determined by

A(X7V27V3) A(V17X7V3) A(V17v27x)

P1(x) = P2(x) = P3(x) = (3.1)

A(vi,v2,v3)’ A(vi,v2,v3)’ A(vi,v2,v3)’
where A(ty,ts,t3) denotes the signed area of the triangle with vertices ti,ty and ts.

That is,

1 1 1
Aty to,t3) = 3 ti té té , (3.2)
i1 t3 13

where t; = (t},1?), for i = 1,2,3.

1771
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We will now show that a barycentric mapping between triangles is injective.

Theorem 3.1.1. If ¢1, ¢2, ¢3 are the barycentric coordinates (3.1) then the barycentric
mapping £ between two strictly convex triangles are injective.

Proof. In chapter 2.2.1 we derived Theorem 2.2.2, which tells us that it is sufficient to
show that

D(gbla ¢2, ¢3)(X) >0

for all x € T. Since m > 0 is a common factor in ¢1, ¢ and ¢3, it is sufficient to
show that

D(A1, Az, A3)(x) > 0,
where A1 = A(x,vo,vs), Ay = A(vy,x,v3) and Az = A(vy,ve,x). To this end, we
observe that

D(Al, Ao, A3)(X> =A1VAy x VA3 + AoV A3 x VA1 + A3V A x VAo, (33)

where Vw := (01w, dow) and u x v := ulv? — u?v!. By differentiating (3.2) with respect

to ! and 22 we get that

1 (vi—v3) 1

VA, = B <V§ _ Vz> = §rot(V3 — Va), (3.4)
1 (vi-—v? 1

VA = 3 <V§ B Vi) = irot(vl —V3), (3.5)
1 (v?-v3 1

VA3 = 3 < Loy = §rot(vQ — V1), (3.6)

where rot(v', v?) := (—v?,v!). Substituting (3.4)-(3.6) into (3.3) gives

1 1
D(Aq, Az, A3)(x) = B (Alrot(vl —v3) X rot(ve — vq)

2
1
+ Agirot(VQ —v1) X rot(vsg — va)

1
+ A3§I‘Ot(V3 — va) X rot(vy — Vg)).

By using the fact that rot(a) x rot(b) =a x b, and (a—b) x (c—d) = (d—c) x (a—Db),

we can rewrite the expression above as
1 1 1
D(Al,AQ,Ag,)(X) = 2(A12(V1 — VQ) X (V1 — V3) + A2§(V2 — V3) X (Vg — Vl)
1
+ A3§(V3 — Vl) X (V3 — VQ)). (37)
We note that

(V1 — Vg) X (Vl — Vg) = (VQ — V3) X (VQ — V1) = (Vg — Vl) X (V3 — Vz) = 2A, (38)

where A is the signed area of the triangle spanned by the vertices vq, vy and vs3. Since
v1, v and vg are non-collinear and ordered anticlockwise, we observe that A > 0.

10



3.2. Injectivity of mean value mappings between convex quadrilaterals

Substituting (3.8) into (3.7) gives

D(Ay, Ay, Ag)(x) = %(AlA b AsA + AgA) (3.9)
_ %A(Al b Ag + Ay) (3.10)

= %AQ > 0. (3.11)

[ |

Since the barycentric coordinates ¢1, 92 and ¢3 are uniquely determined by (3.1),
Theorem 3.1.1 implies that mean value mappings between triangles are also injective.

3.2 Injectivity of mean value mappings between convex quadrilaterals

We will now try to prove that mean value mappings between convex quadrilaterals in
the plane are injective. This proof is inspired by the proof of injectivity of Wachspress
mappings between convex polygons in [6], in the way that we will use the same theorem
as Floater and Kosinka used in their article, when we try to prove our statement.

Let Q C R? be a strictly convex quadrilateral with vertices vi, vo, v3 and vy4, ordered
anticlockwise. In chapter 2.2.1 we derived Theorem 2.2.2, which tells us that it is sufficient
to show that for all x € )

D(¢i, ¢j, d1)(x) >0, forall 1 <i<j<k<A4,

and
D(¢i, ¢j, dr)(x) > 0, for some 1 <i < j <k <4,

We will do this proof in two steps; first we will prove for x € (), and then we will prove
for x € 0Q).

3.2.1 Step 1
We recall from chapter 2.1.1 that ¢;(x) = =2 where w;(x) = Bn(@i=1/2)+tan(ai/2)
Zj:l wj(x) [[vi—x]]
Since @ is a convex quadrilateral, we now that «; € (0,7), fori =1,...,4 and x € Q.
This implies that tan(a;/2) > 0 for all x € Q and i = 1,...,4, which again implies that
—r—1—— > 0. Since —r——— is a common factor in ¢1, P2, @3 and @y, it is enough to
Zj:l wj(x) Zj:l w;(x)
prove that for all x € Q
D(wi, wj, wg)(x) >0, forall 1 <i<j <k <4,
and
D(w;, wj,wg)(x) >0, for some 1 <i < j <k <4

We observe that we can write D(w;, wj, wy)(x) as

D(w;, wj, wg)(x) = w; Vw; x Vwy, + w; Vwy, X Vw; + wp Vw; x Vw;. (3.12)

11
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In chapter 2.1.1 we showed that we could write Vw; = w;R; (see (2.7)). If we substitute
this into (3.12) we get that

D(wi, wj, wg)(x) = wi(wjRy) x (wrRy) + wj(weRi) X (wiRi) + wi(wiRi) x (w;R;)
= wiijk.(Rj xR+ R xR; + R; X R]) (313)

So, we will need to prove that D(w;, wj, wg)(x) > 0 for all combinations of 4, j, k
that satisfies 1 < i < j < k < 4, that is, (¢,5,k) = (1,2,3),(1,2,4),(1,3,4) and
(2,3,4). Note that for x € @, we have that wy, ws, w3, ws > 0, so for all x € @ and all
combinations of i, j, k that satisfy 1 <i < j < k <4, it is always enough to prove that
R; xR + R; x R; + R; x Rj > 0, and strictly greater than zero for some combination
of i, j, k. Let us start by proving that D(w;, wj, wy)(x) > 0fori=1,j=2and k = 3:
We now want to check if

Ry xRs3+R3 xR;+R; xRy >0,

for all x € (). Before we continue, we will introduce some notation:

(Vn —x) (Vi — x)
Apm = , for n,m € {1,2,3,4}
(v =) [V = x)[?
Pym = (Vn = %) (Vin = X) for n,m € {1,2,3,4}

IV =21 1V = %)’
t, = tan(ay,/2), for n=1,2,3,4

Rivjvk(X)IRiXRj+RkXRi+RjXRk, for1 <i<j<k<A4

We will start by writing down an expression for the sum Ry 2 3(x):

Ri23(x) = (t1 + tz;zl Fty) sin allsin ay <A2’4 A2+ A4,1)
(t1 + tSEl + t4) " sin aglsin oy <A2’1 Azt Asa+ A3’4)
" t1 i% ty Sinloé4 (Pm - P2’4) " (t1 + t;i; +1t4) sin allsin ag (A1’2 Az A2’3)
t1 ii tq ' sin1a1 (P2’2 N P1’2> + t1 tji to ‘ sinlal (Pl’l B P1’2>
to 1

Pio— P A
t1 4+ t2 sinag( 1,2 1’3> + A1

toty 1
. A A A A
(ta +t3)(t1 +t4) sin ag sin au ( 43 T Ag1+ Aga 1’2)
t1to

+ (tg + t3)<t1 + t4) sin Ozl sin ag

(
tsty (
(

to +t3 sinas

A A: A
(ta +t3)(ty +t4) sin ag sinog V0! tAsat 1’3)

tits
_l’_
(ta +t3)(t, +t4) sinosinas

t3 1 t4 1
: Py, — P . Pas— P
+ to +1t3 sinag ( 41 1’3) + t; +t4 sinay ( 3.4 1,3)

Ara+ Ago + Asq + A2,3)

12

A3+ Aza + A2,1) + 2 _1 (P1,3 - PI,Z)



3.2. Injectivity of mean value mappings between convex quadrilaterals

t 1 tito 1
. P35 — P A . A
t1 +t; sinag ( 13 2’3) tAs (t1 +ta)(t2 +t3) sinagsin o ( 23
tits 1
A A . A A A A
+ A1+ 31) L6 ) smarsian (As2 + Azat Ava+ A

tots 1
(tl + tg)(tz + t3) sin aig sin ag

t1 + tg sin a1

(
h (P2,3 P 3)
—(

12} to 1
P33 — P . Po— P
t+1y sinag 33 2 3) ty £ 13 sinao ( 2,2 2,3)
ts 1

: Pyg— Poy) + Asg.

to +t3 sinasg ( 23 24 23

We observe that several of the terms in R 23 are ambiguous, i.e. that the terms can
be both positive and negative depending on x. To illustrate this, lets look an example
where this is the case.

Figure 3.1: Example illustrating that the sign of A5 4 depends on the location of x

Example 3.2.1. Let Q@ C R? be the unit square, i.e. vi = (0,0), vo = (1,0), v3 = (1,1)
and vy = (0 1). Furthermore, let x* = (0.25,0.25) and x** = (0.75,0.75), and let a3, a}
and o3*, a3* be the angles that belongs to x* and x** respectively (see figure 3.1). Then
we notice that both x* and x** are located at the diagonal between v; and v3. We then
observe that

Ay y(x*) = (Vo —x*) x (vq4 —x¥) = 0.5,
and
A 4(x™) = (vo —x™) X (vqg —x™) = —0.5.

So, this is an example where the sign of As 4 depends on the location of x.

We want to avoid the problem illustrated in example 3.1, i.e. we want to make the
analysis of R 23 unambiguous. To do this, we will choose to split the quadrilateral @
into four quadrants @1, Q2, Q3, Q4, and then analyse each quadrant separately. The
quadrants will be decided by the diagonals in ). We will split the diagonals into four

13
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Chapter 3. Injectivity of mean value mappings

lines; di, ds, ds, d4, where d; is the line between v; and the intersection between the
diagonals in @ for i = 1,2,3,4 (see figure 3.2). We will then begin the proof by showing
that Ri23(x) > 0, for x € di Udy U d3 U dy. After doing this, we will analyse each
quadrant separately. Since we by this time have checked the diagonal lines di, da, ds and
dy, we will view the quadrants as open sets. We will later see that when we view the
quadrants as open sets we get some special properties that will help us to prove that
Ri23(x) > 0.

Figure 3.2: Example of di, ds, d3 and d4 in quadrilateral. Here X is the intersection between the
diagonals.

When we are checking if Rj23(x) > 0, we will in most cases preform a numerical
analysis to check this statement. The code we use in the numerical analysis is written in
Appendix A, section A.1. In this section we will also discuss the accuracy of the numerical
test we are using. Note that the numerical analysis we are doing in this thesis is different
from the one that was preformed in [6]. The reason why we need some numerical analysis
in this thesis is that the analytical analysis is quite extensive. This being said, with the
right tools, it might be possible to use the outline of this proof and the expressions we
have found to make an analytical proof. We will discuss this further in chapter 4.

To prove that Ri23 > 0 we will need a lemma:

_ (vex) (V) _ (vax) (vVan—x)
Lemma 3.2.2. If Pom = [ S0 " o @4 Anm = [ S0 X Tvasop?: then
P11 = Zf,f((g’)) Aiiv1, fori=1,2,3,4, a; € (0,7), and P; ;42 = g?j((gzig‘;;))‘ |Aiiyal, for

(i + ajy1) € (0,7) V (,27). Note that when i =4, then i +1 = 1.

Proof. We will prove this by using the definition of dot products and cross products (see
e.g. [16]).

V; — X Vi4+l — X

P = .
P v = %2 [[(vier — x)|12

_ vi = x|lllvigr — x| - cos(ex)

Vi = x[?[|vis1 — x|
_cos(a) [[vi — ||| Vig1 — x| - sin(oy)

sin(a;)  |lvi — x[]2[|vig1 —x][2

14



3.2. Injectivity of mean value mappings between convex quadrilaterals

cos(a;)
= ——Aiit1

sin(ay) 7"
The proof for P ;1o is similar. |

We now have everything we need to prove that Ry 23 is non-negative. We will split
the analysis in step 1 into nine cases;

Case 1: x is the intersection between the diagonals,
Case 2: x € dq,
Case 3: x € d3,
Case 4: x € d,
Case 5: X € dy,
Case 6: x € @1,
Case 7: x € (Y9,
Case 8: x € 3,
Case 9: x € Q4.

Note that a lot of these cases have many similarities, so the analysis in the differ-
ent cases will be very similar to each other. Due to this similarity, some of the text we
write will be quite similar from case to case.

Case 1: x is the intersection between the diagonals
When x is the intersection between the diagonals, we have some special properties that
we can use to prove that Ry 23(x) > 0 in this case. These are

e a1 = ag and ag = ay. This follows from the fact that «q and ag, and @y and a4
are vertical angles (see e.g. [17]).

e a1 = m™— as and ag = ™ — ay. This follows from the fact that a7 and s,
and ag and a4 are supplementary angles (see e.g. [17]). This means that
sin(a;) = sin(az) = sin(az) = sin(as). Since all the sine values are equal we
will denote sin(«;) as s, for i = 1,2, 3,4, in this case.

o Agy, Aso, A1z, Az = 0, since sin(a; + ag) = sin(m) = 0 and sin(ag + ay) =
sin(m) = 0.

We observe that we have four expressions in Ry 23 of the form A, ,, that are negative;
A4, Ao, A3 and Ay 3. All four of these expressions have positive counterparts, namely
Ay, A1, Az 3 and A3y, but since all of these expressions are multiplied with different
factors in Ry 23 we will need to show that the sum of the factors in front of A4 1, A1 2,
Az 3 and Az 4 are greater than or equal to the sum of the factors in front of Ay 4, As 1,
Az 2 and Ay 3 respectively. If this is the case, we have proven that the sum of all terms
containing A, ,, for n,m € {1,2,3,4}, is greater than or equal to zero, and we are then
one step closer to show that Ry 2 3(x) > 0.

Before we begin the analysis we will define two functions that will be used frequently
through the rest of this thesis when we preform an analysis.

Definition 3.2.1. Let x1,xo, ..., %y, for n > 1, be such that x;, for 1 <i <mn, is a factor.
Then, let f+ be a function such that f*(xq1,xa,...,2,) returns the sum of all terms
containing the factors x1,xo,..., Ty, forn > 1.

15



Chapter 3. Injectivity of mean value mappings

Definition 3.2.2. Let x, y be two factors. Then, let f~ be a function such that f~(z,y)
returns the sum of the factors multiplied with x minus the sum of the factors multiplied
with y.

We will now check if f~(Apm, Amn) > 0, for all n,m that satisfy A, ,, > 0.

[ (Ag1,A14) :
) tity 1 Gi 1 1 1
Ay1, A =2 St ST 3 3
f ( 4,1, 174) (tl 4 t2)2 32 (tl + t2)2 52 (tl —+ t2)2 82
_y. tta 1
(tl -+ t2)2 52
> 0.
[ (A12,A21) :
B ity 1 3 1
A19, A =3 5 St
[ (A12,421) htta)? 52 (hth)s
B NIV |
(i +12)2 82 (t1 +12)? 52
t1to 1
=2.——= .41
(tl + t2)2 52 +
> 0.
f_ (A2,3aA3,2) :
_ t1t2 1 t1t2 1
A ’A - 3 G D) 1 T L2 2
[ (A2, Az ) (t1 +12)2 82 + (t1 +t2)? &2
tito 1
=92.__ -2 .11
(t1 +t2)? 52 "
> 0.
f_ (A3747A4’3) :
B tito 1 t3 1 5 1
Az 4, A =2 — = St ST 3 3
f ( 3,45 473) (tl + t2)2 52 + (t]. —+ t2)2 52 (tl +t2)2 82
_y. tta 1
(tl + t2)2 52

> 0.

We have now proven that the sums of all terms containing A, ,,,, for n,m € {1,2, 3,4},
are greater than or equal to zero. Note that f~ (A4, As2) and f~ (A3, Az 1) are the
only two expressions that are equal to zero. This follows from the fact that As 4, A4,
A3, Az1 = 0. It then remains to prove that the sum of all terms containing P, ,, in
R 3, for n,m € {1,2,3,4}, is greater than or equal to zero.

16



3.2. Injectivity of mean value mappings between convex quadrilaterals

First, we observe that
131 1
t1+1t2 s

(Pl,l —Pio—Pipo+ P2,2) = tlt—litg . E(Pl,l —2-Pio+ P2,2)

_h _1<(||le|y>2
t1—|—t2 S HVl—XH2

s (ALY (I

[vi —x][[[v2 — x[)? [va — x|2

> 1 ( [vi—x|  [v2a—x] )2
Tt tte s \|vi—x|*  |ve—x|?
> 0.

Similarly, we have that

t2 1 t2 1
- — (P33 — P33 — P P. =% N P:a—2.P P
t + by 8( 33— 123 — 123+ 2,2) 1+t S( 3,3 2,3 T 2,2)

_ -1<(||v3—x||)2
t1+1ta s HV3—X||2

- (mllvem Yy o (=

[va —x][[[vs — x]|) [va — x|2
ot 1 ( [vs —x|  [[va—x] )2
Tttty s \[va—x[*  [v2 —x|?
> 0.

If we now collect the rest of the terms containing P, ,,, for n,m = 1,2, 3,4, we get the
two sums

to 1
- —(Pyo— P P34 — P
R ( 1,2 2.4+ 34 1,3);
and ; )
1
(P — P Pos—Poy).
ot ts s ( 4,1 1,3+ 123 2,4)
First, we observe that —P 4, —P; 3 > 0. This follows from the fact that cos(ag + a3) =
cos(m) = —1 and cos(aj + ag) = cos(m) = —1. Second, we observe that if a1 = asz < 7,

then Py 9, P34 > 0, which means that the first sum would be greater than zero. Similarly,
if ag = oy < 7§, then Py 1, P23 > 0, which means that the second sum would be greater
than zero. If, on the other hand, ay = a3 > 7, we can not guarantee that the first
sum is greater than or equal to zero. To prove that P2, P34 in this case do lead to

Ri23(x) > 0, we will use Lemma 3.2.2. From this lemma we see that we can write

cos(a) cos(asg)
sin(a1) Al,Z, sin(ag)

as we did earlier, when we checked if f~ (A m, Amn) > 0 for n,m satisfying A, ,, > 0.
Since we already made an analysis for both A; » and A3 4 we will use the results from these.

Py o, P34 as

Ag 4, respectively. We will now preform a similar analysis

f7(A12,A2,1) (new expression marked in blue):

) tito 1 to cos(ay)
A A =92. - . 41 : .
f ( 1,2, 2,1) (tl —I—t2)2 52 + +/l + 19 s2
—t3 + 1ty 1
(tl + t2)2 52

> 0.

17
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Chapter 3. Injectivity of mean value mappings

Since we are looking at the case where a; > 5, we know that as < 5 (since a; + g = ).
This means that t5 < t1, which again implies that t% < tyto.

S (A34, Ay3) -
- t1to 1 to cos(as)
As 4, A =2 i '
f ( 3,45 4,3) (tl 4 t2)2 82 fl + 7‘2 g2
“fhiht 1
(tl + t2)2 52

> 0.

Similarly, if now az = a4 > 7, we can not guarantee that the second sum is greater than
or equal to zero.

We will now need to make a similar argument as we did for P; » and P3 4. We know from

g?s((zj)) 41, Z?ﬁ((gzg Az 3. We will now use this

Lemma 3.2.2 that we can write Py 1, P> 3 as
in the analysis for both A4 and As 3.

J(Ag1, Ara):

_ t1to 1 t cos(ay)
Agq Ajg) =2 22 & o8
o (Asr, Arg) (b +t2)2 82 1 +1y 5

—ti+tity 1

(tl + t2)2 ' 52
> 0.

Since we are looking at the case where ag > %, we know that a1 < g (since g + g = 7).
This means that t; < to, which again implies that t% < tyty. This in turn implies that

—t24ti1ts 1
(t1+t2)2 ° 87 > 0.

We will now make a similar argument for As 3.

J (A3, A3z2) :
_ tito 1 t1 cos(a2)
Ags, A =2 —— =+ 1+ : :
f ( 2.3 3,2) (tl n t2)2 ) + t] + to g2
M . i + 1
(t1 +t2)2 52

> 0.

We have now proven analytically that all terms in Ry 2 3(x) are strictly greater than
zero, when x is the intersection between the diagonals.

18



3.2. Injectivity of mean value mappings between convex quadrilaterals

Case 2: x€d;
When x € d;, we have some special properties that we can use to prove that Ry 2 3(x) > 0
in this case. These are

e a9 = — «q and a3 = ™ — 4. This follows from the fact that a; and as, and
ag and oy are supplementary angles. This means that sin(a;) = sin(ag) and
sin(as) = sin(ay).

. Al,g = A371 = 0, since sin(oq + Oég) = Sin(ﬂ') = 0.

e aq > ag and oy > «ag. This follows from the fact that oy = a3 and ay = a9 in the
intersection between the diagonals. In addition, both a; and a4 will increase when
x moves closer to vy along d.

We now observe that we have five expressions in R 23 on the form A, ,, that are neg-
ative, namely Aq4, A1, A23, Agp and Ay 3. All five of these expressions have positive
counterparts; A4 1, A21, A2, A24 and As 4, respectively. In addition to these we have
some expressions on the form P, ,,. To make it easier to compare we will convert most
of these to be on the form A, ,, by using Lemma 3.2.2. We observe that P, ,, will vary
between being positive and negative, depending on the value of oy, == ap + -+ - + Q1.
Since all the expressions are multiplied with different factors in Ry 23, we will need to
show that the sum of the factors in front of the positive parts are greater than or equal
to the sum of the factors in front of the corresponding negative parts. Note that when
we convert P, into A, ,, we get a cosine factor that makes sure that we will get the
correct sign in front of the term. In this case we will preform a numerical analysis on
each expression to check if the expression is greater than or equal to zero. You can find a
description of the numerical method in section A.1, and then the actual test results will
be presented in section A.2. For simplicity, we will derive the different expressions below,
and then state the result that we find in A.2.1.

ST (Agr, Arg)
First, we convert all P, into A4, by using Lemma 3.2.2. We then get that
cos(ay)
41 = — 41
sin(ay)
Using this we get that
_ t1ty 1
Ag1,A14) = C = .
Jo(Aan Avg) (t1 +t2)(t1 +t4) sin(aq)sin(ay)
tats 1
(ta +t3)(t1 +ta) sin(as)sin(oy)
. tits 1
(t1 +t2)(t2 +t3) sin(aq)sin(as)
tits 1
(t2a +t3)(t1 +t4) sin(aq)sin(as)
ts 1 cos(ay)

to+t3 sin(as) sin(oy)

19



Chapter 3. Injectivity of mean value mappings

By using the properties we derived in the beginning of case 2, we can simplify the
expression above as follows

_ t1ty 1
Ag1,A14) = T :
Jo(Asr, Ava) (t1 + t2)(t1 + t2)  sin(ay) sin(aq)
tat 1

(ta +t3)(t1 + tg) sin2(oz4)

. tit3 1
(t1 4+ t2)(t2 + t3) sin(aq)sin(ay)

_ tits 1
(tg + tg)(tl + t4) sin(al) sin(a4)

ts  cos(ay) S

to +13 sin(o¢4)2

f7(A12,A421) :
First, we convert all of the P; o terms into A; 2, by using Lemma 3.2.2. We then get that
_ cos(aq)
27 sin(ay) M
Using this we get that
_ t1ty 1
f (AL%AZI) - (tl + tg)(tl + t4) . sin(al) sin(a4)
t1t2 1
o ¥ ta)(f 4 ta)  sin(an) sin(as)
+14 el L
(t1 +ta)(t2 +t3) sin(az)sin(oa)
t1t2 1
* (ty + t2)(ta + t3) sin(oq)sin(az)
toty 1
(1 +to)(t1 + ta)  sin(ag) sin(ay)
t1t2 1
 (ta+1t3)(t1 4 ta) sin(oy)sin(ag)
ty 1 cos(aq)
t1+ty sin(og) sin(oq)
to 1 cos(aq)
* t1 +ty sin(az) sin(aq)
to 1 cos(aq)
Cty+ts sin(og) sin(oq)
t 1 cos(aq)
C t 4ty sin(aq) sin(o)
t 1 cos(aq)
Cti+ty sin(oq) sin(oq)’
By using the properties we derived in the beginning of case 2, we can simplify the

expression above as follows
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3.2. Injectivity of mean value mappings between convex quadrilaterals

_ ta(ts —t2) 1
Ao, A51) = - = -
(A1, Ao) (t1 +t2)(t1 +t4) sin(aq)sin(ay)
t1t2 1
+ )
(tl + tg)(tl + t4) Sin (011)
toty 1
+1+ C = .
(t1 +ta)(t2 +t3) sin(aq)sin(aq)
t1to 1
+ )
(tl + tg)(tz + t3) Sin (al)
tito 1
(ta +t3)(t1 + tg) sin2(a1)
cos(aq) t4 1 to 1
+ = Pt =
sin(aq) \t1 +t4 sin(ay) t1 +t2 sin(aq)
cos(aq) ( to t1 3] )
- = + + > 0.
sin?(on) \ta +1t3  ti+ts  t1+1to

[T (A23,432) :
First, we convert all P 3 into Az 3, by using Lemma 3.2.2. We then get that

cos(ag) cos(aq)
2,3 = —

2,3 = 2,3

sin(ag) sin(ayq)

Using this we get that

) tito 1
[ s 4s2) = i)t ) sin(an) sina)
t1ts 1
(t2 + t3)(t1 + ta) sin(a) sin(as)
tito 1
T+ 0)(ta 1) sin(an) sin(as)
tats 1
(t1 +t2)(t2 + t3) sin(a)sin(as)
t 1 cos(aq)
t1+ts sin(ar) sin(og)
tito 1
(b2 + ts)(t1 + ta)  sin(ar)sin(az)
tits 1
(f2 +12)(f2 1)~ sin(an) sin(as)
to 1 cos(ay

+1+

)
t1 +to sin(ag) sin(aq)
(1)
(1)
cos(aq)
(1)
(1)
(1)

to +t3 sin(ag) sin
t3 1
to +t3 sin(az) sin

to 1 cos
(

aq

t1 1 cos(aq

ottt sin(aq)  sin(ay)’
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Chapter 3. Injectivity of mean value mappings

By using the properties we derived in the beginning of case 2, we can simplify the
expression above as follows

_ t1to 1
Aoz, Azo) = C =
(A2, 432) (t1 + to)(t1 + ta) sin?(on)
. tits 1
(tQ + tg)(tl + t4) SiIl((Ml) SiIl((14)
n t1ta 1
(tl + t2)<t2 + tg) SiIlQ((Il)
tots 1
+ C = - +1
(t1 +t2)(t2 +t3) sin(aq)sin(aq)
t1ta 1
(tQ + t3)(t1 + t4) sin2(a1)
tits 1
(t1 +t2)(t2 +t3) sin(aq)sin(ay)
cos(al) ( tl t2 + tQ )
sin?(an) \t1 +t4  t1+t2  to+ts
t 1 t 1
e L1y
sin(ag) \t2 +t3 sin(ay) t1 +t2 sin(aq)
7 (Ag4,Agp) :

First, we convert all P4 into Az 4, by using Lemma 3.2.2. We then get that

cos(ag + as) cos(2m — ag — ay)

Poa= sin(ag + a3) 24 = sin(27m — aq — ay) 24
Using this we get that
_ toty 1
Jo (A2, Aaz) = (tz + t3)(t, + ta)  sin(az)sin(ou)
t1t3 1
* (ty + t2)(ta + t3) sin(oq)sin(as)
tits 1
T T )t +ta)  sin(an) sin(aq)
toty 1
© (t1 +tg)(t1 4 t2)  sin(ag) sin(oy)
tits 1
" (ta+t3)(t1 + ta) sin(ay)sin(as)
tots 1
" (ty +t2)(t2 4 t3)  sin(ag) sin(as)
t4 1 cos(2m — a1 — )
ot 4ty sin(oy) sin(2r — a1 — o)
ts 1 cos(2m — ag — )
Cty+t3 sin(ag) sin(2r —a; —aq)

By using the properties we derived in the beginning of case 2, we can simplify the
expression above as follows
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3.2. Injectivity of mean value mappings between convex quadrilaterals

- toty 1

(A2, Auz) = (tz + t3)(t1 + ta) sin(ay)sin(ow)
t1t3 1

* (t1 + t2)(t2 + t3) sin(o)sin(oy)
tits 1

T T )t +ta)  sin(an) sin(ag)
toty 1

(t1 + t4)(t; + t2) sin(oq)sin(oy)
tits 1

 (ta+t3)(t1 + ta) sin(ay)sin(oy)
tots 1

" (ty +t2)(t2 4 t3)  sin(oy) sin(ovy)

__ cos(27r—a1—o.¢4) ( t4 n t3 )>0.
sm(27r — Q] — 044)Sln(044) t1+ 14 to 4+ 13

f(A34,A43):
First, we convert all P34 into A3 4, by using Lemma 3.2.2. We then get that

cos(ag) _cos(aa)
sin(asg)

3,4 =

3,4 3.4

sin(ay)
Using this we get that

toty 1

(t1 + t2)(t1 + t4) sin(az)sin(as)
t3ts 1

(ta + t3)(ty + ts) sin(as)sin(ay)
N tots ‘ 1

(t1 +t2)(ta +t3) sin(aq)sin(as)
toty 1

 (ta+t3)(t1 + ta) sin(ag)sin(ay)

tg 1 cos(ay)

b+t sin(og)  sin(ay)

[T (As4,Ay3) =

By using the properties we derived in the beginning of case 2, we can simplify the
expression above as follows

_ toty 1
As4, A = © ;
o (As, Ag) (t1 +t2)(t1 +t4) sin(aq)sin(ay)
taty 1
(ta +t3)(t1 + ta) SiIl2((14)
n tots 1
(tl + t2>(t2 + t3) sin(oq) Sin(a4)
toty 1
(tQ + tg)(tl + t4) sin(al) sin(a4)
ty cos(ay)

> 0.

