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Abstract

Fractional Brownian motion with Hurst parameter H < % is used widely, for instance,
to describe ‘rough’ volatility data in finance. In this paper, we examine a generalised
Ait-Sahalia-type model driven by a fractional Brownian motion with H < % and estab-
lish theoretical properties such as an existence-and-uniqueness theorem, regularity in
the sense of Malliavin differentiability and higher moments of the strong solutions.
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1 Introduction

Over the years, SDEs driven by noise with o~ -Holder continuous random paths for
o€ [%, 1) have been applied to model the dynamical behaviour of volatility of asset
prices in finance. See, for example, [1-3] and the references therein. However, in
recent years, empirical evidence (see e.g. [4]) has shown that volatility paths of asset
prices are more irregular in the sense of o™ -Holder continuity for ¢ € (0, %) in
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many instances. This inadequacy actually showed the need for models based on SDEs
driven by a noise of low «~-Hoélder regularity with o € (0, %) which has been used
by researchers and practitioners to describe the volatility dynamics of asset prices.
These models are driven by rough signals that can capture well the ‘roughness’ in
the volatility process of asset prices. Such rough signals arise, for example, from
paths of the fractional Brownian motion (fBm). The fractional Brownian motion is a
generalisation of the ordinary Brownian motion. It is a centred self-similar Gaussian
process with stationary increments which depends on the Hurst parameter H. The Hurst
parameter liesin (0, 1) and controls the regularity of the sample paths in the sense of a.e.
(local) H ~-Holder continuity. The smaller the Hurst parameter, the rougher the sample
paths and vice versa. For instance, the authors in [5] employ the fractional Brownian
motion with H < % to model the ‘rough’ volatility process of asset prices and derive
a representation of the sensitivity parameter delta for option prices. Similarly, the
authors in [6] also consider an asset price model in connection with the sensitivity
analysis of option prices whose correlated ‘rough’ volatility dynamics is described by
means of an SDE driven by a fractional Brownian motion with H < % The reader may
consult [7, 8] for the coverage of properties and financial applications of the fractional
Brownian motion with H < % (see also Appendix).

In the context of interest rate modelling, Ait-Sahalia proposed a new class of highly
nonlinear stochastic models in [9] for the evolution of interest rates through time after
rejecting existing univariate linear-drift stochastic models based on empirical studies.
In this model, (short-term) interest rates x; have the SDE dynamics

dx, = (oz_lxt_l — o+ ajx; — ozzx,z) dr + Gx[edBt (D

on ¢t > 0 with initial value xg, where o_1, g, @1, p > 0,0 > 0,6 > 1 and B; is
a scalar Brownian motion. SDE (1) has been studied by many authors (see e.g. [10,
11]). Besides interest rate modelling, SDE (1) has also been used extensively among
academic researchers and market practitioners to describe stochastic volatility and
asset price dynamics. For example, in stochastic volatility modelling, the stock price
process S;, t > 0, may be modelled by the Black—Scholes SDE

dSt = //LStdt + O'tStdBt, t = 0, (2)

where u € Risthe meanreturnando; > 0,7 > 0, is the volatility process described by
the SDE (1). Generally, there are several classes of SDE (1) with parametric restriction.
For example, Black—Scholes, Vasicek, Dothan, CIR and CEV models fall under SDE
(1).

In the context of ‘rough’ stochastic volatility modelling, we note that SDE (1) may
not provide a good fit since the driving noise is a Brownian motion B.. In this case, we
recognise the need to replace the driving noise B. with a fractional Brownian motion
BH and consider a ‘rough’ volatility model based on the SDE

dx;, = (a—lxt_l — o +a1x; — ozzxtp> dr + Uxt@doBtH 3)
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fort > 0and H € (0, %), where oxt@ d °BtH stands for a stochastic integral in the sense
of Russo and Vallois (see Sect. 5). However, since the expected value of ox?d° Bl
(if it exists) is not zero, in general, we observe that the SDE (3) does not necessarily
yield the Ornstein—Uhlenbeck dynamics as a special case. In other words, SDE (3)
may not be used to capture the mean reversion property, which plays an important role
in finance. In order to account for the mean reversion property of SDE (3), we may
consider instead the following SDE

dx; = (a_1xt_1 — o +o1x; — ozthH_lxtp) dr + fodBtH 4)

for ¢t > 0 with initial value xg, t € (0, 1], H € (0, %) and p > 1. The stochastic
integral for the fractional Brownian motion in (4) is defined via an integral concept in
[7] and related to a Wick—It6—Skorohod type of integral (see also Sect. 5). We mention
that the mean of the stochastic integral in (4) is zero (provided that the mean exists).
Therefore, one obtains from SDE (4) the Ornstein—Uhlenbeck dynamics as a special
case if one formally chooses «_1, oy and 6 to be zero.

