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1. Introduction and main results

Let I denote the identity operator. Then the Euler-Poincaré (EP) equations are given
by:

om + (u-V)m+ (Vu)I'm + (divu)ym = 0, m = (I - aA)u, (1.1)

where u = (u;)1<;<a denotes the velocity, m = (m;)i<j<q with m; = (I — aA)u,(t, z)
represents the momentum, o corresponds to the square of the length scale and AT
denotes the transpose of a matrix A.

As a higher-dimensional Camassa-Holm (CH) system for modeling and analyzing
nonlinear shallow water waves, the EP equations (1.1) were first introduced in Holm
et al. [24]. In the case where d > 2 and m > d/2 + 3, local existence and uniqueness of
a strong solution belonging to H™ were established in Chae and Liu [9]. The blow-up
phenomenon for the case & = 0 was also obtained in the same work. For the case o > 0,
the blow-up and global existence of solutions to (1.1) were studied in Li et al. [29].

In this paper, we focus on the case where @ > 0 in (1.1) and assume o = 1 for
convenience. We use I xq to represent the d x d identity matrix and let div be the
divergence operator (i.e., div = V-). The notation f = (I—A)~!g denotes that f = G*g,
where G is the Green function for the Helmholtz operator I—A. We can then reformulate
(1.1) into the following form (see Chae and Liu [9], Yan and Yin [52], Zhao et al. [53]):

u + (u-V)u+ F(u) =0, (1.2)

where
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F(u) = (I—A)"divF (u) + (T — A) " Fy(u),
Fi(u) = Va(Vu + (Vo)) — (Vi) 'V — Va(diva) + %Idxd|Vu|2, (1.3)
Fyo(u) = u(divu) +u - (Vu)T.

Over the past two decades, Stochastic Partial Differential Equations (SPDEs) have
emerged as a powerful tool for studying complex phenomena. They can incorporate
phenomena such as turbulence and random energy exchange that elude traditional de-
terministic methods. For instance, deterministic methods struggle to accurately model
cloud formation in weather forecasting. In this context, we will explore a stochastic
version of (1.2). More precisely, let {(Wj(t), W (t))}k>1 be a family of mutually inde-
pendent 1-dimensional Brownian motions and then we consider the following stochastic
EP equations:

NE

du+ [(u- V)u+ F(u)]dt = (Qku o AW (t) + ha(t, u) de(t)) . (14

k=1

where {Qy}r>1 is a sequence of differential operators, {hj}r>1 is a sequence of nonlin-
ear functions, dWy(t) is the It6 stochastic differential and o AW (t) is the Stratonovich
stochastic differential.

In Mikulevicius and Rozovskii [31,32], the authors introduced randomness at the
Lagrangian level by imposing a stochastic forcing o o dW (¢) in the equation for the
streamlines X = X (¢, ) with undetermined local velocity u:

dX (t,z) = u(t, X (t,x))dt + o(t, X (t,x)) o AW (¢), X(0,z) ==z, (1.5)

where W (t) is a standard 1-dimensional Brownian motion. Roughly speaking, rewriting
the system in terms of u(t, X) leads to the transport noise. Similar ideas were incor-
porated in the Stochastic Advection by Lie Transport (SALT) framework developed
in Holm [23], which has been a topic of much interest in recent years. See Albeve-
rio et al. [2], Alonso-Oran and Bethencourt de Leén [3], Alonso-Orén et al. [5], Crisan
et al. [11], Crisan and Holm [12], Goodair and Crisan [17], Holden et al. [21,22] for recent
developments. Let diag(-,---,-) be the diagonal operator. Mathematically, we observe
that the classical transport noise coefficient and the noise structure given by the SALT
operator (SALT noise) can be unified by taking Q as follows:

Q) = diag( (4" (2)- V), -+, (" - V)) + @u ()L,
l(j)(x) : R%valued, 1 <i<d, (1.6)
Dy (x) = (¢§f’j)(x))1gi’j§d : R™4_valued.

For example, we observe the following cases:
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 In velocity equations, the SALT operator £; can be formulated as (cf. [17, Section
1.4])

d
() = - V)F+ D FVkgn e = (M) 1 <1< a0 (1.7)

J=1

which can be covered by (1.6) with w](:) = n;, and gbfj’j) =0p,M,; (1 <, 5 < d).
o In 3-dimensional vorticity equations, the Lie derivative operator £; (see Crisan
et al. [11], Flandoli and Luo [16] or [17, Equation (42)]) takes the form:

k() = (e -V = (f - V)iw, me = (M) 1 <1< 5 (1.8)

Similarly, (1.8) can be also covered by (1.6).
1.1. Pseudo-differential noise and cancellation properties

We note that only the classical gradient operator is involved (and only on the main
diagonal) in the classical transport noise coefficient and the SALT operator. In this
paper, roughly speaking, we study the case where

Qp. is a matrix-valued pseudo-differential operator, (1.9)

which significantly extends (1.6). We refer to the noise structure Qru o dW,, as pseudo-
differential noise. See Section 2.1 for a precise definition of pseudo-differential operators.

Although the physical interpretation of such pseudo-differential noise may be unclear,
the noise structure introduced in (1.9) can facilitate the exploration of non-local random
interactions. Since pseudo-differential operators extend classical differential operators in
a non-local manner, studying pseudo-differential noise provides a more flexible framework
for modeling complex phenomena that involve non-local random interactions. This can
be particularly useful in turbulence models, where the behavior of fluid at one point is
influenced by the behavior of fluid at distant points.

Usually, if u and ¢ are smooth functions, the random perturbation in the trajectories
of the Lagrangian fluid particles (1.5) is local in X (¢, «). To gain more insight into the
non-locality introduced by the noise structure in (1.9), which the classical transport
noise or the SALT noise cannot capture, we consider the following simple but intriguing
model. As before, W(t) is a standard 1-dimensional Brownian motion and we consider
the Burgers’ equation with the noise structure v/2u(—92)%u o dW (t):

du + udpudt = \/2u(—02)*uo dW(t), a € (0,1/2], u>0. (1.10)

We will show below that the noise term /2u(—92)%uo dW introduces non-locality to the
classical transport term uu,,. Indeed, by using the following relation for a semi-martingale

O(t):
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O(t) o dW(t) = O(t) dW (t) + % (©,W)(t), (-,-) is the quadratic variation.  (1.11)
we can rewrite (1.10) as
du + udpu dt = \/2u(—02)“u dW (t) + u(—02)**u dt.

Let ®,(t) :=exp { V2uW (t)(— 8%)0‘} be an operator-valued process. Then we have the
followmg operator valued SDE (understood in the sense of Fourier multiplier):

0B (£) = —/2(—02) B () AV (8) + u(—02) 4 (1)
From the above SDE and [®,(t), (—9%)%] = 0, it follows that 0(t) := [®,u](t) satisfies
df = [d®,](u) + P (du) — 2u(—02)** @uudt = —D, (.10 - 0,®,10) dt. (1.12)

Thus, the term ®,, (@;19 . 896(1);19) reflects the non-local effect arising from the pseudo-
differential noise v/2p(—92)%u o dW (t) on the level of 6. In the classical derivative case,
we have:

du + ud,udt = \/2ud,uo AW(t), p >0,
which is equivalent to
00+ @(27'0-0,2710) =0, Ot):=[Dul(t), P(t):=exp{—\/2uW(t)0,}.

Pathwisely, it appears that the kernels of ®, and ®_! cannot be explicitly written down,
while the kernels of ® and ®~! are delta functions, indicating that they are local-in-z
operators.

The analysis of the non-local effects from pseudo-differential noise is quite challenging.
Our focus will be limited to the existence and uniqueness of solutions. Even in this case,
there is a challenge presented by pseudo-differential noise: closing the a priori estimate
for (1.4) in H*® becomes non-trivial. Here, H® denotes the Sobolev space with regularity
index s (see Section 2.1). To see this, we can rewrite (1.4) in Itd’s form (see (2.8)) and
then apply It6’s formula to ||uH§{ This will result in two terms:

Z (Qru, u) e dW,, and Z Q?u, u>Hs + (Qpu, Qpu) 5. | dt.
k=1

k=1

If the order of Qj is greater than zero, these two terms are a priori singular in terms
of H® since derivatives of order higher than s are involved. However, to close the a
priori estimate for ||u||§{s, one must control these two terms by the H*-norm of u. This
means that the singularities cancel out and such estimates are called cancellation of
singularities. The first main result in this work is the following cancellation properties:
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Main Result (A) (See Theorems 5.1, 3.2 and 3.3 for the precise statement). Cancellation
properties for certain differential operators {Qp }i>1:

sup > (PQuf.Pf) e S M1l (1.13)
PEO =
sup \<7’Qif77’f>m +(PQfPQS) | S IS5 (1.14)
Peﬁk:l

where 0 C OPS® is a bounded set and f : K - R™ (K = R or T := R/27Z) is
sufficiently reqular.

1.2. Existence, uniqueness and initial-data dependence

With the above cancellation properties (1.13) and (1.14), we can obtain the second
result in the paper:

Main Result (B) (See Theorem /.1 for the detailed statement). Local existence, unique-
ness, blow-up criterion and global existence of solutions to the following Cauchy problem
of the stochastic EP equations (1.4) on K¢,

o0

du+ [(u- V)u + F(u)] dt = ; (Quuo dWk(t) + hn(t,w) AW () ), (1.15)

u‘tzo = Yo,
where Qi and hy satisfy certain conditions.

The effect of noise is a key and interesting question for the study of SPDEs and noise
has been observed to produce various regularization effects. We refer to Alonso-Oran
et al. [4], Chen et al. [10], Flandoli et al. [15], Flandoli and Luo [16], Tang and Wang [45]
and the references therein for some examples.

According to Hadamard, the concept of well-posedness for an abstract Cauchy problem
requires the existence, uniqueness, and stability (continuous dependence of the solution
on initial data). Here we highlight that in the case of nonlinear stochastic evolution
equations, the dependence on initial conditions presents a much more complex problem
than that in cases of linear growth or determinism. This is because solutions may only
exist up to an interval [0,7) with T being a stopping time, and in general, there are no
estimates available for this 7, i.e., there is a lack of lifespan estimate in the stochastic
setting.

In contrast to many previous studies where noise effects were mainly explored in
terms of regularity or uniqueness, we examine the impact of noise on the dependence
of solutions on initial data. Comparing the noise and Laplacian provides an intriguing
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perspective on this issue. Specifically, on one hand, “regularization by noise” is formally
related to the regularization produced by an additional Laplacian. On the other hand,
the presence of an actual Laplacian in governing equations may improve the dependence
on initial data in some cases. For example, whereas the deterministic Euler equations
have at most continuous dependence on initial data (cf. Himonas and Misiolek [20]), the
deterministic Navier-Stokes equations have at least Lipschitz continuity (cf. [18, pages
79-81]). So far, we have not been able to completely determine the impact of Qjuo de.
Therefore, we are considering the special case of (1.15):

du+ [(u-V)u+ F(u)] dt = hg(t,u) dWi(t), ul,_, = uo. (1.16)
k=1

The third result in this paper can be roughly stated as follows:

Main Result (C) (The detailed statement is in Theorem 5.1). The solution map ug — u
defined by (1.16) on T? is weakly unstable in the sense that:

(1) FEither the exiting time of solution u = 0 is not strongly stable (see Definition 2.3);
(2) Or the dependence on initial data is not uniformly continuous.

1.3. Plan on the paper and preliminary remarks

e In Section 2, we introduce the notations, review some related preliminary results, and
provide definitions.

« In Section 3, we establish the cancellation properties (1.13) and (1.14) for an extensive
family of Q. These results are, to the best of our knowledge, novel in the analysis
of pseudo-differential operators. Theorems 3.1 and 3.2 pertain to operators of order
a € [0, 1], while Theorem 3.3 addresses operators that are independent of « with order
B > 0. Section 3.3 elaborates on the assumptions and techniques (see Remark 3.1),
provides examples (see Example 3.1), and discusses other potential extensions (see
Theorem 3.4 and Remark 3.2). We list two preliminary remarks below before going
into the details:

(1) When ¢ = {97 : n=10,1,--- ,m} C OPS™ and Qj, is the SALT operator of the
form (1.7) or (1.8), the estimates of type (1.13) and (1.14) have been established
in Crisan et al. [11], Goodair and Crisan [17], Lang and Crisan [27], where the
Leibniz’s rule and integration by parts for classical derivatives are used. However,
for a general pseudo-differential operator Qy in (1.9), many fundamental prop-
erties of classical derivatives no longer hold true, which may present challenges.
To illustrate this, we consider the following simple example with f : R — R.
Let £y = (¢ - V) (the main part of (1.6)) with Y p- , [|divey| = < co. Then,
by applying integration by parts, we obtain
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d
(Lif £ =D (000 f f)
=1

1

d

i 1 ..

23 [ o007 e < Sl 1
iZIRd

To derive the cancellation property in H™ with integer m > 1, we also use
the Leibniz’s rule (cf. (07'Li f, 02" f),=). Since the properties of integration by
parts and the Leibniz’s rule do not hold true for pseudo-differential operators
in general, even the validity of (1.13) is not immediately apparent for pseudo-
differential operators, let alone the more intricate case (1.14).