Tttty sin?(ay)
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Chapter 3. Injectivity of mean value mappings

We have now looked at all terms containing A, ,,, and most of the terms containing
P, in Ry 23, but some terms containing P, ,, still remain. We will now show that the
sum of the remaining terms in R 2 3 are positive. We will start by looking at the terms

containing P; 3. First, we notice that P; 3 < 0 since cos(a; + ag) = cos(m) = —1. If we
now gather all terms containing P 3 we get that
to 1 t 1 to 1
f+(P1,3)=( C— + - = = ( =
to+13 sinas t1 414 sinag t1 +12 sinas

t3 1 ty 1 t1 1
+ C— —+ = Pr3.
to+1t3 sinag t1+1ty sinag t1 -+t sinag

We can simplify this to
t 1 t 1 1 t 1
2~.+1'.—(.+3-.
to+1t3 sina; t;+1t4 sinag sinaqg  to+t3 sSinoy
t 1
+4 )>P1,3-
t1 +t4 sinay

Second, we observe that we can use the terms containing P ; and P33 in the analysis of
P 3, since both of these are greater than zero, and

fH(Pi3) :(

P+ P33>—Pi3.
The inequality above holds since

Pii+Pig+P33> P +2P 3+ P33

2
_ ( [vi—x||  [lvs—x] )
[(vi=x)*  [l(vs —x)|?
> 0.
From Ry 23 we see that Py ; is multiplied with tl':tQ . m, and P33 is multiplied with
¢ 1t 1
tﬂztz " Sinlag) = tnstz C Snlan)” We then observe that
tl 1 t2 1 tl

+ <P1,1 + P3,3>,

. P, . P33 > .
t1 + to sin(al) L1 t1 + to sin(al) 33 = t1 4+ to Sin(Oq)
when a1 € (0, 7). Similarly,

t 1 t 1 t
L _ Py + 2. P33 > 2
t1 +to sin(aq) t1 +to sin(aq) t1 +to sin(aq)

<P1,1 + P3,3>,

when a1 € (5, 7). This means that when a1 € (0, §),

t1 1 to 1
(P . P . P
Fr(Pra) + t1+t2 sin(ag) 1t t1 +t2 sin(og) 53
131
> T (P, . P P
> fT(Pr3) + P sin(al)( 11+ 3,3)
Z( to .'1 n t '.1 _('1 n t3 "1
to +t3 sinaq t1+1t4 sinag sin aq to +t3 sinay
t 1 t 1
SR ) - )Plg. (3.14)
t1 +t4 sinay t1 +to sin(aq) '
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3.2. Injectivity of mean value mappings between convex quadrilaterals

Similarly, when a; € (5,7),

t1 1 to 1
(P - p - P.
! ( 1’3) + t1 + to Sin(al) 11+ t1 + to sin(al) 33
to
> fH(P . P P )
> fT(Pi3) + htts sm(on) ( 1,1+ P33

to 1 t1 1 1 t3 1
> © + C i + C
to +1t3 sina; t;1+1t4 sinag sinay  to+1t3 sinay

t 1 t 1
4 ) 2 )Pl,g. (3.15)

t1+ty sinay) 1 +ty sin(og)

We need to show that both of the expressions (3.14) and (3.15), are greater than or
equal to zero. Since P; 3 < 0 we will need to show that the expressions in front of P 3
in (3.14) and (3.15) are less than or equal to zero. If this is the case, we know that
the two expressions multiplied with P; 3 is greater than or equal to zero. When we
preform the numerical test, we choose to change the signs of the two expressions in
front of P 3, that is, we check if the expression in front of —P; 3 in (3.14) and (3.15)
is greater than zero. We then observe by numerical testing that both of these expres-
sions are strictly greater than zero. You can find the tests in Appendix A, subsection A.2.1.

We are then left with two terms, namely tltim . mng and tth2t3 . mPM. These
are both positive since

Y
Py (v2 = %)

27 ve =0t

and the factors in front of both expressions are also always greater than zero.

-cos(0) > 0,

We have now, by numerical testing, showed that all the negative terms in Rj 2 3(x)
are strictly dominated by their positive counterparts when x € d;. This means that
R1,273(X) > (0 when x € d;.

Case 3: x € d3
When x € d3, we have some special properties that we can use to prove that Ry 2 3(x) > 0
in this case. These are

e a9 = m— a1 and a3 = ™ — 4. This follows from the fact that a; and as, and
ag and oy are supplementary angles. This means that sin(a;) = sin(ag) and
sin(as) = sin(ay).

. Al,g = A371 = 0, since sin(oq + Oég) = sin(w) = 0.

e a3 > aq and ag > ay. This follows from the fact that g = o1 and ag = a4 in the
intersection between the diagonals. In addition, both a2 and a3 will increase when
x moves closer to v3 along ds.

We observe that case 3 is quite similar to case 2. The only differences is bullet point 3,
and the fact that As 4 is negative and A, o is positive. This means that we can modify the
analysis from case 2, to get an analysis for case 3. The only difference in the numerical
analysis is that we will only test for values of a1 and a4 that satisfy 0 < a3 + a4 < 7. For
the expression containing As 4 and Ay 2, we will also change the sign of each term in the
expression. When we make these changes and analyse these numerically (see Appendix
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Chapter 3. Injectivity of mean value mappings

A, subsection A.2.1), we observe that all expressions are strictly positive. This means
that R17273(X) > (0 when x € d3.

Note, since we have only made some minor changes, we chose to not write out the
analysis in detail as we did for x € d;. Since we have explained the differences between
these two cases above, we leave it up to the reader to do the detailed analysis in this case.

Case 4: x € dy
When x € da, we have some special properties that we can use to prove that Ri23 > 0
in this case. These are

e a3 = T — g and oy = ™ — 1. This follows from the fact that a7 and oy, and
ag and as are supplementary angles. This means that sin(a;) = sin(as) and
sin(ag) = sin(as).

o Agg= Ay =0, since sin(ag + az) = sin(mw) = 0.

e a1 > a3 and ag > ay. This follows from the fact that oy = a3 and o = 4 in the
intersection between the diagonals. In addition, both a; and ay will increase when
X moves closer to vo along ds.

We observe that we have five expressions in Ry 23 on the form A, ,, that are negative,
namely Aj 3, A14, A1, Az and Ay 3. All five of these expressions have positive coun-
terparts; As 1, A41, A12, Az2 and Az 4. In addition to these we have some expressions
on the form P, ,,. To make it easier to compare we will convert most of these to be
on the form A, ,, by using Lemma 3.2.2. We recall from the previous cases that P, ,,
will vary between being positive and negative, depending on the value of oy, ,,. Since
all the expressions are multiplied with different factors, we will need to show that the
factors in front of the positive parts are greater than or equal to the factors in front of
the corresponding negative parts. In this case we will preform a numerical analysis on
each expression to check if the expression is greater than or equal to zero. You can find
the tests and test results in section A.2.2. For simplicity, we will derive the different
expressions below, and then directly state the result that we find in A.2.2.

[ (A3, A13) :
First, we convert all P; 3 into A3 1. We then get that

cos(aq + a2)

Py 3=
13 sin(oq + az)

)

3,1

The reason why we multiply the expression above with —1, is that a; + ag € (7, 27)
when x € dg, which implies that sin(a; + a2) < 0. Since we want to convert P 3 into
As 1, we will need to counteract the negative sine value by multiplying with —1.

Using this we get that

_ tits 1
Asq, A = © = -
J s, Avs) (t1 + ta)(t1 + t2)  sin(aq) sin(as)
n toty 1
(tQ + t3)(t1 + t4) sin(ag) Sin(a4)
N tits 1
(ta +t3)(t1 +tg) sin(aq)sin(ag)
t1ta 1

+ (tl + tg)(tg + t3) . sin(al) sin(ag) +1
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3.2. Injectivity of mean value mappings between convex quadrilaterals

to 1
to +t3 sin(ag) sin

t1 1 cos(ay + g

toty 1
B (tl + tz)(tl + t4) . Sin(ag) sin(a4)
tsty 1
" (ta+t3)(t1 + tg) sin(ag)sin(ay)
tits 1
" (ty +t2)(t2 + t3)  sin(o) sin(as)
to 1 cos(a1 + az)
t1 + to ' sin(az) ' sin(a; + a2)
t3 1 cos(ai + ag)
* ts+ts sin(as) sin(oq + az)
t4 1 cos(a1 + az)
t1 +ta ' sin(oy) ' sin(a; + a2)
t1 1 cos(a1 + az)
t1 + to ' sin(ay) ' sin(ag + a2)
( )
( )
( )
( )

4ty ' sin(ay) " sin a1 + a9

By using the properties we derived in the beginning of case 4, we can simplify the
expression above as follows

tyts —ts) 1
(t1 +t2)(t1 +t4) sin(aq)sin(az)
tyta—t1) 1
(ta +t3)(t1 +tg) sin(aq)sin(ag)
ty(ts —ta) 1
(ta +t3)(t1 +tg) sin(aq)sin(ag)
ti(t —ts) 1
(tl + tg)(tz + t3) sin(al) sin(ag)
cos(ag +az) [ t2 1 31
sin(ag + a2) <t1 Tty sin(ag) +
cos(ag + a2) (tz —ts 1
( )

 sin(og 4+ o) \fa + t3 sin(ag) =ty +ts sin(og)

f(As1,A13) =

+

+1

J7(Ag1, Ara)
First, we convert all P;; into A4 1, by using Lemma 3.2.2. We then get that

cos(ay) cos(aq)
41 = — 41 = == 4,1-
sin(ay) sin(aq)

Using this we get that

tsts 1

to +t3)(ty +t4) sin(as)sin(ay)
n t1l3 ‘ 1

(tl + tg)(tg + tg) SiIl(Oél) sin(ag)
t1ta 1

* (ty +t2)(ty +t4) sin(o)sin(ay)

[ (A1, Ara) = (
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tits 1
B (tQ + tg)(tl + t4) ' sin(al) sin(ag)
t3 cos(a)
" ty+ts sin(oq)sin(as)’

By using the properties we derived in the beginning of case 4, we can simplify the
expression above as follows

_ t3(ts —t1) 1
A aA = T .
F(Asr Ava) (ta +t3)(t1 +tg) sin(aq)sin(az)
. tits 1
(t1 4+ t2)(t2 + t3) sin(aq)sin(ag)
t1ty 1
+ t . 2
(tl + tg)(tl + t4) Sin (041)
t3 cos(aq) S0

"ty +t3 sin(aq)sin(az)

[ (A12,421):
First, we convert all P; 2 into A2, by using Lemma 3.2.2. We then get that
cos(ag
Pio=— (c1) 1,2
sin(aq)
Using this we get that
_ t1ty 1
A19,A21) = .
F (2 A20) = G 66 sinlen) sinlad)
n t1t2 1
(t1 4+ t2)(t1 + t4) sin(aq)sin(ag)
tots 1
+ - ———+1
(ta +t3)(t1 +tg) sin(az)sin(ay)
t1to 1
(tg + t3)(t1 + t4) Sin(()q) sin(ag)
tots 1
(tl + tg)(tl + t4) sin(az) sin(a4)
ty 1 cos(aq)
t1 +1t4 sin(ag) sin(aq)
to 1 cos(aq)
+ = =
t1 +1to sin(ag) sin(aq)
t 1 cos(aq)
t1 +1t4 sin(ay) sin(aq)
t 1 cos(aq)
t1 + to sin(al) sin(al)
to 1 cos(aq)
to +t3 sin(ag) sin(aq)’
By using the properties we derived in the beginning of case 4, we can simplify the

expression above as follows
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t1ta 1
(tl + t2)(t1 + t4) sin2(a1)
ta(th —ta) 1
(t1 +ta)(t1 +t2) sin(aq)sin(az)
ty(ts—t) 1
(ta +t3)(t1 +ta) sin(aq)sin(az)

f (A2, 421) =

+1

COS(OQ) <t4 — t1 1 T t2 1 )
sin(aq) \t1 +t4 sin(aq) 1 +t2 sin(ag)
cos(ar) [t 1

)

- : : > 0.
sin(aq) \t1 +t2  sin(aq) + to + 13 sin(oq))

7 (Az3,A32) :
First, we convert all P 3 into Az 3, by using Lemma 3.2.2. We then get that

cos(az)
2,3 =

sin(ag) >

Using this we get that

_ tito 1
Aoz As o) = .
I~ (A3, 45) (t1 +t2)(t1 +t4) sin(aq)sin(az)

tits 1

T a1 ta) (1 + 1a)  sin(an) sin(as)
tita 1

T ) (ta £ t3)  sin(ay) sin(ag) |
tits 1

 (ta+t3)(t1 + ta) sin(ay)sin(ag)
tits 1

" (ty +to)(ta 4 t3) sin(o) sin(as)

t 1 cos(ag

t1 + to ' sin(a1) sin
t3 1

to +t3 sin(as) sin

ty

(«

(

(

1 (

t1+ 1ty sin(al) sin(ag
(

(

(

(

N

N

+

to 1 cos

Tt 4ty sin(ag) sin
to 1 cos( g

- to + 13 Sin(OQ) ' sin Oég)

By using the properties we derived in the beginning of case 4, we can simplify the
expression above as follows

~ t1t 1
Agg, Azg) = C :
f7 (A2, Az2) (t1 +t2)(t1 +t4) sin(aq)sin(ag)
t1(ts —ta) 1

(to + t3)(t; +t4) sin(oq)sin(os)
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ti(ty —ts) 1 O
(tl + t2)(t2 + t3) sin(al) sin(ag)
t1ta 1
(ta +t3)(t1 + t4) sin(aq)sin(ag)
cos(a2) (tg —ty 1 t1 1 )
. : - =
sin(ag) \ta +t3 sin(ag) t1 +ta sin(aq)

(az)
cos(ag) t 1 t )
(az2) <t1 T sin(on)  hitta Sm(%)) > 0.

(A4, As3)
First, we convert all P34 into A4 3, by using Lemma 3.2.2. We then get that
cos(as) cos(ag)
34 = - 34 = —— 3.4.
sin(as) sin(az)
Using this we get that
_ toty 1
Asgg, Ays) = T -
J (A0 Aas) (t1 +t2)(t1 +t4) sin(ag)sin(ay)
. tata 1
(ta +t3)(t1 +t4) sin(as)sin(aq)
tots 1
(t1 +t2)(t2 + t3) sin(az)sin(as)
tota 1
(ta +t3)(t1 +ta) sin(az)sin(aq)
ty 1 cos(ag)

Cty+ty sin(ag)  sin(ag)

By using the properties we derived in the beginning of case 4, we can simplify the
expression above as follows

_ toty 1
f {434, Aaz) = (t1 + t2)(t1 + t4) sin(aq) sin(as)
t4(t3 — tg) 1
(ta + t3)(t1 + t4) sin(ay) sin(ag)
tots 1
(t1 + tg)(tg + t3> ' sinz(ag)
cos(ag) ty >0

~ sin(aq)sin(ag) ¢y + b4

We have now looked at all terms containing A, ,,, and most of the terms containing
P, in Ry 23, but there still remain some terms containing P, ,,. We will now show
that the sum of the remaining terms in Ry 23 is positive. We will start by looking at the

terms containing P 4. First, we notice that P, 4 < 0 since g + a3 = 7 and cos(m) = —1.
If we now gather all terms containing P 4 we get that
t4 1 t3 1
PP = (i - LN P
t1 +1t4 sinay to +1t3 sinas
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3.2. Injectivity of mean value mappings between convex quadrilaterals

: . : ot .1ty 1
This expression has to be greater than zero, since Tin Shor — Bih smas < 0 and

P, 4 < 0. So, we have now proven that the sum of all terms containing P 4 is strictly
greater than 0.

We are then left with the terms containing P 1, P»2 and P33. First, we observe that
all of these expressions are greater than zero, since cos(ay, ) = cos(0) = 1. Second, we
know that all these expressions are multiplied with factors that are greater than zero in
do. Since both the factors and P; 1, P2 and P33 are strictly greater than zero, we know
that all the terms containing P; 1, P> 2 and P33 are greater than zero.

By numerical testing, we have showed that all the negative terms in R 2 3(x)
are strictly dominated by their positive counterparts when x € ds. This means that
R1,273(X) > (0 when x € ds.

Case 5: x € dy
When x € d4, we have some special properties that we can use to prove that Ry 2 3(x) > 0
in this case. These are

e a3 = T — o and oy = ™ — 1. This follows from the fact that a7 and a4, and
ag and as are supplementary angles. This means that sin(a;) = sin(a4) and
sin(ag) = sin(as).

o Agg = Ay =0, since sin(az + az) = sin(r) = 0.

e a3 > aq and ay > ao. This follows from the fact that a; = a3 and oy = a4 in the
intersection between the diagonals. In addition, both a3 and a4 will increase when
x moves closer to v4 along dy.

We observe that case 5 is quite similar to case 4. The only differences are bullet point
3, and the fact that As; is negative and A; 3 is positive. This means that we can just
modify the analysis from case 4. The only difference in the numerical analysis is that
we will only test for values of a; and ao that satisfy 0 < a1 + ag < w. For the analysis
containing A; 3 and A3; we will also change the sign of each term in the expression.
When we make these changes and analyse these numerically (see Appendix A, subsection
A.2.2), we observe that all expressions are strictly positive. This means that R 23 > 0
when x € dj.

Note, since we have only made some minor changes, we chose not to write out the

analysis in detail as we did for x € dz. Since we have explained the differences between
these two cases above, we leave it up to the reader to do the detailed analysis in this case.
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Chapter 3. Injectivity of mean value mappings

Case 6: x € ()1

When x € @1, we have some special properties that we can use to check if Ry 23(x) > 0
in this case. Instead of listing them as bullet points, as was done in the previous cases,
we will list them as properties and write out the relevant proofs.

Figure 3.3: Example of how we can prove that a; + as > 7 when x € @1

Property 1: a1 + as > m, when x € 4.

Proof. Assume x € Q1. Then, let [ be the line that is parallel with the line that con-
nects vi and vg, and that goes through x. Furthermore, let x4, be the point where
[ intersects dj, and x4, be the point where [ intersects da (see figure 3.3). First, we
observe that along [, ap has its minimum in xg4,. This follows from the fact that xg4,
is the point on [ that is furthest away from the line between vy and vs, which implies
that this is the point on [ that gives the most acute as. By the same explanation,
we note that ap has its maximum in x4,. Second, we observe that a; has a local
minimum in both x4, and x4,. This follows from the fact that the distance between [
and the line that connects v; and v is the same for every point on [. Therefore, oy
has its maximum when the length of line between x and v; is equal to the length of
the line between x and vs. Since the biggest difference in length of the lines between
x and v; and x and vy is in x4, and x4,, X4, and x4, are the local minimums of «; along [.

Since ag has its minimum in xg4,, and «; has a local minimum in both x4, and xg4,,
we know that a; + o has a minimum in x4,. We remember from case 2 that when
X4, € d1, then a1 + as = 7. That means that the minimum of a; 4+ ag is . Since d; is
on the boundary of )1, and we are just interested in the inner points, this implies that
a1 + ag > 7, when x € Q1. [ |

Property 2: a; > a3, when x € ;.
Proof. We know from case 1, that if x is the intersection between the diagonals, then

a1 = ag. If we now assume that x € Q1, we know that x will be closer to the line that
connects vi and vo, and further from the line that connects vs and v4, than X. This
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3.2. Injectivity of mean value mappings between convex quadrilaterals

means that a; will be more obtuse for x, than for X, and a3 will be more acute for x,
than for x. Therefore, a; > a3, when x € 1. |

Property 3: as + ag < m, when x € Q1.

Proof. In the proof for property 1 and property 2, we saw that when x € 0@, then
as has it maximum on ds, and a3 has its maximum in the intersection between the
diagonals. This means that the maximum of as 4+ a3 has to be on d2. We know from
case 4, that when x € do, then as 4+ a3 = 7. Therefore, as + a3 < m, when x € Q).

[ |

Property 4: as+ a4 < 7, when x € ;.

Proof. This follows directly from property 1 and the fact that the sum of all the angles
is equal to 2.
|

Property 5: a4 + a3 > 7, when x € Q1.

Proof. This follows directly from property 3 and the fact that the sum of all the angles
is equal to 2.
|

Property 6: ay =27 — a1 — as — as.

Proof. This follows from the fact that oy + as + as + ay = 2.
[ |

We have now proven that all the properties above are valid, so we can now proceed
to show that when x € @, then Rj23(x) > 0. We will do this by first collecting all
terms in Ry 3 that contain A, ,,, Ay and Py, for a given n,m = 1,2, 3,4, where
Anm > 0. After doing this, we will convert all P, ,, into A, ,,, and then analyse if
[ (Apm, Amn) > 0. We will do this analysis by writing a code that tests for a reasonable
large amount of «;’s, that satisfy the properties above. You can find the code in Appendix
A, section A.1.2. If all of these tests passes, we will check if the remaining terms of
R 23, the terms containing P, ,,, are greater than or equal to zero. If all this holds, we
have showed that Rj23(x) > 0 when x € Q. For simplicity, we will derive the different
expressions below, and then directly state the results that we find in A.2.3.

[T (A12,421) :
First, we convert all P; 2 into Aj 2, by using Lemma 3.2.2. We then get that
cos(aq)
2= = 1,2-
sin(aq)
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Using this we get that

_ t1ty 1
Ay Ay y) = .
J (e Aa) = e

sin(av) sin(ay)

. tits 1
(t1 +t2)(t1 +tg) sin(aq)sin(ag)
toty 1
+ = ——— +1
(tg + t3)(t1 + t4) Sln(OéQ) Sln(a4)
tits 1
(tg + tg)(tl + t4) sin(al) SiIl(OéQ)
toty 1
(t1 4+ t2)(t1 +t4) sin(ag)sin(ay)
ta 1 cos(aq)
+ = =
t1+ts sin(ag) sin(aq)
to 1 cos(aq)
t1 + to sin(ag) sin(al)
t1 1 cos(aq)
t1+t4 Sin(Oq) sin(al)
t 1 cos(aq)
t1 + to Sin(Oq) sin(al)
t 1
b1 ey,
to +t3 sin(az) sin(aq)
J7(A31,A13) :
First, we convert all P; 3 into A3 1. We then get that
cos(ay + az)
Pi3=—""—""""]A34|.
13 |sin(aq + )] Sl
Using this we get that
_ t1ta 1
Az, A13) = C = ;
7 (431, Aus) (t1 4+ ta)(t1 + t2) sin(aq)sin(ag)
. toty 1
(tg + tg)(tl + t4) sin(ag) SiIl(Oé4)
. tits 1
(ta +t3)(t1 + t4) sin(aq)sin(ag)
t1ts 1
- = ———+1
(t1 +t2)(ta +t3) sin(aq)sin(ae9)
toty 1
(tl + tg)(tl + t4) sin(ag) sin(a4)
- taty 1
(ta +t3)(t1 +t4) sin(as)sin(aq)
tits 1

34

to

(ty + to)(t2 + t3)

sin(a) sin(ag)

1

1
+ to + 13 . sin(ag) .
1

_l’_

t, +t, sin aq) .

(
|sin(aq + )]
(a1 + )
|sin(aq + ao)]
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to 1 cos(a + o

t1 + to ' sin(ag) | sin(a + a9)|

t3 1 cos(a + o
ty+ts sin(az) |sin

( )
( )
( )
( )
ty (a1 + a9)
( )
( )
( )

COSs

1
bt ' sin(a4) | sin(ag + a9)|
t1 1 cos(a + o

t1 +to sin(al) | sin(a + ao9)|

f7(A23,432) :
First, we convert all P, 3 into As 3, by using Lemma 3.2.2. We then get that

cos(ag)
o sin(ag) 2
Using this we get that
_ t1to 1
(A2, Asa) = (t1 + t2)(t1 + t4) sin(ar)sin(az)
tit3 1
T ettt +1a) sin(an) sin(as)
t1to 1
+ (t1 + t2)(t2 + t3)  sin(o) sin(s) 1
t1to 1
 (ta+1t3)(t1 4+ ta) sin(oy)sin(og)
tits 1
 (t1 +to)(ta + t3) sin(ay)sin(as)
t 1 cos(ag)
t1+1ty sin(o)  sin(ag)
t3 1 cos(ag)
+ ty+t3 sin(as)  sin(ag)
t 1 cos(ag)
Cty+ty sin(ay)  sin(og)
to 1 cos(ag)
Ct +1ty sin(ay)  sin(ag)
to 1 cos(ag)
ty+t3 sin(ag) sm(ag)

f7 (A4, Ag2) :
First, we convert all P4 into Az 4, by using Lemma 3.2.2. We then get that

cos(a + as)

Py = Ao 4].
24 \sin(a2+a3)|’ 24|
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Using this we get that

_ toty 1
J e Aa2) = o NG T sin(a) sim(ay)
tits 1
* (t1 + t2)(t2 + t3) sin(ov)sin(as)
tits 1
T T )t +ta)  sin(an) sin(as)
toty 1
" (t1 +tg)(t 4 t2)  sin(og) sin(oy)
tits 1
 (ta+t3)(t1 +ta) sin(aq)sin(as)
tots 1
" (t1 +to)(ta 4 t3)  sin(ag) sin(as)
ty 1 cos(ag + as)
Tt 4ty sin(oy) |sin(as + as)l
_ts 1 cos(az+as) 50
to +t3 sin(az) |sin(az + as)] '

f7(Agn,Ara)
First, we convert all P into A4 1, by using Lemma 3.2.2. We then get that
cos(ay)
41 = = 41-
sin(ay)
Using this we get that
_ tsty 1
Ay, A1 4) = C = -
J(As Avy) (to 4+ t3)(t1 +t4) sin(as)sin(ay)
. tits 1
(t1 +t2)(t2 + t3) sin(aq)sin(as)
n t1t4 1
(t1 4+ t2)(t1 +t4) sin(aq)sin(ay)
tits 1
(t2 +t3)(t1 +t4) sin(aq)sin(as)
ts cos(aq)

> 0.

ty+t3 sin(ay)sin(as)

f7(A34,A43) :

First, we convert all P4 into A4 3, by using Lemma 3.2.2. We then get that
cos(as)

34 = 3,4-

sin(as)

Using this we get that

_ toty 1
A34,A43) = S :
f Az, Aas) (t1 +t2)(t1 +tg4) sin(ag)sin(ay)

taty 1

* (ta +t3)(t; +t4) sin(os)sin(ay)
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tots 1
* (ty + t2)(ta + t3) sin(ag)sin(as)
toty 1
" (ta+t3)(t1 + ta) sin(as)sin(ay)
ty 1 cos(ag)

bty sin(a1) sin(ag)’

We have now looked at all terms containing A, ,,, and all of the terms containing
P, in Ry 23, where n # m. We are then left with the terms containing Pj 1, P2
and P33. First, we observe that all of these expressions are greater than zero, since
cos(ay, n) = cos(0) = 1. Second, we know that all these are multiplied with factors that
are greater than zero in (1. Since both the factors and Py 1, P»2 and P33 are strictly
greater than zero, we know that all the terms containing P 1, P»2 and P33 are strictly
greater than zero.

