Manuscript (double-spaced and continuously LINE and PAGE Click here to view linked References %
numbered)

1  Some statistical inferences of parameter in MCMC approach and the application
2 in uncertainty analysis of hydrological simulation
3 Pengfei Shi**<, Tao Yang®¢*, Bin Yong®®, Chong-Yu Xu?, Zhenya Li?, Xiaoyan
4 Wang?, Youwei Qin?, Xudong Zhou?
5 a State Key Laboratory of Hydrology-Water Resources and Hydraulic Engineering,
6 Center for Global Change and Water Cycle, Hohai University, Nanjing 210098,
7 China;
8 b Yangtze Institute for Conservation and Development, Hohai University, Jiangsu,
9 210098, China;
10 ¢ College of Hydrology and Water Resources, Hohai University, Nanjing 210098,
11 China;
12 d Department of Geosciences, University of Oslo, P.O. Box 1047, Blindern, 0316 Oslo,
13 Norway;
14
15
16  Key points:
17 ® Parameter ¢° in MCMC approach is interpreted and estimated through statistical
18 inference and theoretical analysis

19 @ Anew label called Confidence Level of Model (CLM) is developed to guide the

*Corresponding author:

Dr. Tao Yang, Professor

State Key Laboratory of Hydrology-Water Resources and Hydraulic Engineering
Center for Global Change and Water Cycle

Hohai University, Nanjing 210098

The People’s Republic of China

Tel: (+86) 25 83786017

E-mail: tao.yang@hhu.edu.cn


https://www.editorialmanager.com/hydrol/viewRCResults.aspx?pdf=1&docID=46294&rev=1&fileID=1832348&msid=637762fd-8565-4487-808f-eea93f050511
https://www.editorialmanager.com/hydrol/viewRCResults.aspx?pdf=1&docID=46294&rev=1&fileID=1832348&msid=637762fd-8565-4487-808f-eea93f050511

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

estimation of parameter ¢

® The natural logarithm of the posterior probability distribution for Nash-Sutcliffe
Coefficient of Efficiency (NSCE) is a first-order linear equation associated with
CLM

® The MCMC method based on CLM performs well in generating regular posterior
distributions of model parameters and discharges, and in yielding narrow and

symmetrical confidence intervals

Abstract: Markov Chain Monte Carlo (MCMC) method has been increasingly popular
in uncertainty analysis of hydrological simulation. In MCMC approach, deviations
between model outputs and observations are commonly assumed to follow Gaussian
distribution with zero medium and constant standard deviation ¢?. However, the
estimation of ¢? is a difficulty in terms of that it was assigned subjectively in previous
studies, hindering the improvement of performance for uncertainty assessment. This
work systemically investigates the statistical meaning of parameter ¢°. & could be
expressed as the product of data length and two standard deviations, one of which is for

observations (i.e. o, ) and the other for Nash-Sutcliffe Coefficient of Efficiency
(NSCE) (i.e. o, ). Anew label called Confidence Level of Model (CLM) is developed to
interpret o . The natural logarithm of the posterior probability distribution for NSCE
is a first-order linear equation associated with CLM. The CLM could be employed to
guide the construction of o, and then the estimation of ¢°. Uncertainty analysis of a

flow duration curve (FDC) model is conducted using the MCMC method based on CLM,
and the generalized likelihood uncertainty estimation (GLUE) method is employed for
comparison. Results show that the CLM affects the MCMC results by three kinds of

trade-offs, and the MCMC method based on CLM performs well in generating regular
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posterior distributions of model parameters and discharges. The MCMC method also
yields narrow and symmetrical confidence intervals. Findings of this paper could
interpret typical uncertainty behaviors commonly existing in hydrological modeling,
and provide beneficial insights for the uncertainty analysis of other environmental

modeling.

Keywords: Uncertainty analysis; Markov Chain Monte Carlo (MCMC) method;

parameter; hydrological simulation; Flow duration curve (FDC) model.

1. Introduction

A number of statistical methods have been proposed to quantify the uncertainty of
hydrological simulation (Ren et al., 2018), for examples, the Taylor expansion-based
methods (Naji et al., 1998), the stochastic response surface (SRS) method (Cryer and
Applequist, 2003) and the Rosenblueth’s method (Rosenblueth, 1975). Nonetheless,
most approaches suffer from the typical difficulties commonly encountered in classical
statistic inferences, such as the determination of statistics for hypothesis testing and
prior probability distribution for model outputs. These difficulties are even severely
deteriorated for a model whose parameter space features discontinuous derivate,
multimodality and curing multidimensional ridges (Vrugt et al., 2003a). Thus, an
advanced uncertainty analysis method is urgently needed for assessing the uncertainty
of hydrological simulation.