(2) Motivated by Alonso-Oran and Bethencourt de Leén [3], Crisan et al. [11] and
the author’s works Alonso-Oran et al. [5], Tang and Wang [44], in this paper,
we focus on the case where {Qk}kzl is a sequence of operators that are not
far from skew-adjoint operators and we use a family of commutators (cf. (3.5))
to achieve the estimates (1.13) and (1.14). Even though we have ||[Q, f]g|lm: <
Clf =1 ||g|| =2 for some C' > 0, and some suitable s,s1,s2 € R, when this
estimate is applied for Qj, the constant C' may depend on k through @, which
may pose some challenges in taking summation (see Remark 3.1 for more details).
To address this issue, we need some results on the continuous dependence of
commutators on operators (see Lemma A.7). We note that this difficulty does
not appear for SALT operators because all the dependence on k can be written
down in an explicit manner involving 7y in (1.7) and (1.8), where the Leibniz’s
rule and integration by parts are used. We remark that a special case of (1.13)
and (1.14) with & = {J,,(I—A)*/2},,>, for a given sequence of mollifiers {J,, },,>1
and Qp being diagonal form was studied in the author’s recent work Tang and
Wang [44]. This is the first study, to the best of our knowledge, to deal with
pseudo-differential noise.

e In Section 4, we prove the local existence, uniqueness, blow-up criterion, and global
regularity of solutions to (1.15) (see Theorem 4.1). A key aspect of our approach is
the use of conditional expectation E[-|Fp] instead of expectation E in constructing
solutions. This avoids the need for any moment condition on initial data. It seems
that this technique has been rarely used in the literature of SPDEs. Moreover, our
proof for Theorem 4.1 does not require any compactness on Sobolev embeddings,
which is necessary in the well-known martingale approach (see Prokhorov’s Theorem
and Skorokhod’s Theorem). As a result, Theorem 4.1 holds true not only on the torus
T< but also on the whole space R%. In Section 4.4, we provide further discussions on
pseudo-differential noise in terms of global existence. We also propose an intriguing
but unsolved problem on stochastic 2-dimensional incompressible Euler equations.

e In Section 5, we investigate the effect of noise on the solution map. Our main result
is presented in Theorem 5.1, which demonstrates that (small) multiplicative noise
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(in Itd’s sense) cannot simultaneously improve the stability of the exit time and the
continuity of dependence on initial data. As mentioned before, the lack of lifespan
estimate is the main obstacle and now we explain this difficulty in more detail. In the
proof for Theorem 5.1, we obtain two sequences of solutions {u;,}n>1 (I = —1,1)
such that {u;,(0)}n,>1 (I = —1,1) is bounded in H® and we need to consider the
limit behavior as n — oo at time ¢ > 0. For each n, we know u; ,, exists at least on
[0, 7] but we do not know whether or not inf,, 77, > 0 P-a.s. In deterministic cases,
one can easily obtain the lifespan estimate, which enables us to find a positive lower
bound for the existence times of a sequence of v, ,,, that is, there is a T' > 0 such that
Uy, exists on [0,T] for all n (see, for example, (4.7) & (4.8) in Tang et al. [43] and
(3.8) & (3.9) in Tang et al. [47]). Further remarks and comparisons can be found in
Remark 5.1.
o Appendix A provides necessary estimates/results used in our proofs.

2. Notations, preliminary results and definitions
2.1. Notations and related preliminary results

To begin with, we list some notations used subsequently. Let N¢ := (N U {0})?. For
two multi-indexes @ = (a1, -+ ,aq), B = (b1, ,B4) € N§ with 3 § a (which means
Bi < a; with 1 < ¢ <d), we define

d d
o= 3o o= T om o= TTog (5) = Hﬁ =t
k=1 k=1 k=1 i 4

Recall that K = R or T := R/27Z and d,m € N. For 1 < p < oo, we denote by
LP (K% R™) the standard Lebesgue space of measurable p-integrable R™-valued functions
with domain K¢, and we let L>(K¢;R™) be the space of essentially bounded functions.
Particularly, the inner product in L?(K¢;R™) is defined by

(f,9)p2 = Z/fz - g, dz,

i=1gq

where g denotes the complex conjugate of g. If there is no ambiguity, in the following we
denote by (f,g);. the inner product for both f,g € L*(K%R™) and f,g € L*(K%R)
with the customary abuse of notation.

Let i = y/—1 be the imaginary unit. The Fourier transform .%,_,¢ and inverse Fourier

transform fgi on R? are defined by

(Fese €)= [ 1@ O dn, (P N)) = gy [ 1O e
Rd Rd
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On torus, i.e., x € T, the Fourier transform .%,_,) and inverse Fourier transform 9’,;_1}:6
are given by

keZd

P _ e—i@k) gy YR ol k)
(FosiF) (k) = / F@e e dr, (F ) = G Y 1)

For any s € R, we define the symbol class S*(R? x R4, C™*™) ¢ C®(R? x R4, C™*™)
as

S*(RY x R C™*™) =

ULIENS]
p:VB,aeNd 3C(B,a)>0st. sup e < C(B,a)
(z,)eRixre (1 +[&])s~leh

Here and in the sequel, | - |;nxm and |- | are usual norms in C™*™ and R9, respectively.
It is well-known that S°(R? x R%; C™*™) is a Fréchet space equipped with the topology
generated by seminorms {| - |]§{f \Ra}B.acNgs Where

|p|]%f>;de ::( E)S%pd 2 |8§8§‘p(a¢7§)|m><m(1 =+ |£|)—s+|a\1.
z,6) R x

For any a € N¢, we define the partial difference operator AY as
VD SISl () MR AP IEAE A
yeNg v<a K

Then the (toroidal) symbol class of order s for s € R is defined as (cf. Ruzhansky and
Turunen [38]):

S*(T? x 2%, C™ ™) :=

p(-, k) € C=(T%C™ ™) for all k € Z¢;

p: d ’agﬂgp(x,k”mxm
VB;QEN07EC(67OK)>OS.t. sup <C(6,a)
(z,k)eTIxZ4 (1+ |/€DS*|0¢|1

Again, S*(T9 x Z4; C™*™) is a Fréchet space under the topology given by the following

seminorms {| - |%3;Zd}ﬁ,aeNgZ

|P|%f;szd = ( k)s%g 2 15 ALp (2, k)|(1 + |k])~F el
z,k)elex

Then the pseudo-differential operator with symbol p is defined by

OP(p) := P, (2.1)
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(7, [pe0(Zen©]) . itpesi @ xrECm M),
@ =41 (22)
{Z. e (Fn W]} ifpesH T xzdCmem),
Throughout this paper, all pseudo-differential operators are assumed to be real-valued,
i.e.,, when f is real, [OP(p)f] is also real. Equivalently, it is required that

p(z, =€) = p(z,6) if (z,6) R xR, (2:3)
p(z, —k) = p(z, k) if (z,k) € T? x 29, (2.4)

We denote by S?° (Td X ]Rd;(C) the symbol class such that p € S° (Rd X ]Rd;(C) means
that p(+, £) is periodic with period 27 for all £&. Moreover, according to [39, Theorem 5.2]
(see also [13, Corollary 2.11]), we see that if

ﬁ’ffRd < caps for some cops > 0, |af < Ni, |B] < N2, N, No > 1, (2.5)

p

then p = p|p., 5. satisfies

|ﬁ|%f;szd < Caps for some Cyps > 0, | < Ny, |B] < N2, Ni, Ny > 1. (2.6)

Conversely, every symbol p € §*(T?xZ%; C) satisfying (2.6) is a restriction p = p|p, ,n
of a symbol p € §%(T* x R% C), where p satisfies (2.5). Therefore, we see that

OPS*(T? x 24;,C) = OPS*(T* x R% C) (2.7)

and any bounded set in OPS* (T % x Z?; C) coincides with the restriction of a bounded set
in OPS*(T? x R%; C) (see also [13, Theorem 2.10 and Corollary 2.11]). By considering
each element in a matrix-valued symbol p = (p(i’j))lgi,jgm with noting that

(0P(p)) " = OP (p()),

we see that (2.7) also holds true for OPS®.
Therefore, we simplify notations if there is no ambiguity in the context and we write

S® = {SS(Rd x R4, Cm>m) 1 (2.3) holds} or {SS(Td x 24, C™*m) 1 (2.4) holds},
and

[ 1705 = | g or |- I

In the following, we will also consider symbols only depending on the frequency variable
¢ (if z € RY) or k (if € T9). To highlight the differences, we let



12 H. Tang / Journal of Functional Analysis 285 (2023) 110075

Sy = {pe g, P@O =P, if (@) € R de}.

p(z, k) = p(k), if (z,k) € T x ¢
To emphasize the scalar symbols (i.e., m = 1), we define
S = {S* (R x R4 C) : (2.3) holds} or {S*(T?x Z% C) : (2.4) holds}.

Recalling (2.1) and (2.2), we define

OPS* = {op(p) pe Ss}, OPS: = {op(p) pe sg}, s €R.
In the same way, OPS® and OPSj can be defined as pseudo-differential operators with
symbols in &° and S§, respectively.

Recall that I stands for the identity map. For any s € R, the operator D* = (I—A)*/2

is defined by

D* == OP((1 + [€]*)*/?) on R or D* := OP((1+ |k[>)*/?) on T
For s > 0, d,m > 1, the Sobolev spaces H® on K¢ with values in R are defined as

HS (Rd7 Rm) = Cgo(Rd7 ]1%"1)””Hé ’ EI:;(-']Fd7 Rm) = Ctoo(r]rd7 IRT”)”HHé ’

where

||fHHS = <f7f>HSa 7 Z DSf“Dng
i=1

Let W12 (K% R™) be the set of weakly differential functions f : K¢ — R™ with
I llwroe ==Y > 1105 fllz= < oo.
j=1|a|1=0,1

We will also be confronted with matrix-valued functions ®(z) = (¢(*J )(:r))1 <ij<m> and
for such functions, we define B

m

”(I)HHS(R‘%R"”’") = Z H‘ﬁ(i’j)H%ﬁ(Rd;R) )

ij=1

and propose the similar definition for W1>°(R%; R™*™) and LP(R%; R™*™). If d,m € N
are fixed in the context, for s > 0 and p € [1, 00], we will simply write

HS = HS(Kd,Rm), WLOO —_ VI/I,OO(IKd;IR’m,)7 P = Lp(Kd,Rm),
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and do the same for the matrix-valued case. In particular, we let H> := Ng>oH".

For linear operators A and B, [A, B] := AB—BA. A* denotes the L2-adjoint operator
of A. Let < and 2 denote estimates that hold up to some universal deterministic constant
which may change from line to line. Let X and Y be two Banach spaces. We denote by
Z(X;Y) the class of bounded linear operators from X to Y. For two separable Hilbert
spaces Uy and Us, %(Uy; Us) is class of Hilbert-Schmidt operators from U; to Us.

2.2. Definitions

To begin with, we note that OPS?® can be measured using the topology generated by
the norm || - || (gr+s;m7) (cf. (1) in Lemma A.G). However, since the map OP is one-to-
one (cf. [26, Proposition 1.2, Page 56]), in the paper we will consider the boundedness
of OPS?® in the following sense:

Definition 2.1. Let s € R. & C OPS*® is said to be bounded if {p : OP(p) € 6} C S* is
bounded in the sense of boundedness in Fréchet space (cf. Rudin [37]).

To avoid any confusion, for two separable Banach spaces X and Y, || - || ¢ (x;y) will

always be mentioned if boundedness of .Z(X;Y) is considered.
Next, we give the precise definition of the solutions. Using (1.11), we rewrite (1.15) as

du = {7(u~V)ufF(u) +%iQiu} dt
k=1

T i (Qku AWy + hy(t, u) de) , reKk
k=1

(2.8)

u|t=0 = ug, xeK=
Then we will try to find solutions to (2.8) in the following sense:

Definition 2.2. Let d > 2 and let K = R or T. Let ug be an H*(K% R%)-valued Fo-
measurable random variable with s > g + 1.

1. A local pathwise solution to (2.8) is a pair (u, 7), where 7 is a stopping time satisfying
P(r > 0) =1 and (u(t));[o,r) is an Fy-progressively measurable such that

sup |lu(t')||gs < oo, t €[0,7) P-a.s.,
t’'€[0,t]

and the following equation holds:

t
_uo+/ w-V)u+ Flu ngu}
0
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t o0 t oo
:/ZQ Y AW (t +/tht u)dWi(t'), te€[0,7) P-as.
0 o k=1

k=1
2. Additionally, a local solution (u,7*) is called maximal, if 7* > 0 almost surely and
li{n sup ||u(t)||gs = 00 a.s. on {77 < oo}
—T*
If 7* = 0o almost surely, then such a solution is called global.

We also introduce the following notions on the stability of exiting time.

Definition 2.3 (Stability of exiting time). Let d > 2 and let K = R or T. Let ug be
an H*(K?% R?)-valued Fo-measurable random variable with s > ¢ + 1. Assume that
{uo,} is an arbitrary sequence of H*(K%; R%)-valued Fp-measurable random variables.
For each n, let v and w,, be the unique solutions to (1.16) with initial value ug and ug ,
respectively. For any R > 0 and n € N, define the R-exiting time as

B i=inf {t >0 [|u,()||gs > R}, 7% :=1inf{t >0:|u(t)|s: > R},

where inf @ = co.

1. Let R > 0. If ugp,,, = up in H* almost surely implies

lim 7% = 7% P-as., (2.9)

n—oo

then the R-exiting time is said to be stable at u.
2. Let R > 0. If ug,, = uo in H* for all s < s almost surely also implies (2.9), then the
R-exiting time is said to be strongly stable at w.

3. Cancellation of singularities

In this section, we aim to establish cancellation properties in (1.13) and (1.14) for
certain cases that generalize the SALT operator.

We remind readers that K = R or T, and P* denotes the L2-adjoint of the linear
operator P. Additionally, all functions and operators are real (cf. (2.3) and (2.4)). These
facts will be used frequently without further mention. For P € OPS" and a real-valued
function h, we sometimes write AP := (hI)P. We also remind readers of the definition
of boundedness in OPS?, as per Definition 2.1.

3.1. Case 1: xz-dependent operators with order a € [0,1]

To begin with, we consider (1.13) and we find that it holds true for operators that are
close to skew-adjoint operators. The precise statement is the following theorem:
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Theorem 3.1. Let d,m > 1, s > 0 and o € [0,1]. Let & C OPS*® be a bounded set and
we assume that

{U}p>1 C OPS® and {Uy +Z/{;§}k>1 C OPSY are bounded, respectively. (3.1)

Let so > (£ +1) Vs and we assume {di}r>1 C H® (K% R) such that S e [|di||3:0 <
00. Then we have

oo

sup Z () f,Pf)72 S (Z |dk|§{s()> W S o€ HOTe

Pel |, et

Proof. Let & := Uy, + U;:. Then one first infers from (1) in Lemma A.6 that
sup ||’PH$(HT‘+S;H7') , Sup ||uk||$(H'r'+u;H'r) , Ssup Hgk”Z(H',H’) < oo, T c R. (32)
Peo k>1 k>1

We note that

(Pl f,Pf) o =T+ Iog,
Il»k = <[P7 dkl}ukfv Pf>L2 )
Iy = (dePUL S, Pf) o -

Since sg — s > 0 and a < 1, we can infer from (A.4) (with ¢ =0and 0 = s9g > 7 = s)
and (3.2) that

2
Vs -

o S lldkllmso

Now we estimate I5 . We observe that

([P.Ux] f,dxPf),, + (UPf,dkP[),,

([P, U] f,dxP[), . — (Pf,U(dPf)) 2 + (Pf, E(diPS)) 1>
([P.th]f,dxPf) 2 = (PF, [Up eT]PS)
—(Pf,dildiPf) 2 + (Pf.E(drPS)) 12 -

Then we have

I27kl = <|:7D7Z/{k] f7 dka>L2 - <[uk7de]Pf7Pf>L2
— (UPf.diPf) 2+ (Pf,E(dkPf)) 2
=2([P. U] F,dkPF) o — (U X P PF) o + (P, E(dP L)) — T

Hence
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I2,k = <[P7uk]f7 dk,])f>L2 - % <[ukadk1]7)f7 Pf>L2 + % <Pf7 gk(dkpf»LZ .