By numerical analysis, we have now showed that all the negative terms in Rj 2 3(x)
are strictly dominated by their positive counterparts when x € );. This means that
Ri23(x) > 0 when x € Q.

Case 7: x € Qo
When x € (02, we have some special properties that we can use to prove that Ry 2 3(x) > 0
in this case.

o 1 +ao >T.

o (o +Q3>T.

o a3ty <.

o ay+ o <.

e (X9 > Q4.

e a1 =2 — a9 — a3 — Q4.

The proofs of these bullet points are similar to the proofs of the properties in case 6.

The analysis of the terms in Rj 23 will be quite similar as in case 6. The main
difference is that we have to change the values of all «;, for ¢ = 1,...,4, that we are
testing for. We also observe that bullet point 2 causes Ay 3 and A3 1 to change signs from
case 6. We are handling this in the code in section A.2.3. Since the analysis is so similar
to case 6, we will refer the reader to the tests in A.2.3. We will then see, by numerical
testing, that the sum of all terms in Ry 2 3(x) > 0 when x € Q).
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Case 8: x € (3
When x € 03, we have some special properties that we can use to prove that Ry 2 3(x) > 0
in this case.

o 1 t+ap <.

e 9+ a3z >T.

o 3+ ayq >T.

o a4yt oy <.

e (3 > (.

oy =2 — a1 — Qg — Q3.

The proofs of these bullet points are similar to the proofs of the properties in case 6.

The analysis of the terms in R 23 will be quite similar as in case 6. The main
difference is that we have to change the values of all oy, for i = 1,...,4, that we are
testing for. We also observe that bullet point 1 and 2 causes A; 3, A3 1, A24 and Ay
to change signs from case 6. We are handling this in the code in section A.2.3. Since
the analysis is so similar to case 6, we will refer the reader to the tests in A.2.3. We
will then see, by numerical testing, that the sum of all terms in Ry 2 3(x) > 0 when x € Qs.

Case 9: x € Q4
When x € @4, we have some special properties that we can use to prove that Ri23 >0
in this case.

o 1 +ap <.

e g+ a3 <.

o 3+ gy >T.

o g+ >,

e (4 > (9.

o (3 = 2T — a1 — Qg — (4.

The proofs of these bullet points are similar to the proofs of the properties in case 6.

The analysis of the terms in Rj 23 will be quite similar as in case 6. The main
difference is that we have to change the values of all oy, for i = 1,...,4, that we are
testing for. We also observe that bullet point 1 causes A4 and A4 2 to change signs from
case 6. We are handling this in the code in section A.2.3. Since the analysis is so similar
to case 6, we will refer the reader to the tests in A.2.3. We will then see, by numerical
testing, that the sum of all terms in R 2 3(x) > 0 when x € Q4.
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3.2. Injectivity of mean value mappings between convex quadrilaterals

We have now gone through all nine cases, and in each case we have proven, with a
combination of analytical and numerical analysis, that Rj 2 3(x) > 0. This means that
R 23(x) > 0 for all x € ), which again implies that

D(wl, wa, wg)(X) >0

for all x € Q.

We recall that our goal was to show that D(w;, wj, w)(x) >0, for 1 <i < j <k <4,
and D(w;, wj, wy)(x) > 0 for one combination of 7, j, k. So, it then remains to show that

D(w1,wa, wy)(x), D(wy, ws, wq)(x), D(wa, w3, ws)(x) > 0,

for all x € @. In Appendix B we make an analysis of the three remaining expressions
Ri24, R134 and Ro 3 4, and we then discover that all these expressions are strictly greater
than zero. This means that D(wi, w2, ws)(x), D(wi, ws, ws)(x), D(w2, w3, ws)(x) > 0
for all x € Q. We note that in all the cases when we are checking the intersection
between the diagonals, we are able to prove analytically that D(w;, wj, wy)(x) > 0 for
1 <14 < j <k <4. This result will therefore become a theorem.

Theorem 3.2.3. Let Q C R? be a convex quadrilateral with vertices vi, Va, V3 and vy,
ordered anticlockwise, and assume that v, vo, vy and v4 are non-collinear. Furthermore,
let £ be a mean value mapping, and let X € @) be the intersection between the diagonals
i Q. Then f is injective in X.

Proof. See case 1 in section 3.2, appendix B.1, B.2 and B.3. [ |

Note, the reason why we are doing the analysis of R 24, R1,34 and Ra 3 4 in Appendix
B is that the analysis of these three expressions will be quite similar to the analysis of
Ri23. We therefore think that it would be redundant to have a detailed analysis of
these expressions in this thesis, so we will leave the detailed analysis in these cases to the
reader to avoid too much repetition.

3.22 Step2

It remains to show that D(¢;, ¢;,¢r) > 0 for all 1 <i < j <k <4 and D(¢;, ¢, ) >0
forsome 1 < i < j < k <4, when x € 0Q). If we assume that the numerical analysis in step
1 is correct, that is that D(¢s, ¢, ¢)(x) > 0 forall x € Q and for all 1 <i < j <k <4,
then we know that D(¢;, ¢;,¢r) > 0, when x € 0Q), for all 1 <i < j < k < 4. This
follows from the fact that D and ¢,, are continuous on the whole of Q. Since we already
know that D(¢;, ¢, ¢r) > 0forall 1 <i < j <k <4, we know from Theorem 2.2.2 that it
is sufficient to find one combination of 7, j, k such that D(¢;, ¢;, ¢x)(x) > 0 for all x € JQ).

First, we recall from section 2.1.2 that every x € 9Q can be written as
x = pvi + (1 — p)vig, (3.16)

for some p € [0,1] and I € {1,2,3,4}. We now want to prove that when x is as in
(3.16) for a given I, then D(¢_1, @1, ¢141) > 0. To simplify this, we will again look at

39



Chapter 3. Injectivity of mean value mappings

D(wy—1,wy, wi41), but this time we need to use the form of w; that holds for all of Q (see
equation (2.6)). We observe that

D(wl_l,wl, wl+1) = w1 Vw; X Vw1 + wVwipr X Vwy_g + w1 Vw—1 X V.
(3.17)

We recall from section 2.1.2 that when x = pv; + (1 — ) vyyq, then w;_; = 0. This means
that we can rewrite (3.17) as

D(wi—1,wy, wiy1) = wyVwigr X Vwi_y +wip Vwi—y X Vg

Vw1 Vay

= wlwl+1< ) x Vw_q. (3.18)

Wi+1 wy

We observe that (3.18) holds when wy, w11 # 0. Note, that in this case we only need
to show that D(w;_1,w;, wi1) # 0, since this implies that D(w;_1, w;, w;11) > 0. This
follows from the fact that D and w; are continuous and D(w;_1,w;, w;+1) > 0 when
x € ). We will now find expressions for Vw;_1, Vw; and Vw41, but before doing this
we will introduce some notation:

. di:Vi—X

o ri=|vi—x]

d;

[ ei:m

o Cij =Ti€
1/2
o« si=(rigaricn — digr - di)Y

o ki = (ririg1 +d; - digp)'/?

2(d? +d?)
o« g = ¢ , where (z,y) = x and (d¥,d?) = d;
&i.j (y(df + dg)) ( y) ( z)

Then we have that

Vw; = Vsikipikivo + 5i(VEipikivo + kit1 VEkiza),

where
1
Vsi=—(8i-1i+1 — Cit1i-1 — Ci—1,i+1 |,
282‘
and
1
Viki = - —8ii+1 — Cii+1 — Citli |
2k;

fori=10—-1,1,1+1.

W41 wy

We know that D(w;_1,w;, wiy1) # 0 if (Vw’“ — V“”) X Vw;_1 # 0. This is the

case if there does not exist an a € R\{0} such that

Vw1 Vg
Y Y aVuw_1,
Wi+1 wy
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3.3. Injectivity of mean value mappings between convex pentagons

for all p € (0,1). We will now check if this is the case.

Vuwi Vo AV, = Vi1 . Vi1 Vs Vg
W1 wy Si41 ki1 5 ki
—a- (klkl+1VSl_1 + Sl—l(kl+1Vkl + lekl+1))
k_
5 ki1
— Sl_l((kl_HaVkl + a/’Vkl+1)), (319)

where o' = kikj1a — ?2;1 and o’ = kja + (81711lirl ). It turns out that (3.19) is different

I+1
from zero for all a € R\{0} and p € (0,1). You can see this if you write out (3.19) and
use the fact that d; # b-d;, forall b € R and p € (0,1), when (4, j) # (I,{+1). Note, that
this follows from the fact that we have assumed that vq, vo, v3 and v4 are non-collinear.

3.2.3 Conclusion

We have in two steps checked if D(¢;, ¢j, ¢r)(x) > 0 forall 1 <i < j <k <4 and
D(i, 5, o) (x) > 0 for some 1 < i < j <k <4, forall x € Q. In step 1 we checked
for all x € @, and we were able to prove analytically that D(¢;, ¢;, i) (x) > 0 for all
1 <i < j <k <4 when X is the intersection between the diagonals in (). In all the other
cases in step 1 we relied on some numerical analyses, but these analyses indicated that
D(i, ¢, 1) (x) >0, for all 1 <i < j <k <4, when x € Q. In step 2 we proved that
D(p1—1, 1, d1+1)(x) > 0, for some [ € {1,2,3,4}, when x € 0Q, given that the numerical
analysis in step 1 was correct. With these assumptions we can therefore conclude that
mean value mappings between convex quadrilaterals are injective.

3.3 Injectivity of mean value mappings between convex pentagons

In [6], Floater and Kosinka showed by example that mean value mappings between convex
pentagons were not injective. We will now present an example of our own that shows that
mean value mappings between convex pentagons are not injective. So, let P be a strictly
convex polygon with five vertices, vy, vo, ..., vs, ordered anticlockwise. Furthermore,
let ¢1, ¢2, ..., ¢5 be the mean value coordinates as described in (2.4). We recall from
section 2.2.1, Theorem 2.2.3 that a necessary condition for injectivity was that

) D(¢i, ¢j, k) >0 in P,

r<i<s<j<t<k<n+r

for r,s,t satisfying 1 < r < s < t < n. Note that in this case, n = 5. If we can
find an example where this condition is not fulfilled, then we have proven that mean
value mappings between convex pentagons are not necessarily injective. To find one
example of this we wrote a code that first generated a random, convex pentagon.
Then we generated some points x in that given pentagon, and then we checked if
Yor<ics<j<t<k<str D(®i, &5, dx) > 0, for r,s,t satisfying 1 <r < s <t < 5. The reader
may find the code that we used to find a counterexample in this git repository!'. By
using this code, we were able to find an example where the condition in Theorem 2.2.3
was not fulfilled. We will now present this example.

"https://github.uio.no/agnethhk/Tests-mean-value-mappings.git
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Figure 3.4: Pentagon with vertices vi = (0.9,1), vo = (0.3,0.7), v3 = (0,0.4), v4 = (0.1,0) and
v = (1,0.13), where x = (0.25,0.6)

Example 3.3.1. Let P C R? be a pentagon with vertices vi = (0.9,1), v = (0.3,0.7),
vy = (0,04), v4 = (0.1,0) and vs = (1,0.13) (see figure 3.4). Moreover, let
x = (0.25,0.6) € P. By evaluating D(¢;, ¢;, ¢)(x) for the mean value coordinates
of P we obtain that

D(¢1, b2, ¢5)(x) = —19.61590501,
D(p1, b3, ¢5)(x) = 7.01491292,
D(p1, b4, ¢5)(x) = 0.68785952.

We then observe that

D(¢1, da, ¢5)(x) + D(¢1, 3, 5)(X) + D(d1, s, d5)(x) = —11.913132561694452.

As this value is negative, it violates the necessary condition of Theorem 2.2.3 for n =5,
r=1,s=2and ¢t =5. This again implies that mean value mappings between strictly
convex pentagons are not necessarily injective.
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Chapter 4

Concluding remarks

In this thesis we have investigated when mean value mappings between convex polygons
are injective. We recall that it was already shown by Floater and Kosinka [6] that all
barycentric mappings between triangles are injective, and they also found examples
where mean value mappings between convex pentagons were not injective, but it still
remained to find proof of whether mean value mappings between convex quadrilaterals
are injective. In this thesis we have been able to present an alternative proof of why
barycentric mappings between triangles in the plane are injective, and we have also found
a new example for why mean value mappings between convex pentagons in the plane are
not necessarily injective.

However, we recall that our main goal was to show that mean value mappings between
convex quadrilaterals in the plane are injective. In the case where x is the intersection
between the diagonals, we have been able to prove injectivity analytically, but in all other
cases we have relied on some numerical analysis. This analysis is still a step forward from
what was done in [6], and as we discuss in A.1.1, the numerical analysis is likely good
enough to conclude that mean value mappings between convex quadrilaterals in the plane
are injective. It is also worth noticing that we have been able to make an outline of a
proof that only depends on the angles a; and not the sizes of A, ,, and P, ,,. Therefore,
it might be possible to use this outline to make an analytical proof later on. During this
thesis we discovered some properties and we got some ideas on how it might be possible
to make an analytical proof. We will state these potential improvements and ideas:

1. Check if the analysis becomes more obvious if we rewrite some of the expressions.
In this thesis we have been operating with «; and %, for i = 1,2,3,4, but it
might be easier to analyse if we use the formulas for double angles on sin(«;) and
cos(a;), so we only need to operate with §t. In addition, it would be interesting
to see if we could find some more trigonometric properties that we could use in
the analysis. For instance, in this analysis, we could have used the fact that

tity = :g;((zllﬁ)) . Z?rf((zllg)) =1, when x € di. The analysis might become easier if we

implement these changes. In addition, there might be possible to find even more
properties that could be used to simplify the analysis, so it would be interesting to

investigate this further.

2. Check if the positive terms in f~ dominates the negative terms by using the
properties we derived in case 2-9 in step 1. Especially for the diagonals, it might
be possible to show analytically that all the positive terms in f~ dominates all
the negative terms. If we for instance take f~(Aj 2, A21) in Ry 23 for x € d;, we
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toty . 1 :
can observe that (t14+ta)(t2+t3) sin(or)sin(oa) dominates — (t1 +t2 751—i-tfj sin(ov) sm(a4
since a1 > a3 when x € d;. Since we are trying to analyse a combination of dot

products and cross products, some analyses become a bit tricky, but by using some
trigonometric properties, as for instance formulas for double angles, it might be
possible to get an analytical result with this method.

3. Check if it is possible to find out where f~ has its minimum for different A, ,,,
where n,m € {1,2,3,4}. If we can find out where f~ (A, m, Am ) has its minimum,
when A, ,, > 0, we can check if f~ is positive in this case, and we would then be
able to prove that mean value mappings are injective between convex quadrilaterals.
It might be a bit tricky to find the minimum of f~ analytically, especially for
x € {Q1UQ2UQ3UQ4}, but it might be easier to find the minimum of f~ on the
diagonals, since f~ only depends on two variables in this case, so this could be a
good starting point.

It is also of great interest to analyse closer how f~ behaves. By doing this it might be
possible to prove that the numerical method used in this thesis is good enough to conclude
that mean value mappings between convex quadrilaterals in the plane are injective.

Future research

In the future it might be of interest to check if it is possible to make a completely
analytical proof that mean value mappings between convex quadrilaterals are injective.
In addition, it would be interesting to investigate if mean value mappings between
non-convex quadrilaterals are injective. The main advantage with mean value coordinates
versus for instance Wachspress coordinates, is that mean value coordinates are also
well-defined for star-shaped polygons, so it could therefore be of interest to do some
analysis to check if mean value mappings between star-shaped quadrilaterals could be
injective.
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Appendix A

Presentation of numerical method and
test results for R 9 3

In this appendix we will present the code and the tests from the numerical analysis we
presented in section 3.2. This appendix is structured as follows: Section A.1 presents the
numerical method we have used in our tests and section A.2 presents the results of the
numerical test runs.

A.1  Numerical test method

Before we present the numerical method that we have used to analyse the different
expressions in section 3.2, we will recall some notation from that section:

. R17273 =Rs x R3+ R3 x R; + R1 x Ry, where R, is as in (27)
e d; is the line from v; to the intersection between the diagonals, for i = 1,2, 3, 4.

o« Ay = (Vn—%) V=) for n,m € {1,2,3,4}.

Va2 X Tvm—x)I7"

. _ _ve=x)  (vm—x)

Pom = o T2 = for n,m € {1,2,3,4}.

o f7(z,y) is a function that return the factors in front of expression x minus the
factors in front of expression y.

A.1.1 Idea behind the numerical method

Our goal is to make a numerical method that can check if f~ is positive. Before we de-
scribe our method, we observe that f~(Ay m, Am.n), for n,m € {1,2,3,4}, is a continuous
function. This follows from the fact that f~ (A, m, Amn) is a sum of terms containing a
combination of trigonometric functions. Since it is a well known fact that trigonometric
functions are continuous, and that the product and quotient of continuous functions are
continuous, it follows that f~ (A, m, Amn) is continuous for all n,m € {1,2,3,4}.

We will begin our numerical analysis by writing a function that finds the numerical
derivative to f~. We will then use this function to calculate the numerical derivative to
f~ for given values of o, for i =1,...,4. We will then for a given ¢ change a; with some
small interval, and then save the derivatives in a list. When we have calculated three
consecutive, numerical derivatives g1, g2 and g3 in the points pi, p2, and p3, we will
check if g1, g2 < 0 and g3 > 0. If this is the case, we know that in the interval [ps, p3],
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f~ + g1 - step length

Figure A.1: Visualization of how we use the numerical derivative to check if f~ is positive

f~ will have at least one minima, since we know that f~ is a continuous function. If
we make an assumption that f~ has exactly one minima in the interval [p2, p3], and
assume that the derivative of f~ is increasing in the interval [p1,local minimal, then we
can make a numerical test that guarantees that f~ is greater than or equal to zero. We
note that if this assumption holds, then g; < go when g1, go <0 and g3 > 0. Then we
know that the minima have to be in the interval [po, p3]. In addition, we know from
assumption that the derivative in every point in this interval must be greater than g;.
Therefore, if f~(Anm, Amn)(P2) > g1 - |P3 — p2|, for some n,m € {1,2,3,4} that satisfy
Apm > 0, this implies that the minima of f~ in the interval [pg, p3] is greater than or
equal to zero. You can see an illustartion of this in figure A.1. In the code we will actually
test if f~ is strictly greater than zero, since we need this to be fulfilled for at least one
combination of 4, j, k, where 1 <1i < j < k < 4. We will also make some modifications to
this idea when we implement the code, in case our assumption does not hold. We will
explain these modifications in A.1.2.

The question now is if we can guarantee that all intervals on the form [p;, p;+2], where
Ji, gi+1 < 0 and g; 12 > 0, have exactly one minima, and that the derivative in the interval
[pi, local minima)] is increasing. We know that all the expressions that we are going to
analyse are a combination of trigonometric functions, so intuitively it seems reasonable
to assume that all intervals on the form [p;, pi+2], where g;,g;41 < 0 and g;y2 > 0,
have exactly one minima, and that the derivative in the interval [p;, local minima] is
increasing, if we choose small enough intervals. Nevertheless, it is easier said than done
to prove this analytically. We will therefore in this thesis assume that this claim holds.
In figure A.2 you can see a plot of f7(Aq2,A21) in Ry 23, and we observe that this plot
seems to support our claim.
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f~(A1,2,A2,1)

Figure A.2: Plot of f_(A1727 Ag)l) in R1,273

A.1.2 Code

All code is written in Python version 3.8.5. You can find the code below, and the test
runs will be documented in the section A.2.

For all code we begin with importing some functionality from NumPy, version 1.23.3:
import numpy as np

from numpy import cos, tan, sin, pi

Code for x € {d; Uds}:
We start by defining two functions that calculate the numerical derivative of f~ with
respect to a1 and ay respectively.

def derivative_al(f, a4, al_list):
return (f(al_list[1], a4)-f(al_list[0], a4))/(al_list[1]-al_1list[0])

def derivative_ad(f, al, ad4_list):
return (f(al, a4_list[1])-f(al, a4_1list[0]))/(a4_list[1]-a4_1list [0])

Both functions use the first-order backward difference approximation (see e.g. [18]) to
approximate the derivative of f~ with respect to a; and ay.

Second, we define a function that will append the the derivative we calculate to a
list, while ensuring that the list only contains three consecutive derivatives.

def append_derivates(derivates, g):

if len(derivates) < 3:
derivates.append(g)
return derivates

else:
del derivates [0]
derivates.append (g)
return derivates

Next, we will need a function that checks if the derivatives in the list satisfy the claim
from A.1.1, and then returns the derivative we are going use. Note that when g < 0 and
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g3 > 0, we will return min(g1, g2). According to the idea we explained earlier we should
return g1, but if we have not chosen a small enough interval, we might get some cases
where g1,93 > 0 and g < 0. If this is the case, we still know that there exists at least
one minima between the points with derivative g and g3, so in this case we would like
our function to return g,. In addition, we would like our function to return g if it turns
out that the derivative is not increasing in the interval [p;, local minimal, as we have
assumed, so to make our code a bit more robust, we will check if go < ¢;.

If all the derivatives in the list are negative, we assume that f~ does not have a
minima in this interval, and we will then return gs. If both go, g3 > 0 we have that f~ is
increasing, so in this case we are only interested in checking the function value of f~, so
our function will in this case return zero.

def find_derivative(derivates):

if len(derivates) == 1:
gl = derivates[0]; g2 = 0; g3 = 0;
elif len(derivates) == 2:

gl = derivates[0]; g2
if gl <=0 and g2 >= O0:
return gi
elif g2<=0:
return g2
else:
return O

derivates [1]; g3 = 0;

else:
gl = derivates[0]; g2 = derivates[1]; g3 = derivates[2];

if g2<=0 and g3>=0:
if gl < g2:
return gl

else:
return g2

elif g1<0 and g2<0 and g3<0:
return g3

else:
return O

To save computation time, we will write two functions that partition problematic
intervals into smaller intervals. We will call these functions warningal and warninga4.
These functions will be called if f~ 4+ min(0, g1, g2, g3) - step size < 0. We will then
partition the given interval into smaller intervals, and check if the claim is still invalidated.

def warningal(f, al_start, al_end, a4, step = 100):
al_list = np.linspace(al_start, al_end, step)
stepsize = (al_end-al_start)/(step-1)
derivatives = []

foundException = False
errorMessage = []
for i in range(l, len(al_list)-1):
derivate = derivative_al(f, a4, [al_list[i-1], al_list[i+1]1]1)
derivatives = append_derivates(derivatives, derivate)
minDerivative = find_derivative(derivatives)
if f(al_list[i-1], a4)+minDerivative*stepsize <= 0:
if step <= 800:
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foundException, errorMessage = warningal (f, al_start,
al_end, a4, 2*step)

return foundException, errorMessage

else:

errorMessage.append (f’{minDerivative*stepsize} {f(al_list
[il, a4)}, {a1_list[il}, {a4l}’)

foundException = True
return foundException, errorMessage

def warninga4(f, a4_start, a4_end, al, step = 100):
a4_list = np.linspace(ad4_start, a4d_end, step)
stepsize = (a4_end-a4_start)/(step-1)
derivatives = []

foundException = False
errorMessage = []
for i in range(l, len(a4_list)-1):
derivate = derivative_a4(f, al, [ad4_list[i-1], ad4_list[i+1]1]1)
derivatives = append_derivates (derivatives, derivate)
minDerivative = find_derivative(derivatives)
if f(al, a4_list[i-1])+minDerivative*stepsize <= O0:
if step <= 800:
foundException, errorMessage = warninga4(f, a4_start,
a4_end, al, 2*step)
return foundException, errorMessage
else:
errorMessage.append (f’{minDerivative*stepsize} {f(al,
a4d_list[il)}, {atl}, {a4_list[il}’)
foundException = True
return foundException, errorMessage

Last, we need two functions that check if f~ > find_derivative-step size, where
step size is the length between each «;, for i = 1,4 respectively. This function will
raise a warning if we might have some problems when we approach the limits of a; or
ay. If these warnings are printed in the terminal we will check the limits analytically in
the test section.

def al_check(f, step, a4_list, diagonal):
for a4 in a4_list[1:-1]:

if diagomal == ’dl’:
al_list = np.linspace(pi-a4, pi, step)
elif diagomnal == ’d3’:

al_list = np.linspace(0, pi-a4, step)

first_i = True
last_i = True
derivatives = []

stepsize = (al_list[-1]-al1_1list[0])/(step-1)
for i in range(2, len(al_list[2:-1])):

if al_list[i] !'= 0 and al_list[i] != pi:
derivate = derivative_al(f, a4, [al_list[i-1], ail_list[i
+111)
derivatives = append_derivates (derivatives, derivate)
minDerivative = find_derivative(derivatives)
if f(al_list[i-1], a4)+minDerivativex*stepsize <= 0:
foundException, errorMessage = warninga4(f, al_list[i

-11, al_list[i+1], a4)
if foundException:
if i == 2:
if first_i:
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print ("For x in", diagomnal,
limits when al -> 0")

first_i = False
elif i == len(al_list[2:])-1:
if last_i:

print ("For x in", diagonal,
limits when al -> pi")
last_i = False
elif a4 == a4_1list[1]:
print ("For x in", diagonal, ":
when a4 -> 0")

[
=

bre
elif a4 == ad4_list[-2]:
print ("For x in", diagomnal, ":

when a4 -> pi")
break
else:
print (errorMessage)

def a4_check(f, step, al_list, diagonal):
for al in al_list[1:-1]:
if diagomnal == ’dil’:
ad_list np.linspace(pi - al, pi, step)
elif diagomnal == ’d3’:
a4_list = np.linspace(0, pi-al, step)

first_i = True
last_i = True
derivatives = []

stepsize = (a4_list[-1]-a4_1ist[0])/(step-1)
for i in range(2, len(a4_list[2:-1]1)):
if a4_list[i] != 0 and a4_list[i] != pi:

": Check

": Check

Check limits

Check limits

derivate = derivative_ad4(f, al, [a4_list[i-1], a4_list[i

+111)

derivatives = append_derivates (derivatives,

minDerivative = find_derivative(derivatives)

derivate)

if f(al, a4_list[i-1])+minDerivative*stepsize <= O0:
foundException, errorMessage = warningal(f, a4_list[i

-1], a4_list[i+1], ail)
if foundException:
if i == 2:
if first_i:
print ("For x in", diagonal,
limits when a1l -> 0")

first_i = False
elif i == len(al_list[2:]1)-1:
if last_i:
print ("For x in", diagomnal,
limits when al -> pi")
last_i = False
elif a4 == a4_list[1]:

print ("For x in", diagonal, ":

when a4 -> 0")

o

brea
elif a4

= ad4_list[-2]:

print("For x in", diagomnal, ":

when a4 -> pi")
break
RIEE 8
print (errorMessage)
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A.1. Numerical test method

Now it remains to make a function that tests for different values of o1 and ay.