The Bayesian approaches have been increasingly popular in uncertainty analysis of
models including some complex distributed models (Kuczera et al., 2010; Marshall et
al., 2004, 2005; Thiemann et al., 2001; Ajami et al., 2007). Bayesian inference is

theoretically more reasonable, computationally much simpler, and is demonstrated
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superior to classical statistics in many studies (Kuczera and Parent, 1998; Vrugt et al,
2009). It meanwhile provides the posterior distributions of model parameters and
outputs (Bouda et al., 2011; Kavetski et al., 2006). Bayesian approaches provide a
beneficial means to evaluate the uncertainty of hydrological models or simulation.
Bayesian approaches could be classified into two classes: the pseudo-Bayesian (or
informal) method and standard (or formal) Bayesian method. The Generalized
Likelihood Uncertainty Estimate (GLUE) methodology (Beven and Binley, 1992) is
the most widely-used pseudo-Bayesian method (Beven and Freer, 2001; Hassan et al.,
2008; Choi and Beven, 2007) whose target posterior distributions are commonly
selected to be statistically informal distributions (Vrugt et al., 2009). Practical
experiments show that the accuracy of GLUE method relies on the choice of likelihood
functions and cut-off threshold to a great degree, especially for complex high-
dimension cases (Kuczera et al., 2007; Blasone et al., 2008a). The sampling direction
and step is not well controlled and adjusted, likely leading to poor sampling and
convergence efficiency. The Markov Chain Monte Carlo (MCMC) method is a typical
standard Bayesian approach (Kuczera and Parent, 1998; Reis et al, 2005). In the case
of hydrological simulation, MCMC method assumes that the residuals between model
outputs and observations follow independent identically distributed (i.i.d.) distribution
(Jin et al., 2010; Chung and Kim, 2013). The directional sampling strategy of MCMC
(e.g. Metropolis-Hasting sampling, Gibbs sampling) promises the convergence of
samples to target posterior distribution (Kuczera and Parent, 1998). Nevertheless, poor
choices of prior distribution, proposal distribution and parameters in MCMC may lead
to unsatisfying convergence efficiency (Engeland and Gottschalk, 2002). A lot of
studies were carried out to increase the convergence efficiency (Ouarda et al., 2011;

Lee and Kim, 2008; Huang et al., 2018; Li et al., 2018a), and a number of revised
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MCMC approaches were developed, for instance, the Shuffled Complex Evolution
Metropolis (SCEM-UA) method (Vrugt et al., 2003a, 2003b), Sequence Evolution
Metropolis (EMC) method (Zhang et al., 2009) and Bayesian Total Error Analysis
(BATEA) approach (Kavetski et al., 2006).

The pre-establishment of algorithmic parameters is vital to obtain the target
posterior distribution in the above MCMC approaches. Efforts have been devoted to
studying the algorithmic parameters. The i.i.d. distribution of residuals is normally
assumed to be Gaussian distribution with zero medium and constant variance o> (Yang
et al., 2007; Bouda et al., 2011; Ajami et al., 2007; Li et al., 2018b; Li et al., 2018c).
Thiemann et al (2001) suggested a &> ranging from 25% to 50% of the variance of the
long-term discharges. It is however ambiguous to treat parameter ¢ as constant. Some

researchers removed ¢ by assuming a non-informative prior density
p(0,0, | B) < o (Vrugtetal., 2003a). Other reports treated o2 as one of the unknown

model parameters that needed to be sampled (Liang et al., 2005; Zhang et al., 2009).
Limited studies try to interpret the statistical meaning of parameter ¢, hindering the
improvement of MCMC approaches. Consequently, a proper interpretation and
estimation of o2 in the case of Gaussian-type i.i.d. distribution is of urgent needed.
This work aims to: (1) build a new label called Confidence Level of Model (CLM)
to interpret and estimate the parameter ¢, (2) present uncertainty analysis of
hydrological simulation using MCMC approach, and (3) reveal the effect of CLM on

the results of uncertainty analysis.