As mentioned before, the original Ait-Sahalia model has been applied to interest
rate modelling. However, the Ait-Sahalia model in our setting, (3) and (4) cannot be
employed in interest rate modelling since empirical evidence shows that interest rate
paths rather exhibit Holder continuity with an index bigger than % (see [12]). This is
also the reason why we in this paper apply the extended Ait-Sahalia model to ‘rough’
volatility modelling.

Although we also prove an existence and uniqueness result for solutions to SDE
(3) (see Theorem 5.5), we mainly focus in this paper on the study of SDE (4). We
emphasise that our mathematical methods employed in this paper differ significantly
from those used in [13]. For example, in the case of H < % we cannot apply the It6
Lemma as in [13] for H > %, to prove the existence of higher moments of solutions
to SDE (3) or (4) (see Sect. 4) but have to resort to other techniques based on, for
example, the Clark—Ocone formula and the concept of rough path integrals in the sense
of Russo—Vallois.

Finally, we mention some other works related to our article: Let us point out here
that SDEs with explosive drifts driven by Holder continuous noises in the case of fBm
with H > % were initially analysed in Hu et al. [3], where the authors address the
properties of positivity, existence of moments and the Malliavin differentiability of
strong solutions. Other interesting and more recent results related to the SDE (8) can
be found in Di Nunno et al. [14], who establish for a large class of unbounded and
explosive drift vector fields existence and uniqueness of local and global solutions
to SDEs with additive noise, which is merely Holder continuous and not necessarily
Gaussian. Further, the work of Di Nunno et al. [15], which appeared after the com-
pletion of our article, also deals with the Malliavin differentiability of solutions with
general Gaussian Volterra drivers. In addition, we refer to Kubilius [16] and Kubilius
and Medziunas [17], where the Ait-Sahalia model for a parameter 6 is less than 1 and
greater than 1 is investigated as an example, when H > % We remark here that SDEs
of the type (3) or (4), which involve ‘rough path’ integrals in the sense of Russo and
Vallois, were not studied in the above-mentioned works.
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The remainder of the paper is organised as follows: In Sect. 2, we introduce the frac-
tional Ait-Sahalia-type model for rough volatility modelling. We establish an existence
and uniqueness result for solutions to SDE (4) in Sect. 5 by studying the properties
of solutions to an associated SDE driven by an additive fractional noise (see Sects. 3
and 4). In addition, we also discuss the alternative model (3) in Sect. 5.

2 The Fractional Ait-Sahalia Model

Throughout this paper unless specified otherwise, we employ the following notation.
Let (2, F, P) be a complete probability space with filtration {F;};>0 satisfying the
usual conditions (i.e. it is increasing and right continuous while F( contains all P null
sets). Denote |E as the expectation corresponding to P. Suppose that B, 0 <t < 1,
is a scalar fractional Brownian motion (fBm) with Hurst parameter H € (0, %) and
B;, 0 <t <1, is a scalar Brownian motion defined on this probability space.

In what follows, we are interested to study the SDE

t 1t
X = X0 —|—/ (oe_lxs_l — oo+ o xs — a2s2H_1xf)ds —I—/ fodBSH, 5)
0 0

%0 € (0,00),0 <t < 1, where H € (3,7),0 > 0,p > 1+ —5,0:= 1,0 >0
and o; > 0,i = —1, ..., 2. Here, the stochastic integral term with respect to BH in
(5) is defined by means of an integral concept introduced by Russo and Vallois [18].
See Sect. 5.

As already mentioned in introduction, solutions to the SDE (5) can be used as a
model (fractional Ait-Sahalia model) for the description of the dynamics of (rough)
volatility in finance. In fact, in this paper, we aim at establishing the existence and
uniqueness of strong solutions x; > 0 to SDE (5). In doing so, we show that such

solutions can be obtained as transformations of solutions to the SDE
L. 1
yf:x+/ f(S’yS)ds_a—B[I{’ Oftfl’ H€<09§)’ (6)
0

where

fls,y) =a_ <—§y2§+1> +agy’t! — 051%

1 5.5 . L~
+a2s2H—lé_py—9p+9+l_o,HS2H 1y 1(9_'_1), (7)

whered > 0,0 <5 < 1,0 < y < oo. However, after having applied the transfor-
mation, we have to restrict H € (1/3, 1/2) to make sense of the stochastic integral in
SDE (5). See Sect. 5 for further details.

In the sequel, we want to prove the following new properties for solutions to SDE

(6):

e Existence and uniqueness of positive strong solutions (Corollary 3.1),
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e Regularity of solutions in the sense of Malliavin differentiability (Theorem 4.2),
e Existence of higher moments (Theorem 4.1).