Applying Lemma A.7 to [P,Ug], (A.4) to [Us,dr]] (with ¢ = 0 and 0 = sg > r = «),
(3.2) and H% — W1 we have

2

gtel%K[P,Uk]f, P o] SN goras Ndillpoe 111 g S Ndill oo
Sup (Ui d X)PEPEY o S Nkl oo 1P Fll s 1F D ize S el ggeo £ 1170
and

2
| F 1z -

sup [(Pf, Ex(dePf)) 2| < lldill a0
Peco
In conclusion, we derive
2
sup Iy k| S lldill oo || f 117 -
Pco
Combining the estimates for I; ;, with ¢ = 1,2 gives rise to the desired estimate. O

The rest of this section focuses on the more complicated cancellation property in
(1.14). For the well-known cases of transport noise and SALT noise, we refer to Alonso-
Orén and Bethencourt de Leén [3], Alonso-Oran et al. [5], Crisan et al. [11], Goodair
and Crisan [17] and the references therein.

Hypothesis (H;). Let d,m > 1 and « € [0, 1]. Suppose that
A = apLy + prGr, L = diag(ﬁkyl, s ,,Ckﬂn) € OPS?, Gi € OPSO, k>1,

where ax, = ag(x) and pp = px(x) are some functions and the following conditions hold
true:

(H(f) {Ek}kzl c OPSe, {Ek + ‘CZ}ICZI C OPS° and {gk}kzl C OPS? are bounded,
respectively.
H%) For all k > 1, the symbols of L}, and Gi, are commuting matrices.
1

We note that (H?) holds true automatically for two cases: either Gy only involves
operators on the main diagonal, or Ly ; = Ly j, 1 < 4,5 < m (i.e., L can be treated as a
scalar operator). The latter includes cases of SALT operators as in (1.7) and (1.8). For
further remarks on assumptions and techniques, see Section 3.3.

Theorem 3.2. Let s > 0 and Hypothesis (Hy) hold true. Let so > (% +1) Vs, 0g >
(4+1)V(s+2a) and € C OPS* be bounded.
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(i) Let {ar}r>1, {Petr>1 € HO (K% R) satisfy Ay = 3202, (||ak\|§{so + ||Pk\|§150) <
oo, then we have

sup > (PAS PF)s S Aulfllge s f e H (3.3)
PeC =1

(i) Let {pr}r>1 C H(K4R) and {ag}i>1 C HX(K%GR) satisfy >pe ) (||ak||Hr +
Hpk||§{,,o) < oo for all v > 0, then (3.3) holds. Besides, for s > 1 — « and
Az 1= 5% (Nawllprao + 19kl ),

sup SO[(PALPL) ot (PASPAL) 2| S Aol S € 2 (3.4)
k=1

(i) If {ax}r>1, {petr>1 € 12, then (3.3) and (3.4) hold true with As :=>"77 | (Jak|® +
|pk|2) replacing A1 and As, respectively.

Proof. By applying (2) in Lemma A.6, we observe that if (HY) is satisfied, then £; and
Gy, also satisfy (3.1). Therefore, using Theorem 3.1 with dply = ar Ly and dily = pr.Gr,
respectively, we obtain (3.3).

In the following discussion, we will only focus on verifying (3.4) since the other cases
can be proved in the same way.

Step (1). For k,n € N, we let

Hp = Ez + £k7 Zy = [akI, Ek} + ’Hk(akI),
Rk = [awli, Zx), Rok = [PeGk, arLly],

and

Rapp = [P,arli], Rapp = [Ranp,arli].

Claim:

11
(PALE.P) o + (PAS PAGS) o = Y N, (3.5)
=1

where
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Ni=(Rawpf Pflras N2=(RappfRanpflre, Ns=2(ZPf Ranrf)pa,
Ny= =5 (Pf,RiwPf) 2y Ns:=5(Pf2ZIPf).,

No :=2(P(pkGr) [, Rakp f) 2o No:=2(PpuGi)f, 2kPf) 2 s

Ny = 2(Rak,p(0kGk) [, PL) 2 No = (PRewf,Pf)ps

Nig = (P(orGr)2 £, Pf)2r Nit = (P(pxGr)f, P(oxGr) f) 2 -

To simplify notation, we let
Tk := ax Ly, Ki = pr0r,
and then we have

(PARL,PE) o+ (PALF, PALS)
= (PT2f,Pf),» + (PTiknf.Pf) 2 + (PKiTif . Pf) e + (PKLE.PS)
+ (PTf, PTif) 2 + 2 (PTif, PKif) 2 + (PKif, PKif) 2

7
:wa (3.6)

By (HY), one can immediately find that 7, = —7; + Z, which leads to

by = (PTZf,Pf),
= ((TeP + Rse,p) Trf, Pf>L2
(PTofs TiPf) s+ (RawpTef , PI) s
— (PTef, TePf) o + (PTif ZkPf) s + (RappTif, PF) 2
= (PTf s PTef) 2 + (PTef. Rapp f) 2 + (PTef, ZkPf) 2 + (Rap,pTef, P) 2
—bs + (PTef s Rap,p f)po + (PTefs ZkPf) e + (Rak,pTuf, Pf) s -

That is to say,

b1+ bs = (PTif, Rappf) e + (PTif, ZkPf) 2 + (RappTef, Pf) -

Note that P is of order s. Then P7Ty, is of order s+a > s. Similarly, the order of R3 1. p 7k
may be also larger than s. Therefore, by commuting P and 7 and using 7. again, we
have

b1+ bs
= (TkPf,Rsppf)r2+ (Rarpfi Rappf)pe
+ <R3,k,P77ilf7 Pf>L2 + <P77€f7 kaf>[,2
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(P, TiRskpf)p2 + (Pf,ZkRsxpf) 2

+(Raxpf i Raxpf)r2+ RappTif,Pf)2+ (PTef, ZePf) 12

= (Raxpf, Pl +(Pf,2kRskpf) 12

+ (Rskepf Rappf) 2 + (PTif, ZePf) 2 - (3.7)

Note that Z; = Zj,. Then we arrive at

(PTef, ZePf) -
= (TkPf, ZkPf) 2 + (Rawpf, ZKPf)
= — (P T2ZkP e + (Pf,ZEPf) o + (Rawp [, ZkPS) o
= —(Pf,ZkTePf) o — (P, R1kPS) o + (P ZEPS) 1o + (Rakp [ ZePf) 1o
— (ZkPf,TiPf) e — (Pf,R1kPS) 2+ (PFZEPS) 2 + (Rappf ZkPS) 12 -

Therefore, using Rs rp = [P, ﬁ] gives rise to

<P77€f7 Zka>L2

S PIRUPS) o+ 5 (PLZPS) o+ (Rosp 2P ) e (B8)

Combining (3.7), (3.8) and Z} = Zj, gives

b1+ b5 = (RappfPf) e+ 2(ZkPf, Roxpf) o + (Rappf Rappf) o

1 1
— 5 (PLRWPS) 1+ 5 (P EEPS) . (39)
Similarly, we use T = =T, + 2, Rop = [ICk, 7}] and R3pp = [’P,E] to derive

b2 + b3 =2(PTelrf,Pf) > + (PRaxf, Pf)
=2(Tk PR f, Pf)r2 +2(RappKif,Pf) 2 + (PRawf, Pf) -
=2(PKif,=TkP[f)r2 + 2(PKif, ZkPf) 2
+ 2R3k, pKif,Pf) o+ (PRoif, Pf) e
=2(PKrf,Raxpf)r2 = 2(PKef, PTef) 2 + 2(PKwf, ZkPf) 12
+ 2R3k, pKif, Pf) 2+ (PRoxf, Pf) 2
=2(PKif,Raxpf)r2 — b6 +2(PKf, ZkPf) 2
+2(Rak,pKifs Pf) o+ (PRai [ Pf) o

This implies that
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b2 + b3 + b
=2(PKif,Raxpf) 2 +2(PKrf, ZkPf) -
+ 2R3k, pKif Pf)r2+ (PRokf Pf)po- (3.10)

On account of (3.6), (3.9) and (3.10), we obtain (3.5).

Step (2). Claim: Recall that oo > (% + 1)V (s+2a). There is a constant C > 0 such that
forallk>1,

753161% ”R&kﬂ’”z(stfl;L?) ) ;‘é% HR4,k,PHg(Hs+2a—2;L2) ) ||Zk||g(L2;L2) < Cllagll goo 5

(3.11)
sup [P@rG) | rreszey < C okl g - (3.12)
PeO
sup HR&kJ’(pkgk)”g(Hs;Lz) <C ”akHHdo ”pkHHUo . (3'13)

Pelo

Before we prove these estimates, we note that (H¢) implies that for r € R,

Sup | Mell o (g prry < 00, SUP |Gkl g (grrypry < 005 SUP Lkl oprrva, prry < 00. (3.14)
k>1 k>1 k>1

Verify (3.11). For R 1 p, it holds that

IRs.pgllse = [P alilgll . < [P ard]Lrg|lz + [lax[P. Lelg]] -

Since ¢ is bounded in OPS® (in the sense of Definition 2.1), by a < 1, (A.4) (with
o =09 >s=rand ¢=0)and (3.14), we obtain that for sufficiently regular function g,

;g%H[P,akI]EkgHLQ < Cllakl oo 1£kgll o1 < Cllarllgoo (19l rova-r -

Similarly, via (H{) and Lemma A.7, we see that suppc e j>1 || [P, L] <

L(Hste—1:12)
oo, and therefore,

sup [lax [P, L]g|| ;. < llarllp~  sup [P, Le]g| 2 < Cllarll goo 19]l rosa-1 -
Peo PG k>1
Collecting the above estimates, we obtain
sup IRk, Pllp(gota—.rzy < Cllall oo -
Following the proof for (A.2), we have that {R3 . p }k>1,peeo is bounded in OPS*To~1,

Moreover, we observe that R3 1 p is of diagonal form. Since s 4+ o > 1, by repeating the
above procedure and replacing P with R3 j », we obtain
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sup ||R4,k,P||$(Hs+2a—2;L2) < Cllarl oo -
Peo

One can also obtain the estimate for Z; in much the same way. Indeed, applying (A.4)
to [Ek, akI] (with ¢ =0 and r = a < 0 = gy), we arrive at

[k, arX]g]| 2 < Cllakllmeollgll a1 < Cllakl meogllze-
From this, H?° < L*° and (3.14), we obtain
12kl 22222y < Cllarll oo -

Hence (3.11) holds.

Verify (3.12) and (3.13). Remember that suppcg [|P|| o (grr+e, gy < 00 for any r € R
(see (3.2)). If s < £, we use Lemma A.3 (with s; = s and sy = 0¢) and (3.14) to derive

s [P(prG)gllez < CllpeGrgllae < Cllprllmeo|Grgllae < Clipkllaeollgl -
S

If s > %, one has H® — L* and this means
sup 1P (prGr)glle < CllpwGrgllas < Clipell e 1Grgllae < Cllprll o gl e
€

Hence (3.12) holds. By the same argument leading to the estimate for P(piGy) with
noting (3.11), we also have that for all s > 1 —a >0,

sup IR3.5,2 (k)9 2 < Cllag |l aeo |prGrgllms < Cllak |l oo lprllmaollgl a--
€

Hence (3.13) is proved.

Step (3). In this step we finish the proof for (3.4).

In the following, we will frequently use the fact that suppeg | Pl o g+, gy < 00 for
any 7 € R (see (3.2)) without further mention. Moreover, we recall that oo > (4 + 1) V
(s + 2a).

To begin with, we simply use (3.11) to derive

2 2 2
sup [N1| < Cllagl oo 17, sup {INa] +[Ns| + |Ns[} < Cllarlgoo /15 -
PeC Pel

For Ny, we observe that

[akﬁk, Zk} = [ax L, arLr — Li(arI) + Hi(arD)] = [(arD) Lk, Li(arD)].  (3.15)
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Therefore, (2) in Lemma A.6 and (A.3) in Lemma A.7 give rise to
Nyl < 2 2
sup [Na| S llak oo 1 £ 17
PO
For Ng, N7, Ng and Ny, we use (3.11), (3.12) and (3.13) to obtain

2 2 2
sup {|No| + [N7] + [Ns] +[Nul} < C (Jlanl oo + Il ) 171

Now we consider Ny. Recalling that s > 0, o € [0,1] and Rax = [pxGk, axLi], we use
(A.3) in Lemma A.7 to find that

sup [No| = sup [(PRowf, Pf) 2| < lawlleo lpellzzeo /117 -
PeO Peo
Finally, for Njg, the proof for the estimate on P(prGx) in (3.12) actually gives
sup ||P(peGr)? vpy < Cllpkll oo »
s [PRG Ly i = €Il

and this implies

sup [Niof = sup |(P(piGi)* S, PF) 2| 5 el 17

Peo

Collecting all these estimates for (3.5), we see that

sup [(PALLPI) o+ (PAS PAS) 2| S (lawlizeo + lar oo + IpellEe) 11

Peco

Hence we obtain (3.4). O
3.2. Case 2: x-independent operators with order >0

The proof for Theorem 3.2 also implies that the cancellation properties hold true for
another class of operators when operators are xz-independent.

Hypothesis (Hz). Let d,m > 1 and § > 0. We assume the following:

(HS) {Br}tr>1 C OPS§ and { By + B,’;}k>1 C OPSY are bounded, respectively.
(Hg) Bk = bkjk + quk; where bk:7 qr € R; jk = diag(jk,lv e 7jk,m)7

{Te}e>1 C OPSg and {Viti>1 C OPSgA(lfﬁ) are bounded, respectively.