2. Methodology
2.1 Bayesian approaches for uncertainty analysis

Given input-output series (X, y), model M (-) and parameter set ¢, model outputs
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then could be expressed as follows:
y =M(x,0) (1)
Bayesian statistics treats model parameters as probabilistic variables and aims at
obtaining the real parameter distribution by incorporating prior information with the
sample information. A prior probability density 7(6) is used to reflect analysts’

knowledge about model parameters. A likelihood function implies the sample

information. Bayesian inference is formulated as follows:

f(y10,xy)z(0) @
[t 16.xy)z(0)do

z(@|%Y,y)=
Where, 7(€]X,Y,Y) is the posterior probability of parameter set ¢ conditioned by
input-output series (X, Y); f(y|6,xy) denotes the likelihood function, which is

commonly written in another form 1(@]Xx,V,Y).

101,y 9)7(60) -
(0] x,y,Y)z(0)dO

7(01%,Y.5) =
J

Or
7(@1%Y,y) < (@Y, y)(0) (4)
The prior distribution is assumed a non-informative distribution. The likelihood
function thus significantly affects the results of Bayesian inference.
2.1.1 Markov Chain Monte Carlo (MCMC) algorithm
The residuals between observations and model outputs are expressed as
& =Y - Y =Y —M(x,0) i=12,---,n (5)
Consider the residuals to be Gaussian-type i.i.d. distribution with zero medium and

constant variance o,

2

p(eiw):J%G e xp{-p) (©)

t
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If the residuals do not follow Gaussian distribution, Box-Cox transformation is

applied before the Metropolis-Hasting judgment (Thyer et al., 2002)

Z:{(yﬁ—l)/z 1%0 @)

In(y) A=0
The likelihood function 1(@]X) is the multiple product of probabilities for all
residuals (Vrugt et al., 2003a; Zhang et al., 2009)

n 2 ieiz
16019 =]] J%G exp( )= e exp ) (@)

i=1 O-t

Providing a uniform prior and removing the constant term, the posterior probability

could be established.
D8
p@1x)=1(8]x)7(0) < e x rf';@) 9)
t

Eq.8 is the formal likelihood measure derived from robust statistical philosophy,
reflecting the statistical nature of residuals. The general MCMC sampling is given as
below (Vrugt et al., 2003b).

Step 1: Randomly select a start point &, in the feasible parameter space, and
calculate the posterior probability p(é, | x).

Step 2: Generate a new candidate point 6, ,

according to a proposal distribution
z(6..,16.), and calculate the posterior probability p(6,,|x) of &.,.

Step 3: Metropolis-Hasting judgment: (1) randomly sample a label Z over the
interval [0, 1]; (2) compute Q=min{L, p(8,., | X)/ p(@] x)}; (3) if Z<CQ2, accept the

candidate point 6.

i+l

otherwise retain at the current position, 6,, =6, .

Step 4: Increments t. If t is less than the pre-identified population size N, return to
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step 1.

In this work, we focus on the algorithmic parameter o, in EQ.8, which is an

important parameter but always treated ambiguously in previous studies.

2.2 Interpretation of the algorithmic parameter

The posterior probability (Eg.9) could be adapted as

el 3(sim ~Obs)*- 3 (Obs, - Obs)
p(@|x) < exp(-i2=17) = exp[- 2 i1

: — | 1Y)
20, 2 (Obs, —Obs)?

The unbiased estimation of the standard deviation for observations is formulated as

Oops = \/Li(ObSI _@)2 (11)
n-1=

Integrating Eq.11 and the equation of Nash-Sutcliffe Coefficient of Efficiency

(NSCE) (Eq. 27) into Eqg.10 obtains

. > (Sim, —Obs,)?

p(0] %) o< exp[- " —22?) = el 1- IiSCE ]
t .21: (Obs, —Obs) z(m) 12
2
= exp(- 2032)
Where
s=+/1- NSCE (13)
o, =\/nT10'0b50's (14)

The original posterior probability is turned into normal distribution with the

introduction of new variable sand o . As a variable associated with NSCE, s could be

regarded as the measure for the distance from the present model state to the ideal model
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state (i.e. NSCE=1, s=0).The algorithmic parameter o, isexpressed as the product of

data length (v/n—1) and two standard deviations (o, and o). Therefore, it could

be concluded that o, is statistically related not only to the observation but also to

model calibration.
2.2.1 Posterior probability of s and NSCE

Eq.12 is the formula for posterior probability of parameter set & rather than variable
s. Supposing that the sample population is generated by a MCMC approach (Figure
1(a)), it is possible that an s corresponds to a number of samples (e.g. the samples in

area Qg and Q). If we put all samples with the same s (i.e. same NSCEc) into an
interval €. (S=1, 2, 3, ... n), the posterior probability of variable s could be written

as
SZ
202

S

p(s|x)= IQS p(@|x)d@ o« Area(s)exp(— ) (15)