3 Existence and Uniqueness of Solutions to Singular SDEs with
Additive Fractional Noise for H < 3

In this section, we wish to analyse the following generalisation of the SDE (6) given
by

! 1
x,:x0+/b(s,xs)ds—|—GBH, 0<r<l, H€<O’§)’ o>0. (8
0

We require the following conditions

(A1) b e C((0,1) x (0, 00)) and has a continuous spatial derivative b’ := -=b such
that

bV, x)<K;,, 0<t<l1, xe(0,o00),
where K; := t2#~1 K for some K > 0.
(A2) There exist k1 > 0, o > % — 1 and hy > 0 such that b(r, x) > ht?7-1x—,
te0,1], x <«y.

(A3) There are k» > 0 and hy > 0 such that b(¢, x) < hat*"=1(x + 1), 1 € (0, 1],
X = K.

Theorem 3.1 Suppose that (A1-A3) hold. Then, for all xo > 0 the SDE (8) has a
unique strong positive solution x;, 0 <t < 1.

Proof Without loss of generality, let o = 1. We are required to establish the following
analytical properties.

(1) Uniqueness: Suppose x. and y. are two solutions to (8). Then,

t
Xp = Yr = / (b(s, x5) = b(s, ys))ds.
0
So, using the product rule, the mean value theorem and (A1), we get
) t
(xr —y)” = 2/0 (b(s, x5) — b(s, y5)) (x5 — y5)ds
t
<2 [ K- ol

0

Hence, Gronwall’s lemma implies that

xr—y =0, 0<tr<I.

@ Springer



Journal of Theoretical Probability

(i1) Existence: Let xg > 0. Because of the regularity assumptions imposed on b, we
know that Eq. (8) has (path-by-path) local solutions. Define the stopping times

79 ;= inf{r € [0, 1] : x;, =0} and 7, :=inf{r € [0, 1] : x; > n},
whereinf ¢ := 17 Justasin [13], we wantto prove that 7o = 17 andlim,, . o0 T, =
1T. Here, 17 stands for an artificially added element larger than 1. Suppose that

79 < 1. Then, there is a 79 € (0, 79] such that x, < « for all (7p, to]. By (A2), we
know that b(¢, x) > O for x € (0, k1) and ¢ > 0. Hence,

70
0 = xq =x,+f b(s,x)ds + Bl — B, t e (%, w0l 9)
1
This implies

5= [BE = BI| < 1B 1p(t0 — 0P, 1 € (o, ] for B € (0, H).  (10)

Here, || - || denotes the Holder-seminorm given by

s = sp KOOSO

0<s<t<1 (I — s)P

for B-Holder continuous functions f. So, we also obtain that

18X 1|z — 1) = | BH — B!

70
> / b(s, xg)ds
t

0 2H—1 hy 0 2H-1 1
Zhlf s _xs_adszm/ st T ——————ds
t || B ||5 t (TO—S)a'B

70
T p——
1B . (0 — )P
If af > 1, we get a contradiction. For o8 < 1, we find that

h Tn —1 1—0{,8
B | 15(0 — )f > — o1 (o —0) %

, 1€ (T, 10l

Hence,

H B+ap—1 hiry! !
0= lim ||B T0 — )P TP > 0
Jim [[B.{lp(zo — 1) = BP0~ ap) >

So, 19 = 1. Assume now that

T .= lim 7, < 1.
n— oo
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Then (compare [13]), we can distinguish between the following two cases:

1. Case: There is 71 such that x3; = k2 + xo and x; > k2 + xo for all 1 € (71, Too).
2. Case: For all n € N withn > «x + x¢p and € > 0, one can find an interval
(T1, T2) C (Too — €, Too) such that xz; = k2 + xp and

ko+xo< inf x; <n< sup x;.
te(ty,12) te(@, )

Thus, by using (A3), we obtain that

t
xi <2+ x0+ [|BH||ptl + hat2 QH) ! 4+ hzﬁ s?H 1 xods.
71
So, by letting
o = Ky 4 xo + || BH|| g1l + hyt2H 2H) !,

it follows from Gronwall’s lemma that

t t
X <o+ / O[thZH_l exp (/ hzqu_ldu> ds
71 s

1 1
<y +/0 yhstH_l exp (/ h2u2H_ldu) ds,
S

where y := k2 + xo + || B | lg + zh—é The latter estimate leads to a contradiction.
O

As a consequence of Theorem 3.1, we obtain the following result:

Corollary 3.2 Suppose that x € (0, 0o) and p > % +1, where p and 6 are parameters

of f in (7). Then, there exists a unique strong solution y; > 0 to SDE (6).