I def testdl1d3(f, twoAngles = False):
2 step = 1000
alphal_list = np.linspace(0, pi, step)

5 a4_check(f, step, alphal_list, ’dl’)

7 alpha4_list = np.linspace (0, pi, step)
8 al_check(f, step, alpha4_list, ’dl’)

10 alphal_list = np.linspace (0, pi, step)

11 if twoAngles:

12 a4_check(lambda al, a4: -f(al, a4), step, alphal_list, ’d3’)
13 else:

14 a4_check(f, step, alphal_list, ’d3’)

16 alpha4_list = np.linspace (0, pi, step)

17 if twoAngles:

18 al_check(lambda al, a4: -f(al, a4), step, alphad4_list, ’d3’)
19 else:

0 al_check(f, step, alpha4_list, ’d3’)

2 return ’Done’

Code for x € {dy Udy}:

We will reuse some of the code from when x € {d; U dz}, namely the functions
derivative_al, append_derivative and find_derivative. So, the first code we need
for x € {da Udy} is a way of finding the numerical derivative with respect to ao.

| def derivative_a2(f, al, a2_list):
2 return (f(a2_1list[1], al1)-f(a2_1list[0], al1))/(a2_1list[1]-a2_list[0])

As for the case where x € {d; Ud3}, we need two warning functions.

1 def warningal(f, al_start, al_end, a2, step = 100):

2 al_list = np.linspace(al_start, al_end, step)

3 stepsize = (al_end-al_start)/(step-1)

I derivatives = []

6 foundException = False

7 errorMessage = []

8 for i in range(l, len(al_list)-1):

9 derivate = derivative_al(f, a2, [al_list[i-1], ail_list[i+1]1])

10 derivatives = append_derivates(derivatives, derivate)

11 minDerivative = find_derivative(derivatives)

12 if f(al_list[i-1], a2)+minDerivative*stepsize <= 0:

13 if step <= 800:

14 foundException, errorMessage = warningal(f, al_start,
al_end, a2, 2*step)

5 return foundException, errorMessage

16 else:

17 errorMessage.append (f’{minDerivative*stepsize} {f(al_list
[i], a2)}, {ail_list[il}, {a2}’)

18 foundException = True

19 return foundException, errorMessage

| def warninga2(f, a2_start, a2_end, al, step=100):
2 a2_list = np.linspace(a2_start, a2_end, step)
23 stepsize = (a2_end-a2_start)/(step-1)

| derivatives = []
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foundException = False
errorMessage = []
for i in range(l, len(a2_list)-1):
derivate = derivative_a2(f, al, [a2_list[i-1], a2 _list[i+1]1])
derivatives = append_derivates(derivatives, derivate)
minDerivative = find_derivative(derivatives)
if f(al, a2_list[i-1])+minDerivative*stepsize <= 0:
if step <= 800:
foundException, errorMessage = warninga2(f, a2_start,
a2_end, al, 2*step)
return foundException, errorMessage
else:
errorMessage.append (f’{minDerivative*stepsize} {f(al,
a2_list[il)}, {at1}, {a2_1list[il}’)
foundException = True
return foundException, errorMessage

Next, we will need a way of checking if f~ > find_derivative - step size.

def al_check(f, step, a2_list, diagonal):
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first_i = True
last_i = True

for a2 in a2_list[1:-1]:

if diagomnal == ’d2’:
al_list = np.linspace(pi-a2, pi, step)
elif diagomnal == ’d4’:

al_list = np.linspace(0, pi-a2, step)

derivatives = []
stepsize = (al_list[-1]-al1_1list[0])/(step-1)
for i in range(2, len(al_list[2:-1]1)):

if al_list[i] !'= 0 and al_list[i] != pi:
derivate = derivative_al(f, a2, [al_list[i-1], ail_list[i
+111)
derivatives = append_derivates (derivatives, derivate)
minDerivative = find_derivative(derivatives)
if f(al_list[i-1], a2)+minDerivativex*stepsize <= O0:
foundException, errorMessage = warningal(f, al_list[i

-1], al_list[i+1], a2)
if foundException:

if i == 2:
if first_i:
print ("For x in", diagomnal, ": Check
limits when a1l -> 0")
first_i = False
elif i == len(al_list[2:]1)-1:
if last_i:
print ("For x in", diagomnal, ": Check
limits when al -> pi")
last_i = False
elif a2 == a2_list[1]:
print ("For x in", diagomal, ": Check limits
when a2 -> 0")
break
elif a2 == a2_list[-2]:
print ("For x in", diagomal, ": Check limits
when a2 -> pi")
break
else:

print (errorMessage)
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def a2_check(f, step, al_list, diagonal):
first_i = True
last_i = True
for al in al_list[1:-1]:
if diagomal == ’d2’:
a2_list = np.linspace(pi - al, pi, step)
elif diagonal == ’d4’:
a2_list = np.linspace(0, pi-al, step)
derivatives = []

stepsize = (a2_list[-1]1-a2_1ist[0])/(step-1)
for i in range(2, len(a2_list[2:-1]1)):

if a2_list[i-1] != 0 and a2_list[i] != pi:

Numerical test method

derivate = derivative_a2(f, al, [a2_list[i-1], a2_list[i
+111)
derivatives = append_derivates (derivatives, derivate)
minDerivative = find_derivative (derivatives)
if f(al, a2_list[i-1])+minDerivative*stepsize <= 0:
foundException, errorMessage = warninga2(f, a2_list[i
-11, a2_list[i+1], al)
if foundException:
if i == 2:
if first_i:
print ("For x in", diagomnal, ": Check
limits when a2 -> 0")
first_i = False
elif i == len(a2_list[2:])-1:
if last_i:
print ("For x in", diagomnal, ": Check
limits when a2 -> pi")
last_i = False
elif al == al_list[1]:
print ("For x in", diagomnal, ": Check limits
when a1l -> 0")
break
elif al == al_list[-2]:
print ("For x in", diagomal, ": Check limits
when al -> pi")
break
else:

print (errorMessage)

Last, we will make a function that calls the functions al_check and a2_check for

different values of ao and ag, respectively.

def testd2d4(f, twoAngles = False):

step = 1000
alphal_list = np.linspace (0, pi, step)
a2_check(f, step, alphal_list, ’d2’)
alpha2_list = np.linspace (0, pi, step)
al_check(f, step, alpha2_list, ’d2’)
alphal_list = np.linspace (0, pi, step)
if twoAngles:

a2_check(lambda al, a2: -f(al, a2), step,
else:

a2_check(f, step, alphal_list, ’d4’)

alphal_1list,

1d4))
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alpha2_list = np.linspace (0, pi, step)
if twoAngles:

al_check(lambda al, a2: -f(al, a2), step, alpha2_list, ’d4’)
else:

al_check(f, step, alpha2_list, ’d4’)

return ’Done’

Code for x € {Q1 U Q2 U Q3 U Q4}:

The code for x € {Q1 U Q2 U Q3 U Q4} will build on the same principles as the code
for x € {d; Uds} and x € {d2 U ds}, but the code will be quite a lot longer than for
the previous cases. Since these principles already have been described in detail for
x € {d1 Uds} and x € {da Ud4}, we will skip commenting this case further. The reader
may find the code that is used in this case in this git repository®.

A.2 Testing

All tests were done on an Intel Core i5 with 1.1 GHz and 4 Cores on a macOS Server
with 8GB RAM.

A.21 Runsforx € d; andx € d;
Numerical analysis of f~(A4,1, A1.4):
Code:

def testAd41(al, a4d):
tl = tan(al/2); t2 = tan(pi/2-al/2)

t3 = tan(pi/2-a4/2); t4 = tan(a4/2)

terml = (t1xt4)/((t1+t2)*(t1+t4))*1/(sin(al)*sin(ad))
term2 = (t3*t4)/((t2+t3)*x(t1+t4))*1/(sin(ad) *x*2)
term3 = (t1*t3)/((t1+t2)*(t2+t3))*1/(sin(al)*sin(ad))
term4 = t3/(t2+t3)*cos(a4)/(sin(ad) *x*2)

term5 = (t1*t3)/((t1+t4)*(t2+t3))*1/(sin(al)*sin(ad))
return terml + term2+ term3 + term4 - termb

3 print (testd1d3(testA41l))

Output: Done

Numerical analysis of f~(Aj 2, A21):
Code:
def testAl12(al, a4d):

t1 = tan(al/2); t2 = tan(pi/2-al/2)
t3 tan(pi/2-a4/2); t4 = tan(ad/2)

terml = t4*x(t1-t2)/((t1+t2)*(t1+t4)) *1/(sin(al)*sin(ad))
term2 = (t1xt2)/((t1+t2)*x(t1+t4)) *1/(sin(al) **2)

term3 = 1

term4 = (t2*t4)/((t1+t4)*(t2+t3)) *1/(sin(al)*sin(ad))
termb = (t1xt2)/((t1+t2)*(t2+t3)) *1/(sin(al) **2)

term6 = t4/(tl+t4)*cos(al)/(sin(al)*sin(ad))

term7 = t2/(t1+t2)*cos(al)/(sin(al) **2)

"https://github.uio.no/agnethhk /Tests-mean-value-mappings.git
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A.2. Testing

term8 (t1%t2) /((t2+t3) *(t1+t4)) *1/(sin(al) *%2)

term9 = t2/(t2+t3)*cos(al)/(sin(al) **2)

term10 = t1/(t1+t4)*cos(al)/(sin(al) *x*2)

terml1l = t1/(t1+t2)*cos(al)/(sin(al) **2)

return terml + term2 + term3 + term4 - termb + term6 + term7 - term8
- term9 - terml0 - termlil

; print (testd1d3(testAl12))

Output: Done

Numerical analysis of f~(Az3, A32):
Code:
def testA23(al, a4d):

tl = tan(al/2); t2 = tan(pi/2-al/2)
t3 = tan(pi/2-a4/2); t4 = tan(ad/2)

terml = (t1*t2)/((t1+t2)*(t1+t4))*1/(sin(al) *x*2)

term2 = (t1*t3)/((t2+t3)*(t1+t4))*1/(sin(al)*sin(ad))

term3 = (t1*t2)/((t1+t2)*(t2+t3))*1/(sin(al) **2)

term4 = (t2*t3)/((t1+t2)*(t2+t3))*1/(sin(al)*sin(ad))

termb5 = 1

term6 = cos(al)/(sin(al)**2)*x(t1/(t1+t4)+t2/(t1+t2)+t2/(t2+t3))
term7 = (t1*t2)/((t2+t3)*(t1+t4))*1/(sin(al) *x*2)

term8 = (t1*t3)/((t1+t2)*(t2+t3))*1/(sin(al)*sin(ad))

term9 = cos(al)/sin(al)*(t3/(t2+t3)*1/sin(ad)+t1/(t1+t2)*1/sin(al))

return terml + term2 + term3 + term4 + term5 + term6 - term7 -term8 -
term9

print (testd1d3(testA23))

Output: Done

Numerical analysis of f~(Ag4, A42):
Code:
def testA24(al, a4d):

tl = tan(al/2); t2 = tan(pi/2-al/2)
t3 tan(pi/2-a4/2); t4 = tan(a4/2)

terml = (t2*t4)/((t2+t3)*(t1+t4))*1/(sin(al)*sin(ad))
term2 = (t1*t3)/((t1+t2)*(t2+t3))*1/(sin(al)*sin(ad))
term3 = (t1*t4)/((t1+t2)*x(t1+t4))*1/(sin(al)*sin(a4))
term4d = (t2*xt4)/((t1+t4)*(t1+t2))*1/(sin(al)*sin(ad))
term5 = (t1*t3)/((t2+t3)*x(t1+t4))*1/(sin(al)*sin(a4))
term6 = (t2*t3)/((t1+t2)*x(t2+t3))*1/(sin(al)*sin(a4))
term7 = cos(2*pi-al-a4)/(sin(2*pi-al-a4)+*sin(a4))*td/(t1+t4)
term8 = cos(2*pi-al-a4)/(sin(2*xpi-al-a4)*sin(ad))*t3/(t2+t3)

return terml + term2 + term3 - term4 - termb - term6 - term7 - term8

print (testd1d3 (testA24, True))

Output: Done
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analysis of fﬁ (A374, A473):

Code:

def testA
tl =
t3

termil
term?2
term3
termé
termb

34(al, a4):
tan(al/2); t2 = tan(pi/2-al/2)
tan(pi/2-a4/2); t4 = tan(ad/2)

= (t2*t4) /((t1+t2)*(t1+t4))*1/(sin(al)*sin(a4))
= (t3*t4)/((t2+t3)*x(t1+t4)) *x1/(sin(ad) **2)

= (t2*t3)/((t1+t2)*(t2+t3))*1/(sin(al)*sin(a4))
= (t2*xt4)/((t2+t3)*x(t1+t4))*1/(sin(al)*sin(a4))
= cos(ad)/(sin(ad)**x2) xt4d/(t1+t4)

return terml + term2 + term3 - term4 - termb

3 print(tes

td1d3 (testA34))

Output: Done

Numerical

analysis of f*(Py3):

Code:

def testP
tl =
t3

termil
term?2
term3
termé
termb

if ail
t
else:
t

13(al, a4):
tan(al/2); t2 = tan(pi/2-al/2)
tan(pi/2-a4/2); t4 = tan(ad/2)

= t2/(t2+t3)*1/sin(al)
= t1/(t1+t4)*1/sin(al)
= 1/sin(al)

= t3/(t2+t3)*1/sin(a4d)
= t4/(t1+t4)*1/sin(a4d)

< pi/2:
erm6 = 1/sin(al)*t1/(t1+t2)

erm6 = 1/sin(al)*t2/(t1+t2)

return -(terml + term2 - term3 - term4 - termb5) + terméb

print (tes

td1d3 (testP13))

Output: Done

A2.2 Runsforx e€d,andx € d,

Numerical analysis of f~(As1,A13) and f~(A13,A31):

Code:

def testA31(al, a2):
tl = tan(al/2); t2 = tan(a2/2)
t3 = tan(pi/2-a2/2); t4 = tan(pi/2-al/2)
terml = t2*(t1-t4)/((t1+t2)*(t1+t4))*1/(sin(al)*sin(a2))
term2 = t2%(t4-t1)/((t2+t3)*(t1+t4))*1/(sin(al)*sin(a2))
term3 = t3*x(t1-t4)/((t2+t3)*(t1+t4))*1/(sin(al)*sin(a2))
term4d = t1*(t2-t3)/((t1+t2)*(t2+t3))*1/(sin(al)*sin(a2))
termb = 1
term6 = cos(al+a2)/sin(al+a2)*t2/(t1+t2)*1/sin(a2)
term7 = cos(al+a2)/sin(al+a2)*t1/(t1+t2)*1/sin(al)
term8 = cos(al+a2)/sin(al+a2)*(t2-t3)/(t2+t3)*1/sin(a2)
term9 = cos(al+a2)/sin(al+a2)*(t1-t4)/(t1+t4)*1/sin(al)
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return terml + term2 + term3 + term4 + termb + term6 + term7
- term9

print (testd2d4 (testA31, True))

Output: Done

Numerical analysis of f~(A4,1, A1.4):

Code:

def testA41(al, a2):
tl = tan(al/2); t2 = tan(a2/2)
t3 = tan(pi/2-a2/2); t4 = tan(pi/2-al/2)

terml = t3*(t4-t1)/((t2+t3)*(t1+t4))*1/(sin(al)*sin(a2))
term2 = (t1*t3)/((t1+t2)*(t2+t3))*1/(sin(al)*sin(a2))
term3 = (t1*t4)/((t1+t2)*x(t1+t4))*1/(sin(al) **2)

term4 = cos(al)/(sin(al)*sin(a2))*t3/(t2+t3)

return terml + term2 + term3 - termé

print (testd2d4 (testA41))

Output: Done

Numerical analysis of terms containing A; » and A ;:

Code:

def testAl12(al, a2):
tl = tan(al/2); t2 = tan(a2/2)
t3 tan(pi/2-a2/2); t4 = tan(pi/2-al/2)

terml = (t1xt4)/((t1+t2)*x(t1+t4)) *1/(sin(al) **2)

term2 = t2*x(t1-t4)/((t1+t2)*(t1+t4)) *1/(sin(al)*sin(a2))
term3 = 1

term4d = t2*(td-t1)/((t2+t3)*(t1+t4)) *1/(sin(al)*sin(a2))
term5 = cos(al)/(sin(al)*sin(a2))*x(td-t1)/(t1+t4)

term6 = cos(al)/(sin(al)*sin(a2))*t2/(t1+t2)

term7 = cos(al)/(sin(al)**2)*xt1/(t1+t2)

term8 = cos(al)/(sin(al)*sin(a2))*t2/(t2+t3)

return terml + term2 + term3 + term4 + termb5 + term6 - term7

print (testd2d4 (testAl12))

Output: Done

Numerical analysis of terms containing Az 3 and As o:
Code:

def testA23(al, a2):
tl1 = tan(al/2); t2 = tan(a2/2)
t3 = tan(pi/2-a2/2); t4 = tan(pi/2-al/2)

terml = (t1*t2)/((t1+t2)*x(t1+t4)) *1/(sin(al)*sin(a2))
term2 = t1x(t3-t2)/((t2+t3)*(t1+t4)) *1/(sin(al)*sin(a2))
term3 = t1*(t2-t3)/((t1+t2)*(t2+t3)) *1/(sin(al)*sin(a2))
termd = (t2*t3)/((t1+t2)*x(t2+t3)) *1/(sin(a2) **2)

termb = 1

term6 = cos(a2)/(sin(a2)*sin(al))*t1/(t1+t2)

A.2. Testi

- term8

- term8

ng
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11 term7 = cos(a2)/(sin(a2)**2) *(t3-t2)/(t2+t3)

12 term8 = cos(a2)/(sin(a2)*sin(al))*t1/(t1+t4d)

13 term9 = cos(a2)/(sin(a2)**x2)*t2/(t1+t2)

14

15 return terml + term2 + term3 + term4 + termb + term6 + term7 - term8
- term9

17 print (testd2d4 (testA23))

Output: Done

Numerical analysis of f~(Az.4, As3):
Code:
1 def testA34(al, a2):

2 tl = tan(al/2); t2 = tan(a2/2)
: t3 = tan(pi/2-a2/2); t4 = tan(pi/2-al/2)

5 terml = (t2*t4)/((t1+t2)*(t1+t4)) *1/(sin(al)*sin(a2))

6 term2 = t4*x(t3-t2)/((t2+t3)*x(t1+t4)) *1/(sin(al)*sin(a2))
7 term3 = (t2*t3)/((t1+t2)*(t2+t3)) *1/(sin(a2) **2)

8 term4 = cos(a2)/(sin(al)*sin(a2))*t4/(t1+t4)

10 return terml + term2 + term3 - terméd

12 print (testd2d4 (testA34))

Output: Done

A2.3 Runsforx € {QUQ,UQ3UQ,}

Numerical analysis of terms containing A; 2, A2 1 and P »:

1 def testAl12(al, a2, a3, a4):

2 tl = tan(al/2); t2 = tan(a2/2)
3 t3 = tan(a3/2); t4 = tan(ad/2)
4

5 terml = (t1*td)/((t1+t2)*(t1+t4))*1/(sin(al)*sin(ad))
6 term2 = (t1*t2)/((t1+t2)*x(t1+t4))*1/(sin(al)*sin(a2))
7 term3 = 1

8 term4 = (t2*xt4)/((t2+t3)*(t1+t4))*1/(sin(a2)*sin(ad))
9 term5 = (t1*t2)/((t1+t2)*(t2+t3))*1/(sin(al)*sin(a2))
10 term6 = (t2*xt4)/((t1+t2)*(t1+t4))*1/(sin(a2)*sin(ad))
11 term7 = (t1*t2)/((t2+t3)*(t1+t4))*1/(sin(al)*sin(a2))
12 term8 = cos(al)/(sin(al)*sin(ad))*t4/(t1+t4d)

13 term9 = cos(al)/(sin(al)*sin(a2))*t2/(t1+t2)

14 term10 cos(al)/(sin(al) **2)*xt1/(t1+t4)

15 termil cos(al)/(sin(al) **2) *t1/(t1+t2)

16 terml2 cos(al)/(sin(al)*sin(a2))*t2/(t2+t3)

18 return terml + term2 + term3 + term4 + termb - term6 - term7 \
19 +term8 + term9 - termlO0 - termll - terml2

I print (testQl(testAl12))
2> print (testQ2(testAl12))
3 print (testQ3(testAl12))
. print(testQ4 (testAl12))

NN NN N

Output:
Done
Done
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Done
Done

Numerical analysis of terms containing A; 3, 431 and P 3:

def testA13(al, a2, a3, a4):

tl = tan(al/2); t2 = tan(a2/2)

t3 = tan(a3/2); t4 = tan(a4/2)

#A_(3,1) - terms

terml = (t1*t2)/((t1+t2)*(t1+t4))*1/(sin(al)*sin(a2))
term2 = (t2*t4)/((t2+t3)*(t1+t4))*1/(sin(a2)*sin(ad))
term3 = (t1*t3)/((t2+t3)*(t1+t4))*1/(sin(al)*sin(a3))
term4 = 1

term5 = (t1*t2)/((t1+t2)*(t2+t3))*1/(sin(al)*sin(a2))
sumA31 = terml + term2 + term3 + term4 + termb
#A_(1,3) - terms

term6 = (t2*t4)/((t1+t2)*(t1+t4))*1/(sin(a2)*sin(ad))
term7 = (t1*t2)/((t2+t3)*(t1+t4))*1/(sin(al)*sin(a2))
term8 = (t3*t4)/((t2+t3)*(t1+t4))*1/(sin(a3)*sin(ad))
term9 = (t1*t3)/((t1+t2)*(t2+t3))*1/(sin(al)*sin(a3))
sumA13 = term6 + term7 + term8 + term9

#Converted P_(1,3)-terms

term9 = cos(al+a2)/(sin(al+a2)*sin(a2))*t2/(t2+t3)
term10 = cos(al+a2)/(sin(al+a2)*sin(al))*t1/(t1+t4)
termll = -cos(al+a2)/(sin(al+a2)*sin(a2))*t2/(t1+t2)
terml12 = -cos(al+a2)/(sin(al+a2)*sin(a3))*t3/(t2+t3)
term13 = -cos(al+a2)/(sin(al+a2)*sin(a4d))*td/(t1+t4)
terml14 = -cos(al+a2)/(sin(al+a2)*sin(al))*xt1/(t1+t2)
sumP13 = term9 + terml0 + termll + terml2 + terml3d + termléd
if al+a2 < pi:
return sumA13 - sumA31 + sumP13

elif al+a2 > pi:
return sumA31 - sumAl1l3 - sumP13

print (testQ1l (testAl13))
print (testQ2(testA13))
print (testQ3(testAl13))
print (testQ4 (testAl13))

Output:

Done
Done
Done
Done

Numerical analysis of terms containing Ay 3, Az 2 and P 3:

def testA23(al, a2, a3, a4d):
tl = tan(al/2); t2 = tan(a2/2)

©&

termi
term?2
term3
terméd

tan(a3/2); t4

tan(a4/2)

(t1*t2) /((t1+t2)*x(t1+t4))*x1/(sin(al)*sin(a2))
(t1*t3)/((t2+t3)*(t1+t4))*1/(sin(al)*sin(a3))
(t1%t2) /((t1+t2) *x(t2+t3)) *1/(sin(al) *sin(a2))
(t2*t3)/((t1+t2)*(t2+t3))*1/(sin(a2)*sin(a3))

A.2. Testing
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Appendix A. Presentation of numerical method and test results for R 2 3

termb = 1

term6 = (t1*t2)/((t2+t3)*(t1+t4))*1/(sin(al)*sin(a2))
term7 = (t1*t3)/((t1+t2)*(t2+t3))*1/(sin(al)*sin(a3))
term8 = cos(a2)/(sin(a2)*sin(al))*t1/(t1+t2)

term9 = cos(a2)/(sin(a2)*sin(a3))*t3/(t2+t3)

term10 cos(a2)/(sin(a2)*sin(al))*t1/(t1+t4)

termlil cos(a2)/(sin(a2)*sin(a2))*t2/(t1+t2)

termi12 cos(a2)/(sin(a2)*sin(a2))*t2/(t2+t3)

return terml + term2 + term3 + term4 + termb5 - term6 - term7 \
+term8 + term9 - terml0 - termll - terml2

print (testQ1(testA23))
print (testQ2(testA23))

23 print (testQ3(testA23))

print (testQ4 (testA23))

Output:
Done
Done
Done
Done

Numerical analysis of terms containing A 4, A42 and P 4:

def testA24(al, a2, a3, a4d):
tl = tan(al/2); t2 tan (a2/2)
t3 tan(a3/2); t4 tan(a4/2)

#A_(2,4)-terms:

terml = (t1*t4)/((t1+t2)*(t1+t4))*1/(sin(al)*sin(ad))
term?2 (t2*t4) /((t2+t3)*(t1+t4))*1/(sin(a2)*sin(a4d))
term3 (t1*%t3) /((t1+t2) *(t2+t3))*1/(sin(al)*sin(a3))

#A_(4,2)-terms:

term4 = (t2*t4)/((t1+t2)*(t1+t4))*1/(sin(a2)*sin(ad))
termb (t1*t3)/((t2+t3)*(t1+t4))*1/(sin(al)*sin(al3))
term6 (t2*t3) /((t1+t2) *(t2+t3))*1/(sin(a2)*sin(al3))

#Converted P_(2,4)-terms
term7 = -cos(a2+a3)/(sin(a2+a3)*sin(ad))*t4/(t1+t4)
term8 = -cos(a2+a3)/(sin(a2+a3)*sin(a3))*t3/(t2+t3)

if a2+a3 < pi:

return terml + term2 + term3 - term4 - termb - term6 + term7 +
term8
elif a2+a3 > pi:

return -(terml + term2 + term3 - term4 - termb5 - term6 + term7 +
term8)

print (testQl (testA24))
5 print (testQ2(testA24))
; print (testQ3(testA24))
print (testQ4 (testA24))

Output:
Done
Done
Done
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A.2. Testing

Done

Numerical analysis of terms containing As 4, A4 3 and P3 4:

| def testA34(al, a2, a3, a4):

2 tl = tan(al/2); t2 = tan(a2/2)

3 t3 = tan(a3/2); t4 = tan(a4/2)

1

5 terml = (t2*t4)/((t1+t4)*(t1+t2))*1/(sin(a2)*sin(ad))

6 term2 = (t3*t4)/((t2+t3)*(t1+t4))*1/(sin(a3)*sin(ad))
7 term3 = (t2*t3)/((t1+t2)*(t2+t3))*1/(sin(a2)*sin(a3))
8 term4d = (t2*t4)/((t2+t3)*(t1+t4))*1/(sin(a2)*sin(ad))
9 term5 = cos(a3)/(sin(a3)*sin(ad))*t4/(t1+t4d)

return terml + term2 + term3 - term4 + termb

; print (testQ1(testA34))
. print(testQ2(testA34))
5 print (testQ3(testA34))
6 print (testQ4 (testA34))

Output:
Done
Done
Done
Done

Numerical analysis of terms containing A4 1, A1 4 and P 4:

1 def testA41(al, a2, a3, a4d):
tl = tan(al/2); t2 tan(a2/2)
t3 = tan(a3/2); t4 tan(a4/2)

N

Taos W

terml = (t1*t4)/((t1+t2)*(t1+t4))*1/(sin(al)*sin(ad))
6 term2 = (t3*t4)/((t2+t3)*(t1+t4))*1/(sin(a3)*sin(ad))
7 term3 = (t1*t3)/((t1+t2)*(t2+t3))*1/(sin(al)*sin(a3))
8 term4 = (t1*t3)/((t2+t3)*x(t1+t4))*1/(sin(al)*sin(a3))
9 term5 = cos(ad4)/(sin(a4)*sin(a3))*t3/(t2+t3)
10 return terml + term2 + term3 - term4 + termb

12 print(testQ1 (testA41))
13 print(testQ2(testA41))
14 print (testQ3(testA4l))
15 print (testQ4 (testA41))

Output:
Done
Done
Done
Done
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Appendix B

Test results for Ry 2.4, R1 3.4 and Ry 3 4

In this appendix we will preform an analysis on the remaining expressions from step 1 in
section 3.2 that we will need to complete the proof of injectivity of mean value mappings
between convex quadrilaterals in the plane. We will use some notation in this appendix
that we introduced in section 3.2. This appendix is structured as follows: In section B.1
we will check if R124 > 0 for x € @, in section B.2 we will check if Ry 34 > 0 for x € Q
and in section B.3 we will check if Ra34 > 0 for x € Q.