Where, Area(s) is the ratio of the Q. space to the whole sample population space

SZ

26

S

and J':O Area(s)ds =1, exp(- ) is the right half of a normal distribution

(shown in Figure.1(c)). If we expect P% of the total MCMC samples to yield acceptable

model outputs, there is o, =5/[2¢p(P%)], where § denotes maximum s of

acceptable sample and ¢™*(-) is the inverse function of standard normal probability
density. The NSCE correspondingto S (Eq. 13), named Confidence Level of Model
(CLM) in this paper, is expressed as

CLM =1-4[o, -9 (P%)) (16)

Then we can obtain

0, =y(N-D(-CLM) - o,,, /29" (P’ (17)
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Toremove Area(s) from Eq. 15, assume the prior distribution of Area(s) asa
uniform prior density:
Area(s) <1 (18)
Hence we can get

202 (P%)s? } (19)

S[X exp| —
p(s|x) o< p{ LT

The posterior probability distribution of parameter @ (Eq. 12) is transformed to
that of s (Eg. 19). As to NSCE, an s corresponds to only one NSCE, indicating that
p(s| X) = p(NSCE| x) . Here we take the natural logarithm of the posterior probability
for NSCE with P% set as 95%:

5.4NSCE

In(p(NSCE | x)) = L CLM

5.4
{ln[ 7(1-CLM) /1.64}+1_CLM } (20)

Eg. 20 is a first-order linear equation of NSCE with an intercept of

5.4
1-CLM

—{In[ 7(1-CLM) /1.64]+ } at the horizontal axis as well as a slope of

5.4NSCE
1-CLM

. Eg. 19 and 20 are demonstrated by practical experiment in the section 4.2.3
later.
2.2.2 Interpretation of CLM

CLM could be interpreted as the manually-decided minimum acceptable NSCE
according to the inferences above. It seems that CLM in MCMC method plays a similar
role as the cut-off threshold (shorten as CT) used in GLUE method. Actually, these two
labels are significantly different. Firstly, CLM is a procedure-oriented label that has the
function of controlling the shape of target distribution. Whereas, CT is a result-oriented
label acting on the already-generated sample population, which aims at removing the
non-behavioral samples with NSCE lower than CT. In short, CLM acts as outlet of a

funnel and CT acts as a sieve (Figure. 1(b)). The parameter space out of CLM could still

be searched with small probabilities, whereas this part is entirely cut off by CT. Besides,
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CLM can be deemed as a probabilistic variable or a constant, which is however
impossible for CT.
2.2.3 CLM acting as a constant or a probabilistic variable
o, is commonly assumed to be a constant or a probabilistic variable referring to
the handlings in previous studies.
(1) If o, isaconstant, the CLM is
CLM =1-4[o,-¢ '(P%)/ o, )* /1 (n-1) (21)

Given a common setting o, =k-o,,, (0<k<1) and P%=95%, Eq. 21 can be

obs
expressed as
CLM =1-10.82k?/(n-1) (22)
Apparently, CLM approaches to 1 with the extension of time series.
(2) If o, isa probabilistic variable with density f (o,), it is inferred as
F(o,)=P(o, <o,)=P(CLM >CLM_)=1- F(CLM,) - P(CLM,) (23)
Where, o, is a variance corresponding to a certain constant, and CLM,_ is a
CLM value correspondingto o, .

The probability density g(CLM) is therefore expressed as

dd-F(o)-P(CLM,)) _ dF(c,) do,

g(CLM) =
dCLM do, dCLM
- e ' U= . 1(po (24)
S [V -DA-CLM) 0y, /o7 (P%)
1
“ o M)

Consequently, the probabilistic property of o, from experts’ knowledge is

interpreted by the changes of CLM. Providing a Jeffrey prior p(c) o« o™ (a common

setting), the corresponding prior of CLM could be obtained
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1
1-CLM

g(CLN o CLM <1 (25)

The prior CLM evidently follows a similar distribution with the Jeffrey o, prior.
Algorithmic parameter o, is abstract whereas the concept of CLM is concrete. It

is hence readily to identify the prior information of CLM rather than that of algorithm

parameter o,.