Proof Let e = % Then,

Fls,9) = &1(s, ¥) + &2(s, ),

where
gi(s,y) =a_y (—5y29“> +agy? T - 051% +eas?7y7l o + 1,

and

_ R o
205,y = 005?17y IO (1 4 552y @ 4 1),

We see that
2105, y) = a1 (—0y2HY) 4 oyt — a% +eay @+ 1)
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>0
forall s € (0, 1] and y € (0, yg) for some yp > 0. Since
6p+60+1 : +1 1
— < —— < —1,
P H
we also find some y; > 0 such that
- 1 —Bo4ab 1 -5 5 o—6—
ga(s, y) = s>y~ 0rtoHl (azé—p—(H-l-é)G(@—i-l)yep ’ 2)
2 h1S2H—1y—O{
forall s € (0, 1] and y € (0, y], where h; > 0 and « := ép —6—1.So,
fls,y) = hys?f oy~

for all s € (0, 1], y € (0, yy) for some y; > 0, which shows that f satisfies (A2). As
for (A3), we see that there exists some y» > 1 such that

- 1 ~ o~ _
f(s,y) <s*-1 (azé—py—gf)*@“—Hoy l(9+1>) < hys* =11+ y)

forall s € (0, 1], y € (y2, 00) and some h> > 0. We have that

Fls,9) = fils.y) + fals, y),
where
fiGs,y) = —a_1820 + 1Dy +ap@ + 1)y’ — %
and
fr(s,y) = s2H-1 (azéip(—é,o +6 + 1)y_9~'0+9~ + HG (6 + 1)y_2) .
So, there exist y;, y» > 0 such that
Fl(s.y) < fils,y) < K <s*71K = K,
foralls € (0, 1],y € (0, yp) as well as

fl(s,y) < fls,y) < s 1K = K,
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forall s € (0, 1], y € (y2, 00) and some K > 0. On the other hand, we see that
f/(S,y) < Ky + 2071k, < s?-1K = K

for all s € (0, 1], yo € [y1, y2] for some K1, K, K > 0. Altogether, we see that f

also satisfies (A1). Since —BH ig a fractional Brownian motion, the proof follows. O

4 Malliavin Differentiability and Existence of Higher Moments of

Solutions

In this section, we want to show that the solution x to the SDE
t ~
xt:x—l—f f(s,x)ds —6BH, 0<t<1, x>0, (11)
0

is Malliavin differentiable in the direction of B for H € (0, %) and where 6 > 0 is
an arbitrary constant. Furthermore, we verify that solutions x; to (11) belong to L9 for
all ¢ > 1. For this purpose, let fn : (0, 1] xR — R, n > 1 be a sequence of bounded,
globally Lipschitz continuous (and smooth) functions such that

(1) f |[%,I’l]: f |(0,1]X[%,n] for all n > 1,

(i1) f,:(s, x) < K forall (s,x) € (0,1] x R, n > 1, where K is defined in (A1).

So, we see that
fals.x) — f(s.x)
n—oo

for all (s, x) € (0, 1] x (0, 0o). Denote by D’ and D., the Malliavin derivative in the
direction of B and W., respectively. Here, W. is the Wiener process with respect to
the representation

t
BH =/ Ky (t,s)dWy, t=>0. (12)
0

See Appendix. Since —B is a fractional Brownian motion, let us without loss of
generality assume in (11) that 0 = —1. Because of the regularity of the functions f,,
n > 1, we find that the solutions x” to

t
xf:x—i—/ fn(s,xs)ds—i—BtH, x>0, 0<tr<l1
0
are Malliavin differentiable with Malliavin derivative Df x; satisfying the equation
t ~
DHxI" = f fl(s, x" DI x"ds + x10.7(w).
u
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Hence,

t
DHE X" = y10.7(u) exp (/ £ (s, xf)ds) A x P-ae.
u

forall 0 <t < 1 ( A Lebesgue measure). Further, using the transfer principle between
DH and D. (see [5, Proposition 5.2.1]), we have that

K} DFx; = D.x, (13)

where K7, : ' H — L?([0, T)) is given by

T 9
(Kpy)(s) = Ky (T, 5)y(s) +/ (@) — y(s))EKH(t’S)df (14)
for
H-} ;
%KH(t, s) =cy (H — %) (%) (r—s)—12. (15)

1_
Here H = 17%_ H(Lz). See Appendix. On the other hand, using (13), we also see that

t
DyxI' = / fo (s, x2) Dyxds + Ky (t, u) (16)
u

in L2([0, 1] x ) forall0 <7 < 1. Set
Y/"(u) = Dyx;' — Ku(t, u).
Then,
t ~ ~
Y (u) = / {fr’l (s, x8) YT (u) + fo (s, x)) Kn (s, u)} ds.
u
Using the fundamental solution of the equation
@) = fr(t,x]) - @), D) =1.
We then obtain that
t t B ~
Y (u) = f exp <f I (r.x]) dr) fo(s, xY Ky (s, u)ds.
u S

