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Abstract

This paper introduces SPDE bridges with observation noise and contains an analysis of their spatially
semidiscrete approximations. The SPDEs are considered in the form of mild solutions in an abstract
Hilbert space framework suitable for parabolic equations. They are assumed to be linear with additive
noise in the form of a cylindrical Wiener process. The observational noise is also cylindrical and SPDE
bridges are formulated via conditional distributions of Gaussian random variables in Hilbert spaces.
A general framework for the spatial discretization of these bridge processes is introduced. Explicit
convergence rates are derived for a spectral and a finite element based method. It is shown that for
sufficiently rough observation noise, the rates are essentially the same as those of the corresponding
discretization of the original SPDE.
© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

In the geophysical sciences, phenomena that involve time and space are ubiquitous and
models describing their behavior grow, out of necessity, ever more complex. A common way
of capturing this complexity is to include randomness in the models. This could, for instance,
model unknown past sources, measurement errors or effects on different physical scales. A
popular class of such models consist of stochastic partial differential equations (SPDEs). Apart
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from the geophysical sciences, such models occur in finance [13], cell biology [30] and many
other areas [10,27].

In this paper we consider, in an abstract setting, an example of an SPDE that captures
many important characteristics of more complex models: a linear stochastic reaction—diffusion
equation on a bounded domain D C R?, d = 1, 2, 3. This is given by

8X(t &)+ AX(t, &) 8W(t E)fort (0, T, €D, T

-, »§) = 7\, or » 4], , I <00,

ot at ey
X(0,8)=x(§), for&eD.

Here A = — Zld j=1 %ai, j % + ayp is an elliptic operator with sufficiently smooth coefficients

(aij); j=14, ao along with suitable boundary conditions. The noise term denoted by dW /o7
is Gaussian, white in time and (possibly) correlated in space, and x is the initial state of
the SPDE. This can be seen as a simplification of SPDEs used to model, e.g., the dynamics
of sea surface temperature anomalies [18,31,32]. We understand this equation as an infinite-
dimensional stochastic differential equation (SDE) of Itd type in the framework of [10]. We
consider its mild solution

X*(t) = S(t)x +/ St —s)dW(s),t € [0, T], 2)
0

as a stochastic process X* taking values in the Hilbert space H = £2(D). Here, W is a Wiener
process W in H with spatial covariance (operator) Q. The operator valued function S is an
analytic Cy-semigroup generated by —A. In the setting of (1), A is the operator A regarded as
an unbounded linear operator on H.

We are concerned with the SPDE bridge X*¥ with observation noise associated to (1).
Formally, this is the process X* conditioned on having observed X*(T') + Z = y, where Z is
a Gaussian noise (the observation noise) in H, independent of W. We rigorously define such
bridge processes in a framework inspired by [15,16,36]. Therein, the authors consider SPDE
bridges without observation noise, also called pinned Ornstein—Uhlenbeck processes in infinite
dimensions. They use the fact that (X*, X*(T)) is a pair of jointly Gaussian random variables
in L%([0, T1, H)® H to derive an expression for X* conditioned on X*(T) = y, see Section 3
for details. The resulting process is used to investigate the Markov transition semigroup for a
semilinear SPDE. Our first goal with this paper is to provide a rigorous theoretical framework
for SPDE bridges that includes observation noise.

For finite-dimensional SDEs, bridge processes are well understood. They are, for example,
used in solving inverse problems related to SDEs, such as parameter estimation in a Bayesian
setting. This consists of sampling SDE bridges, either with or without observation noise, and
employing these in a Markov Chain Monte Carlo algorithm [35]. Our work can be seen as
a stepping stone towards such parameter estimation in an SPDE setting. In order to sample
SDE bridges, they must be approximated numerically. More precisely, they are discretized in
time, resulting in an error. This can be quantified (see, e.g., [29]), making sure that it does not
affect the overall convergence of an algorithm such as the ones employed in [35]. If we want
to consider an analogous approach to parameter estimation in an SPDE setting, approximation
errors have to be quantified for both a temporal and a spatial discretization. Our second, and
major, goal with this paper is to analyze spatially semidiscrete approximations of SPDE bridges
with observation noise. This is the discretization direction unique to SPDEs.

Our extension of the framework of [15,16] to include observation noise provides three
advantages. First, it is a more natural setting for the inclusion of measurement errors in the
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inverse problem, if we think of the observation of X*(7) as a measurement. Moreover, it
allows for more general covariance operators Q, since these do not have to be assumed to
be injective, as in [15,16,36]. Finally, it allows us to derive convergence rates for the spatial
approximations of X*¥ that we consider. We consider both spectral and finite element type
methods, cf. [21,24,26]. Applied to forward problems (i.e., approximating X*), the theory of
such spatial approximations is by now relatively mature. In contrast, it is still relatively rare to
find numerical analyses of methods for solving inverse problems (such as parameter estimation)
related to (2) [7]. In particular, to the best of our knowledge, the derivation of convergence rates
for spatial approximations of SPDE bridges (with our without observation noise) has not been
considered before in the literature.

The key assumption we have to make in order to obtain our result is that the covariance of
Z, denoted Q, commutes with the orthogonal projection associated to the given discretization
method we consider (equivalently, Q is invariant on the corresponding discretization space,
see Remark 4.8). As a special case, this includes the setting that Q = €l for some ¢ > 0,
with I denoting the identity operator. One of the main results of our paper is that in this case,
the convergence rate, measured uniformly in time, for an SPDE bridge with spatially white
observation noise is, asymptotically, no worse than the convergence rate for the corresponding
discretization of the mild solution (2). See Remark 5.4 for the spectral method and Remark 6.4
for the finite element method.

Next, we describe the structure of the paper. In Section 2 we give the necessary mathematical
background to our problem. We introduce Gaussian random variables in Banach spaces and
cylindrical Gaussian random variables in Hilbert spaces. In particular, we focus on the notions
of y-radonifying measures and the reproducing kernel Hilbert spaces associated to Gaussian
measures. We also reiterate some well-known results regarding the conditional distribution
of Hilbert space valued Gaussian random variables with respect to another such variable.
Thereafter, we describe the functional analytic framework we employ. In Section 3 the SPDE
we consider is introduced, along with its mild solution. Thereafter, we introduce the bridge
process with observation noise Z that is our main object of study. The noise Z is considered
in an abstract Wiener space framework by treating it as a random variable in a possibly negative
order Hilbert space. Along with the Gaussian law of the data involved, this leads to an explicit
expression of the SPDE bridge with observation noise:

X5(1) 1= X5 (1) — KO(QT) + O)AN 2(X*(T) + Z — y).

Here Q(¢) is the covariance of X(¢), K(¢) is a mapping related to a formula for the conditional
expectation of Gaussian random variables in Hilbert spaces and A" is a fractional power
of A. Two facts make the analysis particularly challenging. First: ((Q(T) + Q)A")’% is
necessarily an unbounded operator on the space on which X*(T) 4+ Z is considered as a
random variable. Second: X7 (¢) is only well-defined for a.e. y on a typically negative order
space. In Section 4 we introduce an abstract spatially semidiscrete approximation X7~ of
X*Y which takes values in a finite-dimensional subspace V C H, and we derive two key
lemmas related to the approximation of conditional expectations of X°. These are applied to
concrete spatial approximations in the final two sections of the paper. In Section 5 we set
V = Vy = span{ey, ..., ey}, where (ej)j"=1 is the eigenbasis associated to A, to obtain a
spectral approximation of X*Y. In Section 6 we set V = Vj, a space of piecewise linear
polynomials, and obtain a finite element approximation of X*->. We derive convergence rates
for both types of approximations in the space L” ({2, C([0, T], H)) for p > 1, as either N — oo
or h — 0.
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We adopt the notion of generic constants, which may vary from occurrence to occurrence
and are independent of any parameter of interest, such as spatial step sizes. By the notation
a < b we indicate the existence of a generic constant such that a < Cb.

2. Preliminaries

2.1. Gaussian random variables in infinite dimensions

In this section we review basic results for covariance operators, conditional distributions and
Gaussian random variables in possibly infinite-dimensional spaces, starting with some operator
theory. All Banach spaces appearing in this paper are real and separable, so we assume this
for the Banach spaces in this section. Let (U;, U,) be a pair of such spaces with norm || - ||U/_
and duality pairing u; -, ')U;.*, J = 1,2. We denote by (L(Uy, U), || - l 2w, ,u,)) the space of
bounded linear operators from U; to U, equipped with the operator norm and write £L(U) for
this space when U; = U, = U. When (U;, U,) = (H,, H,) are Hilbert spaces with inner
products (-, ~)Hj, j = 1,2, we write L;(H,, H) and L,(H,, H,) for the subspaces of trace
class (or nuclear) and Hilbert—Schmidt operators, respectively. For H; = H, = H we use the
shorthand notations £{(H) and £,(H). An operator I" € L£,(H,, H,) if there are two sequences
(aj)32, C Hi, (bj)32, C H, such that

[o¢]
Tx =Y (x,a;), b
j=1
for all x € H; and

oo
D lajlly, 161, < oo.
j=1

The space £(H,, H>) is a separable Banach space with norm

o.¢] o0
WDy = inf, D Najlly 1billy, T = ay bt
wych, | J=1 j=1

see [33, Appendix B], while £,(H,, H;) is a separable Hilbert space with inner product

o0

(I'ts 12) £y 1y = Z (Iej, erj>H2
j=1

for Iy, I € Lo(Hy, Hy) and an arbitrary orthonormal basis (e j)j‘;l of Hy. We have I' €
E,‘(H], Hz) if and only if I'* e E,‘(Hz, H]) with

NN gy iy = WM 2y g, )
for i € {1,2}. Here I'* denotes the adjoint of I'. Let (H3, Hs) be another pair of Hilbert
spaces. If It € L(H, Hy), I's € L(H3, Hy) and I, € L;(H,, H3) for some i € {1, 2}, then
F3F2F| € ,C,‘(H], H4) and

I 51200 gy omy vy < W5 2y, mp W2 2 oy, i 1L 21y ) - 3
Moreover, if 1T € £L,(H,, H,) and I, € L,(H,, H3), then [>1'} € L(H,, H3) and

S R oY Ty oY e )
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For I' € L(H,), the operator range I'(H;) is a Hilbert space when equipped with the
inner product (-, *) peg,) = (r-t., F’l-)Hl. Here I'~! is the pseudo-inverse of I', i.e., I'"'v
is for v € I'(H,) the unique element w € ker(I')*, the orthogonal complement of ker(I),
fulfilling I'w = v, see [33, Appendix C]. For I' € L;(H;), the trace of I" is defined by
Tr(l') = Y 72, (Tej, ej)y,» for I' € Li(Hy) and an arbitrary orthonormal basis (e;)72,. It
holds that | Tr(I")| < ||F||£1(H1), with equality if and only if I" € X+ (H), the space of positive
semidefinite symmetric operators on H;.