2.2.4 Influence of CLM on sampling results

It is seen in Figure 1(c), the right part of normal distribution is the target posterior
distribution. All samples just fall into the right side of s, which could be identified as the
meaningful section. Figure 1(d) shows the percentage of the meaningful section to target
distribution versus the change of CLM provided that the best fitting NSCE of a
hydrological model in a watershed is 0.9. It could be observed that the percentage
decrease slightly in low CLM section whereas sharply in middle and high CLM section.
A very small ratio likely fails to generate sample population in consistence with target
posterior distribution. A relatively small CLM (corresponding to high percentage) is
therefore recommended to tackle this issue. On the other hand, the slope of probability
density at s (NSCE=0.9) is shown in Figure 1(d). A proper slope ensures a promising
occupation of the high probability space and a sufficient occupation over the low
probability space. Too high slope makes heavily clustered sample population lack of
sample diversity, while too low slope loses the ability of locating at the high probability
space and results in frequent exchange of samples between the low and high probability
spaces. The slope peaks at CLM=0.9 and extremely declines when CLM approaches to
1. Details concerning the influence of CLM to the sampling results will be presented in

section 4.
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3. Study area and Hydrological simulation
3.1 Study area and data

The Huangheyan region (20,930 km?), at an altitude of 4200 to 4800 m as.l, is
located at the head of the Yellow river. The region shows a typical continental climate
with hot summer and dry winter since it is far away from oceans (Cui et al., 2018; Shi
et al., 2017; Kumar et al., 2019). Lack of human activities makes it an ideal natural
hydrological system. The mean annual precipitation ranges from 200 to 400mm, more
than 70% of which falls intensively from July to October, and 62% of the whole
precipitation is snowfall. The mean annual temperature is ranged between -4°Cand 2°C
(Wang et al., 2018) and the mean annual evapotranspiration is about 1322mm (denoted
by 20mm evaporating pan) (Wang et al., 2017). The data involved in this study is the
observed daily discharge records at outlet of Huangheyan region during the period
1996-2000. The data are collected from the local hydrology bureau and the National
Climate Center.

Besides, five basins including Dongwan, Luanchuan, Tantou, Xiquan and
Zijingguan, are employed to further demonstrate the CLM method (Eq. 16-20).
Dongwan, Luanchuan and Tantou are located in Yellow River basin, Xiquan belongs to
Liao River basin, and Zijingguan is a part of Hai River Basin. These three large rivers
play the key role in sustaining the social and economy development of North China.
3.2 Four-parameter flow duration curve (FDC) model

Flow duration curve (FDC) model can describe the statistical relationship between
the ith discharge in descending order and the probabilities it is exceeded (Shao et al.,
2009; Yang et al., 2017). It is hence widely accepted as an informative method for
displaying the complete range of river discharges from low flows to flood events (Guse

et al., 2016). FDCs commonly take on various shapes according to the climatic and
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geomorphic characteristics in the area of interest. In this work, a four-parameter FDC

model proposed by Shao (2009) is employed for simulating the discharge.

Q(=p)"" ~ p o
B(a+1-a- A7) [{1 (p/7) }/ﬂ]a(l p/7)! p<0
a(p;a. f.Q.7,0) = ﬁ[— log( p/7)} W~ p/7)’ =0 (26)
Gﬂaﬁl ,
m[{l_(p/ﬂﬁ }/ﬁ]a(l—p/r) B>0

Where, C_Q represents the annual mean flow; p denotes the exceeding percentage; 7 is

the ratio of the number of non-zero flow days to the total number of days. «a, f and
are scaling parameters associated with the physiographic factors and rainfall pattern,
which are used to control the shape of FDC. Domains and meanings of these notations
are listed in Table 1. It needs to be noticed that the upper bound of $ is a variable
restricted by the mathematical structure of Beta function. Nash-Sutcliffe Coefficient of
Efficiency (NSCE) is employed here to measure the distance between observations and

model outputs.

n

> (Obs-Sim’
NSCE1-+ (27)

> (0bs-Oby

Where, Obs; and Sim; are respectively the ith observation and model outputs ranked

in descending order, Obs is the mean of observations, and n is the length of discharge

series.