Hence,
1 t B y
Dyx}' = / exp (/ f (r,xf) dr) (s, xYKp(s,u)ds + Ky (t, u)
u S
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=J{'(t,u)+ I3 (t,u) + Ku(t,u), u<t, AxPae,

where

1 13
it u) = / exp (/ f/(r,xr)dr) (f,;(s, xl) — KS> Ky(s,u)ds

and
t r
SNt u) = / exp (/ £ (r, xr)dr> K, - Kg(s, u)ds.
u N
Without loss of generality, let 7 = ¢t = 1. Then,
1 1 1
f (Dyx!)?du < C {f (JI(1, u))*du +f (J(1, u))*du
0 0 0
1
+/ (Kp(l, u))zdu} .
0
Using Fubini’s theorem, we get that

1
(/T(Jf(l,unzdu
0

=/1 (/le[ul]mexp (/ 7o, x»dr) (Fis.ah & )KH<s,u>ds)
f/ {exp(f 7o, xr>dr) Fitsrx) — Ky, )

2

(17)

du

~ - SINAS2
X exp (/ f/(r,x,)dr> (f,;(sz,xfz) — Ksz) /(; Ky (s1, u)Kg(sy, u)du} dsidss.
52

From (12), we see for the covariance function

Ri(s1,52) =E[ B! - B]

that

S1AS2

Ry (s1,52) :f Kp(s1,u)Kp (s, u)du.

0

Since
1
0 < Ru(s1,s2) = 3 (S%H +S§H — |s1 — S2|2H> <1, H< 5

and

(f,;(sl,xfl) — Ksl) . (f,;(sz,xg’z — K32> >0
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for 0 < 51, 5o < 1, we find that

1 1
f (I, u))*du < (/ (exp (/t f/(r,mdr) (f,i(s,x;’) — Ks) ds>
0 0 K

1 1 1 1 2
= {—exp (/ f’(r,x,)dr) _/0 K exp (/ f’(r,xr)dr> ds}
s s=0 s
1 1 1
< (exp (/(; Krdr> +/(; Kids - exp (/(; Krdr>> .

2
Similarly, we also obtain that

2

1
/ (J3(1,w))* du < C(K, H)
0
for a constant C(K, H) < oo. We also have that

1
/ (K (1, u))*du =E [(B{’)z] ~ 1.
0

Altogether, we get that

1
E U (Dux'f)zdu} < C(K, H) (18)
0
for all n > 1 for a constant C(K, H) < oo. Define now the stopping times 7, by
: 1 :
T :mf{Os t<1l;x ¢ [—n“ (inf ¥ = 00)
n

Then, we know from the proof of the existence of solutions in the previous section
that 7, / oo forn — o0. So,

x?/\fn — XAt = / ' ifn (S’ x?) - f(s,xs)}ds
0
t ~ ~
:‘/0 X[o‘rn)(s){fn (S’x;l/\‘[n) _fn(s,xs/\rn)}ds-

Hence,

t
x;lATn - xt/\T’l = Kn / |x§l/\‘fn - xS/\tn ds
0
for a Lipschitz constant K,,. Then, Gronwall’s lemma implies that

no_
Xint, = Xing,
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for all ¢, n P-a.e. Since 7, /' oo for n — o0 a.e., we have that

x; = X (19)
n— oo

for all t P-a.e. Using the Clark—Ocone formula (see [7]), we get that
1
xf =E [x’f] + ./o E [sz’f|.7-"s] dWs,

where {F}o<;< is the filtration generated by W.. It follows that
: 2
E[(x! —EXD* =E U (E[Dsx] | Fs1) ds]
0

1 1 )
SE[/ ]E[(sz’f)zlfs]ds} :f E[(Dyxf)*]ds.
0 0

So, we see from (18) that
E| () —E[x])] = K, H) < o0.
for all n > 1. We also have that
|61 = ELxe1] = o = EL| < o —x1| — 0
because of (19). So,

tim [}~ E[+}]| = tim [r, ~E[x{]]
n—oo n—oo

Suppose that E[x?], n > 1 is unbounded. Then, there exists a subsequence ny, k > 1
such that

[B[x*]] =3 oo

It follows from the lemma of Fatou and the positivity of x; that

oo =& im (Jo - B

| k— 00

<] tim (b - B0x))’]

| k— 00

— 5| tim (37" ~ L))

| k— 00

< lim B[ |« - B ] < € < o0,

k— 00
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which is a contradiction. Hence,

sup [E[x]]] < oo.
n>1

Further, we also obtain from the Burkholder-Davis—Gundy inequality and (18) that

1 2p
E[|x]*"] < C, <|E[x’f]|2p +E [(/ E[sz{’lfs]dws) D
0

2p
u
< C, | [E[x11*P +E (sup\ E[DSX’flfs]dWsl)
O<u<1l JO

1 P
<C, (|E[x’f]|2p +m,E [(/O E[szﬁ]—"s]zds) D

<C(p,K,H) (20)
for n > 1. So, it follows from (19) and the lemma of Fatou that

E[|x1*"] < lim E[|x7|]*? < C(p, K, H) < o0

n—oo

for all p > 1. So, we obtain the following result:

Theorem 4.1 Letx;,0 <t < 1 be the solution to (11). Then, x; € L1(2) forallq > 1
and 0 <t < 1.