Let now (£2, A, (F;)ier0.71, P) be a complete filtered probability space satisfying the usual
conditions, which is to say that F, contains all P-null sets and F, = N,.,F, for all ¢ € [0, T'].
A measurable mapping X : {2 — U is called a U-valued random variable. Since U is separable,
this is equivalent to requiring that X is strongly measurable [19, Corollary 1.1.10]. By
LP(£2,U), p € [1,00), we denote the Banach space of all U-valued random variables X with
finite norm || X || p 0,y == (E[IX ||f,])1/ P In the case of Hilbert space-valued random variables
X € L2, H)), Y € L3(2, H,), we define the cross-covariance (operator) Cov(X, Y): H, —
H, of X and Y by

Cov(X, Y)u = E[{(Y — E[Y]), u) g, (X — E[X])]

and the covariance (operator) of X by Cov(X) := Cov(X, X). Both operators are of trace
class [5]. In particular, ||COV(X)||L1(H1) = Tr(Cov(X)) = E[|| X — ]E[X]||%{l] whenever either
of these quantities are finite. Moreover, if (¢;)7Z; is an arbitrary orthonormal basis of H; we
have by [39, Proposition 1.1.10] that the o-algebra o (X) generated by X fulfills

o(X) =0(({X, €))7 (&)

A Banach-space valued random variable X: {2 — U is said to be Gaussian if (X, u)y*
is a Gaussian real-valued random variable for all # in the continuous dual space U*. Then
X € LP(2,U) for all p > 1. Equivalently, the image measure P o X~! is Gaussian
on U. For such random variables, we define a covariance operator Cov(X): U* — U by
Cov(X)u = E[y(X — E[X], u)y~(X — E[X])] for u € U*. Let us denote by Hy C U the
reproducing kernel Hilbert space of the Banach-space valued random variable X. This space is
given by the completion of Cov(X)(U*) with respect to the norm induced by the inner product
(Cov(X)u, Cov(X)v) y, = v (Cov(X)u, v)y=. When U = Hj is a Hilbert space, the definition
of Cov(X) coincides with the previously given definition. Since the operator Cov(X) € Y+ (H),
it has a unique square root Cov(X)!/? € X*(H) and Hy = Cov(X)"/?(H,). If H, C H, is
a subspace, continuously embedded into Hj, and if || Xl 2.5 g, < 00, then the covariance
Covy,(X) of X as an H,-valued random variable is related to Cov(X) = Covy, (X) through
the identity

Cov(X) = I, p, Cosz(X)I;f,z,_)H1 . (6)

This follows from the fact that Covy, X)V2(H) = COVHZ(X)I/Z(HQ), along with the factor-
ization CoV(X) = Igoyix)/2(Hy)es Iéov(X)l/z(Hl)%H [34]. For more details on Banach-space
valued Gaussian random variables, see, e.g., [20,39]‘.

We say that X is a cylindrical random variable in a Hilbert space H, if it is a linear map X
from H into the space of real-valued random variables. This is a generalization of the notion
of an H-valued random variable Y, since we may interpret Y as a cylindrical random variable
X by identifying X with the random linear functional (Y, -) . If there, for a given cylindrical
random variable X, exists such a Y, X is said to be induced by Y. We say that X is a strongly
Gaussian cylindrical random variable with covariance Cov(X) and zero mean if X(u) is a
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real-valued Gaussian random variable with zero mean for all # € H and there is an operator
Cov(X) € XT(H) such that E[ X (u) X (v)] = (Cov(X)u, v) for all u, v € H. For all operators
in X*(H), a linear map with the required properties can be constructed. Since we will not
deal with so called weakly Gaussian cylindrical random variables (see [34] for this, as well
as a general introduction to cylindrical measures), from here on we omit the word strongly.
Moreover, we introduce the formal notation (X, u)y := X(u) for all u € H.

Remark 2.1. The notation (X, u)y := X (u) for a cylindrical random variable is only formal.
We emphasize that X ¢ H in a mean-square sense.

We note that
1 2 12
El(X, u — )51 = 1Cov(X)2(u — )|l < ICOV(X)Z || oy lu — vl

for u, v € H. This is to say that (X, -), is continuous on H with respect to L?({2, R). When
Cov(X) = I, X is said to be a standard cylindrical random variable in H. An operator
I''H — U, where U is a Banach space, is said to be y-radonifying if, for a standard
cylindrical random variable X in H, there is a U-valued Gaussian random variable Y such
that y (Y, u)y+ = (X, I'*u)y for all u € U*. The space y(H, U) of y-radonifying operators is
a Banach space with norm

2

[o¢]
By =¥[] Sore] ]
j=1 U
where (z;)72, is a sequence of iid Gaussian random variables and (e;)7Z, is an arbitrary
orthonormal basis of H [40, Corollary 3.21]. The sum inside this expression converges in
L*(2,U) if and only if I' € y(H,U). When H = H; and U = H, is a Hilbert space,
y(Hy, Hy) = Lo(H,, H,) with equal norms [40, Proposition 13.5]. Like the space of Hilbert—
Schmidt operators, the space y (H, U) is an operator ideal [40, Theorem 6.2]. If X is a U-valued
Gaussian random variable, then, by [40, Proposition 8.6],

EI:”X“%]] = ”IHX;’U”i(HX,U) < OQ. (8)

In fact, all moments of X are finite and can be bounded by a constant times the L2, U)-
norm [17, Proposition 3.14].

Gaussian cylindrical random variables X on H; may be regarded as Gaussian H,-valued
random variables, for some larger Hilbert space H, O H;. We can always construct a real
separable Hilbert space H, <= Hj, where the embedding is dense and continuous, such that
Lo\, € L>(Q'2(H)), H,), cf. [33, Remark 2.5.1]. Let H, be a Hilbert space with this
property. By [11, Lemma VI1.1.8], the closure of Cov(X)(H,) in Cov(X)'/2(H,) is the set of all
vectors that are perpendicular to {v € Cov(X)"/2(H;) : Cov(X)'/?v = 0} in Cov(X)'/2(H)).
But since (Cov(X)v, v)y, = ||C0V(X)1/2v||2 for v € Hj, ker(Cov(X)) = ker(Cov(X)'/?).
Therefore {v € Cov(X)/?(H;) : Cov(X)/>v = 0} = {0} so that Cov(X)(H,) is dense
in Cov(X)!/2(H,). Since H, is separable, so is Cov(X)'/>(H,). We may therefore pick an
orthonormal basis (e;)32; of Cov(X)2(H,) such that e; € Cov(X)(H,) for all j € N. Hence,
we may define

X = Z (X, COV(X)_lej)Hlej. ©)
j=I
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Note that, for any N € N,
2

H ﬁ: (X, Cov(X)"e;)

Ej‘

E [(X, Cov(X)e;)y, (X, Cov(X)*le,»Hl] (erre;)

Hy

Hy

o

<
Il
-

(Cov(X)~2e;. CoV(X) 2e;) , {eiv ej) .

<
Il

Il
IMZ

(ei,e;) 1 (ei,€j>H2

Cov(X)2 (Hy)

<
Il
-

|
IMz

2
Covx) 2 (Hy— iy L£2(CovX)Z (Hy).Hy)

Il
.MZ

leily, < 117

i=I

so that X is indeed well-defined in L2(£2, H>). Since ((X, COV(X)’lej>Hl )3‘;1 is a sequence of
independent and Gaussian random variables, X is a Gaussian H,-valued random variable. Its
covariance is given by

(Cov(X)u, v)y, = (u,ej)y (v ej)H

Mg

o0
z( o)
— COV(X)2 (H))—H, Cov(X)2 (H;)

<1* v, ej> X
COV(X)2 (Hy)—H) Cov(X)2 (H;)

= <I 1 ¥ 1 u, v>
Cov(X)2 (H))—~>Hy Cov(X)2 (Hy)— Hy Hy

for u, v € H,. It still holds that COV(X) = Igeyx)1/2(m))es 1, Iéov(X)l/z(H] . whence
CoviX)=1 o
Cov(X)2 (Hy)—Hy Cov(X)2 (Hy)— H, (10)
=1 1 I* 1 _IHIHHZCOV(X)IHIMHZ

Cov(X)2 (H))=~Hy Cov(X)2 (H))—H,

In a certain sense, the distribution of X is invariant with respect to the choice of the space
H,. Indeed, the reproducing kernel Hilbert space Cov(f()l/ 2(H,) = Cov(X)Y?(H,) remains
the same regardless of what space H, we use.

We can expand X as a cylindrical random variable in terms of X in a converse version
of (9). This can be done using the fact that since H; < H, densely and continuously, there
is a linear, self-adjoint, densely defined and positive semidefinite operator B on H, such that

lull g, = 1B"ully, for all u € D(B'/) = H,. We summarize the argument for this from [25,
Section 1.2]. Let D(B) be the set of all u € H; such that (u, )y is continuous with respect
to the H, norm. Then, since H; is dense in H,, the identity (u, U)H1 = (Bu, v)H2 for all

v € H; defines an unbounded, self-adjoint and positive definite linear operator with domain
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D(B) (so fractional powers are well-defined). To see that D(B) is dense in H;, note that by
the Hahn—Banach theorem, this holds if and only if

(v, )y, =0Vy € D(B) = v=0

for arbitrary v € H;. Let v € H; be arbitrary and suppose that (v, y)y = 0Vy € D(B). In
particular, this holds for y = I;*Ilcﬁ mylts U € Hy, since (y, )y, = (u, ), is continuous on H.
Therefore (v, u)y, = 0 for all u € H,, so v = 0. To see that D(B'/?) = Hy, note that for
u € D(B), ||B1/2u||i,2 = (Bu,u)y, = ||u||%,l. By density, this extends to H;, which shows that
H; C D(B'?). If v € D(B'/?) then

vl = sup v, u)py | < sup [(v,u)p,|
ueH) ueD(B)
el 7, =1 Nl =1

= sup |(v, Bu)py,|
ueD(B)
Nl r, =1

= sup [(B"*v, B'"?u)y,| < 1By,
ueD(B)
lull gy =1
which shows that D(B'/?) C H;. Here we made use of the Cauchy—Schwarz inequality along
with the identity || B'/%u I, = llull g, for u € Hy, which we proved above. By density of D(B)
in D(B'/?), we may pick an orthonormal basis (f; | )°° , of H; contained in D(B). By definition
of the covariance, we find that for f; ¢ ker(Cov(X ),

2

N
H (X, f) gy — > (X, COVX) ey, few BS))
k=1

N
=EUX, )31 =2 {fj &b, (exs BF)) p,
k=1
N
+ ) (Cov(X)™ e, Cov(X)™"er) y, (exs BS;) y fee, Bfi)p,
k=1
5 N N
= ICoV(X)' 2 fillyy, =2 (Bfj ey, (fir ey + D (Bfj.ex)y,
k=1 k=1

N N
= ICOVCX) fillgovy 2y — 2 D, (fir eV, + D (fir ey,
k=1 k=1

N
= COVCX) £l Govixy 2ty — O (COVCX) f € oviy 2y
k=1
so that, in light of (9), (X, fj)H1 = (f(, ij)h,2 for f; ¢ ker(Cov(X)). This identity also holds
true for f; € ker(Cov(X)), since then both sides are zero. Using this along with the continuity
of (X, )y, : Hi — L*(£2, R), it follows that

=2 (X fidy, fu = (X, Bfj) (s i)y, (1

j=1 j=1
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for all u € H;, where the convergence takes place in L%(2, R). From here on, we make no
notational distinction between X and X.

A pair (X, Y) of random variables X and Y with values in two Hilbert spaces H; and H, is
said to be jointly Gaussian if X @ Y is an H; & H,-valued Gaussian random variable. Then X
and Y are independent if and only if Cov(X, Y) = 0, cf. [28]. We quote a theorem regarding
the conditional distribution of ¥ given X from [16]. To make sense of it, we first need a
preliminary lemma [16, Lemma 2.2]. Since Cov(X) is of trace class, it is also compact and
thus has an associated eigenbasis (e J)°° , along with a sequence of eigenvalues (1 J)°° , Which
in this case is summable.

Lemma 2.2. Let X be an Hi-valued Gaussian random variable with zero mean, image

measure . = Po X~ ': H — R and eigenpairs (,uj,ej)j":l. Let I' € Ly(Hy, Hy). Then,
the sum defining the operator

o0

rCov(x)™'?:=>"

j=1

(,ej), Ie;
i JTH €

converges in L*((Hy, p), H) and
12,2 _ 2
1 CovO) ™ 21 2((a .11 ‘Z/H 17 Cov(X)™"2x Iy, dix) = I 7yt 11y -
1

Moreover, there exists a Borel subspace M C H; with (M) = 1, the operator I'Cov(X)~!/?
is linear on M and

3

I'Cov(X) '?x = w e

for all x € M.

Note that in Lemma 2.2, it holds that Cov(X)'/2(H,) C M, see, e.g., [37, Lemma 3].
Moreover, FCOV(X)’I/ZCOV(X)I/Zx = I'x for x € H;. The mapping defined by

UI—)Z

defines a standard cylindrical Gaussian random variable in H; with the sum converging
P-a.s and in L%(£2, R). Since I" € L,(H,, H>), the cylindrical Gaussian random variable in
H, defined by

(v, ej>H|

U —(X,¢ej)y (Iu,e;)
12:;\/“_] H, H)

is induced by a Gaussian H,-valued random variable, which can be taken to be the random
variable I'Cov(X)~!/2X with I'Cov(X)~'/? defined as in Lemma 2.2. This operator shows up
in the next result, which is [16, Theorem 2.4].