4. Results and discussions
4.1 Preparation for uncertainty analysis of FDC

In this work, the MCMC sampler derives 10 parallel markov chains, each with a
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random starting point and a population of 5000 samples. The first 500 of the 5000
samples is used for a burn-in period before the convergence of markov chain to target
distribution. For a comparison, GLUE is employed to conduct uncertainty analysis of
FDC modeling. GLUE sampler independently runs for 10 times, each time for 10000

samples. NSCE is selected as the likelihood function.

4.2 Posterior characteristics for parameter of FDC model
4.2.1 Posterior probability of parameter a

Figure 2 graphically presents the posterior characteristics of parameter a generated
respectively by GLUE and MCMC method at different labels (CT=0.1, 0.5, 0.9 for
GLUE and CLM=0.1, 0.5, 0.9 for MCMC). The best model efficiency of FDC (i.e.
NSCE) is 0.982 and the corresponding value of parameter « is 0.65, which is calibrated
by a SCE-UA approach (Duan et al., 1993). The parameter space around 0.65 is
therefore characterized by a high probability. Figure 2(a) and (d) are posterior
probability distributions of parameter o by GLUE and MCMC, respectively. The two
approaches at low CT or CLM always perform poorly in finding the parameter space of
high probability (i.e. the parameter space around 0.65), while high labels effectively
improve the performance of both approaches. There are differences between MCMC
results and GLUE results. Cumulative probability distributions of o by MCMC at all
CLM follow normal or gamma distribution (Figure 2(e)) whereas those by GLUE do
not (Figure 2(b)). The scatters by MCMC are densely concentrated near the high NSCE
section (Figure 2(f), whereas the scatters by GLUE distribute dispersedly over the
whole space (Figure 2(c)). The differences could attribute to the strategies of these two
approaches in selection of sampling algorithms and likelihood functions.

Additionally, CLM of MCMC can be a value larger than the best NSCE (0.982),
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whereas CT of GLUE cannot. CLM=0.99, 0.997 and 0.999 are chosen as examples

(Figure 3), the second one of which is a special case where o, = o,,,. The posterior

density shapes like gamma distribution with slight skewness at all CLM, and steepens
hugely with the increase of CLM. The exploring parameter space narrows sharply in
terms of that it changes from [0,1] (CLM=0.99) to [0.5,0.8] (CLM=0.999).

4.2.2 Posterior probability of other parameters

Posterior distributions of the remaining three model parameters (shown as bar charts,
y-axis denotes probability and x-axis parameters values), and the parameters values
versus NSCE (shown as scatters, y-axis denotes NSCE and x-axis parameters values)
are presented in Figure 4. Parameter S follows exponential distribution, Q obeys gamma
distribution and @ distributes uniformly. However, the features of distributions are
changed when CLM approaches to 1 (CLM=0.997). The distribution of parameter S at
CLM=0.997 becomes gamma type, and & follows an exponential distribution. When
CLM=0.997, the scatters show peaks at the high NSCE sections and the ranges of NSCE
are overly shrunk, indicating that the MCMC search is restricted into a small parameter
space.

In short, the approaching of CLM to 1 can amplify the microcosmic posterior
characteristics of the parameter space with high probability at the cost of abandoning
the macroscopical search of remaining parameter space. It could explain why the
simulated posterior distributions reported before are always concentrated within very
small ranges and why MCMC sampling is often trapped into local maximums (Marshall
et al., 2004; Ajami et al., 2007; Kuczera et al., 2007; Blasone et al., 2008b; Vrgut et al.,
2009). There are no standards for identifying the best value of CLM. The selection of
CLM could be regarded as a dynamical trade-off between macroscopic versus

microcosmic requirements. CLM should be selected and adjusted carefully based on
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practical requirements.
4.2.3 Posterior distributions of correlated parameters and NSCE

The correlation between parameter a and f generated by MCMC at different CLM
are presented in Figure 5. Rapid shrink of exploring parameter space and increase of
maximum posterior probability is clearly observed with CLM approaching to 1.
Samples are clustered in the case of CLM=0.999. On the contrary, the probability bars
at CLM=0.9 cover the whole parameter space, leading to flat distributions, low
maximum probabilities and even the occurrence of local maximum probabilities. It
tends to be more obvious if CLM is settled to a smaller value.