In addition, we obtain from Lemma 1.2.3 in [7] in connection with estimate (20) that
x1 is Malliavin differentiable in the direction of W.. The latter, in combination with
(13), also entails the Malliavin differentiability of x; with respect to BH . Thus, we
have also shown the following result:

Theorem 4.2 The positive unique strong solution x; to (11) is Malliavin differentiable
in the direction of B,H and W. forall 0 <t < 1.

5 Application

In this section, we aim at applying the results of the previous section to obtain a unique
strong solution x; to the SDE

t t
X; = X0 —I—/ (a_lxs_l — g+ apxg — onSZH_le)ds +/ oxdesH, (21)
0 0
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0<t<IlforHe(55.0>0p> I+ =0 >0and6 = %I.Here,the
stochastic integral with respect to B is defined by
t t t
/ g(x)dBf = / —Hs*H g/ (xs)ds + / g(xs)d°BH (22)
0 0 0

for functions g € C3((0, 00); R). See also the second Remark 5.3. The stochastic
integral on the right-hand side of (22) is the symmetric integral with respect to BX
introduced by Russo and Vallois. See, for example, [18] and the references therein.
Such an integral denoted by

t
/ Yid°Xs, tel0,1] (23)
0

for continuous process X., Y. is defined as

1 t
lim — Y (X — X,)ds,
GI\IA% e ‘/0 s ( s+e s)ds

provided this limit exists in the ucp-topology. In order to construct a solution to (21), we
need a version of the It6 formula for processes Y., which have a finite cubic variation.
A continuous process is said to have a finite strong cubic variation (or 3-variation),
denoted by [V, Y, Y], if
1 t
[Y,Y,Y]:=1lim - | (Ysye — Ys)ds
eN0 € Jo

exists in ucp as well as

1 1
sup — |Yste — YS|3ds <00 ae.
0<e<1 € JO

See [18]. Using the concept of finite strong cubic variation, one can show the following
1t6 formula (see [18]).

Theorem 5.1 Assume that Y. is a real valued process with finite strong cubic variation
and g € C3((0, 00); R). Then,

t 1 t
oY) = g(Yo) + f gAY, — f (Y)Y, Y, Y]y, 0<1<1.
0 0

Remark 5.2 The last term on the right-hand side of the equation is a Lebesgue—Stieltjes
integral with respect to the bounded variation process [Y, Y, Y].

Remark 5.3 e We mention that for Y. = B”, H € (%, %), [BH, BH BH]is zero
a.e.
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e If X. = BH in (22), then it follows from Theorem 6.3.1 in [8] that our stochastic
integral in (22) equals the Wick-Ito—Skorohod integral. The latter also gives a
justification for the definition of the stochastic integral in (22) in the general case.

Theorem 5.4 Suppose that H € (%, %), 0> 0,0 >0andp > 1+ %. Let 6 = 571.
Then, there exists a unique strong and positive solution to the SDE (21).

Proof Let y. be the unique strong and positive solution to

13
y,:x—i—/ f(s,ys)ds—6BtH, 0<tr<l1, x>0,
0

where f is defined as in Sect. 2. Define g € C3((0, 00); R) by g(y) = y;. Then, a
modification of Theorem 5.1 (see Lemma 6.1) entails that

t

X = g(y) = — +/ (—1)y; @D aoy, ~1 ), g" (ys)dly, v, yls.

Since [B,H, BH B,H] is zero a.e. (see Remark 5.3), we observe that [y, y, y] is zero
a.e. So,

x? ! 641
Xp = — +f (—1)ys_( + )doys
0 0

—6 t . t By
. +/ (—l)ys_(eH)f(s,ys)ds—i—/ Gy, @ tVaeBH
0 0 0
x ' g+1) 7 ~ 2H—1_—(0+2) 5
= [ T F - HET G 1 ) fas

+ / 0y (6+1)dBH
0
N . AN
Since we can write (ys)_(9+1) = 6° (%) , we now have

x—9 t y—9
X = T-I—/ s, = ds—l—/ oy, (9+1)dBH
0 0 6 0
—0 t —0 t
— L+/ f1s, Ys ds—l—/ 659(xs)9stH
0 0 6 0

1

where f(s,y) := a_1y" —ap + o1y — ozzszH Iy, s € (0,11, y € (0,00). So
x. satisfies the SDE (21) if we choose 6 = 8 ~?¢ for ¢ > 0. In order to show the
uniqueness of solutions to SDE (21), one can apply the Itd6 formula in Theorem 5.1
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~ 1 1
to the inverse function g~! given by g~ '(y) = (0) ¢y ¢ by using the fact that
[BH, BH BH]=0ae.for H € (%, %). m|

Finally, using the same arguments as in the proof of Theorem 5.4, we also get the
following result for the alternative Ait-Sahalia model (3):

Theorem 5.5 Retain the conditions of Theorem 5.4 with respect to H, 6,6 and p.
Then, there exists a unique strong solution x; > 0 to SDE (3).