Theorem 2.3. Let X and Y be jointly Gaussian random variables with values in H, and H,
such that Cov(X) is an injective operator. Then

(i) Cov(X, Y)(H,) C Cov(X)'2(H,) and Cov(X)~'2Cov(X, Y) € L>(H,, H)),
(ii) E[Y|X] = E[Y] + (Cov(X)~'/2Cov(X, Y))*Cov(X)~/2(X — E[X]),
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(iii) the conditional distribution of Y given X is Gaussian with (conditional) mean E[Y|X]
and covariance Cov(Y) — (Cov(X)~/2Cov(X, Y))*Cov(X)~'/?Cov(X, Y).

We conclude this section by introducing a (strongly) cylindrical Wiener process in a Hilbert
space H. It is, following [10,34], defined as a linear transformation H > v — W, whose values
are real-valued Wiener processes with respect to ({2, A, (F;)c0.1], P) having the covariance
structure E[W,(s)W,(t)] = min(s, t){Qu, v)y for u,v € H, s,t € [0,T] and some Q €
X*(H). The operator Q is referred to as the covariance operator of W. Itd integrals taking
values in H in the form of

/ U(s)dW(s), 12)
0

t € [0,T], are well-defined for deterministic processes ¥ e L2*([0, T], Lo(Q'/*(H), H))
[10, Section 4.2.1]. In particular, (12) defines an H-valued Gaussian random variable with
mean 0 and covariance

Cov (/ W(s)dW(s)) =/ U(s)¥P*(s)ds, (13)
0 0

[10, Proposition 4.28]. By (4), the integrand takes value in a separable Banach space so the
integral is well-defined in the Bochner sense.

2.2. Functional analytic framework

In this section, we introduce the functional analytic framework of [24, Appendix B] that we
consider in the remainder of the paper. We fix a real, separable Hilbert space (H, (-, -), || - ||)
and let A : D(A) C H — H be a densely defined linear operator, which is self-adjoint and
positive definite with a compact inverse. By the spectral theorem, we obtain a sequence (A;)72
of positive non-decreasing eigenvalues of A with lim;_, ., A; = oo, along with an orthonormal
eigenbasis (e J)°° , in H. We define fractional powers of A by

AZy _ZAZ v, €j).

For r < 0, this defines an operator in X" (H). For r > 0, A% is a densely defined, positive
definite, self-adjoint, and unbounded operator with domain

\ =

o0
dom(A2) = {ve H: Zk;l(v,ej)lz < o0
j=1
We write H" := dom(A’/?) with H = H. This is a Hilbert space with respect to the inner
product

(u, v)gr = (A?u, A7) = Z,\;(u,ej)w,e,). (14)

For r < 0, we define H” to be the completion of H under the norm defined by (14). The
operator A”/? extends to a bounded operator on H" and we may write

—dom(AZ)— x—Zx], (x]) ~1 C R such that ||x||H, ka < 00
j=1
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Regardless of the sign of 7, H" is a Hilbert space with inner product (x, V) gr = (A" %u, A"?v).
For r > s, the embedding H" — H* is dense and compact. Moreover, Lemma 2.1 in [4] allows
us to, for all r, s € R, extend AS/2 to an isometric isomorphism from H to H =5 and we do
so without changing notation. This means in particular that H"~5 = A*/2(H"). Note also, that
since A"~ is bounded on H*® when s > r, we have

(s, ety V) s = (U, V) g = (A Tu, AT v) = (A" u, v)gs (15)

for all u, v € H, so that by density, / Fsegr =AT  on H".

For an operator I € E(H) and all » > 0, I" € L(H, H") if and only if I'™* € L(H) can be
continuously extended to H™", and WMl e, ory = =|I* I 2 m)- Moreover, I' € Lo(H, H’)
if and only if I'* € Lo(H™" H) and || 'l z, g, firy = 1L 2y, 1y- We assume that there is

some ¢ > 0 such that I, € Lo(H®, H). We remark that then, for arbitrary s € R,

2
e s s I s oy = ZHA ol = ZHA 2e,||—||1H:QH||£2<H;H) < 0.

(16)

The operator —A is the generator of an analytic Cp-semigroup S = (S(¢)),>0 of bounded
linear operators on H that extends to H” for arbitrary r < 0 and is a Cy-semigroup also on H",
r € R. It has the spectral representation

St = Ze_kft(v eile
=1

for v € H, and we see that S(1)(H) C H" forall r € R and 7 > 0. In fact, for r > 0, there
exists a constant C < oo such that for all t > 0 and u € H

ISl gr = A2 S@ul| < Ct™""|lull. (17)

Note that S(r) commutes with A’”/2, for all r € [0, T] and r € R. We end this section with the
introduction of the canonical example of A as an elliptic operator.

Example 2.4. Let H = L*(D), the space of square-integrable functions on a bounded domain
D Cc R? d =1,2,3, which is either convex or has boundary 9D of class C2. The differential
operator

d d
A=— —a; i— +ap
,; o8 ' 0E
is equipped with homogeneous boundary conditions, of either Dirichlet or Neumann type. The
coefficients a; ;, i,j = 1,...,d, are C'(D) functions fulfilling a; ; = a;;. Moreover, we
assume that there is a constant Ay > 0 such that for all y € R? and almost all £ € D,
Zj =14, iE)yiy; = Aol y|?. The function ay € L®(D) is non-negative almost everywhere on
D. We denote by H™(D) = W™? the classical Sobolev space of order m € N. Following
[41, Chapters 1-2], we let a be a continuous, symmetric bilinear form

atu,v) = 2/ o aa; d + [ auvae,

i,j=1
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on V ¢ H (D) ¢ L*D) = H. In the case of Dirichlet boundary conditions we take
V = Hol(D) = {v e H' : yv = 0}, where y is the trace operator. In the case of Neumann
boundary conditions, we take V = H I and assume in addition that there is a constant ¢y > 0
such that @y > ¢¢ a.e. on D. Then a is coercive and, with V. C H C V* being a Gelfand
triple, there exists a unique isomorphism L:V — V* such that y«(Lu, v)y = a(u, v) for all
u,v € V. Viewing L as an operator on V*, it is densely defined and closed. We let A = L|y
be its restriction to H with domain D(A) = {v € V : Av = Lv € H}. Then, A is densely
defined and positive definite. Since the embedding V < H is compact, its inverse is compact.
We can relate the spaces (H “)ser0,2) to the fractional Sobolev spaces (H*);¢[0.2). In the case
of Dirichlet boundary conditions, we have
H® if s € [0, 1/2),

H' = i (18)
{ue H :yu=0} ifse(1/2,3/2)U(3/2,2],

with norm equivalence. In the case of Neumann boundary conditions,

i = H | %fs € [0,3/2), (19)
{u e H :0u/ovy =0} ifse(3/2,2],

where dv/dvy = Z?’j:l nia,-,ijjv, with (ny, ..., ny) being the outward unit normal to 9D.
If 8D is of class C2, then (18) holds for s = 3/2 and for certain special domains, H*? in (19)
can be characterized as those functions in H*? that satisfy the boundary condition in a weak
sense. For these facts and further details on domains of powers of elliptic operators, we refer
to [41, Sections 16.4-6]. Since the embedding Iys..y € Lo(H®, H) if and only if s > d/2
(see [38, p. 286], [12, Theorem 3.3.4(ii)] for the case that 3D € C* but note that the result
holds also for our case, cf. [23, Lemma 2.3]), the identities (18) and (19) imply that we may
choose ¢ > d/2 in this setting.

3. SPDE bridges with observation noise

In this section, we introduce the linear SPDE that we work with throughout the paper, along
with an assumption ensuring continuity of the mild solution X: {2 x [0, T] — H. We then
define an SPDE bridge X7, which is the process X fulfilling X(0) = x conditioned, in a
certain sense, on X*(T) + Z = y for a cylindrical Gaussian random variable Z.

With A fulfilling the assumptions of Section 2.2, we consider SPDEs of the form

dX () + AX*(t)dr = dW(s) fort € (0, T']
X*(0) = x,
for T < oo. Here, the initial value x € H is taken to be deterministic and W is a

cylindrical Wiener process in H with covariance operator Q € X T(H). A stochastic process
X* € C([0, T1, L*(£2, H)) is said to be a mild solution of (20) if

(20)

X*(t) = S(t)x +f St —s5)dW(s)
0

for all ¢ € [0, T]. Recall that S is the semigroup generated by —A. For this solution to exist,
we need the following assumption.

Assumption 3.1. There is a parameter 8 > 0 such that

B—1 1
7 1 ol =142 Q2| o) < 00.
QI (Y= HB=1" £,(02 (1), A1) 2
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Example 3.2. Let us consider this assumption in the context of Example 2.4. For Q = I,
the process W is usually referred to as space—time white noise. We obtain from (16) that
Assumption 3.1 is fulfilled for all B < 1 — ¢, i.e., we must have d = 1, and we may choose
B < 1/2. Another popular choice is to consider noise which is white in time and correlated,
but spatially homogeneous, in D. In this case Q is given by

QM9=Aﬂ@—mmw®.

Here, ¢: RY — R is a positive definite, symmetric, continuous and integrable function. If
this function is sufficiently smooth, W(1) is a Gaussian random field on D and ¢(§ — v) =
Cov(W(1, &), W, v)) for &, v € D. If we assume that the Fourier transform ¢ of ¢ fulfills
gy <cC (l + |.§|2)7U for some o > d/2 and all £ € RY, then Assumption 3.1 is fulfilled
for all B < 1 + min(oc — d/2,1/2) in the case of Dirichlet boundary conditions and for all
B <1+ min(oc —d/2,3/2) in the case of Neumann boundary conditions [23, Corollary 4.4].

In light of (17), it follows from Assumption 3.1 that for all » < 8 and € € (0, min(8 —r, 1)),

T T
_ _ r 2
Atﬂmm@@Wmmm:Azfmwmdﬂwmw<w

Using this bound, we obtain existence and uniqueness of the solution X* [10, Chapters 5-6],
as well the existence of a continuous modification of this process [10, Theorem 5.11]. This
means that we may regard X* = X*(-) as a random variable in Cr := C([0, T], H) as well as
Hr = L*(0,T1, H) [10, Proposition 3.18]. When x € FI’, the same statements hold with H
replaced by H’, for arbitrary r € [0, B). In particular,

sup E[IIXO(t)IIZr] < IE[ sup IIXO(t)||Z,i| < 00
t€[0,T] 1€[0,T]

for all t € (0, T], p > 1. As a consequence of the construction of the stochastic integral, the
law of X*(¢) is Gaussian for each ¢ € [0, T'] [10, Theorem 5.2]. It is therefore determined by
the mean of X*(¢) and its covariance, which in light of (13) and the fact that S takes values in
Y *(H) is given by

Q(t) := Cov(X*(1)) = Cov(X°(t)) = / St —s5)0St —s)ds = / S(s)QS(s)ds.
0 0

As a consequence of X°(¢), ¢ € [0, T], being H’-valued, Q(t) extends to H~" with

sup |A2QA2 gy = sup QDI g-r fry < ©
t€[0,T] 10,71

for all r < B. B)_/ [10, Theorem 5.2], the law of X* in Hy is also Gaussian with mean S(-)x
and covariance Q € L£;(Hr) given by

T min(z,-)
Ou = Cov(X*)u = Cov(X")u = / < / S(-—$)0S(t — s)ds) u(t)de 1)
0 0

for u € Hy. Since Cy is dense in Hy, Hy = Hj is weak-* dense in C;. Thus, there is a sequence
(uj)72, C Hy such that ¢, (X, u)cs = limjo (X, u;), P-as. Since the almost sure limit of
Gaussian random variables is Gaussian, it follows that the law of X* is Gaussian in Cr, too.
The pair (X*, X*(T)), with X* € L*(f2, Hy), X*(T) e L*(12, H), is jointly Gaussian [16].
This fact can, by Theorem 2.3, be used to define a bridge process by conditioning X* on the
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observation X*(T) = y, in a certain sense. This is the approach taken in [15,16], where the
authors define X*”(¢), for an appropriate y € H and ¢ € [0, T'), by the formula

X)) = X (1) — (Cov(XO(T))*%Cov(XO(T), X"(t))>* Cov(X*(T))" 2 (X*(T) — y).