Besides, {Jx + J; }k>1 C OPSY is bounded and for all k > 1, the symbols of Ji
and Vi, are commuting matrices.
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Now we state the following cancellation properties for x-independent operators:

Theorem 3.3. Let s > 0 and 0 C OPS§ be a bounded set. Let {bg}ti>1, {qrtr>1, {ck}e>1
€ I with By :== Y 1o, ¢; and By := >3~ b7 +q;. Then we have the following properties:

o If (HY) holds, then
;U%Z (PerBif, Pf)y. < Billflg. . feH™E. (3.16)
€

o If (HY) holds, then (3.16) holds with By replacing By and

S B fl}.. feH™Y. (317)

sup 3 [(PBLS,PS) ot (PBLS, PBLS) .
Peﬁkzl

Proof. We first recall that suppcs [|Pll o(fe,12) < 00. Under condition (H3), we can
follow the proof for Theorem 3.1 and use the fact that [P, Bx] = [P, cx] = [Bk, k] = 0 to
find

<Pka7Pf>L2: PfaMka>L27 Mk _Bk+Bk
Since {My}r>1 C OPS{ are bounded, we obtain (3.16). When (H3) is satisfied, it is
clear that J; and Vj also enjoys (H$), and hence (3.16) also holds with By replacing
B;. Now we prove (3.17). Following the same procedure as in Step (1) of the proof for

(3.4), and utilizing the fact that [P, 7] = [P, Vi] = [P, by] = [T, bi] = [Tk, T] = 0,
we identify that

5
(PBYf,PE) o+ (PBf. PBif),. = > M, (3.18)
=1

where
To = T¢ +Tes My = £ (PL(T*PS) |,
Mj = 2brqy <7’ka, j}ﬂ’f>L2 . Ms = brgr (P[Vi, Te [, PS) 5
My = qi (PVEf, Pf>L2 . Ms = qi (PVef, PVif),-

Then (H3) and Lemma A.7 yield that for all r € R,

igli {”ijﬁf(H*;Hr) + ||Vk||,,$f(HT;H’f) + HJkHJZ(HWrB;HT) + H [V]wjk::l Hz(Hr;Hr)} < 00.

From the above estimate, one can easily obtain (3.17). O
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3.3. Remarks, examples and other extensions

We will begin by providing some comments on Theorems 3.1, 3.2, and 3.3. Subse-
quently, we will present examples and discuss other extensions that generalize the SALT
operator.

Remark 3.1. We assume that the dominant part of the operators (the part with positive
order) is close to skew-adjoint operators. This is expressed by the conditions that A +Aj,
Li+ L5, By +B; and Ji +J; are zero-order operators (see (3.1), (H{), (H$) and (HY)),
respectively. This assumption can be interpreted as a form of “integration by parts”.

In Theorems 3.1 and 3.2, the coefficients dj, ax, and py are assumed to be functions of
x. At first glance, this may not seem necessary since £, and Gy, already depend on z (their
symbols depend on z). However, we include the cases where dy, = di(z), ar = ar(z), and
pr = pr(z). This generalization is non-trivial and requires delicate modifications (see
explanation and question (3.19) below). Besides, the proof for this extended case can
help us quickly extend SALT operators and establish cancellation properties for them,
cf. Hypothesis (H3) and Theorem 3.4. We now make a few remarks concerning other
hypotheses and some comparisons.

(1) On the choice of ¢ C OPS®. When constructing an approximation scheme for (2.8)
(as shown in (4.9) below), the mollifier .J, cannot commute with Aj. In certain
cases, to obtain a uniform estimate in H®, we must address & = {D*J,},>1 (as
demonstrated in Lemma 4.3 below). For this reason, we state the uniform (in n)
estimate for P € & rather than just one P.

(2) On {ar}r>1 and diagonal form of L. We begin by posing the following question:
Question: Given s > 0, P € OPS?®, and Py, P, € OPS!, is there a sufficiently large
Co = Co(s) (¢o depends on s) such that for hy, ho € H,

| [[P, h1P1], haP2] ||3(HS;L2) Sl geo llhell oo ? (3.19)

We conjecture that this is true, but it is not the focus of this paper. In this work,
we treat [[P,h1P1], haP2] as follows: let P = [P, hyP;] and assume hy € H*. Then,
by (3) and (4) in Lemma A.6, we have P € OPS®. Let p > (4 +1) Vs By (A4)
(with ¢ =0, 7 =5 < 0 =pg), H?® — L and (4) in Lemma A.6 again, we find a
constant C' > 0 that depends on hy (i.e., C = C(hy) > 0):

TP, mPr, haPe] £l o < (| [P hX]Paf | o + |2 [P Po] ] o
< C(hn) (Ihzll o [Pofllgroms + ol [P, P £]] )
<C(h)lhzllaeo 1l f € H

The above analysis illustrates the scenario when estimating R4 p. To apply (4)
from Lemma A.6 to Ra i, p, Rskp must be a pseudo-differential operator, and its
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symbol must commute with L. This is why we require that a; € H* and that L
takes a diagonal form. The condition >~ [|lax|/m~ < oo for all » > 0 is necessary
because it ensures that all constants in the estimate can be chosen uniformly for k
(note that in the above example C' = C(h1) and see (A.4)) and that one can take
the summation Y - ;. For Ry s p, if Question (3.19) has a positive answer, then one
can relax the conditions a, € H*® and Y -, |lax||m- < oo for all 7 > 0 to ax, € HS®
and Y07 [lak|%¢, < oo, respectively. For the cancellation properties of SALT type
operators (as in (1.7) and (1.8)) in H™ with integer order m > 0, this problem
seems to disappear since this double commutator can be explicitly split by Leibniz’s
rule (cf. [17, Appendix II]). In [17, Equation (20)], the W™*2X1.2 norm is required
(the SALT operator is of order 1) for the cancellation property of type (1.14). In
this work, we need oy > (% + 1)V (s+2 x «a), where « is the order of £ and this
condition arises from (3.15) and (A.3).

On (H}). As far as current knowledge is concerned, existing literature results pertain
to situations where Ly ; = Ly ; for 1 < i,j < m. This implies that (H}) is satisfied
because such Ly is equivalent to a scalar operator. For instance, in the case of SALT
operator (see (1.7) and (1.8)), the derivative operator on the main diagonal is the
same one (1 - V). However, when Ly, ;, # L ;, for some 1 <4y, jo < m, Lemma A.7
can only be applied to [pkgk,ﬁk] by invoking (HY). When G, is also an operator
with only diagonal elements, (H?) remains valid.

On (H5). Similar to the above explanation, we require the commutative property of
the symbols of J; and Vj. Since Jj € OPS(’? and there is no upper bound on 3, to
estimate [J, Vx| in M3 in (3.18), we must assume V, € OPSgA(kB) (cf. Lemma A.6).
This is stronger than the assumption G, € OPS? in (H¢). However, it appears that
the cancellation of singularities in such a case has not been reported in the literature.

Example 3.1. Now we construct some examples involving non-local operators such that

Theorems 3.1, 3.2 and 3.3 are satisfied. As explained before, it suffices to construct

examples satisfying Hypotheses (H;) and (H3).

Let m > 1, {z/),(f)(x)}kzl and {¢}” () }k>1 (1 <i,5 < m) be two families of functions

such that for 1 <4,j <m and k> 1,

D(2) € C2(RLRY), 927 (2) € C2(R%ER), if @ € RY,
W (2) e C=(T4RY), ¢ (x) € C°(T%R), if e T?

We assume that

m

S0 gy 2o 30 Ny < 20

k=1i=1 k=14,j=1

Let s; >0, 0y, s € R (1 <4,j <m) and define
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= ding (0 (2) - 9) (=) (T = A)7 o (0™ (@) - V) (=4) (L= )7 ),

T, = (%(i,j)) %(i,j) _ ¢1(¢i7j)($)<1 YNE L 1<i,j<m.

1<ij<m’

By Lemma A.6, we have the following examples:

o Let s;+0;+1€[0,1] and s(3) < 0 for all 1 < i,j < m. If either 1/},(:) = wl(cj) with
1<4,5<mor ¢,(€l’n) =0 with 1 <[ #n <m, then L := 5%, and G := 9} satisfy
Hypothesis (Hy).

e When s; +0; +1 > 0 and s = Qv (=81 —s9) forall 1 < 4,5 < m, w,(:)(x) and
d),(f’j)(m) are invariant in x (i.e., they do not depend on z), and either 1/),?) = 1/),(;)
withlgi,jgmor@(f’n) =0 with 1 <1 # n < m, then J; := 74 and Vi :=
satisfy (HSY).

To conclude this section, we present another generalization of SALT operators. This
generalization may differ slightly from the one in Hypothesis (H; ); however, the corre-
sponding cancellation properties can be established by using the same approach as we
used to prove Theorem 3.2. Throughout this discussion, we denote the norms of vector-
valued functions or matrix-valued functions simply by || - | g=, provided that d,m € N
are apparent from the context.

As previously noted, in the case of SALT operator (see (1.7) and (1.8)), the derivative
operator is a scalar operator (n - V). Theorem 3.2 extends the results on the scalar
operator (- V) in the SALT operator (see (1.7) and (1.8)) to the operator a; Ly, where
Ly = diag(Ly,1, -+, Lk,m) is of order a € [0, 1].

Next, we consider the case where (n, - V) = 2?21 Mk,;O0z; is generalized to
Z;’;l ax,;Lr. ;. We propose the following Hypothesis:

Hypothesis (Hs) (Another generalization of the SALT operator). Let d,m > 1 and v €
[0,1]. Fork,j > 1, we let ay; = ag j(x) and ® = Py () be scalar function and matriz-
valued functions, respectively. Suppose that

Ay, = Zak,jﬁk,j + oI, k>1,
j=1

where { L ;i }ri>1 C OPSY and {Ly; + »C;;,i}k,iZI C OPSY are bounded, respectively.

Obviously, operators in (1.7) and (1.8) are just special cases of Ay (Lk,j = Oy, for
1 <j<dand Ly ; =0 for j >d+1). Similar to Example 3.1, one can construct many
examples satisfying Hypothesis (Hg).

Theorem 3.4. Let s > 0, & C OPS® be bounded and Hypothesis (Hg) hold true. Let
so> (24+1)Vsand o> (£ +1)V (s+27).
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(l) If {ak’j}k’j21 C HSO(Kd;R) and {(I)k}kZI - HSO(Kd;Rmxm) satisfy

oo oo

Av=3 0| D llangl

k=1 \j=1

2o 1 ®kll70 | < o0,

then we have that for f € H5%7,

supi<77jkf,73f>

Peb

2 ~
L S A (3.20)

() If {ar e >1 € HX(KEGR) and {®)}r>1 C HOO(KYGR™X™) satisfy that for all
r >0,

oo

oo
lassll g + 1ilTge0 | < oo
> X

k=1 \j=1

then (3.20) holds. Moreover, for Ay == Y32, (Z;il llak,ill oo + H<I>k||§{50), s>
1—v and f € H*?,

sup Z <7D./Zif7 Pf>L2 + <'P./Zkf, ijf>L2 ‘ < EQ ”f”?{? ) (3.21)

Ped

Proof. We only provide a sketch of the proof for (3.21), since (3.20) can be proved in
the same way as we prove Theorem 3.1. For k,7 > 1, we let

Hii = Lri+ Lris Zri = [anL, Lo| + Hii(ar,).

With the customary abuse of notation, we also define

o0 o0 o0
Zy = sz,i; Rik:= Z [ak;Lrjs Zri], Rok = Z [®iL, ar,iLlh],
i=1 =1 i=1
and
Rz pp = Z [P,ak,iLr;i], Ranp:i= Z [P, ariLli;], ar ;L ;].
i=1 ij=1

Then the analysis in Step (1) in the proof for (3.4) yields

(PG 1P+ (PALPAS) =3 oM,
=1
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where

Ny = (Rakpf,Pf)res Noi=(RappfRaxpf)pe, Ns=2(ZPFf,Rarpf)a,
Ny = =3 (Pf,R1Pf)2. Nsi=35(PL.EPS),.

Ne :=2(P(®xl) f, Ra P f) 2, Ne:=2(P(®kD)f, ZkPf) 2,

Ns :=2(Rapp (kD) f,Pf) 2 No:= (PRoyf, Pf)pa

Nig = (PN f,Pf),», Ni1i= (P(®iD)f, P(PrI)f) ;.

Note that > po (250:1 lak |l - + | @k 350 ) < 00. Then the same argument in Steps

(2) and (3) in the proof for Theorem 3.2 leads to (3.21). O

Remark 3.2. By considering each element on the main diagonal, one can extend Theo-
rem 3.2 to cover

A = arpLy + prGr, ap = diag (ai(gl), e ,agn)) ; (3.22)

where Ly, and Gy, are given in Hypothesis (H; ). Furthermore, it is also possible to combine
the above case and Theorem 3.4 to consider

o0 oo
Aj, = diag Za,(clﬁ;ﬁ,aj,--- ,Zagz-) wi | @k, k>1
j=1

Jj=1

This seems to be a special case of (3.22). However, even if we know that the
summation converges, i.e., /Tk equals diag (Lg 1, -+, Lrm) + Pxl and we denote
diag (L1, s Lrm) = OP(pg), we do not know if OP(py) = a,OP(qx) for some ay
(as in (3.22)) and q.

4. Local and global solutions

In this section, we focus on (1.15) and we will use Theorems 3.1, 3.2 and 3.3 with
m = d. As before we simply write

H® = H*(K%R?%), K=RorT.