The NSCE of FDC derived by MCMC sampler are shown in Figure 6. To the best
of our knowledge, it has never been discussed previously. As Figure 6 indicates, the
Natural logarithm of the posterior probability densities for NSCE approximately accord
with a first order linear equation at all CLM. It is worth noting that the coefficients of x

are approximately equivalentto 5.4/ (1—CLM) and the intercepts at the vertical axis

approximately equal to —In[\/z(1-CLM) /1.64]-5.4/(L—CLM) . The results over

another 5 basins of north China support the relation as well (Figure S1). The findings
above are the powerful evidence to support Eq.20 and the subsequent inferences based
on Eqg.20. The markov chain tends to convergence if the Natural logarithm of NSCE is
first-order linearly distributed, which actually provides a simple way to test the
convergence to the target distribution. On the other hand, an increasing CLM does harm
to convergence. The NSCE values at the very tails of both sides could not be sufficiently
searched with their statistical probability. It may attribute to the difference between real
systems and the FDC modeling, as well as the shortcomings of MCMC algorithm. With
an increase of CLM, the largest posterior probability moves to the largest NSCE (0.982)

at a cost that the density is biased from the first-order linear distribution. Hence, it is
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learned that the selection of CLM is a trade-off between accurate locating of maximum
probability versus convergence to original target distribution.

4.2.4 The effect of data length of observed daily discharge on o,

As mentioned above, the algorithmic parameter o, is expressed as the product of

data length (v/n—1) and two standard deviations (oops @nd o). og, IS estimated
according to the observed data. Therefore, it seems that the data length of observed
daily discharge is related to the estimation of &, and then the estimation of o,.

In this section, the effect of data length of observed daily discharge on o, is
investigated. A comparison using different length of data was conducted (Figure 7). The
values of o, are estimated based on 50%, 70%, 80%, and 90% length of observed
discharge data, respectively. The data was randomly sampled from the whole dataset
for 1000 times. The 1000 values of o, for each dataset (i.e. the different length of
discharge data) are aggregated as box plots (Figure 7). The box-plots in Figure 7(a), (b),
and (c) show the o, values when CLM equals 0.9, 0.99, and 0.997, respectively. The
values vary largely for each sampling. The range of values tends to shrink as the data
length grows. That is to say, the value of o, is more stable when using more data.
Besides, the median values of o, are almost the same despite of data length,
indicating that a stable value of o, could be estimated via sampling even though the
discharge data is not enough. 1000 times sampling is recommended and the median of

o,.. should be employed. Therefore, it could be concluded that different length of data

obs

leads to varied values of o

obs !

which however is a more stable value through large
amount of sampling. Increasing data length gains the stability of estimation of o, .

4.3 Posterior characteristics of discharge by GLUE and MCMC methods
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4.3.1 Posterior probability density of discharges

To illustrate the posterior characteristics of discharges, three discharge points are
selected as examples, namely the 100", 600" and 1300™ discharges in descending order
(Figure 8). It is a five-year FDC (1825 days with 237 zero-discharge days), 100", 600"
and 1300" discharges thus could be regarded as the representatives of high, middle and
low discharge schemes, respectively. All the posterior densities follow the type of
gamma distributions (Figure 8). The posterior density steepens and narrows hugely with
the increase of CLM (from 0.9 to 0.997). It needs to be pointed out that the algorithmic

parameters (r,A) of the Gamma distributions are calculated based on statistical
meaning A =E(X)/D(x) and r =AE(x) rather than through fitting. It indicates

that the sampling is statistically reasonable.

The skewness and kurtosis are plotted over the whole probability section in Figure
9. Skewness and kurtosis close to 0 indicates better agreement of the density distribution
with normal distribution. Compared with normal distribution, positive kurtosis implies
steeper shape, and positive skewness implies a right movement of the maximum
probability. The density distribution of discharges at CLM=0.9 is steeper and positively
biased compared to normal distribution, which is more remarkable at the high and low
probability tails. On the contrary, the skewness and kurtosis are always staying at small
values throughout the probability section at large CLM (CLM>0.99), indicating a high
similarity with normal distribution. Actually, a large CLM (CLM>0.99) is consistent to
the common settings for o in previous studies. This could explain why the simulated
discharge are normally distributed (Ajami et al., 2007; Noh et al., 2011; Vrgut et al.,
2009; Hu et al., 2013).
4.3.2 Properties of 90% confidence intervals