Theorem 2.14 in [16] provides a justification for this formula, see also Proposition 3.6. For this
to be well-defined, Cov(X°(T)) has to be injective, which is the reason for why Q is assumed
to be injective in [15,16]. Note that if H is finite-dimensional, Cov(X 9(T)) is invertible and
the formula reduces (without any restrictions on y) to the familiar expression

X5V () = X* (1) — Cov(X* (1), X°(T))Cov(X () " (X*(T) — y).

In many applications of stochastic spatio-temporal processes, which X* is a model of, the
process cannot be observed exactly. This motivates our generalization of the results of [16],
where we condition on X*(T) 4+ Z =y, with Z being a cylindrical Gaussian random variable
modeling observation noise. Under the following assumption, Cov(X%(T) + Z) becomes an
injective operator without any extra assumption on Q, so that we may treat a larger class
of SPDEs. Moreover, as is seen in the next sections, the addition of Z allows us to derive
convergence rates for a spatially semidiscrete approximation of X*-7.

Assumption 3.3. The observation noise Z is a Gaussian cylindrical random variable in H,
such that

(i) its covariance is given by Cov(Z) =: 0,
(ii) it is independent of W,
(iii) there is some n € (—oo, B) such that Z can be regarded as a Gaussian random variable
in H" and
(iv) the embedding H* < Q'2(H) holds true for some @ > max(7, 0).

Since the embedding /., ;¢ is Hilbert—-Schmidt, the third assumption at least holds for
n = —¢. In the case that n > 0, the observation noise Z is a Gaussian H-valued random
variable and its covariance in H" is by (6) and (15) given by COV(Z)(I )’1 = QA”
L 1(H 7). Again we make no difference in notation between Q and its extensmn to H~". In the
case that n < 0, the same expression for the covariance is obtained from (10).

We write ur for the Gaussian image measure of X*(T)+ Z on H" when x = 0. This sum
is interpreted as an H"-valued random variable with covariance

Cov(XUT)+ Z) = (Q(T) + Q)A" € Ly(H")Y N ZH(HM). (22)

This expression follows from the independence of Z and X, in turn a consequence of

Assumption 3.3 and the construction of the Itd integral. The reproducing kernel Hilbert space

Cov(X%(T)+ Z)"/2(H") is dense in H". To see this, it suffices to show that H* < ((Q(T) +

Q)A’7)1/2(H”). This in turn follows from Assumption 3.3, Proposition A.l1 and the fact that

A%(H") = H" (see Section 2.2) since for all v € Hzmax(”’o),

~ 2 ~ ~
ICQ(T) + O)AM) vl 3y = (Q(T)A™v, v} + (O A", ) = [ 2 A vII > AT vllm

(23)

In the first equality we used the fact that (o(m+ Q)A")% is symmetric on H", a consequence
of (22). By density, this extends to v € H". This also shows injectivity of Cov(X%(T) + 2).
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Next, we introduce the operators that are used to define our bridge process X*”. First, we
note that

Cov(X, XXT)+ Z) = Q(-)S(T — )A" € L,(H", Hr), (24)

where the operator Q(-)S(T — ) is defined by (Q(-)S(T — Hu)(t) = Q@&)S(T —t)u foru € H,
t € [0, T]. In light of the definition of Cov(X, X°(T) + Z) and the independence of Z and X,
(24) follows (for n < 0) from the calculation

E [(X(T), u) g (X, V), |

T T t
E [</ S(T —r)dW(r), u> (/ </ St —r)dW(), v(t)> dt>:|
0 HN 0 0
T t t
/ E [</ AZS(T — r)dW(r), A3u></ St —r)dW(r), v(t)>] dr
0 0 0
T t
= / <</ S(t — r)(A?S(T — r))* dr) Adu, v(t)> dr
0 0

T
= / (QOS(T — A", v(1)) dt = (Q()S(T — )A"u, v)p,
0

for arbitrary u € H" and v € Hr. Here, the second inequality follows from the independent
increment property of W, the third from (13) and the polarization identity, and the fourth
from the semigroup property of S. For n > 0 a density argument can be used. Similarly,
Cov(X (1), XUT) + Z) = Q(t)S(T — t)A". For t € [0, T], we write

K(1) = (Cov(XO(T) 1 Z) 3 Cov(X*(T) + Z, X(t)))*
= (@) + A ES(T — M) € La(H", ).

We write K: H" — Cy C Hy for the operator in Lo(H", Hy) defined by

K= (Cov(XO(T) + Z) 3 Cov(X(T) + Z, X)) (25)

These operators are well-defined as a consequence of Theorem 2.3. Note that for u €
1 .
Cov(XXT) + Z)2(H"),

(K, v) g, = (QOS(T — YAT(Q(T) + YA Su, v}y,
T T
- /0 (QNS(T — HAY(Q(T) + O)YA™) 3, v(1)) = /0 (K (), v(0)) dt

(26)

for all v € Hy. By density, this holds for all u € H" so that (Ku)(r) = K (t)u for almost every
t € [0, T]. This extends to all ¢ € [0, T'] since X maps into Cr. In fact, the stronger claim that
K is y-radonifying holds true, which we formulate as a separate lemma. This technical result
allows us to show that the process X*7 is well-defined both as an element of Hr and as a
continuous process with values in H. The proof is similar to that of [15, Lemma 3.2], but the
inclusion of the cylindrical random variable Z warrants a separate treatment.

Lemma 3.4. Under Assumptions 3.1 and 3.3, the operator K: H" — Cr is y-radonifying.
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Proof. First we note that for any v € H"

~ 2 2 ~ 2
1(Q(T) + O)AM) vl gy = I(QTIAN 2]y + (DA 0| o

Moreover, for v € H2max(1.0)
2 T L 5
QAN Vil = (Q(T)ATv, ATv) = / 103S(T — DA™ dr.
0

By Assumption 3.1 and the density of H2™*(10) < F this identity extends to v € H".
1 . ~ .

Hence, for u € Cov(X(T) + Z)2(H") = ((Q(T) + Q)A")'/*(H") and v = ((Q(T) +

0)A") ™2y € H", we obtain from the previous two identities that

T 1 B 2
/ 1Q28(T — HA(Q(T) + QAN 2ull dt < |lul%,.
0

This inequality is true also for u € H", by density of ((Q(T) + Q)A"/2(H") — H".
Summing up, what we have shown above is that the operator 7° given by
(TO0)(0) = QS(T = NA'(Q(T) + YAy

for v e ((Q(T) + Q)A")l/z(H") and almost every 7 € [0, T] is a well-defined contraction and
extends to L(H", Hr). The operator K : H" — Hy can be factored into X = J7'7° where
J':Hy — Cy — Hy is given by

(T')(t) = / S(t — $)02v(s) ds
0

for v € Hr,t € [0, T]. To see this, let v € H" be such that u = (Q(T) + Q)A™)/?v and note
that

(T Tu)0) =/ S(t — )02 (T u)(s) ds =/ St —$)QS(T —s)A"vds
0 0

= / St —s)QS(t —s5)ds S(T — A"
0

= Q)S(T — NA"(Q(T) + Q)A") 2u
= K(t)u.

Thus, in light of (26), Ku = J, Jou for u € (Q(T)+ Q)A")/2(H") so by density, K = J'7°.

By [10, Corollary B.5] and (21), J'(Hr) = 0'2(Hy), the reproducing kernel Hilbert
space of X* on Hy. By [10, Propositions 1.7, 2.10], this is also the reproducing kernel
Hilbert space of X* on Cr, whence 151/2y, )¢, is y-radonifying [40, Proposition 8.6]. Since
J' € L(Hr, QV*(Hp), K = J'J° = 15125y sy J ' T° is y-radonifying by the ideal
property of these operators [40, Theorem 6.2]. [

We are now ready to introduce the SPDE bridge X*”, the approximation of which is
the main topic of this paper. This we do in a separate proposition, in which we show that
this process has a continuous modification and therefore can be seen as a Cr-valued random
variable.

Proposition 3.5. Under Assumption 3.1 and 3.3, there exists a Borel subspace M C H" such
that ur(M) =1 and for all x € H, y € M, the H-valued Gaussian process

X*(1) = X* () — KO(Q(T) + 0)AN) 2(X*(T) + Z — y), 27)
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is well-defined for all t € [0, T] and has a continuous modification. Moreover, the representa-
tion

XU¥(t) = X* (1) + KO QT) + QYA 2(y — S(T)x) — X°(¢) (28)
holds true for all t € [0, T], P-a.s. Here
X0(t) == E[X°()|X°(T) + Z] = K(1)(Q(T) + O)AN 1 (XT) + Z). (29)

forall t € [0, T].

Proof. We first note that the equality in (29) is a straightforward consequence of Theorem 2.3.
Next, by Lemma 2.2 there is a subspace M C H" with ur(M) = 1 on which K(Q(T) +
0)A")~1/2 is well-defined and linear. To obtain a continuous process, we explicitly choose M
by

M=1yecH": i :
j=1 VI
where (u;, f ,-);‘;1 are the eigenpairs of (Q(T)-+ Q)A”. Note that this is indeed a Borel subspace

of H" on which K((Q(T) + Q)A")~'/2 is linear. That p7(M) = 1 is equivalent to the P-a.s.
convergence in Cr of the sum

(v, f) gnK fj converges in Cr

o0
1
; T XD+ Z L)k
which holds as a consequence of K being y-radonifying, since P-almost sure and mean square
convergence of series of independent mean zero Gaussian random variables in a Banach space
are equivalent [20, Corollary 6.4.4]. Moreover, as in [15, Section 4], that I is y-radonifying
implies the existence of a continuous modification of XO. The proof is completed by noting
that S(t)(H) C M for all ¢ > 0. This follows from the fact that S(t)(H) C H" for r > 0 and
all » € R along with the embedding H* < (OQ(T) + Q)A")%(I-'I”). (Il

The next proposition justifies why we refer to X*¥ as X* conditioned on X*(T)+Z = y. Its
proof is based on the second part of Theorem 2.3 and is essentially a word-by-word repetition
of that of [16, Theorem 2.14]. We therefore omit it.

Proposition 3.6. Let ¢ L%([0,T], H) — R be an arbitrary functional for which E[| #(X¥)|] <
00. Under the same assumptions as Proposition 3.5,

E[®(XHIXH(T) + Z = y] = E[H(X*)]

for pr-ae y € H". The left hand side of this equation is defined as a function g¢ €
LY((H", u7), R) of y such that g(X*(T) + Z) = E[®(X*)| X*(T) + Z] P-a.s.

Remark 3.7. The proposition above is key to the approximation of the linear SPDE solution
X* conditioned on X*(T)+ Z = y. This is accomplished via the approximation of the bridge
process X*¥ given by (27) by spectral or finite element methods in the next parts of the paper.
There is a large literature on such spatial approximations of SPDEs with nonlinearities (see,
e.g., [1,2,8,9,22,24] for some examples as well as [21,26] for surveys of earlier literature).
However, our approach cannot directly extend these results to the approximation of nonlinear
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SPDE solutions X* conditioned on X*(T) + Z = y. The reason for this is that the proof of
Proposition 3.6 relies on the process X* being Gaussian, as does the analysis of approximations
of X*7 below. This only holds for linear SPDEs with additive noise.

However, in certain applications, our results might still be of interest to the nonlinear setting.
In finite dimensions, a linear SDE bridge process can be used in parameter estimation of a
nonlinear SDE model in a Markov chain Monte Carlo algorithm. This is in part accomplished
by showing equivalence of the laws of the linear and nonlinear SDE bridge processes and
approximating (a value proportional to) the Radon—Nikodym derivative [35]. We are not aware
of analogous results in the infinite-dimensional SPDE setting. However, in [15] conditions were
derived on a nonlinear stochastic reaction—diffusion equation such that its law at a fixed time is
equivalent to that of the corresponding linear equation, see [15, Proposition 5.1, Example 9.2]
for details. Moreover, the process X*7 (with Z = 0) was used in [15, Theorem 5.2] to derive
an expression for the corresponding Radon—-Nikodym derivative. This is a tentative suggestion
that, as in the finite-dimensional setting, the approximation of linear SPDE bridge processes is
relevant also for parameter estimation in nonlinear SPDE models.