B.1 Analysis of R; 24

We will start by writing down the expression for R 2 4(x):

tits 1
R = . A A A A
124(x) (t1 +t2)(ts +t4) sinagsinag ( 32+ A2a+ As 4’1)
t1ty 1

(A4,2 + Az + A1,4>

tots 1
t1 + tg)(tg + t4) sin ag Sin arg

+ (tl + t2)(t3 +t4) . sin o sin ay

t1 1
. Py — P,
t1 +t2 sinoy ( 24 174) + (

+

<A3,4 + Az 3+ A4,2)

toty 1
- A A A A
* (t1 +t2)(ts +t4) sinagsinay ( 43 T A31 + A4+ 172)
tQ 1 t3
' Psa— P : Py3— P A

t1 +1t2 sinasg ( 34 2’4) + t3 +t4 sinasg ( 2,3 2’4> T 424

t4 1 t3ty 1
ty+1ts sinay (Pra=Pra) + (1 + ta) (3 + ta)  sin oz sin ay (As+ A3 + A1)

tits 1
. A A A A
+ (tl +t4)(ts +t4) sinogsinas ( 14+ Ag2+ Az + 273)
13 1 t1ty 1
ts+14 sinag ( b 1’3) + (t1 +t4)(t3 +t4) sinagsinay ( L2t Ag 2’4)
ty 1 ty 1
+ P . S (Pl,l - P1,4) + ot . S (P4,4 — P1’4) + A471
t1 1 t1ta 1
Tt sina (Pra—Pos) + (t1 + t2)(fh + ta) sinay sina4< 20+ Ara+ Au)
taty 1
: A A A A
(t1 +t2)(t; +t4) sinagsinay ( 21+ A Aag 374)
ta 1 tito 1
! ti+t4 sinoy ( b 2’4) - (t1 +t2)(t1 +t4) sinagsinag ( 12+ Az1 + 2’3)
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Appendix B. Test results for R 2.4, R1,3.4 and Ry 3.4

ty 1 t1 1
: P — P . P — P
t1 +14 sinoy ( 22 1’2> * t1+t2 sinag ( 11 1’2>
2 1

Since the analysis of Ry 2 4(x) is so similar to the analysis we did for R 2 3(x) in section
3.2, we will only present the results in this chapter. In the cases where we need to make
an numerical analysis we will use the same code as we presented in section A.1.2. Note
that we will use the properties we derived in section 3.2 when we preform the different
analyses here. We will now present the results from the different cases that were listed in
step 1, section 3.2.

B.1.1 Analysis for when x is the intersection between the diagonals
J7(A12,Az1):

2 1 3tity 1
~(Aig A -t L _oub 1y
f7 (A1, A1) (t1 +12)* 52 " (ti +12)? 82 !
tity 1 t% 1
(t1+t2)?2 82 (t1+1t2)? 2
21ty 1
(t1 + t2>2 52 "
>0
f(A23, Asa):
2 1 2t1to 1
Aog Agp) =t St
f( 2,3, 3,2) (t1 + t2)2 &2 + (t1 +t2)? &2
R
(1 +t2)? s
2t1to L
(t1 +t2)? 52
>0
S (Asa, Aas):
2 1 2t1to 1
Agg Agg) = — 2 1 2t 1
f( 3.4, 4,3) (tl —|—t2)2 52 (tl +t2)2 52
31
(i +t2)? s
2t1to
(1 +1t2)? 82
>0

64



B.1. Analysis of Ri 2 4

[ (As1, Ara):
.2 1 3tity 1
f ( 4,15 1,4) (tl + t2)2 82 + (tl +t2)2 32 +
LT S S |
(ti+12)? 82 (t1+12)? s
2t1to 1
(tl + t2)2 52 "

> 0.

Analysis of terms containing Py 1, P; 4 and Py 4:

We will now check if f(Py1, P4, Pss) > 0, but we will leave out two terms, namely
(t1+t2 )P1 4 and (t1+t2 %)Pl,l. As we will see later, these terms will be used in other
analyses so we will leave them out here so we do not use them twice. It is also worth
noticing that We have two terms containing Pj 4 that are cancelling each other out,

namely (t1+t2 . )P14 and (t o . %)PIA-
ty 1 to 1
T(Pi1,Pia, Pra) — -(P P >:-<P —2P P )
JT (P, Pra, Pya) i+t s 1,1+ 14 ity s 1,1 1,4+ Fa4
to 1< >
= = P11 —2P P
htis s 1,1 1,4+ 44

> 0.

This follows from the definition of P, ,,, and the fact that cos(ay) < 1.

Analysis of terms containing Pj 1, Pi 2 and Ps »:

We will now check if f+(P1 1, P12, P22) > 0, but we will leave out two term, namely
(t1+t2 1)Py 5 and (145 +t2)P1 1. As we will see, we leave out (t = - 1)Py 5 so we can use
it in an analysis later on, while we leave out (- G )P1.1 because we have used this term
in an earlier analysis. It is also worth noticmg that we have two terms containing P o

that are cancelling each other out, namely (- e )P1 o and — (L R %)Pm.
to 1 i 1
T(Pi1,Pra, Pys) — -(P P>:-<P —2P P>
JT (P11, P2, Pa2) htts s 1,1+ 12 htils s 1,1 12+ 22

> 0.

This follows from the definition of P, ,,, and the fact that cos(a;) < 1.

Analysis of the remaining terms containing P, ,,:
We observe that the remaining terms containing P, ,,, gives us the two sums

t1 1
= P Piyg—Pyy— P B.1
oty s ( 23+ 14 2,4 1,3>> (B.1)
and
to 1
=P Pio—Pyy—Pi3]. B.2
i S< 34+ Pio— Py 1,3> (B.2)
First, we observe that —P; 3, —P4 > 0, since cos(m) = —1. Second, we observe that

(B.1) is greater than zero when as = a4 < 7, while (B.2) is greater than zero when

27
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Appendix B. Test results for R 2.4, R1,3.4 and Ry 3.4

a; = ag < g Let us now look at the case where a9 = ay > g In this case, we can
not guarantee that (B.1) is greater than or equal to zero. We will therefore use Lemma
3.2.2 to convert P53, P 4 into Ag 3, A4 1, and then we will put these expressions into the
analyses of the terms containing A, 3 and A 4 respectively.

[ (Az3, A 2) (new expression marked in blue):

2t1ts 1 t cos(ao)

(A3, A35) = RS : ‘
flbas )= @y, @
—tf +tity 1
(t1+t2)2 s2

> 0.

Since we are looking at the case where ap > 7, we know that a1 < 5 (since a1 +ag = ).

This means that t; < t2, which again implies that t3 < t;t3, which then implies that

—t24+tits 1
(t1+t2)2 * 872 > 0

We will now make a similar argument for (A4 1, A14).

f7(Ag1, Ara):
_ 2t1to 1 t cos(ay)
Ap1,A14) = ——— - — + 1+ . ‘
F( 41 1’4) (t1 + t2)2 52 i1+ to 52
—t2 4+ t1to .l+1
(tl =+ t2)2 52

> 0.

Since we are looking at the case where ap > 7, we know that a; < 5 (since ag + g = 7).
This means that t; < t2, which again implies that t? < t;t5, which then implies that

—t24+ti1ts 1
(t1+t2)2 ° 57 + ]. > O

Similarly, when oy = a3 > 7, we get the following analysis:

f7(A12, A1)
_ 2t1t2 1 /2 ('()S((l ])
Ao, A = — = - +1 ‘
[ (A12,A21) (h+ )2 52 +/’l i $2
—t3+ ity 1 1
(tl + t2)2 52
> 0.

Since we are looking at the case where o > g, we know that ag < % (since a; + g = ).
This means that to < t1, which again implies that t% < tytg, which then implies that

—t§+t1t2 1
CE +1>0.
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B.1. Analysis of Ri 2 4

[ (As4,As3):

2t1to 1 to cos(as)

J (A3, As3) = (CETER S—2+/l s
—t3+tity 1
(t +—t2)2 82
> 0.

We have now proven analytically that all negative terms in R 2 4(x) are strictly dominated

by the positive terms in Ry 2 4(x), when x is the intersection between the diagonals.

B.1.2 Analysis for x € {d; Uds}

Analysis of terms containing A; 2, A2 and P o:

def testA12(al, a4):

1
2 t1

= tan(al/2); t2 = tan(pi/2-al/2)
3 t3 = tan(pi/2-a4/2); t4 = tan(ad/2)
!
5 terml = (t2*t4)/((t1+t2)*(t3+t4)) *1/(sin(al)*sin(ad))
6 term2 = (t1*t4)/((t1+t4)*x(t3+t4)) *1/(sin(al)*sin(ad))
7 term3 = (t1*t4)/((t1+t2)*x(t1+t4)) *1/(sin(al)*sin(ad))
8 termd = (t1xt2)/((t1+t2)*x(t1+t4)) *1/(sin(al) *x*2)
9 termb = 1
10 term6 = (t1*t4)/((t1+t2)*(t3+t4)) *1/(sin(al)*sin(a4d))
11 term7 = (t2*t4)/((t1+t2)*(t1+t4)) *1/(sin(al)*sin(ad))
12
13 term8 = t4/(tl1+t4)*cos(al)/(sin(al)*sin(a4d))
14 term9 = t2/(t1+t2)*cos(al)/(sin(al) **2)
15 term10 = t4/(t3+t4)*cos(al)/(sin(al)*sin(ad))
16 termill = t1/(t1+t4)*cos(al)/(sin(al) **2)
17 term12 = t1/(t1+t2)*cos(al)/(sin(al) **2)
18
19 return terml + term2 + term3 + term4 + term5 - term6 - term7 \
0 + term8 + term9 - terml0 - termll - terml2

Output: Done

1
2 print (testd1d3(testA12))

This test indicates that the sum of all terms containing A 2, A2 and P; 2 in Ry 24(x)
is strictly greater than zero when x € {d; U ds}.

Analysis of terms containing Aj 3, A32 and P 3:

1 def testA23(al, a4):
2 tl = tan(al/2); t2 = tan(pi/2-al/2)

t3 = tan(pi/2-a4/2); t4 = tan(ad/2)

5 terml = (t2*t3)/((t1+t2)*(t3+t4))*1/(sin(al)*sin(ad))
6 term2 = (t1*t3)/((t1+t4)*(t3+t4))*1/(sin(al)*sin(ad))
7 term3 = (t1xt2)/((t1+t2)*(t1+t4))*1/(sin(al) **2)

8 term4 = (t1*t3)/((t1+t2)*(t3+t4))*1/(sin(al)*sin(ad))
9

10 termb = t3/(t3+t4)*cos(al)/(sin(al)*sin(ad))

11

12 return terml + term2 + term3 - term4 - termb

13

14 print (testd1d3 (testA23))
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Output: Done

This test indicates that the sum of all terms containing Az 3, Az and P23 in Ry 2.4(x)
is strictly greater than zero when x € {d; U ds}.

Analysis of terms containing As 4, A4 and Ps 4:

1 def testA24(al, a4d):
tl = tan(al/2); t2 = tan(pi/2-al/2)
t3 = tan(pi/2-a4/2); t4 = tan(a4d/2)

5 terml = (t1*t3)/((t1+t2)*(t3+t4))*1/(sin(al)*sin(ad))

6 term2 = 1
7 term3 = (t1xt4)/((t1+t4)*(t3+t4))*1/(sin(al)*sin(a4))
8 term4 = (t1*t4)/((t1+t2)*(t1+t4))*1/(sin(al)*sin(ad))

9 term5 = (t2*xt4)/((t1+t2)*(t3+t4))*1/(sin(al)*sin(ad))
10 term6 = (t1xtd)/((t1+t2)*(t3+t4))*1/(sin(al)*sin(ad))
11 term7 = (t2*t3)/((t1+t2)*(t3+t4))*1/(sin(al)*sin(ad))
12 term8 = (t1*t3)/((t1+t4)*(t3+t4))*1/(sin(al)*sin(ad))
13 term9 = (t2*xt4)/((t1+t2)*(t1+t4))*1/(sin(al)*sin(ad))

15 terml0 = cos(2xpi-al-ad4)/(sin(2*pi-al-a4)*sin(al))*tl/(t1+t2)
16 termll = cos(2*pi-al-a4)/(sin(2*pi-al-a4)*sin(a4))*t4/(t3+t4)
17 terml2 = cos(2*pi-al-ad4)/(sin(2*pi-al-a4)*sin(al))*t2/(t1+t2)
18 terml3 = cos(2xpi-al-a4)/(sin(2*pi-al-a4)*sin(ad))*t3/(t3+t4)
19 terml4 = cos(2*pi-al-a4)/(sin(2*pi-al-a4)*sin(al))*t1/(t1+t4)
20 terml5 = cos(2xpi-al-ad)/(sin(2*pi-al-a4)*sin(ad))*td/(t1+t4d)

[CEN)

1

2 return terml + term2 + term3 + term4 + termb - term6 - term7 - term8
- term9\

3 + terml0 + termll - terml2 - terml3 - terml4 - termil5

1

NN

5 print (testd1d3 (testA24, True))

N

Output: Done

This test indicates that the sum of all terms containing A 4, A4 2 and P24 in Ry 24(x)
is strictly greater than zero when x € {d; Uds}.

Analysis of terms containing As 4, A4 3 and Ps 4:

def testA34(al, a4):
tl = tan(al/2); t2 = tan(pi/2-al/2)
t3 tan(pi/2-a4/2); t4 = tan(ad/2)

W N =

5 terml = (t2*t3)/((t1+t2)*(t3+t4))*1/(sin(al)*sin(ad))
term2 = (t3*t4)/((t1+t4)*x(t3+t4))*1/(sin(al)*sin(a4))
7 term3 = (t2*t4)/((t1+t2)*(t1+t4))*1/(sin(al)*sin(ad))
8 term4d = (t2*t4)/((t1+t2)*(t3+t4))*1/(sin(al)*sin(ad))
ﬂ) term5 = t2/(t1+t2)*cos(a4)/(sin(ad)*sin(al))

11

12 return terml + term2 + term3 - term4 - termb

13
14 print(testd1d3(testA34))

Output: Done
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B.1. Analysis of Ri 2 4

This test indicates that the sum of all terms containing As 4, A4 3 and P34 in Ry 24(x)
is strictly greater than zero when x € {d; U ds}.

Analysis of terms containing A4 1, A1 4 and P 4:

def testA41(al, a4d):
tl = tan(al/2); t2 = tan(pi/2-al/2)
t3 = tan(pi/2-a4/2); t4 = tan(ad/2)

terml = (t1*t3)/((t1+t2)*(t3+t4))*1/(sin(al)*sin(ad))
term2 = (t3*t4)/((t1+t4)*x(t3+t4))*1/(sin(ad) **2)
term3 = (t1*t4)/((t1+t4)*(t3+t4))*1/(sin(al)*sin(ad))
term4d = 1

termb5 = (t1xt4)/((t1+t2)*(t1+t4))*1/(sin(al)*sin(a4))
term6 = (t1*t4)/((t1+t2)*(t3+t4))*1/(sin(al)*sin(ad))
term7 = (t1*t3)/((t1+t4)*(t3+t4))*1/(sin(al)*sin(ad))

term8 = t1/(tl1+t4)*cos(ad)/(sin(ad)*sin(al))
term9 = t3/(t3+t4)*cos(ad)/(sin(ad) **2)

term10 = t1/(t1+t2)*cos(ad)/(sin(a4d)*sin(al))

termll = t4/(t3+t4)*cos(a4)/(sin(ad) **2)

term12 = t4/(tl1+t4)*cos(a4)/(sin(ad) **2)

return terml + term2+ term3 + term4 + termb - term6 - term7 \
+ term8 + term9 - terml0 - termll - terml2

print (testd1d3(testA41))

Output: Done

This test indicates that the sum of all terms containing A4 1, A; 4 and P; 4 in Ry 24(x)
is strictly greater than zero when x € {d; Uds}.

Analysis of terms containing P 3:
We observe that we have two terms containing P 3;

t3
_ . P B.3
ts +t4 sin(as) 1.3 (B.3)
and
t 1
- Pys. (B.4)

_t1 + to ‘ sin(ag)

We know that cos(a; + a3) = cos(n) = —1, when x € {d; Uds}, which implies that

Py 3 < 0. Since both t;&m . Sin(lag) and tligtz " Sin(ag) Are positive, this implies that both

(B.3) and (B.4) are positive.

Analysis of terms containing P; 1, P»2 and Py 4:

We know that cos(ay, ) = cos(0) = 1, which implies that P, , > 0, for n =1,2,4. Since
the factors in front of P, ,, for n = 1,2, 4, are greater than zero (this follows from the
definition of mean value coordinates for convex polygons), we know that all the terms
containing Py 1, P»2 and P, 4 are greater than zero.
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Appendix B. Test results for R 2.4, R1,3.4 and Ry 3.4

We have now, with the help of some numerical analysis, proven that all the negative
terms in Ry 2 4(x) are strictly dominated by their positive counterparts when x € {d,Uds}.
This means that Ry 24(x) > 0 when x € {d; Uds}.

B.1.3 Analysis for x € {dy U d,}

Analysis of terms containing Ay 2, A21 and P 2:

1 def testAl2(al, a2):

2 tl = tan(al/2); t2 = tan(a2/2)

3 t3 = tan(pi/2-a2/2); t4 = tan(pi/2-al/2)
A

terml = (t2*t4)/((t1+t2)*(t3+t4)) *1/(sin(al)*sin(a2))
6 term2 = (t1xt4d)/((t1+t4)*x(t3+t4)) *1/(sin(al) **2)
7 term3 = (t1*td)/((t1+t2)*x(t1+t4)) *1/(sin(al) **2)
8 term4d = (t1*t2)/((t1+t2)*(t1+t4)) *1/(sin(al)*sin(a2))
9 termb = 1
10 term6 = (t1*td)/((t1+t2)*(t3+t4)) *1/(sin(al) **2)
11 term7 = (t2*t4)/((t1+t2)*(t1+t4)) *1/(sin(al)*sin(a2))
12
13 term8 = t4/(tl1+t4)*cos(al)/(sin(al) **2)
14 term9 = t2/(t1+t2)*cos(al)/(sin(al)*sin(a2))

15 term10 = t4/(t3+t4)*cos(al)/(sin(al)*x*2)

16 termil = t1/(t1+t4)*cos(al)/(sin(al) **2)

17 term12 = t1/(t1+t2)*cos(al)/(sin(al) *x*2)

18

19 return terml + term2 + term3 + term4 + term5 - term6 - term7 \
20 + term8 + term9 - terml0 - termll - terml2

21

22 print (testd2d4 (testAl12))

Output: Done

This test indicates that the sum of all terms containing A 2, A2 and P; 2 in Ry 24(x)
is strictly greater than zero when x € {ds U dy}.

Analysis of terms containing Az 1, A1 3 and P 3:

| def testA31(al, a2):
2 tl = tan(al/2); t2 = tan(a2/2)
3 t3 = tan(pi/2-a2/2); t4 = tan(pi/2-al/2)

terml = (t2*xt4)/((t1+t2)*(t3+t4))*1/(sin(al)*sin(a2))
6 term2 = (t1*t3)/((t1+t4)*(t3+t4))*1/(sin(al)*sin(a2))
7 term3 = (t1*t2)/((t1+t2)*x(t1+t4))*1/(sin(al)*sin(a2))
8 term4d = (t1*t3)/((t1+t2)*(t3+t4))*1/(sin(al)*sin(a2))
9 termb = (t3*t4)/((t1+t4)*(t3+t4))*1/(sin(al)*sin(a2))
10 term6 = (t2*t4)/((t1+t2)*(t1+t4))*1/(sin(al)*sin(a2))

12 term7 = t3/(t3+t4)*1/sin(a2)*cos(al+a2)/sin(al+a2)
13 term8 = t2/(t1+t2)*1/sin(a2)*cos(al+a2)/sin(al+a2)

15 return terml + term2 + term3 - term4 - term5 - term6 \
16 + term7 + term8

print (testd1d3(testA31, True))

o -

Output: Done
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2

B.1. Analysis of Ri 2 4

This test indicates that the sum of all terms containing As 1, A1 3 and P; 3 in Ry 24(x)

is strictly greater than zero when x € {ds U dy4}.

Analysis of terms containing A4 1, A1 4 and P 4:

def testA41(al, a2):
tl = tan(al/2); t2 = tan(a2/2)
t3 = tan(pi/2-a2/2); t4 = tan(pi/2-al/2)

terml = (t1*t3)/((t1+t2)*(t3+t4))*1/(sin(al)*sin(a2))
term2 = (t3*t4)/((t1+t4)*(t3+t4))*1/(sin(al)*sin(a2))
term3 = (t1*xt4)/((t1+t4)*(t3+t4))*1/(sin(al)*x*2)
termd4d = 1

termb = (t1xt4)/((t1+t2)*x(t1+t4))*1/(sin(al) *x*2)
term6 = (t1*t4)/((t1+t2)*(t3+t4))*1/(sin(al) **2)
term7 = (t1*t3)/((t1+t4)*(t3+t4))*1/(sin(al)*sin(a2))

term8 = t1/(t1+t2)*cos(al)/(sin(al)*sin(al))
term9 = t4/(t3+t4)*cos(al)/(sin(al) **2)

term10 = t4/(t1+t4)*cos(al)/(sin(al) **2)

termll = t1/(t1+t4)*cos(al)/(sin(al) **2)

term12 = t3/(t3+t4)*cos(al)/(sin(al)*sin(a22))

return terml + term2 + term3 + term4 + termb - term6 - term7 \
+ term8 + term9 + terml0 - termll - terml2

print (testd2d4 (testA41))

Output: Done

This test indicates that the sum of all terms containing A4 1, Aj 4 and P; 4 in Ry 24(x)

is strictly greater than zero when x € {d2 U dy4}.

Analysis of terms containing As 3, A32 and Ps 3:

def testA23(al, a2):
tl1 = tan(al/2); t2 = tan(a2/2)
t3 = tan(pi/2-a2/2); t4 = tan(pi/2-al/2)

terml = (t2*t3)/((t1+t2)*x(t3+t4))*1/(sin(a2) *x*2)
term2 = (t1*t3)/((t1+t4)*(t3+t4))*1/(sin(al)*sin(a2))
term3 = (t1*t2)/((t1+t2)*(t1+t4))*1/(sin(al)*sin(a2))
term4d = (t1*t3)/((t1+t2)*(t3+t4))*1/(sin(al)*sin(a2))
term5 = t3/(t3+t4)*cos(a2)/(sin(a2) **2)

return terml + term2 + term3 - term4 + termb

print (testd2d4 (testA23))

Output: Done

This test indicates that the sum of all terms containing A 3, Az 2 and P> 3 in Ry 24(x)

is strictly greater than zero when x € {da U dy4}.
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Appendix B. Test results for R 2.4, R1,3.4 and Ry 3.4

Analysis of terms containing As 4, A4 3 and Ps 4:

1 def testA34(al, a2):

2 tl = tan(al/2); t2 = tan(a2/2)

3 t3 tan(pi/2-a2/2); t4 = tan(pi/2-al/2)
4

terml = (t2*xt3)/((t1+t2)*x(t3+t4))*1/(sin(a2) *x*2)
6 term2 = (t3*t4)/((t1+t4)*(t3+t4))*1/(sin(al)*sin(a2))
7 term3 = (t2*t4)/((t1+t2)*(t1+t4))*1/(sin(al)*sin(a2))
8 term4d = (t2*t4)/((t1+t2)*(t3+t4))*1/(sin(al)*sin(a2))

10 term5 = t2/(t1+t2)*cos(a2)/(sin(a2) **2)
12 return terml + term2 + term3 - term4 - termb

14 print (testd2d4 (testA34))

Output: Done

This test indicates that the sum of all terms containing Az 4, A4 3 and P34 in Ry 24(x)
is strictly greater than zero when x € {d2 U d4}.

Analysis of terms containing P 4:

We observe that we have six terms containing P 4. Since P4 < 0 (follows from the fact
that cos(m) = —1), we need to check if the sum of the factors in front of —Ps 4 are greater
than the sum of the factors in front of P 4. We will do this analysis in the code below.

1 def testP24(al, a2):

2 tl = tan(al/2); t2 = tan(a2/2)

3 513 tan(pi/2-a2/2); t4 = tan(pi/2-al/2)
]

terml = t2/(t1+t2)*1/sin(a2)
6 term2 = t3/(t3+t4)*1/sin(a2)
7 term3 = t1/(t1+t4)*1/sin(al)
8 term4d = t4/(t1+t4)*1/sin(al)

10 term5 = t1/(t1+t2)*1/sin(al)
11 term6 = t4/(t3+t4)*1/sin(al)

13 return terml + term2 + term3 + term4 - termb - termb

15 print (testd2d4 (testP24))

Output: Done

This test indicates that the sum of all terms containing P4 in Ry 24(x) is strictly
greater than zero when x € {da U dy4}.

Analysis of terms containing P; 1, Ps»2 and Py 4:

We know that cos(ay, ) = cos(0) = 1, which implies that P, , > 0, for n = 1,2, 4. Since
the factors in front of P, ,, for n = 1,2, 4, are greater than zero (this follows from the
definition of mean value coordinates for convex polygons), we know that all the terms
containing Py 1, P>2 and P44 are greater than zero.
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B.1. Analysis of Ri 2 4

We have now, with the help of some numerical analysis, proven that all the negative
terms in Ry 2 4(x) are strictly dominated by their positive counterparts when x € {daUd4}.
This means that Ry 24(x) > 0 when x € {d2 Ud4}.