)

We recall the following estimates for F'(-):

Lemma 4.1 (Yan and Yin [52], Zhao et al. [53]). Let s > d/2 with d > 2 and let F(-) be
the non-local term defined in (1.3). For all s > d/2 + 1 and v,v1,v2 € H®, we have

IE@)[as S lvllwes vl

[F(v1) = F(v2)llms < ([vallars + o2l ms) [[vr — val ar
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Besides, for all s € (d/2,d/2 + 1] and v1,v2 € H*TY, we have
[1F(v1) = F(v2)llrs S (loallzeer + [[ozllmg+1) [lor — val[me.
Let J,, be the Friedrichs mollifier defined in Appendix A (cf. (A.1)).
Lemma 4.2. For all 0 > % + 1, there is a constant A = A(o,d) > 0 such that

(- )+ Flu).u) | < Al lullwre, we BT, (41)

|<Jn[(u -V)u] + JpF(u), Jnu>H0| < A||u||%c, lullwie, uwe H?. (4.2)

Proof. We only prove (4.2) since (4.1) can be proved in the same way. Using Lemmas A.1,

A.2 and A4, integration by parts and H® — WY we obtain that for some A =
A(o,d) >0,

(D7 Jy [(u- V)] , D7 Jpu)
={[D?, (u-V)|u, D7 J2u),, + ([Jn, (u- V)| D7u, D’ Jyu) ,
+ ((u-V)D? Jou, D Jyu)
<A (lull e IVull oo | Jntll e + [ull me [Vl o< | Tnull e+ (| Tnull e [Vl o )

< Allullfre lullwr.=.
Similarly, Lemma 4.1 implies
(D7 JnF (), D% Jpu) 1o < Al Fra l|ullw.o.
Combining the above estimates gives (4.2). O
To obtain a solution, we need the following hypothesis:
Hypothesis (Hy). Let d > 1 and define
Qr=Ar+ B, k>1.

Furthermore, Ay and By satisfy the following conditions:

o Ay = arLy + prGyr satisfies Hypothesis (Hy) with m = d. Either {ax }r>1, {pk}r>1 €
12, or {prti>1 C HO(KLR) and {ay}r>1 € HX(K%R) satisfy > oo, (Hak”Hr +
HPkHipO ) < oo for all r > 0.

o Bp = b Tk + qx Vi satisfies (HS) with m = d and {by }r>1, {qk}r>1 € 2.
e Forallk > 1, either A, =0 or B, = 0.
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Hypothesis (Hs). Let s > 2+1. For allk > 1, hy, : [0,00) x H* 3 (t,u) — hy(t,u) € H®
is continuous. Moreover, there is a function K : [0,00) x [0,00) — (0,00) increasing in
both variables such that for allt >0 and u,v € H®,

Dkt )l < K fuflwse ) (1 + [lullFe),
k=1

oo
Dt w) = bt o) 3 < K ( ullae + ollze)llu = ol|Z-.

Recall o € [0,1] and 8 > 0 given in Hypotheses (H;) and (Hy), respectively. Let

max {al{zlg@:l lagllzs >0} Blisee |bk|2>0}}7 if {a}r>1 C H®(K%R),
Yo =
max {041{2,3;1 lar 250} Blisee \bk|2>0}}7 if {ar}ez1 € 1%

(4.3)
The main results for (1.15) (or (2.8)) are stated as follows:

Theorem 4.1. Let Hypotheses (Hy) and (Hs) be verified. Let s > % + 1 + max{27p,1}
with d > 2. For any H?-valued Fy-measurable random variable ug,

(I) (1.15) admits a unique mazimal solution (u, ") in the sense of Definition 2.2.

Besides, (u,7*) defines a map H® > ug — u(t) € C([0,7%); H®) P-a.s., where 7*
does not depend on s, and

Ltimsup, .« lu(®) | re=00} = L{limsup, , « [u(t)]|yy1,00=00} I -2:5: (4.4)

(II) Let T >0, 0 > 2 + 1 and define

2
— > 2 hk(t,’U),’U o
5(T,v,0) = s §:<hk H<2>H) (4.5)
k:

e+ [|vll7-

Then u exists globally, i.e., P(7* = c0) = 1, provided that

=(T
Jimn sup (T, f,n)

d
< -1, E(—+1,s—max2 ,1)’ 4.6
11l —oo 240 fllwree | £I1 T=\3 {270, 1} (4.6)

where A is given in Lemma 4.2.
The proof for Theorem 4.1 can be carried out in a way similar to Tang and Wang [44].

However, since the pseudo-differential noise in this paper is extended, we also provide
the details here. The proof is divided into three subsections.
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4.1. Approximation scheme and estimates

For convenience, we recall that (1.15) is equivalent to (2.8). Since either A = 0 or
B, =0 for all £ > 1, we can rewrite

ZQkude ZAkude )+ > BrudWi(t)
k=1 k=1 k=1
with a family of independent standard 1-dimensional Brownian motions {Wk(t),

Wk(t>}k>1’ which are also independent of {Wj(¢)}x>1. Then we use (1.11) to rewrite
(2.8) as

du:{—(u~V)u— +%i u—i—Bku}
k=1

> _ —~ 4.7
+ Z {Akude + BrudWy, + hk(t, u) de(t)}, t>0, x¢€ Kd, ( )
k=1

_ d
u’t:O_ ug, = € K%

Let U be a separable Hilbert space with a complete orthonormal basis {ej },>1. Let

Q

(u) == —(u-V)u-+ % Sy [Aiu + B,%u] ,

(t,u)63k 9= Agu, k>1,

T =

(t,u)eg,k 1= Bku k > ]., (48)
H(t,u)esy := hp(t,u), k>1,

(t) == >y (Wk( )esk—2 + /Wk(t)esk_1 + Wk(t)egk) .

=

With the above notations, (4.7) reduces to

du = [G(u) — F(u)] dt + H(t,u) dWV(¢), u‘t:o = ug, t>0.

Let d > 2 and recall 7o in (4.3). Let s > % + 1 + max{2vo,1}. According to Hypothe-
ses (Hy) and (Hs), if u € H®, then G(u) € HE~VAN=2%) and H(t,u) € £ (U; H5~),
while by Lemma 4.1, F(u) € H®. To apply the theory for SDEs in Hilbert space, we need
to mollify G(u) and H(t,u). To this end, we will use the mollifier .J,, defined in (A.1)
and construct the following regularization:
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Q

w(u) = =Jp[(Jpu - VIpu)] + 5 300 J3AZJu+ 35707 J3BE I,

i

t,u)egk 2 = JnAkJnua k> 1,
(4.9)

A

(
(

n(tau)e?)k: 1= JanJnua kZ 17
(

I

t,u)esk = hg(t,u), k> 1.

S

We also need a cut-off function to split the expectation. Hence for any R > 1, we take a
cut-off function xr € C*°([0, 00); [0, 1]) such that

Xr(y) =1 for |y| < R, and xr(y) =0 for y > 2R, (4.10)
and then we consider
du = xg ([u(t) = uollwr.=) [Gn(u) — F(u)] dt
+ xr([u(t) = uollwroe ) Hu(t, w) dAW(E), ul,_ = uo. (4.11)
Keep in mind that v is in (4.3) and we have the following;:

Lemma 4.3. Let d > 2 and s > % + 1 + max{2vo,1}. Let Hypotheses (H4) and (Hs)
be verified. For any R > 1, n > 1 and Fy-measurable H®-valued random wvariable ug,
(4.11) has a unique global solution u, = ugLR)( x) € C([0,00); H?). Besides, there exists

a function V : [0,00) x [0,00) — (0,00) increasing in both variables such that for any
R>1,T>0,

SupE [ sup [un%.
n>1  Llte[0,T]

Fo| SVAT2R+ Juollwo) (1 + fuolf). (412)

Proof. By Lemma A.1, it is easy to see that G, : H®* — H® and H,, : [0,00) X H® —
% (U; H®) are locally Lipschitz. This, together with Lemma 4.1, means that for any
deterministic initial data, (4.11) admits a unique solution, and the solution is continuous
in H® (See for instance Prévot and Rockner [34], Wang [51]). Combining this with the
fact that Fy is independent of the equation, we see that for any Fy-measurable H*-valued
random variable ug, (4.11) also admits a unique solution wu,, = u,(t), which is continuous
in H?.

Now we verify (4.12). To begin with, we can infer from (4.9), Hypothesis (Hs),
Lemma A.1, Theorems 3.2 and 3.3 (with & = {D*}, f = J,u,) that

<Hn(ta un)eka un>?{s

(]2 T0]e

<<JnAkJnUm Unﬁ{ﬁ =+ <J7lBkJnUna Unﬁ{s + <hk (t, un)a Unﬁ{ﬁ)
1

L K2t [funlwre)) (1 + Jungo)-

N
—_
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Besides, it follows from (4.9) that

2(Gn(un) = F(un), un) g + HHn(tvun)”?sfz(U;HS)
= = 2(Jn[(Jntn - V)Jnun}auw[{s -2 <F(un)aun>H5

o0

k=1 k=1

S ATl + S 1 TuBidwtwalZe + S it )|
k=1 k=1 k=1

7
= ZL
i=1
On account of Hypothesis (Hs), Lemmas 4.1, A.1 and A.4, it holds that
1L+ L] S flunllwres lunllFres el < K lunllwie) (1 lunllFre)-
It follows from Theorems 3.2 and 3.3 (with & = {D*J,},,>1 and f = J,u,) that
s + Is| + |1 + Is| S (| TntnllFre < llunllZrs-

By the above estimates and 1td’s formula, we find a function V : [0, 00) x [0, 00) — (0, o0)
such that

dllun ()7 — dMa(t)

= % (|[un(t) - uo||W1,m){ ZI} dt < V(t, 2R + [[uollw.o ) (1 + [[un(t)|3-) i,
=1
where
M, () = 2xR (||n (t) — o llw.o ) (un(t), Ha(t, 1) dW(E)) .
satisfies
A(Mo (1)) < V(,2R + ||uolwr. ) (1 + [[un(®)]| 4. ) dt.
Define

Tni= lim 7 n, Toni=inf{t>0: u,(t)|gs > N}, n, N> 1.
N—o0

For any T' > 0, we use BDG’s inequality to find constants ¢y, co > 0 such that
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EL [sup [ wn ()| 3 ]:0] — Jluoll 3
re

0,tATn,N]

tATn, N

ngK / vng+mmww»0+WmWW%)“)2

0

-

g

tATn, N

+oiE { / V', 2R + |[uo|wr.~) (1 + Hun(t’)H%{S) dt’
0

g

1
<SE[ sw fun(®)l
t/E[O,t/\T”,N]

f0]+02

t

+02/\7(t’,2R+ ||u0|W1,oo)]E[ sup |t (1) |37

r€[0,t/ ATr,N]

Fo] dt’, t€0,T], N>1.

0

By Gronwall’s inequality, there exists a function V : [0, 00) X [0,00) — (0, 00) increasing
in both variables such that for all n, N > 1,

E[ sup  lun(2)]|%- }‘0] < V(T,2R + |Jug|lwr. ) (1 + [Juo %) (4.13)

te[0,TATn, N]

This implies that for all n, N > 1,

V(T 2R + [[uo|lw. ) (1 + [JuollF-)

P (Tn,N < T|.7:0) < N2 ’

so that 7, = limy_,0 7, v satisfies
P(mn <T|Fo) < lim P(r,n < T|Fo) =0.
N—o00

Hence, P (7, > T) = E[P(r, > T|Fp)] = 1 for all T > 0, which means P(7, = oo) = 1.
Letting N — oo in (4.13) yields (4.12). O

4.2. Solve the cut-off problem

In this section, we will take limit in (4.11) to find a solution to the following cut-off
problem:

du = x5 (|lu(t) = uollwr=) [G(u) = F(u)] dt
+ X% (Jlu(t) = uollwr. ) H(t, u) AWV(t), u|t=0 = up, t>0, (4.14)

where xg, F' and (G, H) are given in (4.10), (1.3) and (4.8), respectively.
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Lemma 4.4. Let u, be the approximate solution as in Lemma 4.3. For any n,l > 1,
o € (4 +1,s —max{2y,1}) and T, N >0, let

TJT\L[’Z’T =T Ainf {t > 0: ||un(t)||Hg \% ”ul(t)”HS > N}

Then P-a.s.,
lim sup]E{ sup  |Jun(t) — wi(t) |30 fo} =0, T,N>0. (4.15)
n—oo lzn tG[O T’L W, T]
Proof. Let vy, ; = uy, — u; for n,I > 1. We have that
4 2
dvg(t) =D AP (E)dt+ > BP(E) dW(E), v0,(0) =0, (4.16)
i=1 j
where
AP () o= = [XR(Ilun () — uollwrs) — xR (lu(t) = uollwr~)] F(t, un(t)),
APt (t) = =xR(lu () = uollwree) [F(t, un(t)) = F(t,w(t)],
AP(t) =[xk (lun(t) = vollwr~) = x% ([u(t) = uollwr= )] Gu(t, un(t)),
AP(E) = xR (w(t) = wollwr ) [Gu(t, un (1) — Gi(t, w(1))],
and

By (1) = [xr(llun(t) = uollwee) = X (lu(t) = uollwiee)] Ha(t un (1)),
By (1) := xr(llu(t) = wollw.oo ) [Ha(t, un(t)) = Hult, wi(t))].

By the It formula, we obtain

d [|vn,i(2) ||H50 —22 Up1(t Bnl( )dW(t)>H50

+{ZHB§“(t>\

Claim: There is a function @ : [0,00) X [0,00) — (0,00) increasing in both variables
and a function A : N x N — [0, 00) with 1lim An,. = 0 such that for all n,! > 1 and
n,l— oo

2 4
nl
Lo2(U;H%) Z A Un,l(t)>H50 } dt.

=1
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ZH 50

nl
Lo(U;H%) 2; A » Un, l >H50
2
<Q(t,N) {An,z + om0 | - (4.18)

If (4.17) and (4.18) hold true, then we use BDG’s inequality to (4.16) to find constants
ay,as > 0 depending on N and T such that for all n,l > 1 and t € [0,T7,

Bl sw o)l |7
t'ef0,earmt ]
t/\T;\l,l T
SaﬂE[ / Q(tlyN){)\n,z [ a () 350 }dt/ ]:0}
0
A b T i
2
ok ([ QN ot @ {Mn ol Ja) |
0
1 o
S§E sup N1vn,1 (8 7750 [Fo| + a2An,i
elo,enrtb T
t
+a2/Q(t’7N) [ sup an,l(r)Hiﬂo .7:0} dt’. (4.19)
0 rel0,t/ ATy LT

By Groénwall’s inequality and noting A, ; — 0 as n,l — oo, we prove (4.15). Therefore,
it suffices to prove (4.17) and (4.18).