4. Spatial approximation of SPDE bridges with observation noise

In this section, we introduce an abstract, spatially semidiscrete approximation X3,” of the
SPDE bridge X*». We consider a sequence (V;);cz of finite-dimensional Hilbert subspaces of
H, all equipped with the inner product of H. Here 7 is a general index set. We fix a subspace
V € (Vi)iez and seek an approximation of the bridge process X*¥ with values in V. We derive
three technical lemmas related to this process. These are used in subsequent sections, in which
we specify V to correspond to well-known spatial discretization methods: the spectral method
and the finite element method.

Since our observation noise Z is cylindrical, we need to make sense of projections of
cylindrical random variables onto V. This is covered by the following lemma. We write
Py: H — V for the orthogonal projection onto V but in the lemma, PyY is only formally
the projection of a cylindrical random variable Y in H onto V. Recall that by the notation
(Y, v) we refer to the evaluation of ¥ on v € H, see Remark 2.1.

Lemma 4.1. Let V be a finite-dimensional subspace of H equipped with the inner product of
H and let Y be a cylindrical Gaussian random variable on H. Then, the V -valued Gaussian
random variable PyY given by

(PyY,v) = (Y, v)
for all v € V is well-defined and o (PyY) C o(Y).

Proof. Let (¢ j)?l:l be an orthogonal basis of V with dim(V) = N € N. Setting

N
PyY =) (Y, 9;)6;
j=1
defines a V-valued random variable which for a given v € V, fulfills (PyY,v) = (¥, v) by
linearity of (Y, -). To see that it is unique, suppose that PyY is another random variable in
L2(£2, V) such that (PyY,v) = (Y, v) for all v e V. Then

~ 2 - 2
ELIPyY = PyYI'1=E[(sup [(PvY — Pyy,v)[) ] =o0.
it
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The fact that Py(Y) is Gaussian is an immediate consequence of the equation (PyY,v) =
(Y, v). By (11), we obtain
(Y.) =D (Y. A%¢)) (e e))
j=1
fork=1,...,N. Since a(Py(Y)) = a((Y, p1), ..., (Y, @dn)), the fact that o(Py(Y)) C a(Y)
follows from (5). [

Remark 4.2. If Y|, Y, are two independent cylindrical Gaussian random variables on H (in the
sense that (Y7, u) and (Y, v) are independent for all u, v € H), then aY; +bY; is a cylindrical
Gaussian random variable on H for all a, b € R and Py(aY; + bY,) = aPyY, + bPyY, P-as.
Note also, that if Y is an H-valued Gaussian random variable, Py Y (as defined above for the
cylindrical random variable induced by Y') coincides with the usual orthogonal projection of Y
onto V.

Remark 4.3. Equivalently, we may define PyY in Lemma 4.1 by
[o¢]
PyY =Y (Y, i)y Pv i, (30)
j=1
where we consider Y as a Gaussian random variable on H ¢ with (f52, C Cov(Y)'2(H™%) C
H being the eigenbasis of H~¢ corresponding to Cov(Y) € £;(H ). The sum converges to a
Gaussian random variable in L?(£2, H) with E[[| Py Y |*] = || Pv %, (Cov(y) /2.1y < OO since
Py has finite-dimensional range. That this definition is equivalentzto that of Lemma 4.1 can
be seen by an argument similar to that leading up to (11). Note that the Gaussian random
variables in the sum (30) are independent. Therefore, the convergence holds also P-almost
surely [20, Corollary 6.4.4]. With uy denoting the image measure of Y, we obtain a Borel
subspace My y C H~¢ with mwy(Myy) = 1 such that Py is well-defined and linear on
My y. When restricted to H, this operator coincides with the ordinary orthogonal projection
PV tH — V.

Next, we let Sy = (Sy(#)):ef0.7] be a Co-semigroup of symmetric linear operators on V. We
use this to define an approximation X3, of X* by

Xy (1) = X3 (1) — Qu()Sy(T — 1)X(Qv(T) + Ov) " (Xy(T) + PyZ — Pyy) (31)
forr € [0, T] and y in H". Here

Xy(t) = Sy(t)Pyx +/ Syt —s)Py dW(s) (32)
0

is a spatially semidiscrete approximation of the solution X*(¢) to the SPDE (20) at time
t € [0,T] started at x € H. Since V is finite-dimensional, the~ stochastic integral is well-
d~eﬁned an(~1 X7, has a continuous modification. The operators Qv and Qy(t) are given by
Qv = PyQPy and

Qv(t) = COV(X?/(I))=/ Sy(s)Pv QSv(s)ds
0

for t € [0,T]. The V—valuegl random variable PyZ is given by Lemma 4.1 and Pyy is
well-defined for pur-a.e. y € H", cf. Remark 4.3.

188



G. di Nunno, S. Ortiz—Latorre and A. Petersson Stochastic Processes and their Applications 158 (2023) 170-207

The rest of this section consists of two lemmas that will help us obtain error rates for this
SPDE approximation when the space V and semigroup approximation Sy are further specified
in the following sections. To obtain higher convergence rates of the approximation X7,”, we
must introduce another regularity parameter p.

Assumption 4.4. There is a p > 0 such that

T T ’
/ IS —ol®> ,  di= / IASS(T = Q3 |y, dr < 00
0 L(Q2(H).HP) 0

Under Assumption 3.1, this is fulfilled for all p € [0, 8) but, depending on the properties
of Q and A, it is often true for higher values of p. Note also, that under this assumption Q(7’)
extends to H~” and

1Ol cigi-o.10y = |AZ Q(T)AZ || < 0. (33)

Example 4.5. We comment on this assumption in the setting of Example 3.2. In the case of
space—time white noise, we directly see from (17) that Assumption 4.4 is satisfied for all p < 1.
Next, we consider spatially homogeneous noise, with a kernel ¢ fulfilling the same condition
with o > d/2 as in Example 3.2. From the fact that Q'/>(H) < H?, (18) and (19) we obtain
that Assumption 4.4 is satisfied for all p < 1 + min(o, 1/2) in the case of Dirichlet boundary
conditions and for all p < 1 + min(o, 3/2) in the case of Neumann boundary conditions.

We also need an assumption that relates to the properties of the discrete spaces (V;);cz.

Assumption 4.6. The following three statements hold true.

(i) There is a constant C < oo such that

sup  ISy@®)Pvllzy < C.
VeViieT
te[0,T]

(ii) There is a constant C < oo such that

2
sup E[||X?,||CT] < C.
Ve(Vi)iez

(ii1) For all V € (V;);cz, the orthogonal projection Py commutes with Q

Remark 4.7. The estimate in Assumption 4.6(ii) holds with 2 replaced by any p > 1, since
X9 is Gaussian.

Iiemark 4.8. Clearly, the~ commutativity of ~PV with Q implies that Q(V) C V. Since
O(V) c V if and only if Q(V+) C V* (as_Q is assumed to be self-adjoint), one can use
the identity Q = Q Py 4+ Q Py to see that if Q(V) C V, then Py and Q commute. Therefore,

Assumption 4.6(iii) is equivalent to the statement: for all V € (V;);cz, Q(V) C V.

The next two results, Lemmas 4.9 and 4.13, are key to our main results in Sections 5 and
6. In both lemmas, we derive bounds on approximations of conditional expectations. These are
applied to approximations of the term X% in the decomposition (28).

In the first of these key lemmas, the expression Py (X 9(T)+ Z) should be understood in the
sense of Lemma 4.1 and X°(T)+ Z as a random variable in H". In the proof we make use of
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properties of the cross-covariance operator
t
Qv,u(1) = Cov(Xy (1), X°(1)) = /0 Sy (s)Py QS(s)ds,
and we write Qp y(t) == Qv u(t)" = Cov(X°(2), X(‘),(t)) fort € [0, T].

Lemma 4.9. Let Assumption 3.1, 3.3, 4.4 and 4.6 be satisfied. If « < p, then for all p > 1,
there exists a constant C < oo such that for all V € (V;)iez,

IE[X°|X(T) 4+ Z] — E[XY | Py (X°(T) + )]l »

(2,Cr)
T
< C</ NS — Sy Py, dr + sup ||S(r) — Sv(t)Pv||2£(Hr )
0 Lo(Q2(H),H) t€[0,T] ’

1

2
2
+ ”] - PV”L(H(X’,:],D)) .

Proof. For simplicity we assume 7 < 0, the proof for the case that n > 0 is similar. The goal
is to obtain the stated bound on ||y || .r(0,c,)> Where

Ev = EIX1X%T) + Z]1 — E[X}| Pv(X(T) + 2)]
= E[X° — E[X)|Py(X%(T) + 2)11XT) + Z].

Here, [39, Section 2.4.1] was used in the second equality, justified by (5) and the fact that
o (Py(XUT) + Z2)) C o(X°T) + Z). The proof is divided into several parts. In Part 1, we
establish that (X° —E[X),| Py(X°(T) + Z)], X°(T) + Z) are jointly Gaussian. By Theorem 2.3,
therefore, £y is an Hr-valued Gaussian random variable. We show, in Parts 2 and 3, that
I€v Il 12¢2,¢,) < 0©- Then it follows that the law of £y is Gaussian in Cr too, since Cr is dense
in Hr. Therefore, we only consider the bound on [|Ev || .r( ¢, for p = 2, since the LP({2, Cr)-
norm of a Cr-valued Gaussian random variable can be bounded by a constant, depending on
p, times the L%(§2, Cr) norm [17, Proposition 3.14].

Part 1. By considering sequences of elementary integrands and arguing as in the proof
of [10, Theorem 5.2(iii)], it can be seen, using also the independence of Z and W, that
(X%, (X(T) + 2)) is a pair of jointly Gaussian random variables. From this it follows that
(X0 — IE[X?,|PV(X0(T) + 7)1, X(T) + Z) are jointly Gaussian. To see this, first note that with
By := Cov(Xy,, Py(X*(T) + Z))Cov(Py(X(T) + Z))~" € L(V, Hy),
we obtain from T/ze()rem 2.3 that IE[X?,|PV(XO(T) + Z)] = By Py(XY(T) + 2). Therefore, for
(M’ U) S HT @ Hn;
(X0 —EIXY Py (XUT) + D)), u) g, + (X°(T) + Z, v)
= (X% u)y, — (Pv(X"(T)+ Z), Bju) + (X(T) + Z, v) g
= (X% u) y, = (X°(T), Byu) — (Z, Bju) + (X°(T), v) in +(Z, v) s
[e.¢]
= (X%, u) g, — (XUT), Byu — A") = > (Z, A7) (e, Byu) +(Z, ) g,
j=1
so this claim follows from the fact that the pair (X°, X°(T)) is jointly Gaussian and independent
of Z. Here we made use of Lemma 4.1 and (11).
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Part 2. We apply a factorization argument to obtain a first bound on ||Ev |l 2.0 ¢, We write
Kyy = (Cov(XO(T) + Z)—%Cov(XO(T) + Z,B[XY | Py (XUT) + Z)])>*
so that, by Theorem 2.3,
& = E[X° — E[Xy |Py(X°(T) + DI XT) + Z]
= (K — Kv.i)CoV(X"(T) + 2) 2 (X*T) + Z).
In light of (11) and (22), we obtain for v e V and u € H,

(CoV(XUT) + Z, Py(XUT) + Z))v, u) gn
E[(X(T) 4+ Z, u) ju (XUT) + Z, v)]

Z]E [(XUT) + Z, u) o (XOT) + Z, A"} ] (v, )
=1

[e.¢]

.

(Q(T) + Q)A"A e}, u) (v, ;)

~.
Il
—

(Q(T) + Q)ej, u) gy (v, €))

I
Nk

j=I
= ((Q(T) + Q)A"u, v) = ((Q(T) + Q)v. u)
so that
Cov(X(T) + Z, Py(X*(T) + 2)) = (Q(T) + Q)lv € LIV, H),
which yields
Cov(Py(XUT) + Z), XU(T) + Z) = Py(Q(T) + Q)A" € L(H", V).