B.1.4 Analysis for x € {Q1 UQ2 U Q3 U Qq4}

Analysis of terms containing A; 2, A21 and P »:

1 def testA12(al, a2, a3, a4d):
tl = tan(al/2); t2 = tan(a2/2)
t3 tan(a3/2); t4 tan(a4/2)

5 terml = (t2*t4)/((t1+t2)*(t3+t4)) *1/(sin(a2)*sin(a4d))
6 term2 = (t1*t4)/((t1+t4)*(t3+t4)) *1/(sin(al)*sin(ad))

7 term3 = (t1xt4)/((t1+t2)*x(t1+t4)) *1/(sin(al)*sin(a4))
8 term4 = (t1*t2)/((t1+t2)*(t1+t4)) *1/(sin(al)*sin(a2))
9 termb5 = 1

0 term6 = (t1xt4)/((t1+t2)*x(t3+t4)) *1/(sin(al)*sin(a4d))
term7 = (t2*t4)/((t1+t2)*(t1+t4)) *1/(sin(a2)*sin(a4d))

1
1

1

1 t4/(t1+td)*cos(al)/(sin(al)*sin(ad))
1 t2/(t1+t2)*cos(al)/(sin(al)*sin(a2))
1 term10 = t4/(t3+t4)*cos(al)/(sin(al)*sin(ad))
16 terml1l

1

1

1

2
3 term8
1 term9

= t1/(t1+t4)*cos(al)/(sin(al) **2)
7 term12 = t1/(t1+t2)*cos(al)/(sin(al) **2)
9 return terml + term2 + term3 + term4 + term5 - term6 - term7 \
0 + term8 + term9 - terml0 - termll - terml2

22 print (testQ1l(testAl2))
23 print (testQ2(testAl12))
24 print (testQ3(testAl12))
25 print (testQ4 (testAl12))

Output: Done
Done
Done
Done

This test indicates that the sum of all terms containing A; 2, A2 and P; 2 in Ry 24(x)
is strictly greater than zero when x € {Q1 U Q2 U Q3 U Q4}.

Analysis of terms containing A; 3, A31 and P 3:

1 def testA13(al, a2, a3, a4):
2 tl1 = tan(al/2); t2 = tan(a2/2)
t3 = tan(a3/2); t4 = tan(ad/2)

5 #A_(1,3) - terms
6 terml = (t1*t3)/((t1+t2)*(t3+t4))*1/(sin(al)*sin(a3))

7 term2 = (t3*t4)/((t1+t4)*(t3+t4))*1/(sin(al)*sin(ad))
8 term3 = (t2*t4)/((t1+t2)*(t1+t4))*1/(sin(a2)*sin(a4))
9 sumA13 = terml + term2 + term3

1 #A_(3,1) - terms
2 term4 = (t2*t4)/((t1+t2)*(t3+t4))*1/(sin(a2)*sin(ad))

3 term5 = (t1*t3)/((t1+t4)*(t3+t4))*1/(sin(al)*sin(a3))
4 term6 = (t1*t2)/((t1+t2)*(t1+t4))*1/(sin(al)*sin(a2))
5 sumA31 = term4 + termb5 + term6
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16
17 #Converted P_(1,3)-terms

18 term7 = -t3/(t3+t4)*1/sin(a3)*cos(al+a2)/sin(al+a2)
19 term8 = -t2/(t1+t2)*1/sin(a2)*cos(al+a2)/sin(al+a2)
20 sumP13 = term7 + term8

if al+a2 < pi:
return sumA13 - sumA31 + sumP13

(ST

elif al+a2 > pi:
return sumA31 - sumA1l3 - sumP13

®

print (testQ1(testA13))
print (testQ2(testA13))
print (testQ3(testAl13))
print (testQ4 (testA13))

W oW N NN NN NN NN

Output: Done
Done
Done
Done

This test indicates that the sum of all terms containing A; 3, Az and P; 3 in Ry 24(x)
is strictly greater than zero when x € {Q1 U Q2 U Q3 U Q4}.

Analysis of terms containing As 3, A3 2 and Ps 3:

| def testA23(al, a2, a3, a4):
2 tl1 = tan(al/2); t2 = tan(a2/2)
t3 = tan(a3/2); t4 = tan(ad/2)

terml = (t2*t3)/((t1+t2)*(t3+t4))*1/(sin(a2)*sin(a3))
6 term2 = (t1*t3)/((t1+t4)*(t3+t4))*1/(sin(al)*sin(a3))
7 term3 = (t1*t2)/((t1+t2)*(t1+t4))*1/(sin(al)*sin(a2))
8 termd = (t1*t3)/((t1+t2)*(t3+t4))*1/(sin(al)*sin(a3))
10 term5 = t3/(t3+t4)*cos(a2)/(sin(a2)*sin(al3))

12 return terml + term2 + term3 - term4 + termb

print (testQl (testA23))
15 print (testQ2(testA23))
16 print(testQ3(testA23))
17 print (testQ4 (testA23))

Output: Done
Done
Done
Done

This test indicates that the sum of all terms containing A 3, Az and P»3 in Ry 2.4(x)
is strictly greater than zero when x € {Q1 U Q2 U Q3 U Q4}.

Analysis of terms containing As 4, A42 and Ps 4:

def testA24(al, a2, a3, a4d):
t1 = tan(al/2); t2 = tan(a2/2)
3 t3 tan(a3/2); t4 tan (a4/2)

[
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N S

w

#A_(2,4)
termil
term?2
term3
termé
termb
sumA24 =

#A_(4,2)
term6
term?7
term8
term9
sumA42 =

#Convert
terml0 =
termll =
terml2 =
terml3 =
termld =
termlb =
sumP24 =

if a2+a3
retu
elif a2+
retu

print (testQ1
print (testQ2

36 print (testQ3

print (testQ4

Output: Done
Done
Done
Done

B.1. Analysis of Ri 2 4

-terms:
(t1*t3)/((t1+t2)*(t3+t4))*1/(sin(al)*sin(al3))
(t2*xt4) /((t1+t2) *(t3+t4))*x1/(sin(a2)*sin(a4))
1

(t1*t4) /((t1+t4)*(t3+t4))*1/(sin(al)*sin(a4d))
(t1*xt4) /((t1+t2)*(t1+t4))*1/(sin(al) *sin(a4))
terml + term2 + term3 + term4 + termb

-terms:

(t1*t4) /((t1+t2) *(t3+t4))*1/(sin(al)*sin(a4d))
(t2*%t3) /((t1+t2) *(t3+t4))*1/(sin(a2)*sin(al3))
(t1*t3)/((t1+t4)*x(t3+t4))*1/(sin(al)*sin(a3))
(t2*%t4) /((t1+t2) *(t1+t4))*1/(sin(a2)*sin(a4d))
term6 + term7 + term8 + term9

ed P_(2,4)-terms

t1/(t1+t2)*cos(a2+a3)/(sin(a2+a3)*sin(al))
t4/(t3+t4)*cos(a2+al3)/(sin(a2+a3)*sin(a4))
t2/(t1+t2)*cos (a2+a3)/(sin(a2+a3)*sin(a22))
t3/(t3+t4)*cos(a2+a3)/(sin(a2+a3)*sin(a3))
t1/(tl+t4)*cos(a2+al3)/(sin(a2+a3)*sin(al))
t4/(t1+t4)*cos(a2+a3)/(sin(a2+a3)*sin(a4d))

terml0 + termll - terml2 - terml3 - termld -
< pi:

rn sumA24 - sumA42 + sumP24

a3 > pi:

rn sumA42 - sumA24 -sumP24

(testA24))
(testhA24))
(testA24))
(testA24))

termlb

This test indicates that the sum of all terms containing Ay 4, A42 and P> 4 in Ry 24(x)
is strictly greater than zero when x € {Q1 U Q2 U Q3 U Q4}.

Analysis of terms containing A3 4, A4 3 and Ps 4:

def testA34(
tl = tan
t3 = tan

terml =
term2 =
term3 =
termé4 =
termb =

return t

print (testQ1
print (testQ2

al, a2, a3, a4):
(a1/2); t2 = tan(a2/2)
(a3/2); t4 = tan(ad/2)

(t2*t3) /((t1+t2) *(t3+t4))*x1/(sin(a2)*sin(a3))
(t3*xt4) /((t1+t4)*(t3+t4))*x1/(sin(a3)*sin(a4))
(t2*t4) /((t1+t2)*x(t1+t4))*x1/(sin(a2)*sin(a4))
(t2%t4) /((t1+t2) *(t3+t4))*1/(sin(a2)*sin(a4d))
t2/(t1+t2)*cos(a3)/(sin(a3)*sin(a2))

erml + term2 + term3 - term4 + termb

(testA34))
(testA34))
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16 print (testQ3(testA34))
17 print (testQ4 (testA34))

Output: Done
Done
Done
Done

This test indicates that the sum of all terms containing Az 4, A4 3 and P34 in Ry 24(x)
is strictly greater than zero when x € {Q1 U Q2 U Q3 U Q4}.

Analysis of terms containing A4 1, A1 4 and P 4:

| def testA41(al, a2, a3, a4):
2 tl = tan(al/2); t2 = tan(a2/2)
t3 tan(a3/2); t4 tan(a4/2)

5 terml = (t1*t3)/((t1+t2)*(t3+t4))*1/(sin(al)*sin(a3))
6 term2 = (t3*t4)/((t1+t4)*(t3+t4))*1/(sin(a3)*sin(ad))
7 term3 = (t1*t4)/((t1+t4)*(t3+t4))*1/(sin(al)*sin(ad))
8 termd4d = 1

9 term5 = (t1*t4)/((t1+t2)*(t1+t4))*1/(sin(al)*sin(ad))
10 term6 = (t1*xt4)/((t1+t2)*(t3+t4))*1/(sin(al)*sin(ad))
11 term7 = (t1*t3)/((t1+t4)*(t3+t4))*1/(sin(al)*sin(a3))

13 term8 = t3/(t3+t4)*cos(ad4)/(sin(ad)*sin(al3))
14 term9 = t1/(tl1+t4)*cos(a4d)/(sin(a4d)*sin(al))
15 term10 = t1/(t1+t2)*cos(ad)/(sin(ad)*sin(al))

16 termll = t4/(t3+t4)*cos(ad)/(sin(ad) **x2)

17 terml2 = t4/(tl1+t4)*cos(ad)/(sin(ad) *x*2)

18

19 return terml + term2 + term3 + term4 + termb - term6 - term7 \
20 + term8 + term9 - terml0 - termll - terml2

2 print (testQ1l(testA41))
3 print (testQ2(testA41))
24 print (testQ3(testA41l))
25 print (testQ4 (testA41))

NN

Output: Done
Done
Done
Done

This test indicates that the sum of all terms containing A4 1, A1 4 and P; 4 in Ry 24(x)
is strictly greater than zero when x € {Q1 U Q2 U Q3 U Q4}.

Analysis of terms containing Py 1, Ps2 and Py 4:

We know that cos(ay, ) = cos(0) = 1, which implies that P, , > 0, for n = 1,2, 4. Since
the factors in front of P, ,, for n = 1,2,4, are greater than zero (this follows from the
definition of mean value coordinates for convex polygons), we know that all the terms
containing Py 1, P2 and P44 are greater than zero.
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B.2. Analysis of Ry 3.4

We have now, with the help of some numerical analysis, proven that all the
negative terms in Ry 2 4(x) are strictly dominated by their positive counterparts when
X € {Ql UQ@RsUQ3U Q4} This means that R17274(X) > (0 when x € {Ql UQRUQ3U Q4}

B.1.5 Conclusion

We have now showed that for every x € @,
Ri24(x) > 0.
Since wy, ws, wyq > 0 for all x € @, this implies that
D(wy, wa,wq)(x) > 0,

for all x € Q.

B.2 Analysis of R; 34

We will start by writing down the expression for Ry 34(x):

tot 1
Rizalx) = (t2 + t:j(ig +t4) " sin ag sin as (A3’4 A2+ A4’2>
tot 1
* (t2 + t:j(;lg + t4) " sin Qo Sin oy (A4’3 Azt Adoa Am)
+ 5 :% & . sjn1a2 (P3,4 - P2,4) + o tSEg ) = aglsin ” (A4,1 + Az 4+ A173)
to fi t3 . sinlag (P4’4 B P3’4) + t3 j?—) ty4 . sinlag <P3’3 B P3’4) + Az
t3 jﬁf ta . sin1a4 ( 34 P1’3) + (t1 + tSEg +t4) " sin a3lsin ay (A4’1 +Aza+ A1’3)
t1t 1
+ (t1 + t4;(i3 + t4) " sin o1 sin arg (A1’4 + Ag2+ Azn + Az,g)
+ t3 fi ta . sinlag (PM B P1’3) + (t1 + tSEg +t4) " sin allsin ay (ALQ + A+ AQA)
* t3 :éf ts Sin1a4 (Pl’l B P1’4) T H fit4 ‘ sin1a4 (P4’4 B PM) + A
tol 1
” (t2 + t;j(il +t4) sin ozz sin oy (A3’4 AL+ Aso A2,1)
t1t ¢ 1
+ (t2 + t33(i1 +t4) sin a1 sin g ( 31+ Azst AI’Q) + to —itg | sin oo (Pm N P1’3)
t3t ¢ 1
* (t2 + t::))(z +t4) sin ag sin ay (Al 1+ Ay 4 1) + t1 —i t4 sinag <P1’4 B P2’4)
i1t
oy t;& I R ———— (A4 1+ A2+ A3+ As 2) + A3
+ to i?: t3 ‘ Sin1a3 (P1’3 B P1’4) + tq fit;; ' Sin1a4 (Pl’g B P3’4)
+ t1 i t4 ' sinlal (P2’3 B Pl’g)'

Since the analysis of Ry 3 4(x) is so similar to the analysis we did for R 2 3(x) in section
3.2, we will only present the results in this section. When we are preforming a numerical
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analysis we will use the code we presented in section A.1.2. Note that we will use the
properties we derived in section 3.2 when we preform the different analyses here.

B.2.1 Analysis for when x is the intersection between the diagonals
J (A2, Az1):

/2 1 2t 1ty 1
Aig Aog) = — 2 S+
[ (Ai2,A21) (t1 +t2)2 82 (t; +1t2)? 2
2
B 2 =
(tl + t2)2 52
2t1to L
(tl + t2)2 ‘92
>0
[ (A23, A32):
P dng) = i L 2
2,3, A43,2) = (t1 +t2)? s2 (1 +1t2)2 s2
/2
— 1 e
(t1 + t2)2 52
2t1to L
(i +t2)? s
>0
[ (As4, Aa):
/2 1 3t1ty 1
A =23 2t
7 (Az4,As3) (t1 +t2)2 2 (t1+1t2)% s
2 1 lila 1
(t1 +1t2)? 82 (t1+1t2)? s?
2t1to 1
_ ot
CE
>0
[ (Ag1, Ara):
2 1 3tity 1
f7(Ag1, A1) (t1 + t2)2 &2 * (t1 +12)? 52 i
tity 1 t% 1
(t1+12)? 82 (i +t)? s
2t1to 1
(tl + t2>2 52 -
>0
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Analysis of terms containing P33, P34 and Py 4:

We will now check if f*(Ps3, P34, Py4) > 0, but we will leave out two terms, namely
(tlJﬂt2 1)P3 4 and (t1+t2 1)Py 4. As we will see later, these terms will be used in other
analyses so we will leave them out here so we do not use them twice. It is also worth
noticing that We have two terms containing P54 that are cancelling each other out,

namely ( )P34 and (t 2 '%)P374.
to 1 i 1
T (P33, P34, Pia) — -(P P ): -<P — 2P P >
[T (P33, P34, Pya) P 3.4+ Py i s\ 34+ Py

> 0.

This follows from the definition of P, ,,, and the fact that cos(ag) < 1.

Analysis of terms containing P; 1, P; 4 and Py 4:

We Will now check if f+(P1 1, P14, P14) > 0, but we will leave out two terms, namely
(t1+t2 )P 4 and (t1+t2 1)Py 4. As we will see, we leave out (t e 1) Py 4 so we can use
it in another analysis later on, while we leave out (- e E)P474 because we have used this
term in an earlier analysis. It is also worth noticing that we have two terms containing
Py 4 that are cancelling each other out, namely (tlfﬁtQ . )P1 4 and (t1+t2 %)PM.

1 t 1( )
IPg = (P —2P 4+ P
tidty s Sttty s\ M L4+ iy

> 0.

fT(Pi1,Pra, Prg) —

This follows from the definition of P, ,,, and the fact that cos(ay) < 1.

Analysis of the remaining terms containing P, ,,:
We observe that the remaining terms containing P, ,,, gives us the two sums

t1 1
= P Piyg—Pyy— P B.5
oty s ( 23+ 14 2,4 1,3>, (B.5)
and
to 1
= P, Psyg—Pyy—Pi3). B.6
ot s( 1,2+ 34 2,4 1,3) (B.6)
First, we observe that —Py 3, —P4 > 0, since cos(m) = —1. Second, we observe that

(B.5) is greater than zero when as = oy < 7, while (B.6) is greater than zero when
a1 =a3 < 7T 5. Let us now look at the case where ap = ay > % In this case, we can
not guarantee that (B.5) is greater than or equal to zero. We will therefore use Lemma
3.2.2 to convert P 3, P4 into A3, A41, and then we will put these expressions into the
analyses of the terms containing A, 3 and A4 1 respectively.

f7(Az3, Ag2) (new expression marked in blue):

_ 2t1to 1 t COS (v9
As g A = — . .
f (A2, A32) (t1+1t2)2 2 (1 +1y 52
—t2 4+ tito 1
(tl +t2)2 52
> 0.
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Since we are looking at the case where ap > 7, we know that a1 < 5 (since a; + g = ).

This means that ¢; < t2, which again implies that ¢? < t;t5, which then implies that

—t24+tits 1
(t1+t2)2 * 872 > 0

We will now make a similar argument for f~ (A4 1, A14).

S~ (Asr, Ara):
B 2t1to 1 t1 COS (4
Agp, i) = ———~5 5+ 1+
J(Aar, Ava) it 2ttt s
M.l+1
(tr +12)* 52
> 0.

Since we are looking at the case where ap > 7, we know that a1 < 3 (since a + g = ).
This means that ¢; < t2, which again implies that ¢? < t;t5, which then implies that

—t24t1ts
(t11+t21)22 s +1>0.

Similarly, when oy = a3 > 7, we get the following analysis:

[ (A12,A21):
_ 2t1t2 1 /,2 COS (V1
Aro, Agy) = = .
/ ( 1,2, 2,1) (tl +t2)2 52+[1 Tl 52
—t3 4+ tity 1
(tl + t2)2 52
> 0.

Since we are looking at the case where o > g, we know that ag < g (since ap + g = ).
This means that to < t1, which again implies that t% < tytg, which then implies that

—t2+t1t2 1
(t12+t2)2 * 57 > 0
7 (Az4, Ag3):
_ 2t1t2 1 /2 COS ('3
Aga Agg) = 12 2 g 20
7 (Az4, As3)  t 1) 5+ +/1+{2 =
—t3 +tity 1 1
(t1+t2)2 52

> 0.

We have now proven analytically that R 3 4(x) > 0, when x is the intersection between
the diagonals in Q.
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B.2.2 Analysis for x € {d; Uds}

Analysis of terms containing A; 2, A21 and P »:

I def testA12(
2 tl = tan
t3 = tan

5 terml =
6 term2 =
7 term3 =
8 termd4 =

10 termb5 =

12 return t

al, a4):
(al1/2); t2 = tan(pi/2-al/2)
(pi/2-a4/2); t4 = tan(ad/2)

(t2%t4) /((t2+t3) *(t3+t4)) *1/(sin(al)*sin(ad))
(t1*xtd) /((t1+t4)*(t3+t4)) *1/(sin(al)*sin(ad))
(t1*xt2) /((t2+t3) *(t1+t4)) =*1/(sin(al) *x2)
(t2*xt4) /((t2+t3)*(t1+t4)) *1/(sin(al)*sin(ad))
t2/(t2+t3)*cos(al)/(sin(al) **2)

erml + term2 + term3 - term4 + termb

14 print (testd1d3(testAl12))

Output: Done

This test indicates that the sum of all terms containing A; 2, A2 and P2 in Ry 34(x)

is strictly greater than zero when x € {d; U ds}.

Analysis of terms containing As 3, A32 and P 3:

1 def testA23(
2 tl = tan
t3 tan

5 terml =
6 term2 =
7 term3 =
8 termé4 =

10 termb5 =
12 return t
1

1

. print (testd1l

Output: Done

This test indicates that the sum of all terms containing As 3, As2 and P> 3 in Ry 34(x)

al, a4):
(al1/2); t2 = tan(pi/2-al/2)
(pi/2-a4/2); t4 = tan(a4/2)

(t2*t3) /((t2+t3) *(t3+t4))*x1/(sin(al) *sin(a4))
(t1*t3) /((t1+t4)*(t3+t4))*1/(sin(al)*sin(a4))
(t1*xt2) /((£2+t3) *(t1+t4)) *x1/(sin(al) *%*2)
(t1*xt3)/((t2+t3)*x(t1+t4))*1/(sin(al) *sin(a4))
t1/(t1+td)*cos(al)/(sin(al) *x*2)

erml + term2 + term3 - term4 - termb

d3(testA23))

is strictly greater than zero when x € {d; U ds}.

Analysis of terms containing A 4, A4 and P 4:

1 def testA24(
2 tl = tan
t3 tan

5 terml =
6 term2 =
7 term3 =
8 termé4 =
9 termb5 =
10 term6 =

12 term7 =

al, a4):
(al1/2); t2 = tan(pi/2-al/2)
(pi/2-a4/2); t4 = tan(ad/2)

(t2%t4) /((t2+t3)*(t3+t4)) *1/(sin(al) *sin(a4))
(t1*t4)/((t1+t4)*(t3+t4))*x1/(sin(al)*sin(ad))
(t1*t3)/((t2+t3)*(t1+t4))*1/(sin(al)*sin(ad))
(t2%t3) /((t2+t3)*(t3+t4)) *1/(sin(al) *sin(a4))
(t1*t3)/((t1+t4)*(t3+t4))*x1/(sin(al)*sin(ad))
(t2*t4) /((t2+t3)*(t1+t4))*1/(sin(al)*sin(ad))

cos (2xpi-al-ad4)/(sin(2*pi-al-a4)*sin(al))*t2/(t2+t3)
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13 term8 = cos(2*pi-al-a4)/(sin(2*pi-al-a4)*sin(al))*t1/(t1+t4)

15 return terml + term2 + term3 - term4d - term5 - term6 \
16 - term7 - term8

18 print(testd1d3(testA24, True))

Output: Done

This test indicates that the sum of all terms containing A 4, A4 2 and P24 in Ry 34(x)
is strictly greater than zero when x € {d; U ds}.

Analysis of terms containing Az 4, A43 and P3 4:

1 def testA34(al, a4d):
tl = tan(al/2); t2 = tan(pi/2-al/2)
t3 = tan(pi/2-a4/2); t4 = tan(a4d/2)

5 terml = (t2*t3)/((t2+t3)*(t3+t4))*1/(sin(al)*sin(ad))
6 term2 = (t3*xt4)/((t2+t3)*x(t3+t4))*1/(sin(ad) *x*2)

7 term3 = 1

8 term4 = (t3*t4)/((t1+t4)*x(t3+t4))*1/(sin(ad) **2)

9 term5 = (t2*t4)/((t2+t3)*(t1+t4))*1/(sin(al)*sin(ad))
10 term6 = (t2*xt4)/((t2+t3)*(t3+t4))*1/(sin(al)*sin(a4))
11 term7 = (t3*t4)/((t2+t3)*x(t1+t4))*1/(sin(ad) **2)

13 term8 = t3/(t2+t3)*cos(a4)/(sin(ad) *x*2)
14 term9 = t3/(t3+t4)*cos(a4)/(sin(ad) **2)

15 term10 = t4/(t1+t4)*cos(ad)/(sin(ad) *x*2)

16 termll = t2/(t2+t3)*cos(a4)/(sin(ad)*sin(al))

17 term12 = t4/(t3+t4)*cos(ad)/(sin(ad) **2)

18

19 return terml + term2 + term3 + term4 + termb5 - term6 - term7\
20 + term8 + term9 + terml0 - termll - terml2

22 print (testd1d3 (testA34))

Output: Done

This test indicates that the sum of all terms containing Az 4, A4 3 and P34 in Ry 34(x)
is strictly greater than zero when x € {d; Uds}.

Analysis of terms containing A4 1, A1 4 and Py 4:

1 def testAd41(al, a4d):

2 tl = tan(al/2); t2 = tan(pi/2-al/2)
3 t3 = tan(pi/2-a4/2); t4 = tan(ad/2)
4

5 terml = (t3xt4)/((t2+t3)*x(t3+t4))*1/(sin(ad) *x*2)

6 term2 = (t3*t4)/((t1+t4)*(t3+t4))*1/(sin(ad) **2)

7 term3 = (t1*t4)/((t1+t4)*x(t3+t4))*1/(sin(al)*sin(ad))
8 term4d = 1

9 termb = (t1xt3)/((t2+t3)*(t1+t4))*1/(sin(al)*sin(a4d))
10 term6 = (t1*t3)/((t1+t4)*(t3+t4))*1/(sin(al)*sin(ad))
11 term7 = (t3xt4)/((t2+t3)*x(t1+t4))*1/(sin(ad) *x*2)

12
13 term8 = t3/(t3+t4)*cos(ad)/(sin(ad) **2)

14 term9 = t1/(tl1+t4)*cos(ad)/(sin(ad)*sin(al))
15 term10 = t4/(t3+t4)*cos(ad)/(sin(ad) *x*2)

16 termil = t4/(t1+t4)*cos(ad)/(sin(ad) **2)
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term12 = t3/(t2+t3)*cos(a4)/(sin(ad) *x*2)

return terml + term2+ term3 + term4 + term5 - term6 - term7 \
+ term8 + term9 - terml0 - termll - terml2

print (testd1d3 (testA41))

Output: Done

This test indicates that the sum of all terms containing A4 1, A;4 and P; 4 in Ry 34(x)
is strictly greater than zero when x € {d; Uds}.

Analysis of terms containing P 3:

We observe that we have six terms containing P; 3. Since P 3 < 0 (follows from the fact
that cos(m) = —1), we need to check if the sum of the factors in front of —P; 3 are greater
than the sum of the factors in front of P; 3. We will do this analysis in the code below.

def testP13(al, a4):
tl = tan(al/2); t2 = tan(pi/2-al/2)
t3 = tan(pi/2-a4/2); t4 = tan(ad/2)

terml = t4/(t3+t4)*1/sin(a4d)
term2 = t3/(t3+t4)*1/sin(a4d)
term3 = t2/(t2+t3)*1/sin(al)
term4 = t1/(t1+t4)*1/sin(al)

termb5 = t3/(t2+t3)*1/sin(ad)
term6 = t4/(t1+t4)*1/sin(a4d)

return terml + term2 + term3 + term4 - termb - term6

print (testd1d3(testP13))

Output: Done

This test indicates that the sum of all terms containing P; 3 in Ry 34(x) is strictly
greater than zero when x € {d; Uds}.

Analysis of terms containing Pj 1, P33 and Py 4:

We know that cos(ay, ) = cos(0) = 1, which implies that P, , > 0, for n = 1,3,4. Since
the factors in front of P, ,, for n = 1,3, 4, are greater than zero (this follows from the
definition of mean value coordinates for convex polygons), we know that all the terms
containing P 1, P33 and P44 are greater than zero.

We have now numerically proven that all the negative terms in Ry 3 4(x) are strictly
dominated by their positive counterparts when x € {d; U d3}. This means that
R17374(X) > (0 when x € {dl U dg}
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B.2.3 Analysis for x € {dy U d,}

Analysis of terms containing Ay 2, A2 1 and P 2:

def testAl12(al, a2):
tl = tan(al/2); t2 = tan(a2/2)

t3 = tan(pi/2-a2/2); t4 = tan(pi/2-al/2)

terml (t2*%t4) /((t2+t3) *(t3+t4)) *1/(sin(al)*sin(a2))
term?2 (t1*xtd) /((t1+t4) *x(t3+t4)) *1/(sin(al) **2)
term3 (t1*xt2) /((t2+t3)*(t1+t4)) *1/(sin(al)*sin(a2))
term4d = (t2*t4)/((t2+t3)*(t1+t4)) *1/(sin(al)*sin(a2))
termb t2/(t2+t3)*cos(al)/(sin(al)*sin(a2))

return terml + term2 + term3 - term4 + termb

print (testd2d4 (testAl12))

Output: Done

This test indicates that the sum of all terms containing A; 2, A2 and P 2 in Ry 34(x)

is strictly greater than zero when x € {d2 U dy4}.