We only prove (4.18) since (4.17) can be verified similarly. We note that xg(-) is
bounded and Lipschitz, F(-) is locally Lipschitz (cf. Lemma 4.1) and H% < W1,
Then we use Hypothesis (Hy), (4.9) and Lemma A.1 to obtain that for all n,l > 1 and

t €0, T;\l,lT],

3
n,l 2
W sy 22 (AP0 v ®) < QUEN) Jona (D

! 2
|51)

for some increasing function @ : [0,00) x [0,00) — (0,00) increasing in both variables.

Once again, since xg(+) < 1, we only need to prove that for all n,l > 1 and ¢ € [0, Tﬁ,l T],

2<G( n) — Gi(w) Unl>H<So+HH (t, un)—Hi(t, ur) Hz U;H%)

< QU N) P+ llona ®)ls, | - (4:20)

To this end, we find
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6

2<Gn(un) - Gl(ul)vvn,l>H50 + ||Hn(t7un) - Hl(t?ul)H;z(U;H%) :\111 + ZZ \I/i,lm
k=11i=2

where

Uy =P =2, [(Jntn - V) Jnun] — Ji[(Jowg - V) Jywg], wn — w) o 5
Uy = Wy o= (oA Tt — JPARTur, e — i) s,

U3 p = \Ilgli = <J,3LB,%Jnun — BTy, up, — ul>H50 ,
Uyp = \I’Z;i = || Hyp (¢, un)esk—2 — Hi(t,wi)esi—2 s,
Vs = ‘I/?,i = || Hn (t, un)esk—1 — Hy(t,w)ese—13s0 »

W = Wgy =t un) — hi(t,w)| s, -
For W, one can show that
03] S (Ulnllize + lealle)* +1) (onalso + (@ AR)T2TI7079) e (0,5 — 1= do).

The proof for this estimate is similar to [46, Lemma 3.1] (see also Miao et al. [30]), and
here we omit the details to save space. Now we estimate the other terms. To control
220:1 {‘I’g}k + \IIS,k}, we find

3 3
‘P3,k:§ Usri, Usp= E <\I/5,k,ia\Ij5,k,j>H50a

Jj=1 i,5=1
where

\IIS,k,l = <(J737, - Jl3>B]%Jnun7Un,l> \115,]6,1 = (Jn - Jl)Bk:Jnunu

Hdo>

W3 2 i= (JPBRE(Jn — J1)Un, Uny) Vs 2 i= JiBr(Jn — Ji)Un,

Hdo>

/73122 ._
W33 1= (J] Ble'Un,la'Un,l>H50a Vs k3 = JiBrJivn,.

By Hypothesis (H4) and Lemma A.1, we have for any € € (0,s — 2y9 — dp),

S skl + > Panal+ 0 Y [(Tski s na) oo
k=1 P

k=14€{1,2}

SUAR)~ET20707 ||y,

UﬂJHH%a

oo
S sk s s | S A R) 272070079 |y 17
k=14,5€{1,2}

Then we apply Theorem 3.3 (with s = &y, & = {D%.J;} and f = Jivn1) to find
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oo
2
E {Us 3+ (Vs k3, Ws,3) oo b S vmill3reo-
k=1

Hence we find an increasing function @ : [0,00) x [0,00) — (0,00) increasing in both

variables such that for all n, [ > 1 and ¢ € [0, TK}’Z’T],

S (W + Ui} S QUL NY{ (L AR)~E72070079 4y, 12,
k=1

Similarly, the same estimate holds for > ;- ; {Us2 5 + U4, }. Obviously, the desired upper
bound of ¥g ;, follows from Hypothesis (Hs). In conclusion, (4.20) holds true. O

Lemma 4.5. Let u,, be the approximate solution as in Lemma 4.3 and V be given
in Lemma 4.5. There exists an JFi-progressive measurable H®-valued process u(t) =
(uB(t))¢>0 such that, up to a subsequence, P-a.s.,

Uy =22 u in C([0, 00); H), (4.21)
and u satisfies

E[ sup fu()l.
te[0,T]

Fo| SVT2R+ Juollwo)(1+ fuolF). (4.22)

Proof. For any T > 0, N > 1 and € > 0, by using (4.12) in Lemma 4.3 and Chebyshev’s
inequality, we have

P(ri" < T|F)

§]P’( sup ||un (¢)||gs > N‘}'O) +P< sup ||u(t)||gs > N‘f(J)
te[0,T] te[0,T

_ V(T 2R + uollw =) (1 + uoll3y.)
_— N2 .

Since TX,’Z’T <T P-as., forany T >0, N >1and n, ! > 1, we have

)

<P (T;\’,’I’T < T|f0> + IP’( sup  un(t) — wi(t)]| gso > €

teo,rpt T

IP’< sup | (t) — w(t)]| goo > €
te[0,T]

f0>
2V (T, 2R ~)(1 T
S ( ’ + ||u0||VV21 )( + ||u0||H ) +]P) sup ||Un(t) —Ul(t)”Héo > €
N ot

0,757 ]

7).

On account of Lemma 4.4, we first let n,l — oo and then N — oo to find
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lim P( sup. [lun(t) — wa(t) g0 > €

n,l—00 te[0,7]

.7:0> =0, T >0.
According to the reverse Fatou lemma, we obtain

lim sup]P’( sup |Jun(t) — w(6)|| oo > e)

n,l—o0 t€[0,T]

)

]:0>1| =0, T >0.

= limsupE []P’( sup |un(t) — w(¢)|| oo > €

n,l—o0 t€(0,T]

<E [limsup]P’( sup |Jun(t) — w(t)|| groo > €

n,l—o0 t€(0,T

Therefore, up to a subsequence, (4.21) holds for certain progressively measurable process
u. Furthermore, (4.22) follows from Fatou’s lemma, (4.21) and (4.12). O

Lemma 4.6. Let d > 2 and s > g + 1 4+ max{2v,1}. Let Hypotheses (Hy) and (Hjy)
hold. For any R > 1, n > 1 and Fo-measurable H?®-valued random variable, (4.14) has a
unique global solution w = u™® such that for any T > 0,

P(ue C([0,T); H*)) = 1. (4.23)

Proof. For any R > 1, by Lemma 4.5, as in Tang and Wang [44], we can take limit to
see that the limit process u obtained in Lemma 4.5 is a solution to (4.14). Uniqueness
of solution can be obtained in the same way as we estimate (4.19).

Now we prove (4.23). By (4.21), we know that u € C([0,T]; H%), which, together
with the fact that H® < H% is dense, means that u is weakly continuous in H®. In
order to prove (4.23), we only need to prove that [0,7] 3 t — |u(t)| g+ is continuous
almost surely. Let

5 =N Af{t >0: [|lu(t)|g: > N}, N>1

Note that (4.22) implies limy_, o 7v = 00 P-a.s. It suffices to prove
|u(-)|g= € C([0,75 AT|;R), N >1. (4.24)
However, the two terms (H (t,u)ex,u) . and ([G(u) — F(u)], u) . + HH(t,u)Hf%(U;HS)
are not well-defined since we only know v € H® (by (4.22)). Hence one cannot apply

t0’s formula to ||ul|%.. Then we apply Lemma 4.2, (4.8), Hypothesis (Hs), Lemma A.1,
Theorems 3.1, 3.2 and 3.3 (with ¢ = {D*J,,},>1, f = u) to find

Z JnH(t,u)ek, Jn u>
k=1
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= Z <(Jn¢4;€u, Jnuﬁp + (JnBru, Jnuﬁqs + (Jphi(t,uw), Jnu)§{5>
—1

k
S (4 K2 fJullwr<)) (1 + [full3-),

and

(200 [G () = F)], Tt + 1T H ()2 0,000

(e ] (e ]
<2A|[ull3pe lfullwroe + | (TR, Jyud o+ > | TnArul3r.
k=1 k=1
o0 o0 o0
+ > (T B, Jouy 4> B3 |+ it w3
k=1 k=1 k=1

S (M fullwree + K2, lullwre)) (14 [Julfe)-

Therefore, by applying Itd’s formula to || J,ul|%., for any n, N > 1, we find a martingale
Mt(") such that for some constant Qn > 0,

—Qn dt < d||Jyu(®)|4. + AM™(t) < Qndt, te[0,7n], n>1,
and
AM™Y(t) < Qndt, te0,7n], n>1.

Therefore, there is a constant Cy > 0 such that for all ¢,¢' >0, [t — /| < 1,

E ([t A a) e = 1wl Ara)le|'] < Onlt=¢12, =1,

By Lemma A.1 and Fatou’s lemma with n — oo, we derive

4
E [[llu(t A m)llFre = lult Arn)ll| '] < Cwlt =12

From this and Kolmogorov’s continuity theorem, we obtain (4.24). O
4.8. Finish the proof for Theorem /.1

Now we are in the position to prove Theorem 4.1.

Proof for Theorem 4.1. We will verify (I) and (II) as follows:
(I). Let u = u™ be the solution to (4.14) as in Lemma 4.6. Now we remove the
cut-off. To this end, we let

() .= inf {t >0: Hu(R)(t) — up|lwre > R}.
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By the continuity of u(*¥)(¢) in H% and H% — W' we have P(7(Y) > 0) = 1 for any
R > 0. Since x%([[u®(t) — up|lwr.=) = 1 for t < 7, (u®, 7)) is a local solution to
(2.8) (or equivalently, (4.7)). The uniqueness of u(*) (to the cut-off problem (4.14), cf.
Lemma 4.6) implies

W) =B, t<7B R>1 P-as.

Define

7= lim 7, 7O =0, w(t):= Z U(R)(t)l[T(R—l)’T(R))(t), te[0,7").

R—o00

Then one can conclude that (u,7*) is a local solution to (2.8). Again, by the uniqueness
of u® and (4.23), P(u € C([0,7%); H*)) = 1. Moreover, the construction of 7* and
(4.22) immediately tell us

lim sup |Ju(t)||wr.ec = limsup ||u(t)||gs = 00 on {7* < 0} P-a.s.,
t—7* t—7*

which gives (4.4).
(IT). Recall that n € (% +1, s — max{2yo, 1}) and define

7= lim 7y, 7nv:=NAinf{t>0: |lu(t)|gm >N}, N=>1
N—o0

From (4.4) and H"7 < W1 we have 7* = 7* P-a.s. Then it suffices to prove P(7* <
o0) = 0.

Recall (4.8). Then we apply It6’s formula to log(e + [|u(t)]|%.,) with noting (4.1) in
Lemma 4.2, Theorems 3.2 and 3.3 to derive

dlog(e + u(t)l|)

m{m )+ F (), ut)) g, + IH(E wl8) 2 a0
"ot ”u OB Z<H (t, ult))ex, ult))yy, dt + dM,

1 2 = 2
< m{mnu(wm||u<t>||W1,m OOl + Y ||hk<t,u<t>>|m}dt

k=1

- 2)2 i <hk(t7u(t))7u(t)>i{n dt + th te [07’?*)3
k=1

(e + [lu(®)I7,

where M; is a martingale up to 7 with N > 1. According to (4.6) and (4.5), one can
find a bounded function @ : [0; 00) — (0, 00) such that
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1 )
e 240l fullwse + Cllu(lF0 + D 1At ()30
{2l e + Cluol S nute o)l

_(e+||u 1% thtu ()>i,,7}<@<) te0,7%).

=1

Consequently, we infer from the above estimate that
dlog(e + [lu(t)||3) <Q(t)dt + dM;, te€[0,7%),

which means that for some function V' : [0,00) x [0,00) — (0,00) increasing in both
variables,

E [log(e + [Ju(t A 7~'N)H%(n)’]:0} < V(¢ |luwollms), t>0, N>1.
Consequently, by the continuity of u in H* (hence also in H"), we derive that
P(7* < t|Fo) <P(7n < t|Fo)

_ E[ogte+ e A7) )17 vt ol
- log(e + N?2) ~ log(e+ N2)’

N>1,t>0.

Letting N — oo and then t — oo, we see that P(7* < oo|Fp) = 0 and hence P(7* <
o0)=0. O

Remark 4.1. Since we have obtained cancellation properties for another generalized form
of SALT operators, as described in Theorem 3.4, using the same procedure as we used
to prove Theorem 4.1, we can also obtain results parallel to (I) and (IT) in Theorem 4.1
for the following case:

Ok = Ax + B, + .Zk. .Zk = Zakdﬁkvj + ¢,.1.
j=1

One can require that:

o Aj and By, satisfy Hypothesis (Ha), and Ly, ; satisfies Hypothesis (Hg) with m = d.

. {ak7j}k7j21 C HOO(Kd; R), and {(bk}k21 C Hoo (Kd; Rmxm) with 50 > (%+1)\/(8+2’y)
satisfy that > p- (Z;’;l k|l g + ||(I3k||§{50) < oo for all r > 0.

e For all £ > 1, only one of the operators Ay, B, or jk. is non-zero.

4.4. Further discussion on pseudo-differential noise

To conclude Section 4, we discuss the role of the pseudo-differential noise structure
in global existence in SPDEs in the following remark. To simplify our analysis, we will
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focus on the noise structure Qu o dW (t) with only one pseudo-differential operator Q

and one standard Brownian motion W ().

(1)

From (II) in Theorem 4.1, we can infer that the “largeness” of the noise
> pey hi AWy (¢) can lead to global existence by canceling out the growth of the
other terms in (1.4). This means that sufficiently large multiplicative noise, in the
sense of It6, can prevent blow-up. We note that blow-up may actually occur as wave-
breaking when the multiplicative noise is linear (cf. Rohde and Tang [36]). Additional
results in this direction can be found in BrzeZniak et al. [8], Ren et al. [35], Rohde
and Tang [36], Tang and Wang [44]. For the case of transport noise, regularization
effects have also been identified. For example, it has been demonstrated that trans-
port noise can delay blow-up in certain SPDEs (cf. Flandoli et al. [14], Flandoli and
Luo [16]).

However, understanding the effects of general pseudo-differential noise Qu o dW (¢)
in nonlinear SPDEs can be challenging. To provide a comparison, we consider the
following 2-dimensional stochastic incompressible Euler equations in vorticity form:

dw+(u-V)wdt+Quwo dW (t) =0, u= Bw, w|t:0 =w(0) € H?, s> 1. (4.25)

Here, Z is the Biot-Savart operator, u represents the velocity of an incompressible
fluid, and w is the corresponding vorticity. We note the following situations in (4.25):

(a) The global existence of solutions to (4.25) without noise, i.e., @ = 0, is well-
known, cf. Bahouri et al. [6], Taylor [50]. The transport nature of the system
plays a crucial role in the proof, which yields ||w| « = ||wo| ~, as shown in
[50, Proposition 2.5, Page 547].