The interchange of expectation and summation in the second step above is justified by the
convergence in L*(£2, R) of the sum

o0

D XAT)+ 2, A7) gy (v, ).

j=1
Using the first part of Proposition A.1 and the fact that H* < Q'*(H), we now note that

~ 1 2 1 2 ~ 1 2 a 2

I(PvQ(T)Py + Qv)2 Pyvll = [1Q(T)2Pyvll +I1Q2Pvv|l = CA™2Pyvll,  (34)
Jor v € H, where the constant C does not depend on the specific choice of V. Therefore, the
operators (Py Q(T)Py + Ov)'/? and Py Q(T)Py + Qv are invertible on the finite-dimensional
space L(V). Hence, by an argument similar to the one for Cov(Py(X%(T) + Z), X(T) + 2),
we see that

By = Qv.u()S(T = )(Py Q(T)Py + 0v)™".
Here Qv y(-)S(T —-): H — Hry is defined by (Qv g(-)S(T — Yu)(t) = Qv ua(t)S(T —t)u for
ue€ H,t €0, T]. This then implies that

~ 1 ~ ~ "
Kv.n = (((Q(T) + Q)A) 2(Q(T) + O)(Py Q(T)Py + Ov)  (Qv.u()S(T — ) )
191
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Next, let (f] 2, C H" denote the eigenbasis of Cov(X%T) + Z) and (z; )] | a sequence
of i.id. Gausszan random variables. Then, by Lemma 2.2 and (7),

00 2
I€vI2.cp = E[H > (K= Kv.n)f ” i| =K —-Ky, H||y(Hr] e
J=l1 cr
We now recall from the proof of Lemma 3.4 that K = J'J°. Similarly, Ky y can be factored
into Ky g = j‘}jgﬂ, where J‘} :Hy — Cr is given by

t
(Jyv)(1) = / Sv(t — )Py Q2 v(s)ds (35)
0
while j‘(,”H :H" — Hry is given by

(T2 o)) =02 S(T — 1)(Py Q(T)Py + Ov)™ Py(Q(T) + O)AT(Q(T) + 0)A") v

=Q2S(T — 1)(Py Q(T)Py + 0v)™' Py((Q(T) + 0)A")' v
(36)
for v € H" and almost every t € [0, T). By invariance of the reproducing kernel Hilbert
space, (Q(T)+ Q)ANY2(H") = (Q(T)+ Q)/*(H) C H, so that T ,, is well-defined as an
operator in L(H", Hr). We use these factorizations and the ideal property of the y-radonifying
norm to make the split

1 1 0
1< — ’CV,H”y([-']n,CT) <IJ - jvny(HT.cT)”j “L(I-']W,HT)
1 0 0
Tty e 1T = Tl i (37)

Part 3. We now derive bounds for the four terms of (37). Note that the fact that || Jv g, < o0
was shown in Lemma 3.4, we move on to show that SupVe(V)d ||~7v ”}’(HT cpy < 00 As in the
proof of Lemma 3.4, we have JV(HT) = Q (HT) where Qv is the covariance operator of
XO e LX(2, Hr) and Q (HT) is the reproducing kernel Hilbert space of X?, on Cr. Thus,
by (8) and Assumption 4.6(i1), there exists a constant C < 0o, independent of the specific
choice of V, such that

VT g 0y = E[IXD 0N, | < € (38)

For the term | J' — jV”y(HT cpy We note that by a straightforward calculation along
with [10, Corollary B.5], (J' — J‘})(HT) = Cov(x" — X(‘),)I/Z(H). By the same arguments

as for the term ||‘7‘}”V(HT,CT)’ we therefore obtain

2 2
1T = Tvlyay ey = BUIX® = XY, 1

T
5f tENS@) — Sy PyI* dt
0 Lo(Q2(H).H)
+ sup |IS(¥) — SV(t)PV”L(Hr iy
te[0,T]

where we made use of Proposition A.2 in the last step.
From (23) and Proposition A.1, we find that

~ _1 —a
1)+ DA 2oy gy = IA™F gz iny = 1. (39)
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Using this result along with the symmetry of ((Q(T) + Q)A”)_% on H", we obtain that for
ue H
~ 1 ~ 1
1CQ(T) + QA 2ullgoy—e =  sup ‘(((Q(T) + QA" 2u, v) gag-a

veH21—d
ol gon—a =

~ 1
sup ’<u, (Q(T) + Q)AN "2 A~ ) gy
veH2N—@
Il H’;,,n,a =1

el 7 1CCQCT) + OYAY ™3 | s gin,-

Therefore, ((Q(T) + Q)A”)_l/2 extends to an operator irz E(H”, H2’7_°‘), and we retain its
notation. Finally, by (40) and the commutativity Py and Q from Assumption 4.6(iii), we find
that for v € H",

1

(40)

IA

T 1 N 5
170 = Ty, = [ @t —n(vompy+ ov o) + &) - 1)
2

< A+ A 5(QT) + DAY Holl” < A+ vl

Here,

2

dr
L(H)

T 1 ~ [
L= /0 |02 ST = 0Py O(TIPY + 0v)™ Py O(TIU = PyIA®

and

2

dr.
L(H)

= /OT HQ%S(T — t)(l - PV)A%

For the ﬁrst~ of these two terms, we note that (Py Q(T)Py + 0v) 12, the~ inverse of
(Py Q(T)Py + Oy)'/? € L(V), coincides with the pseudoinverse of (Py Q(T)Py + o)\?py €
L(H) when this is restricted to V. Since (A~2Py)* = PyA~2, it follows from (34) and
Proposition A.1 that

~ -1 _a
I(PyQ(T)Py + Qv) 2Py A" 2| o(m)

_a _ _a
< CIPyA™) T PyA 2 e = CIIPp yg 0l <

where P _o  H — ker(Py A~2)L denotes the orthogonal projection onto ker(Py A~ 7)L.
ker(Py A 2)

As a consequence, by symmetry of the involved operators, we also have
_a ~ 1 ~ 1 _a

IA=2(Py Q(T)Py + Qv) 2Pyl = I(Pv Q(T)Py + Qv) 2 PvA 2| oy = C.
Putting these two inequalities together; it follows that

1Py QT Py + Ov) ™ Pyl ggge -y = 1A 2 (Py Q(T)Py + O) ™' Py A3 |l oy < C2.
We use this result along with (33) and the fact that @ < p to see that

o a 2 _e a 2
IS INA2 QT — Pv)AZ |l gy SITATZU = Py)AZ |l ooy,

and by Assumption 4.4 we obtain the same bound for 1. [
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Remark 4.10. An alternative way of treating the term ||/C — Ky, #llycan ¢,y above would be
to make the split

1K - ICV,HHV(FM,CT)
1 1 0 . 1 0 0
< 1T = T ity e 1T N esiiintigy + 0Tty e IT° = T8t i

It can be seen that ||J0||£2(HW,HT) < oo provided that « < . At the cost of this
additional assumption, the bound on the error in Lemma 4.9 can then be improved, since

1 1 1 1
17" = T8 ety cgy = 0T = Ty o

For the next lemma, we need an additional assumption. This lemma is only applied to the
finite element approximation of Section 6. For this approximation, the only natural example
of an operator Q that fulfills Assumption 4.6(iii) is a multiple of the identity operator . This
implies that « = 0. With o = 0, the assumption is already fulfilled and the proof of the lemma
below can be simplified, but we choose to prove the result also for @ > 0, to allow for possible
generalizations to other approximation schemes.

Assumption 4.11. The following two statements hold true.

(i) For all V € (Vi)jez, V C HY and

T
sup / ISW(T =Py |  dt
VeWVier J0 L(Q2(H),HY)

T

2 12

= sup / IA2Sy(T — )Py Q2 |l g gy di < 00.
Ve(Viiez YO

(ii) The orthogonal projection Py satisfies

sup | Pvlizey = sup [[AZPyA™ 2| gy < 0.
Ve(Viez Ve(Viiez

Remark 4.12. Under Assumption 4.11(ii), it can be seen that Py extends to H~%. We make
no notational distinction between Py and its extension, which coincides with the generalized
orthogonal projection, defined by the equation (Pyu,v) = (A=%2u, A%?v) for all u €
H™, v eV, and fulfills || Py || z(g—o) = [1Pv |l £(fey-

Lemma 4.13. Let Assumptions 3.1, 3.3, 4.4, 4.6 and 4.11 be satisfied. If « < p, then for all
p > 1, there exists a constant C < 0o such that for all V € (V;)iez,
IELXY | Py (X(T) + Z)] = EIXY XY + Py Z ooy

1
., !
5C<f IS(T —t) — Sy(T —)Py|I* dt)z.
0

L(Q2(H),HY)
Proof. As in the proof of Lemma 4.9, we start by showing the first claim for p = 2, i.e., we
derive a bound on
&y = EIX)|Py(X(T) + 2)] — E[X}|X(T) + Py Z]

in L2(£2, Cy). The general claim then follows from the Gaussian law of this random variable,
which follows from a similar argument as in the proof of Lemma 4.9. The proof is split into
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two parts. In the first part, we use a factorization argument to derive a bound on [Ev || 2, ¢,
which we further analyze in the second part.

Part 1. We recall from the proof of Lemma 4.9 that
E[XY|Py(X(T) + 2)] = Qv.n()S(T — )Py Q(T)Py + Ov)~' Py(X*(T) + 2).
and note that, as another consequence of Theorem 2.3,
E[XY|XY(T) + Py Z] = Cov(XY,, X\(T) + Py Z)Cov(X\(T) + Py Z)™"
= Qv()Sy(T — NQv(T) + Ov) " (XV(T) + Py Z).
By the same factorization argument as in the proofs of Lemmas 3.4 and 4.9, we may write
E[Xy|Py(X*(T) + 2)] = Ty Ty Py(X(T) + 2).
and
EIXYIXV(T) + Py Z1 = Ty Fy(Xy(T) + Py Z).
Here j‘} is given by (35) while jg, j8 € L(H, Hy) are given by

(TO0)(t) = Q2 S(T — 1)(Py Q(T)Py + Oy) ' Pyv
and
(Fo0)(t) = Q2 Sy(T — t)(Qv(T) + Ov) ™" Pyu

for v e H and almost every t € [0, T]. The fact that V is finite-dimensional ensures that these
operators are well-defined. Let us write

&y = JUXYT) + Py Z) — JOPy(XT) + Z)
= FOPy(X%(T) — XU(T)) + (T — TOPy(XUT) + 2).

Since Cov(Ey) = (JpCov(Ey) /)T Cov(Ey)' /2, [10, Corollary B.5] implies that
JyCov(€y)'2(Hr) = Cov(Ey)/*(Hr). Note also, that (T, Cov(Ev)'/? £, is an orthonor-
mal basis ofj\} Cov(éy)'/2(Hy) when (fj)f-il is an orthonormal basis of Hy. Using this, along
with (8), the ideal property of the y-radonifying operators and the bound (38) obtained in the
proof of Lemma 4.9, we see that, for an arbitrary sequence (z; ?":1 of i.i.d. Gaussian random
variables,

IEvI? 11 I*

2 = 1
L4@.cn CoVENZ (H)—>Cr y(Cow(Ey)? (Hp).Cr)
2

1
1 S N7 |
Ty CovEV)2HD=CT (71 Covy)2 (Hp).Cr)

00 2
- E[” 3 2, JiCovEn)? f; H }
j=l1 Cr
- 2 ~
= ITLCOVENE L 1 ey S ICOVED N £iay -
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Part 2. We split the term ICov(Ey)| £(Hp) Using the independence of Z and W, by
ICOVEN £ayy < ITYCOVXY(T) = XTI * || 232,
+ 21 FYCov(XY(T) = XOT), XTIy — TNl pay
+ I(FY — T9Cov(Py(X(T) + 2Ty — TNl 2y
=141+ III.

Next, for v € H, we may write
T
100 = Tolly, = [0 |2 (Sv(T = D(Q@u(T) + 0v) ' (Qv(T) = Py Q(T)Py)

- 2
= (ST = 1) = Sy(T =) ) (Pr Q(T)Py + 0v) ™ Py dr.
We already noted in the proof of Lemma 4.9 that as a consequence of Proposition A.l,
I(Py Q(T)Py + Qv) ™' Pyl £ s fi-ay < C.

where the constant C does not depend on the choice of V. In a similar way, we obtain the
bound

IQV(T) + Ov) ™ Pyl o gy i) < C.
Using these two results along with Assumptions 4.4 and 4.11, it follows that
~ 2
17y = T e pgy S NQT) = Qv -0 fray
T
+ / IS(T —1) = Sy(T —n)Py|> , . dr.
0 L(Q2(H),HY)

Similarly, there is a constant C < oo, independent on the choice of V, such that ||j8 I o <
C.