Analysis of terms containing Az 1, A1 3 and P 3:

def testA31(al, a2):
tl = tan(al/2); t2 = tan(a2/2)
t3 = tan(pi/2-a2/2); t4 = tan(pi/2-al/2)

termil
term?2
term3
termé
termb
term6
term7
term8

term9 =

(t2*t4) /((t2+t3) *(t3+t4))*1/(sin(al)*sin(a2))
(t1*xt3) /((t1+t4) *(t3+t4))*1/(sin(al)*sin(a2))
(t1xt2) /((t2+t3) *(t1+t4))*1/(sin(al)*sin(a2))
(t3*t4) /((t2+t3)*(t1+t4))*1/(sin(al)*sin(a2))
(t3*xt4) /((t2+t3) *(t3+t4))*1/(sin(al)*sin(a2))
(t3*xt4) /((t1+t4) *(t3+t4))*1/(sin(al)*sin(a2))
(t2*t4) /((t2+t3) *(t1+t4))*1/(sin(al)*sin(a2))
(t1xt3) /((t2+t3)*(t1+t4))*1/(sin(al)*sin(a2))
1

term10 t4/(t3+t4)*1/sin(al)*cos (al+a2)/sin(al+a2)
termi1l t3/(t3+t4)*1/sin(a2)*cos(al+a2)/sin(al+a2)
terml2 t2/(t2+t3)*1/sin(a2)*cos (al+a2)/sin(al+a2)
term13 t1/(t1+t4)*1/sin(al)*cos(al+a2)/sin(al+a2)
termid t3/(t2+t3)*1/sin(a2)*cos (al+a2)/sin(al+a2)
terml5 t4/(t1+t4)*1/sin(al)*cos(al+a2)/sin(al+a2)
return terml + term2 + term3 + term4 - term5 - term6 \
- term7 - term8 - term9 + terml0 + termll + termi2\

+terml3 - terml4 - termil5

print (testd2d4 (testAl12, True))

Output: Done

This test indicates that the sum of all terms containing A3, A; 3 and P; 3 in Ry 34(x)

is strictly greater than zero when x € {da U dy4}.

Analysis of terms containing A4 1, A1 4 and P 4:
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1 def testAd41(al, a2):
tl = tan(al/2); t2 = tan(a2/2)

N

t3 = tan(pi/2-a2/2); t4 = tan(pi/2-al/2)

terml = (t3*t4)/((t2+t3)*(t3+t4))*1/(sin(al)*sin(a2))
term2 = (t3*t4)/((t1+t4)*(t3+t4))*1/(sin(al)*sin(a2))
term3 = (t1*t4)/((t1+t4)*(t3+t4))*1/(sin(al) **2)
term4d = 1

term5 = (t1*t3)/((t2+t3)*(t1+t4))*1/(sin(al)*sin(a2))
term6 = (t1*t3)/((t1+t4)*x(t3+t4))*1/(sin(al)*sin(a2))
term7 = (t3*t4)/((t2+t3)*(t1+t4))*1/(sin(al)*sin(a2))
term8 = t4/(t3+t4)*cos(al)/(sin(al) *x*2)

term9 = t4/(t1+t4)*cos(al)/(sin(al) **2)

term10 = t3/(t2+t3)*cos(al)/(sin(al)*sin(a2))

termll = t3/(t3+t4)*cos(al)/(sin(al)*sin(a2))

term12 = t1/(t1+t4)*cos(al)/(sin(al) **2)

return terml + term2+ term3 + term4 + term5 - term6 - term7 \
+ term8 + term9 + terml0 - termll - terml2

print (testd2d4 (testA41))

Output: Done

This test indicates that the sum of all terms containing A4 1, Aj4 and P; 4 in Ry 34(x)

is strictly greater than zero when x € {d2 U dy4}.

Analysis of terms containing As 3, A32 and Ps 3:

def testA23(al, a2):
tl1 = tan(al/2); t2 = tan(a2/2)
t3 = tan(pi/2-a2/2); t4 = tan(pi/2-al/2)

terml = (t2*t3)/((t2+t3)*x(t3+t4))*1/(sin(a2) *x*2)
term2 = (t1*t3)/((t1+t4)*(t3+t4))*1/(sin(al)*sin(a2))
term3 = (t1*t2)/((t2+t3)*(t1+t4))*1/(sin(al)*sin(a2))
term4d = (t1*t3)/((t2+t3)*(t1+t4))*1/(sin(al)*sin(a2))
term5 = t1/(t1+t4)*cos(a2)/(sin(al)*sin(a2))

return terml + term2 + term3 - term4 + termb

print (testd2d4 (testA23))

Output: Done

This test indicates that the sum of all terms containing Az 3, Az 2 and P23 in Ry 34(x)

is strictly greater than zero when x € {ds U dy}.

Analysis of terms containing Az 4, A4 3 and P 4:

def testA34(al, a2):
tl = tan(al/2); t2 = tan(a2/2)

t3 = tan(pi/2-a2/2); t4 = tan(pi/2-al/2)

terml = (t2*t3)/((t2+t3)*(t3+t4))*1/(sin(a22) **2)
term2 = (t3*t4)/((t2+t3)*(t3+t4))*1/(sin(al)*sin(a2))
term3 = 1

term4 = (t3*t4)/((t1+t4)*(t3+t4))*1/(sin(al)*sin(a2))
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termb5 = (t2*t4)/((t2+t3)*x(t1+t4))*1/(sin(al)*sin(a2))
term6 = (t2*t4)/((t2+t3)*(t3+t4))*1/(sin(al)*sin(a2))
term7 = (t3*t4)/((t2+t3)*(t1+t4))*1/(sin(al)*sin(a2))
term8 = t3/(t2+t3)*cos(a2)/(sin(a2) *x*2)

term9 = t3/(t3+t4)*cos(a2)/(sin(a2) **2)

term10 = t4/(tl+t4)*cos(a2)/(sin(a2)*sin(al))

termll = t2/(t2+t3)*cos(a2)/(sin(a2) **2)

terml12 = t4/(t3+t4)*cos(a2)/(sin(a2)*sin(al))
return terml + term2 + term3 + term4 + termb5 - term6 - term7\
+ term8 + term9 + terml0 - termll - terml2

print (testd2d4 (testA34))

Output: Done

This test indicates that the sum of all terms containing Az 4, A4 3 and P34 in Ry 34(x)
is strictly greater than zero when x € {ds U dy}.

Analysis of terms containing P» 4:
We observe that we have two terms containing Ps 4;

to 1
— . P B.7
to + t3 SiIl(CYQ) 2.4 ( )
and
t1 1
— . Py 4. B.8
t1+ 14 SiIl((Xl) 24 ( )
We know that cos(ag + a3) = cos(w) = —1, when x € {dy U dy}, which implies that
P, 4 < 0. Since both ta_ . L __and -4 . L are positive, this implies that both

to+ts sin(ag)

(B.7) and (B.8) are positive.

ti+ts  sin(aq)

Analysis of terms containing P; 1, P33 and Py 4:

We know that cos(ay, ) = cos(0) = 1, which implies that P, , > 0, for n = 1,3, 4. Since
the factors in front of P, ,, for n = 1, 3,4, are greater than zero (this follows from the
definition of mean value coordinates for convex polygons), we know that all the terms
containing Pj 1, P33 and P, 4 are greater than zero.

We have now, with the help of some numerical analysis, proven that all the negative
terms in Ry 3 4(x) are strictly dominated by their positive counterparts when x € {daUdy}.
This means that Ry 34(x) > 0 when x € {dy Udy4}.

B.2.4 Analysis for x € {Q; UQ, U Q3 U Qy4}

Analysis of terms containing Ay 2, A2 1 and P 2:

def testAl12(al, a2, a3, a4d):
tl = tan(al/2); t2 tan(a2/2)

t3 = tan(a3/2); t4 = tan(ad/2)
terml = (t2*t4)/((t2+t3)*(t3+t4)) *1/(sin(a2)*sin(ad))
term2 = (t1*t4)/((t1+t4)*(t3+t4)) *1/(sin(al)*sin(ad))
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term3 = (t1*t2)/((t2+t3)*(t1+t4)) *1/(sin(al)*sin(a2))
term4 = (t2*t4)/((t2+t3)*x(t1+t4)) *1/(sin(a2)*sin(a4d))
term5 = t2/(t2+t3)*cos(al)/(sin(al)*sin(a2))
return terml + term2 + term3 - term4 + termb

print (testQ1
print (testQ2
print (testQ3
print (testQ4

Output: Done

Done
Done
Done

(testAl12))
(testAl12))
(testAl12))
(testAl12))

This test indicates that the sum of all terms containing A; 2, A2 and P2 in Ry 34(x)
is strictly greater than zero when x € {Q1 U Q2 U Q3 U Q4}.

Analysis of terms containing A; 3, A3 and P 3:

def testA13(
tl = tan
t3 = tan

#A_(3,1)
termil
term?2
term3
termé4
sumA31 =

#A_(1,3)
termb
term6
term7
term8
term9
sumAl13 =

al, a2, a3, a4):
(a1/2); t2 = tan(a2/2)
(a3/2); t4 = tan(ad/2)

- terms

(t2*t4) /((t2+t3) *(t3+t4))*1/(sin(a2)*sin(a4d))
(t1*t3)/((t1+t4)*(t3+t4))*1/(sin(al)*sin(al3))
(t1*t2) /((t2+t3)*(t1+t4))*1/(sin(al)*sin(a2))
(t3*t4) /((t2+t3)*(t1+t4))*1/(sin(a3)*sin(a4d))
terml + term2 + term3 + term4

- terms

(t3%t4) /((t2+t3) *(t3+t4))*1/(sin(a3)*sin(ad))
(t3*%t4) /((t1+t4)*(t3+t4))*1/(sin(a3)*sin(a4d))
(t2*t4) /((t2+t3)*(t1+t4))*1/(sin(a2)*sin(a4d))
(t1*xt3)/((t2+t3)*(t1+t4))*1/(sin(al) *sin(a3))
1

term5 + term6 + term7 + term8 + term9

#Converted P_(1,3)-terms

term10 = t3/(t2+t3)*1/sin(a3)*cos(al+a2)/sin(al+a2)

termi1l = t4/(t1+t4)*1/sin(ad)*cos(al+a2)/sin(al+a2)

term12 = -t4/(t3+t4)*1/sin(ad)*cos(al+a2)/sin(al+a2)

term13 = -t3/(t3+t4)*1/sin(a3)*cos(al+a2)/sin(al+a2)

terml14 = -t2/(t2+t3)*1/sin(a2)*cos(al+a2)/sin(al+a2)

termi15 = -t1/(t1+t4)*1/sin(al)*cos(al+a2)/sin(al+a2)

sumP13 = terml0 + termll +terml2 + terml3 + termld4d + termlb
if al+a2 < pi:

return sumAl13 - sumA31 + sumP13

elif al+a2 > pi:
return sumA31 - sumAl13 - sumP13

print (testQ1
print (testQ2
print (testQ3
print (testQ4

(testA13))
(testA13))
(testA13))
(testA13))
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Output: Done
Done
Done
Done

This test indicates that the sum of all terms containing A; 3, Az and P; 3 in Ry 34(x)
is strictly greater than zero when x € {Q1 U Q2 U Q3 U Q4}.

Analysis of terms containing Aa 3, A32 and Ps 3:

def testA23(al, a2, a3, a4):
tl = tan(al/2); t2 = tan(a2/2)
t3 = tan(a3/2); t4 = tan(ad/2)

terml = (t2*t3)/((t2+t3)*(t3+t4))*1/(sin(a2)*sin(a3))
term2 = (t1*t3)/((t1+t4)*(t3+t4))*1/(sin(al)*sin(a3))
term3 = (t1*t2)/((t2+t3)*x(t1+t4))*1/(sin(al)*sin(a2))
term4d = (t1*t3)/((t2+t3)*(t1+t4))*1/(sin(al)*sin(a3))
term5 = t1/(tl1+t4)*cos(a2)/(sin(a2)*sin(al))

return terml + term2 + term3 - term4 - termb

print (testQ1l (testA23))

5 print (testQ2(testA23))

print (testQ3(testA23))
print (testQ4 (testA23))

Output: Done
Done
Done
Done

This test indicates that the sum of all terms containing A 3, Az and P23 in Ry 34(x)
is strictly greater than zero when x € {Q1 U Q2 U Q3 U Q4}.

Analysis of terms containing Ag 4, A42 and P 4:

def testA24(al, a2, a3, a4):
tl = tan(al/2); t2 tan (a2/2)
t3 tan(a3/2); t4 tan(a4/2)

#A_ (2,4)-terms:
terml = (t2*t4)/((t2+t3)*(t3+t4))*1/(sin(a2)*sin(ad))

term2 = (t1*xt4)/((t1+t4)*(t3+t4))*1/(sin(al)*sin(a4))
term3 = (t1*t3)/((t2+t3)*x(t1+t4))*1/(sin(al)*sin(a3))
sumA24 = terml + term2 + term3

#A_ (4,2)-terms:
term4d = (t2*t3)/((t2+t3)*(t3+t4))*1/(sin(a2)*sin(a3))

termb = (t1*t3)/((t1+t4)*(t3+t4))*1/(sin(al)*sin(a3))
term6 = (t2*t4)/((t2+t3)*(t1+t4))*1/(sin(a2)*sin(ad))
sumA42 = term4 + termb + term6

#Converted P_(2,4)-terms

term7 = -t2/(t2+t3)*cos(a2+a3)/(sin(a2+a3)*sin(a2))
term8 = -t1/(tl1+t4)*cos(a2+a3)/(sin(a2+a3)*sin(al))
sumP24 = term7 + term8
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if a2+a3 < pi:
return sumA24 - sumA42 + sumP24

elif a2+a3 > pi:
return sumA42 - sumA24 - sumP24

print (testQl (testA24))
print (testQ2(testA24))
print (testQ3 (testA24))
print (testQ4 (testA24))

Output: Done

Done
Done
Done

This test indicates that the sum of all terms containing Ay 4, A42 and P> 4 in Ry 34(x)
is strictly greater than zero when x € {Q1 U Q2 U Q3 U Q4}.

Analysis of terms containing As 4, A4 3 and P 4:

def testA34(al, a2, a3, a4d):

tl = tan(al/2); t2
t3 = tan(a3/2); t4

termil
term?2
term3
termé
termb
term6

term7 =

term8 =

tan (a2/2)
tan (a4/2)

(t2%t3) /((t2+t3)*x(t3+t4))*1/(sin(a2)*sin(a3))
(t3*t4) /((t2+t3) *(t3+t4))*x1/(sin(a3)*sin(ad))
1

(t3*t4) /((t1+t4)*x(t3+t4))*1/(sin(a3)*sin(a4))
(t2*t4) /((t2+t3)*(t1+t4))*x1/(sin(a2)*sin(ad))
(t2*xt4) /((t2+t3) *(t3+t4))*1/(sin(a2)*sin(ad))
(t3*t4) /((t2+t3)*(t1+t4))*1/(sin(a3) *sin(a4))

t2/(t2+t3)*cos(a3)/(sin(a3)*sin(a2))

term9 t4/(t3+t4)*cos(a3)/(sin(a3)*sin(ad))

term10 = t3/(t2+t3)*cos(a3)/(sin(a3) **2)

terml1l = t3/(t3+t4)*cos(a3d)/(sin(a3) *x*2)

terml12 = t4/(t1+t4)*cos(al3)/(sin(a3d)*sin(a4))

return terml + term2 + term3 + term4 + termb5 - term6 - term7)\
+ term8 + term9 - terml0 - termll - terml2

print (testQ1l (testA34))
print (testQ2(testA34))
print (testQ3(testA34))
print (testQ4 (testA34))

Output: Done

Done
Done
Done

This test indicates that the sum of all terms containing Az 4, A4 3 and P34 in R 34(x)
is strictly greater than zero when x € {Q1 U Q2 U Q3 U Q4}.

89



Appendix B. Test results for R 2.4, R1,3.4 and Ry 3.4

Analysis of terms containing A4 1, A1 4 and Pj 4:

def testA41(al, a2, a3, a4d):
tl = tan(al/2); t2 = tan(a2/2)
= tan(a4/2)

1
3 t3 = tan(a3/2); t4
4

terml = (t3*xt4)/((t2+t3)*(t3+t4))*1/(sin(a3)*sin(ad))
6 term2 = (t3*t4)/((t1+t4)*(t3+t4))*1/(sin(a3)*sin(ad))
7 term3 = (t1*t4)/((t1+t4)*(t3+t4))*1/(sin(al)*sin(ad))
8 term4d = 1
9 termb = (t1*t3)/((t2+t3)*(t1+t4))*1/(sin(al)*sin(a3))
10 term6 = (t1*t3)/((t1+t4)*(t3+t4))*1/(sin(al)*sin(a3))
11 term7 = (t3*t4)/((t2+t3)*(t1+t4))*1/(sin(a3)*sin(ad))

13 term8 = t3/(t3+t4)*cos(ad4)/(sin(ad)*sin(a3))
14 term9 = t1/(tl1+t4)*cos(ad)/(sin(ad)*sin(al))
15 term10 = t4/(t3+t4)*cos(ad)/(sin(ad) *x*2)

16 termill = t4/(t1+t4)*cos(ad)/(sin(ad) **2)

17 terml12 = t3/(t2+t3)*cos(ad)/(sin(ad)*sin(al3))

18

19

20 return terml + term2+ term3 + term4 + termb - term6 - term7 \
2 + term8 + term9 - terml0 - termll - termil2

print (testQ1l (testA41l))
print (testQ2(testA41))
25 print (testQ3(testA41))
26 print (testQ4 (testA41))

NN
L N U

Output: Done
Done
Done
Done

This test indicates that the sum of all terms containing A4 1, A1 4 and P; 4 in Ry 34(x)
is strictly greater than zero when x € {Q1 U Q2 U Q3 U Q4}.

Analysis of terms containing Pj 1, P33 and Py 4:

We know that cos(ay, ) = cos(0) = 1, which implies that P, , > 0, for n = 1,3, 4. Since
the factors in front of P, ,, for n = 1, 3,4, are greater than zero (this follows from the
definition of mean value coordinates for convex polygons), we know that all the terms
containing Py 1, P33 and P44 are greater than zero.

We have now, with the help of some numerical analysis, proven that all the
negative terms in R 3 4(x) are strictly dominated by their positive counterparts when
x € {Q1UQ2UQ3UQ4}. This means that Ry 34(x) > 0 when x € {Q1UQ2UQ3UQ4}.
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B.2.5 Conclusion

We have now showed that for every x € Q,
Ri34(x) > 0.
Since wy, w3, wyq > 0 for all x € @, this implies that
D(wy,ws,wy)(x) > 0,

for all x € Q.

B.3 Analysis of Ry 34

We will start by writing down the expression for Rg 3 4(x):

tot 1
R2’3’4(X) - (tg + t;j(ig, + t4) . sin aip sin ag (A3’4 + A2’3 t A4’2)
tot 1
+ (tz + t;j(;tg + t4) . Sin aig Sin ay (A4’3 + A371 + A2’4 + ALQ)
+ to fi ty sinlag (P3’4 B P2’4) + (ta + tSEZ% +14) sin aglsin ay
+ to ::j t3 ' SiIlloég (P4’4 B P3’4) + t3 :?: t4 . sinlag (P3’3 B P3’4)
it 1
+ A3’4 + (tl + t2§(i3 + t4) . sin a1 sin ag <A2’3 + A4’2 + A3’1 + A1’4)
it t 1
+ (t1 + t23(:3 + t4) sin a1 sin oy (A2 1t A+ Ay 1) t1 —ii to " sin a1
tot t 1
* (t1 + tzi(i:«; + 754) Slna2 sin azg (A4 3t Aszt Ao 4> + t3 —ﬁ ty sinay
tot
(t1 + tzj(i;), + t4) sin o sin g ( sat AL+ Aiot A2’1)
+ t1 fi to ' Sinlag (P2’4 B P3’4) + t3 :?j t4 ‘ sinlag (P2’4 B P2’3) + A
it 1 t 1
* (t1 + tz;(; +t3) " sin o sin ag (A2’3 A+ A3’1> + t3 —ﬁt4 sin oy
tt 1
(t1 + t23(i2 +t3) " sin o sin o3 (A3’2 T A2atArs+ A4’1)
+ t1 i to ' Sinlal (P2’3 B P173) + (t1 + tijiiz +t3) “sin aglsin as
t fi ty Sinlag (P&?’ - P2’3) T iﬁ ts Sin1a2 <P2’2 B P2’3)
ts 1

. Py3— P Ao 3.
to + t3 sinag( 2.3 2’4) T A23

(A4,1 + Asz4+ A1,3)

(P1,4 — P2,4)

<P3,4 - P1,3)

<P1,2 - P2,4)

(A3,4 + Az 3+ A4,2)

Since the analysis of Ry 3 4(x) is so similar to the analysis we did for R 2 3(x) in section
3.2, we will only present the results in this section. When we are preforming a numerical
analysis we will use the code we presented in section A.1.2. Note that we will use the

properties we derived in section 3.2 when we preform the different analyses here.
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B.3.1 Analysis for when x is the intersection between the diagonals
J7(Ai12,A21):

12 1 21ty 1
A 2 L Bl
f ( 1.2 271) (tl +t2)2 52 (tl +t2)2 52
t3 1
(tl =+ t2)2 52
2t1to 1
(tl + t2)2 52
>0
[~ (A23, Az 2):
t? 1 3tity 1
Ao g, Ag o) = 1 = 41
[ (A23,As2) CETS AR e
t2 1 thts 1
(tl + t2)2 52 (tl + t2)2 52
2t1to 1
= —+1
(tl + t2)2 52 +
>0
[ (As4,As3):
t3 1 3t1to 1
(A3 4, A -2 - 4 - 4
I (Asa, Asg) +h)? &2 (htw)eE £
t3 1 tts 1
(tl + t2)2 52 (tl + t2)2 52
ot 1to 1
—+1
(tl + t2)2 52 *
>0
J7 (A4, Ara):
S (Auy, Ay ) = t2 L 2ty 1
41 A14) = (tl + t2)2 s2 (tl + t2)2 s2
t2 1
(t1 + t2)2 52
2t1to 1
(tl + t2)2 52
>0

Analysis of terms containing P33, P34 and Py 4:

We will now check if fT(Ps3, P34, Ps4a) > 0, but we will leave out two terms, namely
(tltﬁtz -1)Ps 5 and (tltth - 1YPy 4. As we will see later, these terms will be used in other
analyses, so we will leave them out here so we do not use them twice. It is also worth
noticing that we have two terms containing P34 that are cancelling each other out,

namely (tlﬁftQ . %)P3,4 and _(t1$t2 . %)P374.
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to 1 i 1
T (P33, P34, Py4) — -<P P >:-<P — 2P P )
JT (P33, P34, Py4) g, s\ + P34 g s\ 3.4 + Py

> 0.

This follows from the definition of P, ,,, and the fact that cos(as) <1

Analysis of terms containing P, 2, P» 3 and P 3:

We will now check if f+(P2,2, P53,P;53) > 0, but we will leave out two terms, namely

th 1 th 1 i t1 1
(535 - s)f23 and (534 - 5)Pa,3. As we will see, we leave out (53 - 5
i 1

it in another analysis later on, while we leave out ( TG <) P33 because we have used this
term in an earlier analysis. It is also worth noticing that we have two terms containing

P, 3 that are cancelling each other out, namely (t1$t2 -1)P, 5 and —(tlith -DPy

)P 3 so we can use

t1 1
t1+1t2 s

ta 1
P. P = —. -
< 2,3 1 3,3) 1ty s

> 0.

[T (Py2, Pag, Ps3) —

<P2,2 —2P3+ P3,3>

This follows from the definition of P, ,,, and the fact that cos(ag) <1

Analysis of the remaining terms containing P, ,,:
We observe that the remaining terms containing P, ,,, gives us the two sums

- " - i(Pz,g 4+ Py~ Poy— P173>, (B.9)
and
L 1(131,2 + Pya— Py - P173>. (B.10)
t1+ta s
First, we observe that —P; 3, —P>4 < 0, since cos(m) = —1. Second, we observe that

(B.9) is greater than zero when as = a4 < 7§, while (B.10) is greater than zero when
a1 = ag < g Let us now look at the case where a9 = ay > g In this case, we can
not guarantee that (B.9) is greater than or equal to zero. We will therefore use Lemma
3.2.2 to convert P 3, P 4 into Aa3, A4 1, and then we will put these expressions into the
analyses of the terms containing A, 3 and A4 1 respectively.

f7(Az3, Ag2) (new expression marked in blue):

_ 2t1to 1 t1 COS (9
Agg, A3o) = ——— - —= + 1+ i
Fldes da2) = o @ T,
(tl +t2)2 52
> 0.

Since we are looking at the case where az > 7, we know that a1 < 5 (since a1 +ap = 7).
This means that t; < t2, which again implies that 2 < t;t5, which then implies that

—2+t1ty 1
ICEE +1>0.
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We will now make a similar argument for f~(A41, A14).

[ (Aa, Ara):
B 2t1to 1 t COS (4
Ag, Arg) = - T
“tittity 1
(tl —+ t2)2 52
> 0.

Since we are looking at the case where ag > %, we know that a1 < g (since ap + g = ).

This means that t; < t, which again implies that t% < tytg, which then implies that

—t2+tits 1
(t1+t2)2 * 57 > 0

Similarly, when oy = a3 > 7, we get the following analysis:

[ (A12,A27) :
_ 2t1to 1 to CoS
Ao, Axq) = R . ,
f ( 1,2, 2,1) (tl —|—t2)2 52 t +to 52
—t5+tity 1
(t1 +t2)? s
> 0.

Since we are looking at the case where oy > 7, we know that ap < 7§ (since ag +ag = ).
This means that to < t;, which again implies that t3 < t;t3, which then implies that

—t24+t1ts 1
(t12+t2)2 * ? > 0
[ (Az4, Ag3):
_ 2t1ta 1 to CoS (3
A rA - _ - . 14— —=
I 34 4’3) (t1 —|—t2)2 52 + t1 +to 52
—t3+tity 1 1
(tl + t2)2 52

> 0.

We have now proven analytically that that Ra34(x) > 0, when x is the intersection
between the diagonals.

B.3.2 Analysis for x € {d; Uds}

Analysis of terms containing Ay 2, A2 1 and Pj 2:

def testAl2(al, a4):
tl = tan(al/2); t2 = tan(pi/2-al/2)

t3 = tan(pi/2-a4/2); t4 = tan(ad/2)

terml = (t2*t4)/((t2+t3)*(t3+t4)) *1/(sin(al)*sin(ad))
term2 = (t1*t4)/((t1+t2)*(t3+t4)) *1/(sin(al)*sin(ad))
term3 = (t1*t2)/((t1+t2)*(t2+t3)) *1/(sin(al) *x*2)
term4d = (t2*t4)/((t1+t2)*(t3+t4)) *1/(sin(al)*sin(ad))
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termb5 =
return t

print (testdl

Output: Done

t4/(t3+td4)*xcos(al)/(sin(al)*sin(ad))
erml + term2 + term3 - term4 + termb

d3(testAl12))

B.3. Analysis of Ry 3.4

This test indicates that the sum of all terms containing A; 2, A2 and P; 2 in Rg 34(x)
is strictly greater than zero when x € {d; U ds}.