Proof Just as in the proof of Theorem 5.4, we can consider the SDE (6), where the
vector field f now is given by

- ~ 5 y I _5,.4
fls,y) = a1 (=0y* Ty Fapy?*! — iz +arsy Oot6+1 (24)

for 0 < y < oo. Then, as in the proof of Corollary (3.2) one immediately verifies
that f satisfies the assumptions of Theorem 3.1, which yields a unique strong solution
y: > 0 to (6) in this case. In exactly the same way, we also obtain the results of
Theorem 4.1 and Theorem 4.2 with respect to £ in (24). Finally, we can apply the 1td
formula as in the proof of Theorem 5.4 and construct a unique strong solution x; > 0
to (3) based on y.. O
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Appendix

Lemma 6.1 Let y;,, 0 <t < 1, be the positive strong solution of the SDE in the proof
of Theorem 5.4 and let f : (0, 00) — (0, 00); x — x~%, where o > 0. Then,

t
FOn = fOo0) + /O Food®ye. 0<i<1. ae

Proof The proof is based on the same arguments for the proof of the Itd formula as in
[18] and the fact that n[lén2 ] y: > 0 a.e. (see the proof of Theorem 3.1) for a solution y.
tell,

on [0, 2] D [0, 1]. Consider the following type of Taylor formula

1
f) = fl@+ f@b=a)+ 5@k - a)?
+ éfG)(a)(b —a)’ 4+ R(a, b)(b — a)®
fora, b € (0, 00), where
1 ¢2
R(a,b) = fo TGO @at (=) — O @),

So fore € (0, 1) and s € [0, 1], we obtain

1
fste) = fys) + f/(ys)()’s—i—e —ys) + Ef”(ys)()’s—i—e - ys)2
1
- gf@)(ys)(ys—l—e - )’s)3 + R(ys, Ys+e) YVste — )’s)3

and

1
FO9) = fOsie) = F sre) Osre — ¥s) + 5f”<ys+€><ys+e — yy)?
1
- gf(3) (ys+€)(ys+e - ys)3 - R(ys—l—e’ ys)(ys+e - ys)3-

The latter entails that

1 (! 4
- /0 (fOsse) — Fys)ds = ;,Ji,e(r),
where

1 t
J1,(t) = ZK) (f/()’s—hf) + f/()’s))(ys—}—e — ys)ds,

1 t
Jre(t) = _E /(; (f//(ys—i-e) - f”(ys))(ys—i-e - )’s)zdS,
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1 t
B = fo FO a0 + £ 0 ste — y0)3ds,

and

1 t
J4,e(t) = _E'/ (R(ys, Ys+e) + R(Yster Ys)) (Vs+e — )’s)3ds-
0

Since the process f(y;), 0 <t < 1, is continuous, we see that

1 ' uc
- / (f s4e) — FOds —> £(3.) = F(o).
€ Jo eNO0

On the other hand, using the mean value theorem, we find that

1 t
Dty =~ /0 Pe(s) epe — v5) ds

L[ L[
= —4—/ (Ve(s) = Y0()) (Vsre — ¥s)ds + — / Yo () (s re — ) ds,
€ Jo 4e 0

where

1
Ye(s) = /0 FOpys + (A — @) ysie)de

and

Yo(s) := £ ().

We have for s € [0, 1] that

1
[Ye(s) — Yo (s)| = | fo (fP(Pys + (1 = @) ysse) — O (35))do|

()@t — (¢ys + (1 — @) ysr)® |

<o+ D(x+3)
0

1
Sa(oe+1)(oz+3)f
o (

<ala+ 1)(a+2)(

—> 0 a.e.,
e\0

because of

sup sup |y;
¢€l0,1]s€[0,1]

(pys + (1 — ¢).Vs'+e)a+3 ()’s)a+3

de

|(379)% 3 — (@ys + (1 — @) ysre)® ]

min vy 1— min ~a+3
¢se[o,2]y“+( ¢)se[0,2]y") (

2(a +3) sup sup |(y5)* "

min
se[o,z]yS) $<[0,115€[0,1]

—¢ys — (1 = @) ysiel < sup |ys

s€l0,1]

N

min v. a+3
E[O’z]y‘s)

— (pys + (1 — ) ys1)* ™)

— — 0 a.e.
ys+e| 0
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and uniform continuity. So,

sup |Ye(s) —o(s)| — 0 ae.
s€[0,1] N0

Hence,

1 t
‘4_f (Ve(s) — Yo($)) (Vs+e — ys)3ds
€ Jo

< sup [We(s) — Yo(s)] - SUP—/ Dese — yslPds —> 0 ae.,
s€l0,1] =04 e\0

since y. is of strong 3-variation.
Further, since ¥(t), 0 < t < 1, is a continuous process, it follows from Remark
2.6, (6) in [18] that

1 ) 1
y” fo Y0(8) (Yyre — vs)ds {5 Z fo Yo(s)dly, y, yls =0,
due to [y, y, yly = 0. So,

ucp

J2 e( ) —? 0.
We also see that

1 ! 1 d
J3,e(t) = _/ f(3) (Vs) (Vste — YS)3dS + EL f(3) (Vs+e) (Yste — )’s)3ds

= T3 0 + 12 ).