With these estimates in place, we move on to estimate the terms 1 and 11. Since

H® Hp)

T
Cov(X)(T) — XT)) = /0 (Sy(t)Py — S1)Q(Sy(t) Py — S(1))dt,

the previously obtained bounds imply that
T 1 a 2
IS / 1Q2(Sv (1) Py — SE)AZ |l £y, dt
0

T o 2
= / |AZ(S(T —t) — Sy(T — l)Pv)Q%”c(H) dr.
0

Similarly, from the fact that
Cov(Xy(T) — X*(T), X(T) = Qv.u(T) — Q(T),
it follows that

IS 10T) — Qv.t(Dl gigi-o iy
1
2

T 2
x (IIQ(T) — Qv e e +/0 IAS(ST — 1) = Sy(T — DPYIQ |l sy dr)
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Finally, since Cov(Py(X°(T) + 2)) = (Py Q(T) Py + Qv), we note that for v € H,
1T = THCOV(PY(XT) + Z) Pyvlly,

T | .
= /0 HQf(Sv(T — (QV(T) + Ov) " Qv(T) — Py Q(T)Py)

— (ST = 1) = S(T =) ) Pyo[*dr.

Using the estimates obtained above, we therefore have

T
a 12
S 1Q(T) — Qv(D e o + /0 IAS(S(T = 1) = Sy(T = P Q|| i, dt.
The proof is now completed by noting that, by Holder’s inequality and Assumption 4.4,
” Q(T) - QV,H(T)”[,([-'[fa’Ho()

T o 1 o 1
< / 1A2(S(T — 1) = Sv(T —)Py) Q2 ol A2S(T — 1) 02 || gy dt
0

1
2

T o 2
§</0 IIAZ(S(T—t)—Sv(T—t)Pv)QéIIL(H)dt) ,

along with an analogous bound for the term |Q(T) — Qv (T)| o~ fje), Where also Assump-
tion 4.11 is needed. [

5. Spectral approximation under commutative observation noise

Next, we apply the results of the previous section to a spectral approximation of the SPDE
bridge X*¥. This is to say, for N € N, we set V = Vy = span{ey, ..., ey}, Sy, = Sy =
PyS = SPy, where we write Py for the projection Py,, Oy = Qy,, QN = QVN and we
let the approximation X" := X" be given by (31). Writing also Xy for X7, , the spectral
approximation (32) of X*, this has in this setting the special property that X}, = Py X* for all
x € H. Similarly, Qn(t) = Py Q(t)Py for all t € [0, T].

Remark 5.1. In this setting, Assumption 4.6(i) is automatically satisfied, Assumption 4.6(ii)
is implied by Assumption 3.1 while Assumption 4.6(iii) is equivalent to Q and A sharing a
common eigenbasis.

Remark 5.2.  Under Assumption 4.6(iii), write (i;)72, for the sequence of eigenvalues of
Q corresponding to the eigenbasis (ej)7Z;- Then, by Proposition A.1, Assumption 3.3(iv) is
equivalent to the existence of a constant C > 0 such that inf; A9 ; > C.
We now derive error bounds for Xy’ as N — co. They are obtained from the fact that
I — PNA™ Nl gy = 1A = Po)ll gy < Ay (41)
forall r >0 and N € N.

Theorem 5.3.  Ler Assumptions 3.1, 3.3, 4.4 and 4.6 be satisfied with « < p and let x > 0.
Then, for a Borel subset M C H" with u7(M) = 1 and all x € H*, y e M, p > 1 and
r <min(p — «, B, x), there is an M € N and a constant C < oo such that for all N > M,

r

X,y X,y -2
IXN" = XM po.ery = Crniae
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Proof. As in Lemma 4.9, the law of szv) — X*Y can be seen to be Gaussian in Hr and
therefore also in Cy. Using (28) and the fact that X%(T) = PyX%T), we split the error into
four parts,

XN = Xl pgepy = T+ T+ T+ IV + V.

The first term is given by I = [|S(-)x — Sy(-)x|l¢,, the second by II = ||XO — PNXOHU,(Q ey
With KC given by (25) and Ky : Vy — C([0, T'], Vi) by

(Cn)(e) i= QNOSN(T = D(QN(T) + On) v,
for v € Vy,t € [0, T, the third therm is given by

M = [ K(Q(T) + 0)A™Fy = Kn(@w(T) + 0x)* Pyy
the fourth by

IV = [ K(Q(T) + G)AN) 2 S(T)x — Kn(Qu(T) + On)~* Py S(T)x

)

Cr

3

Cr
and the fifth by
V = |E[X°X%T) + Z] — E[PyX°|X3(T) + Py Z] Hmn,cT)
= |ELX°|X(T) + Z] - E[PyX°| Py (X(T) + Z)
= 1
= KllLr.cp) (QT) + QAN 2(XUT) + 2)
~ 1
— Kn(Qn(T) + On) "2 Py(X(T) + 2).
By (41), the fact that x € HX and the strong continuity of S, the first term is bounded by

] || LP(2,CT)

_X
1= sup (I — PYA ZSMALx| < I — P)A™ || sup [[S(VAZx]| <Ayl
1€[0,T] 1€[0,7]
For the second term, we use Proposition A.2, (3), Assumption 3.1, (17) and (41) to see that,
for arbitrary € € (0, 8 —r),

T
2
2 = X0 — X9 S / NI — PSP d
NllLP(0,Cr) 0 N cz(Q%(H%H)

+ sup (1= POSOI i
te[0,T]

T
—r —r—e—1 —r —r
N )‘N+1/0 P A A S A

It similarly follows by Lemma 4.9 and (41) that V < A3 T1~*""? for arbitrary r < f.

Writing Ey = K((Q(T) + 0)AN) 2 (XXT) + Z) — Kn(Qw(T) + 0) "2 Py(X(T) + Z),
we combine Chebyshev’s inequality with the bound on V in a Borel-Cantelli argument. We
obtain for all € > 0 and p > 1 the existence of a constant C > 0 such that for all N ¢ N

— min(p—at,r)+€)/2 in(p—a.r)—€)p/2 -
P(IEnlle, = Myin ™) < AP RIEN N p ey < CART-

Since I,y € £2(I-'I§, H), Z;’il )Lf < 00. Hence, if we choose p > ¢ /e, the corresponding
series in the Borel-Cantelli lemma is convergent. Then, P-a.s., there is some M € N such
that [|Exlle, < A7 for all N> M. Let now My o,z C H', with
ur(My xoa)+z) = 1, be the Borel subspace on which Py is well-defined (see Remark 4.3).
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Then, by the same arguments, there is a Borel subset (not necessarily a subspace) M| C H"
with 7 (M) = 1 such that for each y € M Nyeny My yor)4 7z, there is some M € N such
that

Q) + 2AEy — Kn(@u(T) + 0w Pyy | < 25077

for all N > M. Let M, be the Borel subspace of Proposition 3.5. By letting M :=
Mo N M Nyen My xo(ry4 7> We find that TIT < )»(Nﬂm(p @IFI2 for all N > M.
It remains to treat the fourth term. We first note that by (17) and (39),

1(Q(T) + QYA 2 S(T)xll g S IS(Txll o S T~ M@ 20072

~

Writing 7, 18 y for the operator ‘7‘91\1, y defined in (36), we therefore obtain

~ 1
IV = 71Jo = Py i Ty 5 (Q(T) + QYA 2S(Tx |,
ST = PO)T sty WToll cqam gy + 110 ity epNTo = TS il i

In a similar way to the first term, we obtain from Assumption 4.4 and Holder’s inequality that
P

I — P)T 2ap.cp) < )L;].f. The term || Jo - JI(\;,H”L(HW,HT) has already been treated in the
proof of Lemma 4.9, and with this, the proof is completed. [J

Remark 5.4. For the unconditioned case y = Z = 0, the proof can be repeated to see
that under the same assumptions, the convergence rate becomes r < min(f, £). Hence, the
convergence rate is the same if p > o + min(g8, £) and since p > B, this is in particular
fulfilled for o = 0.

Remark 5.5. In the special case that not only Q but also Q share an eigenbasis with A, we can
derive a lower bound on the error || X" — XY pg.c,y Of Theorem 5.3 for p > 2. Writing
(n ]) , for the eigenvalues of Q, we also need to assume that there is some v > 1 and C > 0
such that inf; A Y j = Cj™". For simplicity, we let n = —¢ and set x =y = 0.

Note that Q(r)e, wj(1—e 24" /(21 )e; and, since e; € H* < Cov(X°(T)+ Z)*(H"),
that
; | %(1 _ e’uif)e’*f(T”))\;/z
K(t)ej = Q(O)S(T —HA"(Q(T) + Q)A") 2ej = — — =

fort € [0, T], j € N. Since ()F”/Zej)j?ozl is an orthonormal basis of H", Lemma 2.2 yields

€j

—2Ajt)e—)uj (T—1)

00 H—n(l

X't = X(T)+Z, e;) e,
® Z;: ,”’J — e Ty 4+ i (X(T)+Z, ¢j)pne;

Writing X9 v@) = ON@SN(T —1)(ON(T) + On)~ 1(X (T)+ Py Z) we similarly obtain from
Remark 4.3,

Hj —2Ait\,—Ai(T—t
N+12/\1—J+,7(1—€ Ne =0

X0 = - X(T)+ Z, ej) e,
v ]2:; %(1_672%5_{_&]. (X(T)+ Z, ej)pme;
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It follows that X = Py X°. By the definition of Cov(X°(T)+ Z) and Cov(X°(t), X(T) + Z),
te[0,T],

E[(X(T) + Z, ) 5,1 = X7 (Q(T) + e, ¢)) = %‘f—izﬂ(l — e Ty 42,
J

and

W e (T
E[(X°(1), ¢;) (X (T) + Z, €}) i, 1 =2 HQOS(T — Dej, ej) = ml’_na e i
J
. Y 2 2y T
Now, for arbitrary tze 0, T], 1 Xy — X lr.cr) = Xy — XM 20,00 22
IXN" (1) = X* ()2, 1) Therefore, we get a lower bound on x50 — X0’°||L,,(Q’CT) by first

noting that by definition of X%° and X0,

IX5°) = X0 200y = 1T = PaXX0) = RO 200,11

o) n 2
= 3 E[(0.e) - K0en)]
j=N+1
o4 24
j=N+1
Wj (- e—2A_/t)e—7»_/(T—t)

B 21.1,.” /‘L](l _ e—Z)th)e—)»j(T—l)
I j —2A; ~ 1—
ﬁ(l —e 2AJT)+/'Lj 2)\] n
i ZOh N o — A (T— 2
Z)LI_{H/(l —e )L]t)e Aj(T—1)
J
lad} —25;T ~
=P+
Hj —20;T 21 ~
" (2)&‘—271(1 —eTEN Mj)
J
_ io: Mj(l _ e—2)»jt) - e—2)»j(T—t) _ e—Z)»jT
- . _95 20N
j=N+1 2 D=l =

Writing C; for the constant of Remark 5.2, we have [i;j1; > Clk}_"’ for all j € N. Moreover,

as a consequence of Assumption 4.4, the fact that @ < p and our assumption that u; > 0 for

all j € N, there is a constant C; > 0 such that A}_“//Lj > (1 —e2T)/C, for all j € N.