Another important uncertainty measure for a hydrological simulation is the 90%
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confidence interval. The deviation between the posterior means and observations (i.e.
residuals) and the 90% confidence intervals for residuals at different CLM are shown
in Figure 10. It is seen that the residuals are valued around O, indicating that the
posterior means of discharge generally match the actual discharge points. Compared to
GLUE method at CT=0.9, MCMC method at CLM=0.9 yields much thinner and more
symmetrical intervals in the low discharge section (i.e. the section with high
probability), whereas slightly larger intervals in the high discharge section (i.e. the
section with low probability). The 90% confidence interval by GLUE method is evenly
spaced but underestimated, especially in the low discharge section. The increase of
CLM leads to sharp shrink of the band-width, while does not change the shape of upper
and lower bounds. A very large CLM (>0.99) leads to less coverage ratio of interval for
the observed points. The selection of CLM is a trade-off between coverage ratio versus

band-width of intervals.

5. Conclusions and suggestions

In MCMC approach for uncertainty analysis of hydrological modeling, residuals
between model outputs and observations are commonly assumed to follow Gaussian
distribution with zero medium and constant standard deviation 2. How to identify and
estimate parameter o2 is a weak point in previous studies. In this work, the statistical
meaning of parameter ¢ of Gaussian-type posterior probability distribution in MCMC
method are systemically investigated. Some statistical interpretation and inferences of
the parameter are presented to improve the performance of MCMC approach. A new
label CLM is developed to guide the estimation of ¢°. The uncertainty of the
hydrological simulation by a four-parameter FDC model is assessed by means of

MCMC method based on CLM, and the GLUE method is employed for comparison.
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Uncertainty analysis here is conducted concerning the posterior characteristics of model
parameters, discharges and confidence intervals. A series of derivative conclusions are
therefore achieved and major findings are summarized as follows.

(1) Parameter o is statistically related not only to the observation but also to
model calibration. o is expressed as the product of data length (vn—1) and two

standard deviations, one of which is for observations (i.e. o) and the other for Nash-
Sutcliffe Coefficient of Efficiency (NSCE) (i.e. o, ). A new label called Confidence
Level of Model (CLM) is developed to interpret o, . The natural logarithm of the

posterior probability for NSCE could be expressed as a first-order linear equation
associated with CLM, which is practically demonstrated by a series of case studies about
the posterior density of NSCE.

(2) CLM is a label representing the manually-decided minimum of acceptable
NSCE. CLM is more meaningful and dynamic than CT used in GLUE. It is a procedure-
oriented label used for shaping the target distribution. It can be set as a probabilistic
variable or a constant. Case studies reveal that CLM remarkably affects the value of &
and the MCMC results. It is recommended to identify the algorithmic parameter o
according to CLM.

(3) Different length of data leads to varied values of o, which however could

obs !

be a more stable value through large amount of sampling. 1000 times sampling is

recommended and the median of o, should be employed. Increasing data length

gains the stability of estimation of o.

(4) The MCMC method based on CLM performs well in generating regular
posterior distributions of model parameters and discharges, and in yielding narrow and

symmetrical confidence intervals. The estimation of CLM is related to three kinds of
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trade-offs, including the one between macroscopic versus microcosmic requirements,
the one between accurate locating of maximum probability versus convergence to
original target distribution, and the one between coverage ratio versus band-width of
intervals.

Findings in this paper could well interpret the problems commonly encountered in
traditional Bayesian uncertainty assessments and provide insights for uncertainty
analysis of other environmental modeling. Nevertheless, strict mathematical proof of
Eq.18 as well as the application of CLM in more complex models is necessary. It will

be further studied in our future work.
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Figrue 8. Posterior probability density for the 100", 600" and 1300" discharges in descending order by MCMC
approach at CLM=0.9 and 0.997
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Figure 9. Skewness and kurtosis of posterior probability densities for discharge over the
whole probabilty domain by MCMC approach at CLM=0.9, 0.99, 0.997 and 0.999
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Figure 10. The residuals and the 90% confidence intervals for residuals at different
CLMs (CLM=0.9, 0.99, 0.997 and 0.999) and CT=0.9.
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Table 1. Descriptions and domains of notations involved in the FDC model
Parameter Description Units  Domain
shape parameter impacted by rainfall patterns and physiographic factors  [-] [0,1.0]
shape parameter impacted by rainfall patterns and physiographic factors  [-]  [-100,100]
annual mean flow [m3/s] [0,50]
shape parameter impacted by rainfall patterns and physiographic factors  [-] [0.5,1.0]
a-p constricted by Beta function [-] [-1,0]
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