Because of Remark 2.6, (6) in [18], we have again
J(l)( )
Further, Remark 2.6, (5) in [18] implies that

J(Z)()

As for the process Jy < (), we can use the same arguments as in the case of J3 ¢(-)
based on uniform continuity and the strong 3-variation of y. and obtain that

J4e()—>0
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Altogether, we get in connection with Remark 3.2, (1) in [18] that
limJ; (-
e{% Le(*)

exists in the ucp-topology and must be equal to

f " 0)d°ys.
0

O

For some of the proofs in this article, we need to recall some basic concepts from
fractional calculus (see [19, 20]).

Leta, b € Rwitha < b. Let f € LP([a,b]) with p > 1 and « > 0. Then, the
left- and right-sided Riemann—Liouville fractional integrals are defined as

1 X
£ = o [ =0 0y

and

1 b
I f(x) = m[ (v =) f()dy

for almost all x € [a, b]. Here, I" is the gamma function.

Let p > 1 and let I, (L?) (resp. I,_(L?)) be the image of L”([a,b]) of the
operator 1%, (resp. I)_). If f € I% (LP) (resp. f € I,;_(L?)) and 0 < a < 1, then
we can define the left- and right-sided Riemann—Liouville fractional derivatives by

« _ 1 d [ f
Dgr f(x) = 'l —o)dx /a (x — y)“dy

and

b
1 d ) J

Pl =r0"ga ), Gooe

The left- and right-sided derivatives of f can be represented as

@ _ fx) T fx) = ()
Dy f () = 'l —a) ((x —a)* to . (x—yetl dy)
and
@ _ 1 fx) bf)— £
Do T =14 ((b—x)d LA Ay dy)'
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The above definitions imply that
I3 Dy f) = f
for all f € I;‘+ (L?) and
o (G f) =1

for all f € LP([a, b]) and similarly for I and D} _.

Denote by BH = {BtH ,t € [0, T]} a d-dimensional fractional Brownian motion
with Hurst parameter H € (0, %). The latter means that B is a centred Gaussian
process with a covariance function given by

_—
(Rt ))i,j = E | BV B]

1
:3ij§(t2H+S2H—|l—S|2H>, i,j:l,...,d,

where §;; is one, if i = j, or zero else.

In the sequel, we also shortly recall the construction of the fractional Brownian
motion, which can be found in [7]. For convenience, we restrict ourselves to the case
d=1.

Denote by & the class of step functions on [0, T'], and let H be the Hilbert space
which one gets through the completion of £ with respect to the inner product

(Ito,e15 1j0,s1)H = Ru(t, 5).

The latter provides an extension of the mapping 1y ;] = B; to an isometry between
‘H and a Gaussian subspace of L?(Q) with respect to BH . Let ¢ — B () be this
isometry.

If H < %, one finds that the covariance function Ry (f, s) can be represented as

INS
RH(t,S)=f Kp(t,u)Ky (s, u)du, (25)
0
where
\H2
Ky(t,s) =cy (—) (t—s)H 2—|—<——H>s2_H
s
/ u’'"2(u—s) _Zdu]. (26)
S
. 2H . . .
Here, cy = 2B -2 I+ D) and B is the beta function. See [7, Proposi
tion 5.1.3].
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Using the kernel Ky, one can obtain via (25) an isometry K7, between £ and
L?([0, T]) such that (K3 110, (s) = Kp(t, s)10,(s). This isometry allows for an
extension to the Hilbert space H, which has the following representations in terms of
fractional derivatives

(Kpo)(s) =cul (H + %) saH (DTéfH”H_éso(u)> (s)
and

* 1 l_H
(Kpe)(s) =cul’ (H + 5) (D%_ <p(S)) (s)

1 r 3 t H=3
+cn (5 — H)/ et -2 1 - (5) dt.

1
for ¢ € H. One can also prove that H = ITZ_ " (L2). See [21] and [22, Proposition 6].
We know that K7, is an isometry from H into L2([0, T]). Thus, the d-dimensional

process W = {W;, t € [0, T]} defined by
W, .= BE (K3 (110.7)) (27)

is a Wiener process and the process B! has the representation

t
BY =/ Ky (t,s)dWs. (28)
0
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