(b) Consider the case of transport noise when Q = (n-V) for a well-behaved function
n. Global existence of solutions has been obtained in Lang and Crisan [27], where
the spatial locality of Q is essential to derive ||w| ;o = ||wo|| ~ (almost surely),
cf. [27, Equations (21) and (22)].

(¢) Motivated by the above cases, we consider @ € OPS! involving non-locality
in z, for example, @ = (n- V)(—A)"(I — A)~7 with v > 0, and propose the
following question:

Question: Does the solution to (4.25) with @ € OPS! exist globally?

Unfortunately, a proof or counterexample has not yet been found. However, this
question is very interesting when considering the following:

e The deterministic case has a global solution and the additional noise
term is only a linear term that can be controlled, as guaranteed by The-
orems 3.1 and 3.2. It is highly reasonable to expect that (4.25) will still
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have a global solution. This is because a linear term should not accelerate
the growth of the H*-norm of the solution.

e However, the introduction of noise results in additional non-local inter-
actions. It remains unclear whether |w| ;. = |wo| ~, as the usual
transport structure is disrupted when compared to the transport noise
case (see also the previous example (1.12)).

We believe that this question can serve as a starting point for a deeper under-
standing of the mechanisms behind more complex non-local random perturba-
tions.

5. Noise effect on the dependence on initial data

In this section, we consider the problem (1.16) on T?. For simplicity, we fix a separable
Hilbert space U with the complete orthonormal basis {eg}r>1. Then we reformulate
(1.16) on T¢ as

du+[(u- V)u+ F(u)] dt = B(t,u)dW(t), t>0, u|,_, = uo,

W(t) =Y Wi(t)ex, (5.1)
k=1
B(t,u)eg = hi(t,u).
We assume that hy(t, ) is controlled by F' in the following sense:
Hypothesis (Hg). For all k, hy : [0,00) X H® 3 (t,u) — hy(t,u) € H® is continuous for

d
s> 5, and

Dot )l < IF@lz D Ihlt,u) = hi(t,0) |3 < I1F(w) = F(0) 3,
k=1 k=1

where F is defined in (1.3).

Obviously, in terms of B(t,u) such that B(t,u)er = hi(t,u), Hypothesis (Hg) is
equivalent to the following hypothesis:

Hypothesis (Hg). Let s > 4. We suppose that B : (t,u) — B(t,u) € Z(U;H*®) is

continuous and

1B, w)llzwimsy < [1F@)las, (1B w) = Blt,v)llzwime < [1F(w) = F(v)||a.

For (5.1), we have
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Proposition 5.1. Let s > % + 1. Let Hypothesis (Hg) (or equivalently Hypothesis (Hg))
hold. If ug is an H®-valued Fo-measurable random variable with E|ug|%. < oo, then
there is a unique mazimal solution (u,7*) to (5.1) in the sense of Definition 2.2, and
(u, 7*) satisfies (4.4).

Proof. By Lemma 4.1, Hypothesis (Hg) implies Hypothesis (Hs). So existence, unique-
ness and the blow-up criterion (4.4) in H® with s > g + 2 follow from Theorem 4.1. To
extend the result from s > % + 2 to s> % + 1, we can use the same method as in Miao
et al. [30], Tang [40], which involves mollifying initial data and then passing to the limit.
We omit the details here to avoid redundancy. O

For the noise effect on the solution map ug — (u, 7), we consider (1.16) and the results
can be stated as follows:

Theorem 5.1. Let s > d/2 + 1 with d > 2. Let Hypothesis (Hp) be satisfied. Then there
is at least one of the following properties holding true for the problem (5.1):

(1) For any R > 1, the R-exiting time is not strongly stable at the zero solution in the
sense of Definition 2.5.

(2) For any T > 0, the solution map ug — wu defined by (5.1) is not uniformly continu-
ous, as a map from LP(Q, H*) (p € [1,0]) into L' (; C ([0, T); H®)). More precisely,
there exist two sequences of solutions uy ,(t) and us ,(t), and two sequences of stop-
ping times T, and T2, such that

(a) P{rin, >0} =1 for each n > 1 and i = 1,2. Besides,
lim 7, = lim 7, =00 P-as.

(b) Fori=1,2, u;, € C([0,7;,]; H?) P-a.s., and

<1, pell, o0

t ’
swp oo O, )

swp [Jurn@llae|, o+ s
€|0,72,n

H t€[0,71,n]

(C) At t = 07 nh*{go Hul,n(o) - u2,n(0)”L7’(Q;HS) = 07 pe [17 OO]
(d) For any T >0, we have

liminf E sup lu1,n(t) — w2 n(t)||m= 2 sup |sint|.
N0 1[0, TATL nAT2 n] t€[0,T]

Remark 5.1. We give the following remarks concerning Theorem 5.1.

(1) To prove Theorem 5.1, we suppose that for some Rg > 1, the Rp-exiting time of
the zero solution is strongly stable. We then construct an example to show that the
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solution map ug — u defined by (1.16) is not uniformly continuous. This example
involves the construction of two sequences of solutions, which converge at time zero
but stay far apart at any later time for each s > d/2+1. Specifically, we first construct
two sequences of approximate solutions u'" (I € —1, 1) such that the actual solutions
ur, (I € —1,1) starting from wu; ,,(0) = ub"(0) satisfy

lim E sup |ui, —u""||%. =0, (5.2)

n—oo [O;Tl,n]

where v ,, exists at least on [0, 7;,,]. However, due to the lack of a lifespan estimate
in the stochastic setting (see explanation in Section 1.3), we first relate the property
inf,, 71, > 0 to the stability property of the exiting time of the zero solution. If
(5.2) holds, then we can estimate the approximate solutions instead of the actual
solutions and obtain (d) by showing that the error in H*~° behaves like n®=7,
whereas the error in H? is O(1/n"=), where d/2 < 0 < s — 1 and —r;+ s — o < 0.
These two estimates and interpolation imply (5.2). We prove Theorem 5.1 for d > 2.
However, the proof also works for d = 1, that is, the stochastic CH equation case
(see Remark 5.2).

Theorem 5.1 implies that we cannot expect (small) multiplicative noise (in the It6’s
sense) to simultaneously improve the stability of the exiting time of the zero solu-
tion and the continuity of the dependence on initial data. We refer to Alonso-Orén
et al. [4], Miao et al. [30], Tang and Yang [46] for similar results in this direction.
The question of whether (and how) noise in the Stratonovich sense can improve the
dependence on initial data is a topic for future work.

The non-uniform dependence of solutions on initial data for various deterministic
fluid PDEs has been studied extensively in the literature. For example, this phe-
nomenon has been examined for the incompressible Euler equations in the Sobolev
spaces H® in Himonas and Misiolek [20] and for the CH equation in Himonas
et al. [19]. The first results of this kind for Besov spaces were obtained in Tang
and Liu [41], Tang et al. [47]. In particular, non-uniform dependence of solutions
on initial data in the critical Besov space first appears in Tang and Liu [42], Tang
et al. [43].

Now we proceed to prove Theorem 5.1. We assume that for some Ry > 1, the Rg-

exiting time is strongly stable at the zero solution. Then we will show that the solution

map ug — u defined by (1.16) is not uniformly continuous. We will firstly assume that

the dimension d > 2 is even.

5.1. Approxzimate solution and error

Let [ € {—1,1}. Define

ub™ = (In"r +n "% cos @y, In"t +n " cos by, ---, InTt +n"% cosby), (5.3)
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where 0; = nzgy1_; — It with 1 <i < d and n > 1. Substituting u"™ into (1.16), we see
that the (vector) error E'"(t) can be defined as

E'"(t)

=ub"(t) — )+ [ [ V)bt Fub™)] dt = [ Bt W) dW(t). (5.4)
-l !

Now we analyze the error.

Lemma 5.1. Letd>2beevenands>1+ > 2. FOTUE( mln{s ,%—l—l}),we
have that for any T >0 and n > 1,

E sup |E""(t)||%. < Cn™2", C=C(T), (5.5)
te(0,T

where

2s—0—1 ifl1+4<s<3,
re =
s—o+2 if s > 3.

Proof. Direct computation shows that

(ub™ - V)uh" = (=In"*sin; — n~***'sin; cos Odr1-i) cicy

which means that

t

¢
ubm™(t) — Jr/ Lr yubm dt = / (7n_28+1 sin 0; cos 9d+1—i)1<i<d dt’.
A 0

Then we have the following equation

El’n(t)
t ¢
= / [ - (n_QS'H sin 6; cos 9d+1*i)1<i<d + F(ul")] dt’ — /B(t,ul’") dW(t'). (5.6)
0 0

We note that by Lemma A.5,

S e < (5.7)

—92s4+1 -
H (—n s+l gin 6, 0080d+1*i)1<i<dHHa S

For F(-) = (I—A)~'divFi(u) + (I— A)~!Fy(u) given by (1.3), some calculations reveal
that Fy(ul") is a diagonal matrix such that
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Fl(ul’”) = p 252 « diag(x1, -+ , Kd),

where for 1 <i <d,
. . . ) 1 .2 s 2
ki i= sin6;(sin6; + sinOg41—;) — sin“ g1 + 3 (sm 61 + - - +sin Qd)-
Therefore, we have

divEy (ub™) = n_25+3(sin 0;cos0gr1—; —sinBgyq1_; cos 6d+1_i)1<i<d'

Similarly, since divu’™ = 0, we have

Lny __ —S o ) —2s5+1 _; . .
Fy(u"™) = (fln sinfgy1-; —n sin @441, cos 0d+1—1)1§i§d'

Therefore

F(“l’n> = ((I - A>_1Fi)1<i<d’

where

n72s+1 + n72s+3
2

Fi = (n28+3 sin 91' COs 0d+1—i — sin 20d+1—i —In~%sin ad—i—l—i) .

Since (I — A)~! is bounded from H? to H°*2, we can use Lemma A.5 to derive that

d
||F(Ul’n) HH" § C Z (||77172S+3 sin 91 COS 9d+1—i ||H”—2 + HTL728+3 sin 20d+1_iHH"—2)
i=1
d
+ CZ (||n_25"r1 sin 29d+1,¢||H0_2 + ||n"% sin 0d+1,i|\Ho_z)
i=1

< n72s+3+072 + n72s+1+072 _|_ nfs+072 < nfrs. (58)
Applying the It6 formula to (5.6), we find that for any T > 0 and ¢ € [0, T],

E sup [[E"(t)]%.

t€[0,T]
t 4 T
<E sup —2/<B(t',ul’")dW(t’),El*”(t’)>HU —|—Z/E|Pi|dt, (5.9)
t€[0,T i=2
0 0

where
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Py=-2 <D" (71_2‘(“rl sin 6; cos 9d+1,i) DUEZ’"> ,

L2
_ o In owl,n _ l,ny 2
P3—2<D F(u ),D E >L2’ P4_ ||B(t?u )Hfz(U;H")'

1<i<d’
Using Hypothesis (Hg) and the BDG inequality, we find that

i
E sup / —2B(',u"™) AW(t),E"") .,
t€[0,T o

D=

<2 | sup B0 [ 15 d
t€[0,T]

< IE sup ||EY"(8))| %0 + CTn =2,
te[0,T]

We use (5.7), (5.8) and Hypothesis (Hg) to find that,

T
/IEJ (1P| + |Ps| + | Ps]) dt < CTn~2" + C’/EHEZ’"(t)H%p dr.
0
Collecting the above estimates into (5.9), we arrive at

E sup |[[EN"(1)||%. < CTn~ 2 +C/IE sup ||EY ()% dt.
te[0,T t’€[0,t]

Then it follows from the Gronwall inequality that

E sup [[E""(t)|[3. < Cn~?", C=C(T),
t€(0,T

which is the desired result. O
5.2. Actual solution and associated estimates
Now we consider the problem (1.16) with deterministic initial data u!"(0,z), i

du+ [(u-V)u+ F(u)] dt = B(t,u) dW(t), zeT t>0,
(5.10)

u’t 0= ubm(0,2) = (ln_l +n—* cosnxd_H_i) x e Td

1<i<d’

Then Proposition 5.1 means that for each n, (5.10) has a unique maximal solution

(ul:’f“ Tl’jn)'
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Lemma 5.2. Let d > 2 be even, s > 1+ %, o E (%,min{s— 1,%—1—1}) and ry > 0 be

given in Lemma 5.1. For R > 1, we define
7—ll,{n :=inf {t 2 0: ||ulvn||HS > R}7 le {_la 1}
Then for any T > 0 and n > 1, we have that for 1l € {—1,1},

E  sup Ju" —w,|f. <Cn7?e, C=C(R,T),
te0, AT, ]

and

I?{%*U S Cn28_207 C= C(R7 T)

E  sup |Jub"™ —up,
te[0,TATE ]

Proof. We first note that by Lemma A.5, for [ € {1,—1},

Hulm(t)”HS 5 1, >0, n>1,

(5.11)

(5.12)

(5.13)

(5.14)

which means P{7/%, > 0} =1 for any n > 1 and I € {~1,1}. Let v = b = bt — oy,

In view of (5.4), (5.6) and (5.10), we see that v satisfies

t

u(t) + / [(ul" Vv + (v Vu, + (fF(uln))] dt’

0
¢ ¢
= / [— B(t',w,n)] dWw(t) — / {(71_25'*'1 sin 6; cos 0d+1*i)1<z‘<d] dt’.
0 0

For any T > 0, we use the Ito formula on [0, TA7/% ], take a supremum over ¢ € [0, TA7/%,]

and use the BDG inequality to find

E  sup ol
te[0,TATS,

tG[O,T/\Tl{?'n

A 6
<2E  sup /<7B(t’,ul7n)dW(t'),v>Hﬂ +ZE / |S;| dt,
] -
0 0

where

o —2s+1 _:
So =2 <D" (—n ST sin 0; cos 9d+1_i)1§i§d’Dav>L2 ,

S 1= =2(D7[(v- V)un], D7) 5, Sy :=—2(D7[(u"™ - V)v], D7)

Ss 1= 2(D7F(u1,n), D7) o, So := | Bt urn) %, . s1o)-
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We can first infer from Lemma 4.1 that

n n 2
1E () 3o < (1F ") = Fua)llme + [F(u"") ] m)