Putting these facts together, it follows that for a constant C > 0, 2’;—’)\’ > C — e 24 Ty for
J

all j € N. Since the function x — x/(1 + x) is decreasing,

. e*Z)uj(Tft) _ e—ZAjT - 1— e*Z}»jT 1 - C
B —2A; 2k — - T 20N g -24;T =C 1
1— 20;T i 1 — j ) l—c +
¢ o ¢ Ry g
i

By our assumption on inf; AJT' w;, it follows that for some constant C > 0,

00
Yy yxyy? L—v 1—v
1 Xy X ”LP(Q,CT) >C Z TN
j=N+1
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where we used the fact that A; — oo as j — oo in the first inequality and an integral
inequality in the second, cf. the proof of [3, Lemma 2.5]. This implies that the bound on
Xy — X"*~"||ip(Q,CT) is essentially sharp under appropriate conditions on %;, j € N. For
example, we may consider the setting of space-time white noise (see Example 3.2) with
D being an interval in R. Then w; = 1 and A; is proportional to j? for all j, see, e.g.,
[24, Chapter 6]. This means we may, for small € > 0, take v =2 and 8 = 1/2 — €, so that

Xy — XNl Lp.cy, is bounded from below by a constant times )L;,(fré)/z, and from above

(see Theorem 5.3) by a constant times )L;,(ff 2

6. Finite element approximation under white observation noise

In this section, we apply the results of Section 4 to a finite element approximation of the
SPDE bridge X*¥, formulated in an abstract way. For a discretization parameter 7 € (0, 1], let
(Vine,17 be a net of finite-dimensional subspaces of H! equipped with the inner product of
H and let P,: H' — Vj, denote the associated generalized orthogonal projection. We write,
for a cylindrical random variable Z in H, P, Z for the Vj-valued random variable defined by
Lemma 4.1. Let us also write S, := Sy for a V,-valued approximation of the semigroup S,
Oy = Qv, and Q) == Qy,. We write X} = Xy, and X, = Xf,;ly for the discrete processes
given by (31) and (32). We make the following assumption on P, and Sj,.

Assumption 6.1. The following two statements hold true.

(i) For all r € [0,2] and s € [—r, min(1, 2 — r)], there is a constant C < oo such that for
all h € (0,1] and ¢ € [0, T,
s ,o_TEs
1S@) = Su@) Pull ccgg—s )y = 1(S@) — S@ Pr)A2 || gy < Ch"t™ 2.
(i) For all s € [0, 2], there is a constant C < oo such that for all 2 € (0, 1],

11 = Pull s oy = 1 — PO)A™ 2l gy = 1AT2 — Pi)ll gy < Ch'.

Example 6.2. In the setting of Example 2.4, with the additional assumption that D is a convex
polygon, we consider the same approximation Sy, of S as in [14]. We let (V})ne0.17 C H' be a
standard family of finite element spaces consisting of piecewise linear polynomials with respect
to a regular family of triangulations of D with maximal mesh size &, vanishing on 9D in the
Dirichlet case. We assume elliptic regularity, i.e., that A~' € L(H, H?). This is true when,
e.g., the functions a; ;, i, j = 1,...,d are of class Cl(’D) [41, Theorems 2.6-2.7]. Then, the
so called Ritz projector R,: H' — V,, defined as the orthogonal projection of H' onto V,,
with respect to the inner product of H', satisfies the inequality |1 — Rpllzgr gy < Ch" for
r € {1, 2}, where the constant C < oo does not depend on A [14, p. 799]. This suffices for
[24, Lemma 3.8] to be satisfied. Then, an interpolation argument as in [l, Lemma 5.1]
(see, e.g., [6, Theorem A.4] for a justification) yields the expression in Assumption 6.1(i).
Assumption 6.1(ii) follows, in this setting, from an estimate on an interpolant operator (see,
e.g., [14, p. 799]) combined with an interpolation argument.

We move on to derive a convergence result for the SPDE X*-*. In this setting, we cannot
hope to find an operator Q other than Q = I such that Assumption 4.6(iii) is satisfied. We
explicitly make this choice in the theorem below.
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Theorem 6.3. Let Assumption 3.1, Assumption 3.3 with Q = [ and Assumption 6.1 be satisfied.
Let x > 0 and let (h,);2, C (O: 1] be a sequence fulfilling h, = O.(n_“’) for some w > 0.
Then, for a Borel subset M C H™% with pr(M) =1 and all x € HX, y ¢ M, p > 1 and
r < min(B, x), there is an M € N and a constant C < 0o such that for all N > M,
Xy yx,y — min(r,2)

157 = X1 gy, = Chy ™2,
Proof. We first note that since Q = I, we have n = —¢ and o = 0 in Assumption 3.3. Then
Assumption 4.11(ii) is trivially fulfilled. Moreover, Assumption 4.4 is satisfied with p < B.
Using Assumption 6.1(i) with » = 0 along with (17), we see that for all s € [0, 1], there is a
constant C < oo such that for all £ > 0 and & € (0, 1],

ISHO Pl s,y = I SWOPLA I gy < €12

This shows that Assumption 4.6(i) is satisfied. Using this result, it follows that for any
€ € [0, min(B, 1)),

T
- 2
sup / tNSLEO Pl 12 dr < o0.
he,1]1J0 Lo(Q1/2(H),H)

From this, we obtain that Assumption 4.6(ii) and 4.11(i) are satisfied, too.
Using the results above, we apply Lemmas 4.9 and 4.13 to see that, forr < S and p > 1,

IELX°|X(T) + Z] = BIXR | X)(T) + PaZlll 1oy

T
< 1ES(t) — Sp() Py l? dr
</0 ” L (42)
1
+sup 1S(@) = SO oy + 1T = Pul% H)) ;
tel0,T] ’ 4

where we have also made use of the fact that the £(Q'/?(H), H)-norm is bounded by the
L£,(Q'?(H), H)-norm for the error term of Lemma 4.13. Using Assumptions 3.1 and 6.1(i), it
now follows that, for r < 8 and € € (0, min(8 — r, 1)),

T
/ NS = SiOPl* dr
0 Lr(Q2(H),H)

T 2
_ Bl 1
< / NS = SiO Pl sy 1AT Qi d
0

T
5 h2min(r,2)/ t(ﬁ—r)—l—e dr.
0

The two other terms can similarly, using Assumption 6.1, be bounded by a constant times
thin(r,Z)-

The proof of the claim is now similar to the proof of Theorem 5.3, and we make the same
split of the error. The treatment of the terms I and II are entirely analogous, while (42) is used
for the term V. In order to treat the term

1T = | K(Q(T) + )2y — Kn(Qu(T) + 0u) 2 Pylle,
where K,: V), — C([0, T1, V},) is given by

(Kn)(0) = Qu()SW(T — X Qu(T) + O ?v,
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for v € Vj,,t € [0, T], we can, as before, use a Borel-Cantelli argument applied to
IKQ(T) + 0)"2(X°T) + Z) — Ki(Qu(T) + 012 PuX°(T) + ), -
This corresponding L? (2, Cr)-bound is split into III, + III,, where
11, = [BIX°|X(T) + Z] — EIX}| Pu(X(T) + D)l 1o ca.c
can be treated by Lemma 4.9. The second term is given by
I, =|| Qv u()S(T — NPy Q(T)Py + On)™' Pu(X(T) + Z)
— QhOIS(T = NQW(T) + Cn)™ Pu(X(T) + Z) ILracy) -
In the notation of the proof of Lemma 4.13, this can be written as
10, = |7y, (Jy, — J9 ) Pu(X(T) + Z)]|

and a bound on this can be found similarly to the proof of this lemma. In the same way as in
the proof of Theorem 5.3, we then, for each € > 0, find a Borel subset M with ury(M) =1,
such that for each y € M, there is some M € N such that

IK(Q(T) + 0) 2y = Kiny (@ (T) + QhN)f%PhNyIICT < byt

for all N > M. The argument for the final term IV is similar to that of Theorem 5.3, using
some of the estimates in the proof of Lemma 4.13. We omit the details. [

LP(2,Ct)’

Remark 6.4. As for the spectral approximation, the rate in the unconditioned case y = Z = 0
can again be seen to be r < min(g, &), which coincides with the white observation noise case.

Remark 6.5. Clearly, the same conclusion holds with Q = el for arbitrary € > 0. However,
then the constant appearing in the error bound will depend on .
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Appendix

In this appendix, we derive some technical results not directly related to the approximation
of SPDE bridges. The first is a minor extension of [10, Proposition B.1]. This is used throughout
the main text to obtain bounds on operator inverses in certain negative norms. We recall that
the pseudoinverse A~! of an operator A € L(H, U) between two Hilbert spaces H and U is the
linear (in general unbounded but closed) operator A~! = (Alger A)L)’l tA(H) — ker(A)! C
H. As a straightforward consequence of the definition, A~'A = PyerayL> the orthogonal
projection onto the orthogonal complement of ker(A). In the case that A is invertible, its
pseudoinverse coincides with the usual inverse operator.
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Proposition A.1. Let Hy, H, and U be real Hilbert spaces and let Ay, € L(H,U),
A, € L(Hy,U). Then A|(H)) C Ay(H,) if and only if there is a constant C < o0 such
that ||A*l‘u||[_11 < C||A§u||H2 for all u € U. If this holds, then ||A2_lu||H2 < C||Al_lu||h,1 for all
u e A(Hy).

Proof. The first statement is [10, Proposition B.1 (i)]. We assume that A, is injective as
otherwise we can consider its restriction to the orthogonal complement of its kernel. For the
second claim, let A{(H,) C A(H>) and pick u € A;(H;). Then there exist v € Hy, v' € H;
such that u = Ajv = Av’. We must show that ||1/||H2 < Cllv|lg,- Suppose by contradiction
that [[v'[| g, > Cllvlly,. We have
u Av
lolla,  lvlla,
From the proof of [10, Proposition B.1 (i)], we see that the set on the right hand side must be
contained in

{Asw : wlly, < C}.

e{Aw: wly <1}.

u — v_/ : / e . ,
But Wla = A2||U||H1 with |||y, > Cllvlly, and A is injective, so [[v[|5, < Cllvlly,. U

Next, we consider the same setting and notation as in Section 3. A Burkholder—Davis—Gundy
type inequality [10, Theorem 4.36] provides a simple error bound for X°(¢) — X Q,(t). Namely,
for all p > 1, t € [0, T, there is a constant C < oo such that

, 5
E[IX°0) - X301’ ] = C( fo 1SGs) = Sv) Pyl ds) :

L(Q2(H),H)
However, we need the following stronger result, which is obtained from a factorization
argument similar to the proof of [10, Theorem 5.12].

Proposition A.2. Suppose that Assumptions 3.1 and 4.6(1) are satisfied. Then, for all r < B,
€ € (0, min(B, 1)) and p > 1, there is a constant C < oo such that for all V € (V;);c7,

T
X" = Xy, = C( [ 17050 - Suwpr? dr
vilLer(Q,cr) 0 LZ(Q%(H).,H)
1

2
+ sup ||S(r>—Sv(r>Pv||i(H,,H)) :
t€[0,T]

Proof. By 3.2 with r = 0, we may use [10, Theorem 5.10] to apply a factorization formula
and obtain

X% = @/ (t —)*7 1St — 5)Y(s)ds
0
for t € [0, T], where
Y(t) = / (t —5)"?S(t — 5)dW(s)
0

for ¢ € [0, T]. An analogous expression, with S replaced by Sy, is obtained for X?, using the
fact that V is finite dimensional, with

Yy(r) = / (t —$)"2Sy(t — s)Py dW(s)
0
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for t € [0, T]. Using these expressions, we make the split

X°t) — X3(t) = @ f (t —s)/* 'Syt —s)Py(Y(s) — Yy(s))ds
0

+ @/ (t — ) 1St —s5) = Sy(t — s)Py)Y(s)ds = 1, + 11,.
0

We start with the second term, and let p > 2/e so that its Holder conjugate ¢ fulfills
q(e/2 — 1) > —1. Thus, by Holder’s inequality,

)
t q t

||H,||Ps( f ISt =) = Sv(t = $)Pyll%, 10 H)a—s)"“/z“’ds) / 1Y ()1, ds
0 ’ 0

so that

T
Iz 0 0.cp) St:[lép IIS(t)—Sv(t)l["/IIZUL~,rJL,)/0 ELIY (017, 1dr.

T]
By [10, Theorem 4.36],

t T
E[IYOI%,] S f =) USc -7 | ds< / STUS@IE , ds
0 0

L2(Q2(H),H) L2(Q2(H).H)
for t € [0, T], which, in light of 3.2, completes the bound on II. Next, by a similar Holder
argument,

T
ey S sup ISy PyIE / E[IY (1) — Yy (D)]?] dr.
0

VelVilieT
1€[0,T]

Another application of [10, Theorem 4.36] yields that

)4

T 2
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0

L£2(Q2(H),H)
which, along with Assumption 4.6(i), completes the proof. [
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