Analysis of terms containing As 3, A32 and P 3:

def testA23(
tl = tan

al, a4):
(al1/2); t2 = tan(pi/2-al/2)

t3 = tan(pi/2-a4/2); t4 = tan(ad/2)

terml = (t2*t3)/((t2+t3)*(t3+t4))*1/(sin(al)*sin(ad))
term2 = (t1*t3)/((t1+t2)*(t3+t4))*1/(sin(al)*sin(ad))
term3 = (t1*t2)/((t1+t2)*(t2+t3))*1/(sin(al) **2)
term4 = (t2*t3)/((t1+t2)*(t2+t3))*1/(sin(al)*sin(ad))
term5 = 1

term6 = (t2*t3)/((t1+t2)*(t3+t4))*1/(sin(al)*sin(a4))
term7 = (t1*t3)/((t1+t2)*(t2+t3))*1/(sin(al)*sin(ad))
term8 = t2/(t1+t2)*cos(al)/(sin(al) **2)

term9 = t2/(t2+t3)*cos(al)/(sin(al) **2)

term10 = t3/(t3+t4)*cos(al)/(sin(al)*sin(ad))

termll = t1/(t1+t2)*cos(al)/(sin(al) **2)

term12 = t3/(t2+t3)*cos(al)/(sin(al)*sin(ad))

return terml + term2 + term3 + term4 + termb5 - term6 - term7\

+term8 +

print (testdl

Output: Done

term9 + terml0 - termll - terml2

d3(testA23))

This test indicates that the sum of all terms containing A 3, Az 2 and P> 3 in Ro 3.4(x)
is strictly greater than zero when x € {d; Uds}.

Analysis of terms containing As 4, A42 and Ps 4:

def testA24(
tl = tan
t3 = tan

terml =
term2 =
term3 =
termd =
termb5 =
term6 =
term7 =
term8 =
term9 =

terml0
terml1l

al, a4):
(al1/2); t2 = tan(pi/2-al/2)
(pi/2-a4/2); t4 = tan(ad/2)

(t2*t4) /((t2+t3)*(t3+t4))*1/(sin(al)*sin(ad))
(t1xt4) /((t1+t2) *(t3+t4))*1/(sin(al)*sin(ad))
(t2*t3)/((t1+t2)*(t3+t4))*1/(sin(al)*sin(ad))
(t1*t3)/((t1+t2)*(t2+t3))*1/(sin(al)*sin(ad))
(£t2%t3) /((t2+t3) *(t3+t4))*1/(sin(al)*sin(ad))
(t1*t3)/((t1+t2)*(t3+t4))*1/(sin(al)*sin(ad))
(t2*t4) /((t1+t2)*(t3+t4))*1/(sin(al)*sin(ad))
1

(t2*t3) /((t1+t2)*(t2+t3))*1/(sin(al)*sin(ad))

= t2/(t1+t2)*cos(2xpi-al-a4)/(sin(2*pi-al-a4)*sin(al))

t3/(t3+t4)*cos (2*xpi-al-a4)/(sin(2*pi-al-ad)*sin(ad))
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terml2 =
terml3 =
terml4d =
termlb =

return t
- term7
- terml3

t2/(t2+t3)*cos(2*pi-al-a4)/(sin(2*pi-al-a4)*sin(al))
t1/(t1+t2)*cos (2*pi-al-a4)/(sin(2*pi-al-ad)*sin(al))
t4/(t3+t4)*xcos (2*xpi-al-a4)/(sin(2*pi-al-ad)*sin(a4d))
t3/(t2+t3) *xcos (2*pi-al-a4)/(sin(2*pi-al-a4)*sin(ad))

erml + term2 + term3 + term4 - term5 - term6 \
- term8 - term9 + terml10 + termll - termi12 \
- termld - termilb

print (testd1d3 (testA24, True))

Output: Done

This test indicates that the sum of all terms containing A 4, A4 2 and P» 4 in Ro 34(x)

is strictly greater than zero when x € {d; Uds}.

Analysis of terms containing Az 4, A4 3 and Ps 4:

def testA34(
tl = tan
t3 = tan

terml =
term2 =
term3 =
term4d =
termb =
term6 =
term7 =

term8 =
term9 =
terml10 =
termill
terml2

return t
+ term8

print (testdl

Output: Done

This test indicates that the sum of all terms containing A3 4, A4 3 and P34 in Ro34(x)

al, a4):
(al1/2); t2 = tan(pi/2-al/2)
(pi/2-a4/2); t4 = tan(ad/2)

(t2*t3) /((t2+t3)*(t3+t4))*1/(sin(al)*sin(ad))
(t3%t4) /((t2+t3)*(t3+t4)) *1/(sin(ad) **2)

1

(t2*xt4) /((t1+t2)*(t3+t4))*1/(sin(al)*sin(a4d))
(t2*t3) /((t1+t2) *(t2+t3))*1/(sin(al) *sin(a4))
(t2*t4) /((t2+t3) *(t3+t4))*1/(sin(al)*sin(a4d))
(t2*xt3) /((t1+t2)*(t3+t4))*1/(sin(al)*sin(ad))

t3/(t2+t3)*cos (ad)/(sin(ad) **x2)

t3/(t3+t4)*cos(ad)/(sin(ad) **2)
t2/(t1+t2)*cos(ad)/(sin(a4d)*sin(al))
t2/(t2+t3)*cos(a4)/(sin(ad)*sin(al))
t4/(t3+t4)*cos(ad)/(sin(ad) *x*2)

erml + term2 + term3 + term4 + term5 - term6 - term7)\
+ term9 + terml0 - termll - terml?2

d3(testA34))

is strictly greater than zero when x € {d; Uds}.

Analysis of terms containing A4 1, A1 4 and P 4:

def testA41(
tl = tan
t3 = tan

terml =
term2 =
term3 =
term4 =

termb =

return t
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al, a4):
(a1/2); t2 = tan(pi/2-al/2)
(pi/2-a4/2); t4 = tan(a4d/2)

(t3%t4) /((t2+t3)*x(t3+t4)) *1/(sin(a4d) **2)
(t1*t4) /((t1+t2)*(t3+t4))*1/(sin(al)*sin(ad))
(t1*xt3) /((t1+t2)*(t2+t3))*1/(sin(al)*sin(ad))
(t1%t3) /((t1+t2) *(t3+t4))*1/(sin(al)*sin(a4d))
t1/(t1+t2)*cos(a4)/(sin(ad)*sin(al))

erml + term2+ term3 - term4 + termb



13
14

o

1

B.3. Analysis of Ry 3.4

print (testd1d3 (testA41))

Output: Done

This test indicates that the sum of all terms containing A4 1, Aj4 and P; 4 in Ro34(x)
is strictly greater than zero when x € {d; U ds}.

Analysis of terms containing P 3:
We observe that we have two terms containing P 3;

t4 1
— . P B.11
ts + 14 sin(a4) 13 ( )
and
t 1
! Py 3. (B.12)

_tl + to . sin(al)

We know that cos(a; + cos(as)) = cos(m) = —1, when x € {d; Uds}, which implies that

Py 3 < 0. Since both tstﬁm . Sin(la4) and t1$t2 . Sin(lal) are positive, this implies that both

(B.11) and (B.12) are positive.

Analysis of terms containing P» 2, P33 and Py 4:

We know that cos(ay, ) = cos(0) = 1, which implies that P, , > 0, for n = 2,3,4. Since
the factors in front of P, ,, for n = 2,3, 4, are greater than zero (this follows from the
definition of mean value coordinates for convex polygons), we know that all the terms
containing Py 1, P33 and P44 are greater than zero.

We have now, with the help of some numerical analysis, proven that all the negative
terms in R 3 4(x) are strictly dominated by their positive counterparts when x € {d;Uds}.
This means that R 3 4(x) > 0 when x € {d; Uds}.

B.3.3 Analysis for x € {dy Ud,}

Analysis of terms containing A; 2, A2 and P »:

def testAl12(al, a2):
tl = tan(al/2); t2 = tan(a2/2)
t3 tan(pi/2-a2/2); t4 = tan(pi/2-al/2)

terml = (t2*xt4)/((t2+t3)*(t3+t4)) *1/(sin(al)*sin(a2))
term2 = (t1*t4)/((t1+t2)*x(t3+t4)) *1/(sin(al) **2)
term3 = (t1*t2)/((t1+t2)*(t2+t3)) *1/(sin(al)*sin(a2))
term4d = (t2*xt4)/((t1+t2)*(t3+t4)) *1/(sin(al)*sin(a2))
term5 = t4/(t3+t4)*cos(al)/(sin(al) **2)

return terml + term2 + term3 - term4 + termb

print (testd2d4 (testAl12))

Output: Done

This test indicates that the sum of all terms containing A; 2, A2 1 and P 2 in Ro 3.4(x)
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is strictly greater than zero when x € {d2 Udy4}.

Analysis of terms containing Az 1, Ay 3 and P 3:

def testA31(al, a2):
tl1 = tan(al/2); t2 = tan(a2/2)
t3 = tan(pi/2-a2/2); t4 = tan(pi/2-al/2)

[S1 U

terml = (t2*xt4)/((t2+t3)*(t3+t4))*1/(sin(al)*sin(a2))
6 term2 = (t1*t3)/((t1+t2)*(t3+t4))*1/(sin(al)*sin(a2))
7 term3 = (t1*t2)/((t1+t2)*x(t2+t3))*1/(sin(al)*sin(a2))
8 term4d = (t3*xt4)/((t2+t3)*(t3+t4))*1/(sin(al)*sin(a2))
9 termb5 = (t2*xt4)/((t1+t2)*x(t3+t4))*1/(sin(al)*sin(a2))
10 term6 = (t1*t3)/((t1+t2)*(t2+t3))*1/(sin(al)*sin(a2))

12 term7 = t4/(t3+t4)*cos(al+a2)/(sin(al+a2)*sin(al))
13 term8 = t1/(t1+t2)*cos(al+a2)/(sin(al+a2)*sin(al))

15 return terml + term2 + term3 - term4 - term5 - term6 \
16 + term7 + term8

17

18 print (testd2d4 (testA13), True)

Output: Done

This test indicates that the sum of all terms containing A3, A; 3 and P; 3 in Ro34(x)
is strictly greater than zero when x € {ds U dy}.

Analysis of terms containing As 3, A32 and Ps 3:

1 def testA23(al, a2):
2 tl = tan(al/2); t2 = tan(a2/2)
3 t3 = tan(pi/2-a2/2); t4 = tan(pi/2-al/2)

5 terml = (t2*t3)/((t2+t3)*(t3+t4))*1/(sin(a22) **2)

6 term2 = (t1*t3)/((t1+t2)*(t3+t4))*1/(sin(al)*sin(a2))
7 term3 = (t1*t2)/((t1+t2)*(t2+t3))*1/(sin(al)*sin(a2))
8 term4d = (t2*t3)/((t1+t2)*(t2+t3))*1/(sin(a22) **2)

9 term5 = 1

10 term6 = (t2*t3)/((t1+t2)*x(t3+t4))*1/(sin(a2) **2)

11 term7 = (t1*t3)/((t1+t2)*(t2+t3))*1/(sin(al)*sin(a2))

13 term8 = t1/(t1+t2)*cos(a2)/(sin(a2)*sin(al))
14 term9 = t3/(t2+t3)*cos(a2)/(sin(a2) **2)
15 term10 t3/(t3+t4)*cos(a2)/(sin(a2) *x*2)
16 termill t2/(t1+t2)*cos(a2)/(sin(a2) **2)
17 termi12 t2/(t2+t3)*cos(a2)/(sin(a2) **2)

19 return terml + term2 + term3 + term4 + termb5 - term6 - term7\
20 +term8 + term9 - terml0 - termll - terml2

22 print (testd2d4 (testA23))

Output: Done

This test indicates that the sum of all terms containing A3, Az and P» 3 in Ra3.4(x)
is strictly greater than zero when x € {dy U dy4}.
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Analysis of terms containing As 4, A4 3 and Ps 4:

def testA34(al, a2):

1
2 tl1 = tan(al/2); t2 = tan(a2/2)

3 t3 = tan(pi/2-a2/2); t4 = tan(pi/2-al/2)

4

5 terml = (t2*t3)/((t2+t3)*x(t3+t4))*1/(sin(a2) *x*2)

6 term2 = (t3*t4)/((t2+t3)*x(t3+t4))*1/(sin(al)*sin(a2))
7 term3 = 1

8 term4d = (t2*t4)/((t1+t2)*(t3+t4))*1/(sin(al)*sin(a2))

9 termb = (t2*t3)/((t1+t2)*(t2+t3))*1/(sin(a2) *x*2)
10 term6 = (t2*t4)/((t2+t3)*(t3+t4))*1/(sin(al)*sin(a2))
11 term7 = (t2*xt3)/((t1+t2)*x(t3+t4))*1/(sin(a2) *x*2)

term8 = t3/(t2+t3)*cos(a2)/(sin(a2) **2)
14 term9 = t3/(t3+t4)*cos(a2)/(sin(a2) **2)
15 term10 = t2/(t1+t2)*cos(a2)/(sin(a2) **2)

16 termill = t2/(t2+t3)*cos(a2)/(sin(a2) **2)

17 terml12 = t4/(t3+t4)*cos(a2)/(sin(a2)*sin(al))

18

19 return terml + term2 + term3 + term4 + termb5 - term6 - term7\
0 + term8 + term9 + terml0 - termll - terml2

1
22 print (testd2d4 (testA34))

Output: Done

This test indicates that the sum of all terms containing Az 4, A4 3 and P34 in Ro 34(x)
is strictly greater than zero when x € {ds U dy}.

Analysis of terms containing A4 1, A1 4 and P 4:

def testA41(al, a2):
tl1 = tan(al/2); t2 = tan(a2/2)
t3 tan(pi/2-a2/2); t4 = tan(pi/2-al/2)

[SL I U

: terml = (t3*t4)/((t2+t3)*(t3+t4))*1/(sin(al)*sin(a2))
6 term2 = (tl1xt4)/((t1+t2)*x(t3+t4))*1/(sin(al) *x*2)

7 term3 = (t1*t3)/((t1+t2)*x(t2+t3))*1/(sin(al)*sin(a2))
8 term4d = (t1*t3)/((t1+t2)*(t3+t4))*1/(sin(al)*sin(a2))

10 term5 = t1/(t1+t2)*cos(al)/(sin(al) *x*2)
12 return terml + term2+ term3 - term4 - termb

14 print (testd2d4 (testA41))

Output: Done

This test indicates that the sum of all terms containing A4 1, A; 4 and P; 4 in Ro 34(x)
is strictly greater than zero when x € {d2 U dy4}.

Analysis of terms containing P 4:

We observe that we have six terms containing P 4. Since P4 < 0 (follows from the fact
that cos(m) = —1), we need to check if the sum of the factors in front of —P» 4 are greater
than the sum of the factors in front of P 4. We will do this analysis in the code below.
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1 def testP24(al, a2):

2 tl = tan(al/2); t2 = tan(a2/2)

3 t3 = tan(pi/2-a2/2); t4 = tan(pi/2-al/2)
4

5 terml = t2/(t2+t3)*1/sin(a2)

6 term2 = t1/(t1+t2)*1/sin(al)

7 term3 = t4/(t3+t4)*1/sin(al)

8 term4 = t3/(t2+t3)*1/sin(a2)

9

10 term5 = t2/(t1+t2)*1/sin(a2)

11 term6 = t3/(t3+t4)*1/sin(a2)

12

13 return terml + term2 + term3 + term4 - termb - termb

14
15 print (testd2d4 (testP24))

Output: Done

This test indicates that the sum of all terms containing P4 in Rg34(x) is strictly
greater than zero when x € {da U d4}.

Analysis of terms containing P, 2, P33 and Py 4:

We know that cos(ay, ) = cos(0) = 1, which implies that P, , > 0, for n = 2,3, 4. Since
the factors in front of P, ., for n = 2,3, 4, are greater than zero (this follows from the
definition of mean value coordinates for convex polygons), we know that all the terms
containing P 2, P33 and P, 4 are greater than zero.

We have now, with the help of some numerical analysis proven that all the negative
terms in Ry 3 4(x) are strictly dominated by their positive counterparts when x € {daUdy}.
This means that Rg 3 4(x) > 0 when x € {d2 Ud4}.

B.3.4 Analysis for x € {Q1 UQ2 U Q3 U Q4}

Analysis of terms containing A; 2, A21 and P o:

1 def testAl12(al, a2, a3, a4):

2 tl = tan(al/2); t2 = tan(a2/2)

3 t3 = tan(a3/2); t4 = tan(ad/2)

4

5 terml = (t2*t4)/((t2+t3)*(t3+t4)) *1/(sin(a2)*sin(a4d))
6 term2 = (t1*t4)/((t1+t2)*(t3+t4)) *1/(sin(al)*sin(ad))
7 term3 = (t1*t2)/((t1+t2)*(t2+t3)) *1/(sin(al)*sin(a2))
8 term4 = (t2*t4)/((t1+t2)*(t3+t4)) *1/(sin(a2)*sin(a4d))
9
10 termb5 = t4/(t3+t4)*cos(al)/(sin(al)*sin(a4d))
11
12 return terml + term2 + term3 - term4 + termb

print (testQl (testAl12))

5 print (testQ2(testAl12))
; print (testQ3(testAl12))
7 print (testQ4 (testA12))
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Output: Done
Done
Done
Done

This test indicates that the sum of all terms containing A; 2, A2 1 and P 2 in Ra 3.4(x)
is strictly greater than zero when x € {Q1 U Q2 U Q3 U Q4}.

Analysis of terms containing A; 3, A31 and P 3:

1 def testA13(al, a2, a3, a4):
tl = tan(al/2); t2 = tan(a2/2)
t3 tan(a3/2); t4 = tan(a4/2)

#A_(3,1) - terms
6 terml = (t2*t4)/((t2+t3)*(t3+t4))*1/(sin(a2)*sin(ad))

7 term2 = (t1*t3)/((t1+t2)*(t3+t4))*1/(sin(al)*sin(a3))
8 term3 = (t1*t2)/((t1+t2)*(t2+t3))*1/(sin(al)*sin(a2))
9 sumA31 = terml + term2 + term3

1 #A_(1,3) - terms

2 term4 = (t3*t4)/((t2+t3)*(t3+t4))*1/(sin(a3)*sin(ad))
3 termb
A

= (t2*t4)/((t1+t2)*(t3+t4))*1/(sin(a2)*sin(ad))
term6 = (t1*t3)/((t1+t2)*(t2+t3))*1/(sin(al)*sin(a3))
sumA13 = term4 + termb5 + term6

17 #Converted P_(1,3)-terms

18 term7 = -t4/(t3+t4)*cos(al+a2)/(sin(al+a2)*sin(ad))
19 term8 = -t1/(t1+t2)*cos(al+a2)/(sin(al+a2)*sin(al))
20 sumP13 = term7 + term8

if al+a2 < pi:

3 return sumA13 - sumA31 + sumP13
]
25 elif al+a2 > pi:

28 print (testQ1l(testA13))
o print (testQ2(testA13))
30 print (testQ3 (testA13))

2
26 return sumA31 - sumAl1l3 - sumP13
2
31 print (testQ4 (testAl13))

Output: Done
Done
Done
Done

This test indicates that the sum of all terms containing A; 3, Az and P; 3 in Ra 34(x)
is strictly greater than zero when x € {Q1 U Q2 U Q3 U Q4}.
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Analysis of terms containing As 3, A3 2 and Ps 3:

1 def testA23(al, a2, a3, a4d):

2 tl = tan(al/2); t2 = tan(a2/2)
3 t3 = tan(a3/2); t4 = tan(a4d/2)
A

5 terml = (t2*t3)/((t2+t3)*(t3+t4))*1/(sin(a2)*sin(a3))
6 term2 = (t1*t3)/((t1+t2)*(t3+t4))*1/(sin(al)*sin(a3))
7 term3 = (t1*t2)/((t1+t2)*(t2+t3))*1/(sin(al)*sin(a2))
8 term4d = (t2*t3)/((t1+t2)*(t2+t3))*1/(sin(a2)*sin(a3))
9 termb = 1

10 term6 = (t2*t3)/((t1+t2)*x(t3+t4))*1/(sin(a2)*sin(a3))
11 term7 = (t1*t3)/((t1+t2)*(t2+t3))*1/(sin(al)*sin(a3))

13 term8 = t1/(t1+t2)*cos(a2)/(sin(a2)*sin(al))
14 term9 = t3/(t2+t3)*cos(a2)/(sin(a2)*sin(al3))
15 term10 = t3/(t3+t4)*cos(a2)/(sin(a2)*sin(a3))
16 termiil t2/(t1+t2)*cos(a2)/(sin(a2) **2)
17 termi12 t2/(t2+t3)*cos(a2)/(sin(a2) **2)

19 return terml + term2 + term3 + term4 + termb5 - term6 - term7\
20 +term8 + term9 - terml0 - termll - terml2

1
22 print (testQ1(testA23))
23 print (testQ2(testA23))
24 print (testQ3(testA23))
25 print (testQ4 (testA23))

Output: Done
Done
Done
Done

This test indicates that the sum of all terms containing A 3, Az and P»3 in Rg 3.4(x)
is strictly greater than zero when x € {Q1 U Q2 U Q3 U Q4}.

Analysis of terms containing As 4, A42 and Ps 4:

def testA24(al, a2, a3, a4d):
tl = tan(al/2); t2 = tan(a2/2)
t3 = tan(a3/2); t4 tan(a4/2)

Bw N =

5 #A_(2,4)-terms:

6 terml = (t2*t4)/((t2+t3)*(t3+t4))*1/(sin(a2)*sin(ad))
7 term2 = (t1*t4)/((t1+t2)*(t3+t4))*1/(sin(al)*sin(ad))
8 term3 = (t2*t3)/((t1+t2)*(t3+t4))*1/(sin(a2)*sin(a3))
9 termd = (t1*t3)/((t1+t2)*(t2+t3))*1/(sin(al)*sin(a3))
10 sumA24 = terml + term2 + term3 + termé

11
12 #A_(4,2)-terms:

13 term5 = (t2*t3)/((t2+t3)*(t3+t4))*1/(sin(a2)*sin(a3))
14 term6 = (t1*t3)/((t1+t2)*(t3+t4))*1/(sin(al)*sin(a3))
15 term7 = (t2*t4)/((t1+t2)*(t3+t4))*1/(sin(a2)*sin(a4))
16 term8 = 1

17 term9 = (t2*t3)/((t1+t2)*(t2+t3))*1/(sin(a2)*sin(a3))
18 sumA42 = termb + term6 + term7 + term8 + term9

19

#Converted P_(2,4)-terms

term10 = t2/(t1+t2)*cos(a2+a3)/(sin(a2+a3)*sin(a2))
termil = t3/(t3+t4)*cos(a2+a3)/(sin(a2+a3)*sin(a3))

NN
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B.3. Analysis of Ry 3.4

= -t2/(t2+t3)*cos(a2+a3)/(sin(a2+a3)*sin(a2))
= -t1/(t1+t2)*cos(a2+a3)/(sin(a2+a3)*sin(al))
= -t4/(t3+t4)*cos(a2+a3)/(sin(a2+a3)*sin(ad))
= -t3/(t2+t3)*cos(a2+a3)/(sin(a2+a3)*sin(a3))
= terml0 + termll + terml2 + terml3 + termld + termlb

if a2+a3 < pi:

return sumA24 - sumA42 + sumP24
elif a2+a3 > pi:
return sumA42 - sumA24 - sumP24

print (testQl (testA24))
print (testQ2(testA24))
print (testQ3(testA24))
print (testQ4 (testA24))

Output: Done

Done
Done
Done

This test indicates that the sum of all terms containing A 4, A42 and P> 4 in Ro34(x)
is strictly greater than zero when x € {Q1 U Q2 U Q3 U Q4}.

Analysis of terms containing Az 4, A4 3 and P 4:

def testA34(al, a2, a3, a4d):

tl1 = tan(al/2); t2 = tan(a2/2)

t3 = tan(a3/2); t4 = tan(ad/2)

terml = (£2%t3)/((t2+t3)*(t3+t4))*1/(sin(a2)*sin(a3))
term2 = (t3*t4)/((t2+t3)*(t3+t4))*1/(sin(a3)*sin(ad))
term3 = 1

term4 = (t2*t4)/((t1+t2)*(t3+t4))*1/(sin(a2)*sin(a4))
term5 = (t2*t3)/((t1+t2)*(t2+t3))*1/(sin(a2)*sin(a3))
term6 = (t2*t4)/((t2+t3)*(t3+t4))*1/(sin(a2)*sin(ad))
term7 = (t2*t3)/((t1+t2)*(t3+t4))*1/(sin(a2)*sin(a3))
term8 = t2/(t2+t3)*cos(a3d)/(sin(a3)*sin(a2))

term9 = t4/(t3+t4)*cos(a3)/(sin(a3)*sin(a4))

term10 = t3/(t2+t3)*cos(al3)/(sin(a3) **2)

terml1l = t3/(t3+t4)*cos(a3)/(sin(a3) *x*2)

terml12 = t2/(tl1+t2)*cos(al3)/(sin(a3d)*sin(a2))

return terml + term2 + term3 + term4 + termb5 - term6 - term7)\
+ term8 + term9 - terml0 - termll - terml2

print (testQ1l (testA34))
print (testQ2(testA34))
print (testQ3(testA34))

25 print (testQ4 (testA34))

Output: Done

Done
Done
Done

This test indicates that the sum of all terms containing Az 4, A4 3 and P34 in Ro34(x)
is strictly greater than zero when x € {Q1 U Q2 U Q3 U Q4}.
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Analysis of terms containing A4 1, A1 4 and P 4:

1 def testA41(al, a2, a3, a4d):
2 tl = tan(al/2); t2 = tan(a2/2)
: t3 = tan(a3/2); t4 = tan(ad/2)

5 terml = (t3*t4)/((t2+t3)*(t3+t4))*1/(sin(a3)*sin(ad))
6 term2 = (t1*t4)/((t1+t2)*(t3+t4))*1/(sin(al)*sin(ad))
7 term3 = (t1*t3)/((t1+t2)*(t2+t3))*1/(sin(al)*sin(a3))
8 term4 = (t1*t3)/((t1+t2)*(t3+t4))*1/(sin(al)*sin(a3))
9

10 termb = t1/(t1+t2)*cos(a4)/(sin(a4)*sin(al))

11

12 return terml + term2 + term3 - term4 + termb

'S

print (testQl (testA41))
15 print (testQ2(testA41))
6 print (testQ3(testA41))
7 print (testQ4 (testA41))

\|

Output: Done
Done
Done
Done

This test indicates that the sum of all terms containing A4 1, A1 4 and Pj 4 in Ro3.4(x)
is strictly greater than zero when x € {Q1 U Q2 U Q3 U Q4}.

Analysis of terms containing P> 2, P33 and Py 4:

We know that cos(ay, ) = cos(0) = 1, which implies that P, , > 0, for n = 2,3, 4. Since
the factors in front of P, ,, for n = 2,3, 4, are greater than zero (this follows from the
definition of mean value coordinates for convex polygons), we know that all the terms
containing P 2, P33 and P44 are greater than zero.

We have now, with the help of some numerical analysis, proven that all the
negative terms in Ry 3 4(x) are strictly dominated by their positive counterparts when
X € {Ql UQRaUQsU Q4} This means that R273’4(X) > 0 when x € {Ql UQ2UQ3U Q4}

B.3.5 Conclusion
We have now showed that for every x € Q,
Ry 34(x) > 0.
Since ws, w3, wyq > 0 for all x € @, this implies that
D(we, w3, wy)(x) > 0,

for all x € Q.
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