Sl e + lurallz) [0 Fe + 1 (™)

From the above estimate, Hypothesis (Hg), the BDG inequality, (5.8), (5.11) and (5.14),
we have

t
E sup < —2B(t',u ) dW(t’),v>Hﬁ

te[0,TATS, ] 0

=

TA 'rll?n

<ce| sw bl / ([l

te [O,T/\Tf?'" 5

e+ [l ) |v]| 7o dt

TA ‘rll,en

+CE| swp ol [ IF@ e e
te[0,TATE, ] 0

T
1
< §IE sup  |lvl|3. + CR]E/ sup  [[o(#)]|%e dt + CTn=2".

te[0, AT, ] A t'€[0,tATf ]
Applying Lemma 4.1, H? < L, integration by parts and (5.7), we have

— . 2 -
|Sa] S [|[(n™2* sin6; cos bar1—i)1<i<dl| o + 0l Fe S 072 + |lolle,
193] SN - V)urwllme vl S Il lugnlla:,

1551 < (1" llzzs + lwrgnll ) [0l e + 1F (") + loliFe

and

1861 < ('™ lzzs + llwallzre)* [0l 7o + 1F (™) 1

With Lemma A.4 at hand, we consider the following two cases:

[Sal S| .. 20, 1V0llzallvllme + 1Vu"" L o]l Fo

v||%., for even d > 4,

Sl

and

| ||v||%- for d =2,

1S4l Sl lweal[Vollolloll e + [[Vu""
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where in the case d = 2, p will be chosen such that o — % =0c—-1>1- % > 0 and ¢

is determined by % = % + %. We use H® — H°t! — WU’%7 H? — Wb for the case
d >4 and use H® — Wota? < Wt and H < WP for the case d = 2 to obtain

l
1Sl < llu" = ollo -

Therefore, we can infer from Lemma 4.1, (5.8), (5.11) and (5.14) that

T/\Tfn T
E / (|S2| 4 |Ss| + |Ss]) dt <CTn=2" + CR/IE sup  |lo(t)||%. dt,
t'e0,tnTf ]
0 E)
and
T/\Tll,?'n T
E [ ssl+lsar<Cn [E s olt)
0 0 e[0T ]

Over all, we arrive at
T

E  sup ||Jo(t)|%. < CTn™2" + CR/IE sup  |lo(t)||%. dt.

te[0,TATH ] t'€[0,tAT] ]
Via the Gronwall inequality, we have

E sup ||o(t)|}. <Cn ", C=C(R,T),
te[0,TATSE ]

which is (5.12). For (5.13), we first note that w;,, is the unique solution to (5.10) and
2s—0 > d/2+1. For each fixed n > 1, similar to the analysis in the proof for Lemma 4.3,
we find constant C' = C(R,T) > 0 such that

T
B o e <21 O+ C [ (B s uld) e ) ar.
te[0,TATS ] 9 t€[0,tAT, ]

From the above estimate, we can use the Gréonwall inequality and Lemma A.5 to infer

E sup ||ul’n(t)||§ps,a < CEHul’"(O)Hips,a <Cn*72%, C= C(R,T).

te[0,TATE ]

Then it follows from Lemma A.5 that for some C'= C(R,T) and [ € {—1, 1},
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E 72s-0 <CE 2
sup vl fgze-0 < sup Jugnllze-o
te[0,TATH, ] te[0, AT, ]

+ CE sup ”ul,n”%{zsﬂv < C«an—ZJ7
te[0,TAT ]

which is (5.13). O
5.8. Proof for Theorem 5.1

Lemma 5.3. Let d > 2 be even and B(t,u) satisfy Hypothesis (Hg). If for some Ro > 1,
the Ry-exiting time is strongly stable at the zero solution to (1.16), then for 1 € {1,—1},
we have

lim Tle =00 P-as., (5.15)
n—oo ’

where 7%

1 18 given in (5.11).

Proof. Since F'(0) = 0, it is clear that zero is the unique solution to (1.16) with zero
initial data under Hypothesis (Hg). Due to (5.10), it follows that

. . l, _
Al (0) = Ol = lign 10" (O)lgr =0 ¥ <5

Note that the Rp-exiting time at the zero solution is co. As a result, we see that if
the Rp-exiting time is strongly stable at the zero solution to (1.16), then (5.15) holds
true. O

With the above result at our disposal, now we can prove Theorem 5.1.

Proof for Theorem 5.1. Let us first consider the case d > 2 is even. We will show that,
if the Rgp-exiting time is strongly stable at the zero solution for some Ry > 1, then
(U,L»,“Ti%i)’n) and (ul’n,sz) satisfy (a)—(d) in Theorem 5.1.

Verify (a). For each n > 1, for [ € {1,—1} and for the fixed Ry > 1, Lemma A.5 and
(5.11) give us P{7/® > 0} = 1 and Lemma 5.3 implies the desired estimate in (a).

Verify (b). Theorem 4.1 and (5.11) show that u;,, € C([O,Tlﬁf]; H?) P-a.s. and

sup |upn|lgs < Ry P-as.,
tG[O,TlI?S]

which gives (b).

Verify (c). Since u=1"(0) and u>"(0) are deterministic and

[u-1.0(0) = w1, (0) |7+ = lu™""(0) — u""(0)| = S n7",
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we obtain (c).

Verify (d). For any T' > 0, using the interpolation inequality and Lemma 5.2, we see
that for [ € {~1,1} and v = v"" = ub™ — uy ,,

Nl

1
2 3

E sup |ollgs|] <|E  sup |ol|%e E  sup |lvl|32e-0
te[0,TAT]0) te[0,TAT0) tel0, A7)

< prat(s—o)
It follows from

1-s ifl1+4<s<3,
0>-rs+s—o=

-2 if s >3,
that for I € {—1,1},

lim B sup [ub" — U )|l as = 0. (5.16)

n—oo
te[0,7A70)

For any given T' > 0, on account of (5.16), Lemmas A.5 and 5.3, we have

liminf E sup lu—1n(t) — win(t)| as
nree te[0,TATE9 AT
2 liminf E sup lu= " (t) — ub™(t)| me
oo te[0,TATE9 AT
> linrgigfIE sup |[n=* cos (n@ag1—i +t) —n~°cos (n@ap1—; — 1) HHS
tE[O,T/\ngn/\leg
> liminf E sup (n™%|| sin n@ap1—i| g=|sint| — |20 || =) -
n—oo R, R
te[0,TATY  ATS
Using Fatou’s lemma, we arrive at
lminfE  sup  u_in(t) — i@l 2 sup |sint,
" efo,rarRo  Arfo t€[0,T]

which implies (d).
Now we consider the case that d > 3 is odd. Instead of (5.3), we define

ub™ = (In"' +n"%cosby, In"t +n"cosby, -, In"  +n"%cosby_1, 0),

where 0; = nzg_; —lt with 1 <i<d—-1,n>1,1€{-1,1}. In this case, d — 1 is even
and we can repeat the proof for Lemma 5.1 to find that the error E'"(¢) also enjoys
(5.5). Moreover, for the pathwise solutions v, to (5.10) with
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U (0) = ub™(0) = (In~' +n"* cosnaq_;, 0)1<i<d_1 ,

we can basically repeat the previous procedure to show that Lemmas 5.2 and 5.3 also
hold true. Therefore, one can establish (a)—(d) for u; , similarly.

In conclusion, we see that if for some Ry > 1, the Ry-exiting time is strongly stable
at the zero solution, then the solution map defined by (1.16) is not uniformly continuous
when B(t,-) satisfies Hypothesis (Hg). O

Remark 5.2. From the above proof for Theorem 5.1, it is clear that if d = 1, one can use

ub™ = In~ + n=% cos(nx — It)

as a sequence of approximation solutions and repeat the other part of the proof corre-
spondingly to obtain the similar statements in d = 1. Therefore, Theorem 5.1 also holds
true for d = 1, namely the stochastic CH equation case.
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Appendix A. Auxiliary results

In this appendix, we recall and establish some auxiliary results from analysis employed
in the proofs above. We begin with introducing mollifiers. For n > 1, we define the
Friedrichs mollifier

Jn :==O0P(j(-/n)), n=>1, (A1)

where j € .7(R%R) (the Schwarz space of rapidly decreasing C* functions on R9)
satisfies 0 < j(y) < 1 for all y € R? and j(y) = 1 for any |y| < 1.
From the construction of J,, it is easy to find the following lemma:

Lemma A.1. The following properties for J, hold true:
1

nS—T‘

||I—Jn||Z(H3;HT») S; , r<s,

| Jnll 2 (rrssmmy ~O(M" %), r>s,
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and for allm>1, s >0,

[Dsa‘]n] = Oa <Jnfa g>L2 = <f7 Jng>L2 ) ||Jn||;'zf7(L°°;L°°) (S 1a H']n”f(H*,H*) < 1.

Lemma A.2 (Page 3 in Taylor [50]). Let d > 1 and f,g: K% — R? such that g € W™
and f € L?. Then for some C = C(d) > 0,

I Tns (9 - V)If N2 < Cllgllwr< 1 fllz2, 7> 1.

Then we recall some estimates in Sobolev spaces H®.
Lemma A.3 (Bahouri et al. [6]). Let s1,82 € R with s1 + s3> 0 and s; < % < 89,

1fgllerr S 11 me

\gllzs2, f € H®, g€ H®.

Lemma A.4 (Kenig et al. [25]). If f,g € HS (W1 with s > 0, then for p,p; € (1,00)
withi=2,3and =L+ +L =L 4 L wye have
p p1 D2 p3 P4

HD*, M gllzr < CoIV £l 1D gllLes + ID* fllzes llglzea),

and

ID*(f9)llee < Cs(Ifllzr D gllLrz + [D° FllLrs [l gl| Lra)-

Lemma A.5 (Tang and Liu [}2], Zhao et al. [53]). Let o,r € R. If n > 1, then

| sin(nz — )| o (T:R), || cOs(nz —7)||go(T:R) = N7,

| cos(na — ) sin(ny — )| go(r2r) = n7.

The following lemmas with single P and a pair (P;,P2) on R? are well known in the
literature. By (2.7) in previous sections, they also hold true on T?. Recall that S* is
Fréchet space with seminorms {| - |Bva?s}67a€Ng.

Lemma A.6. Let r,r1,73 € R, p € S", p; € S™,ps € S™, and let OP be given in (2.1)
and (2.2). Then we have the following results:

(1) (Continuity of OP) For any q,s € R, OP : S5 — L (H*; H?) is bounded and there
are B,a € N¢ and a constant C = C(s,q) > 0 such that

HOP(q)Hg(Hqus;Hq) < O(S’q)|q|ﬁ,&;s.
(2) (Adjoint) (OP(p))" € OPS", and the map

S" > p+p €S s continuous,
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where (OP(p))" = OP(p).
(3) (Composition) OP(p;)OP(p2) € OPS™ "2 and the map

S™ x 8" 3 (p1,p2) > P1#Pp2 € S T2 is continuous,

where OP(pl)OP(pg) = OP(pl#pg)

(4) (Commutator) If p; € S™ and pa € S™ are commuting matrices, then
[OP(p1),OP(ps)] € OPS™H>7 1,

Proof. These properties are well-known in the literature. However, for the convenience
of readers, we provide some references where the details of each property can be found.
The first property can be found in [26, Theorem 2.7, Page 124] and [1, Theorem 3.41].
The second property is detailed in [28, Theorems 1.1.8 & 1.1.21] and [7, Theorem C.1].
The third property is given in [33, Theorem 1.2.16] and [1, Page 72]. Lastly, we refer to
[48, Page 32] and [7, Theorem C.3] for the final property. O

Lemma A.7. Let K =R or T,d > 1, s, r1, ro € R. Suppose that # x & C S™ xS is a
bounded subset such that for any (p1,p2) € A X O, p1 and pa are commuting matrices.
Then we have:

sup  ||[OP(p1), OP(p2)]
(p1,p2)EMXO

E(Hs+r1+r2—1;Hs) < Q. (A2)

If additionally s,r1,79 > 0, then for all f,g € H™ (K% R) with ro > max{% +1,84+7r1+
7“2}, the following estimate holds:

sup ||Q||;’£(HS+T1+T2*1;HS) fs ||fHH70 ”gHHT‘o ’ Qe S’ (AS)
(p1,p2)ed <O

where for P; = OP(p;) with i =1,2,

5 = { [Py, G)P2], [P1(D), () Ps], [(FDPy, PaloD)], [Po(ST), Pa(o)] }.

Proof. When p and q are commuting matrices, some direct computations (cf. [28, Corol-
lary 1.1.22] or [7, Theorem C.3]) yield pi#p2 — po#p1 € S T271 From this and
Lemma A.6, we see that

(p1,p2) = [OP(p1), OP(p2)] = OP(p1#ps — pa#tpi)

is continuous from S™ x 8" to L(H*t"1+72=1 [1%) which implies (A.2).
Now we will prove (A.3). To begin with, we have the following:
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Claim: If .#Z C S” is bounded with r > 0, then there is a constant C' > 0 such that

d
sup || [OP(p), ¢1] Hg(mﬁ,lm) <Clgllg-, o> 3t 1, ge[0,0—7], g€ H?. (A.4)
peA ’

Indeed, for a single operator P = OP(p) € OPS", by [49, Proposition 4.2], we can find
a constant C' > 0 such that

1P, gl ullga < Cllgllaellwll gasri-1.

From its proof (see Taylor [49]) and (1) in Lemma A.G, we observe that the constant C
depends on the seminorms of p. This implies that the bilinear map

T:8"x H 5 (p,f) = [OP(p), fI] € Z(H™"" 1 HY)

is continuous separately in p and f. By [37, Theorem 2.17], ¥ is continuous, which implies
(A.4) with p € S™. Recalling the fact

(0P(p) ™" = OP (7).

and then summing over ¢ and j, we obtain (A.4) with p € S”.
To prove (A.3), we observe that

[AB,CD] = A[B,C]|D + [A,C|BD + CA[B, D] + C|[A, D] B.

This and (A.4) lead to (A.3). For brevity, we will only verify the case of [(fI)Py, P2(gI)].
In this case, we have

[(SD)P1, PagD)] = (FI)[P1, P2)(g1) + (FI)Pa[P1, g1] + [fL, P2)(gT)P:.

Let n1 > sV %. Using either the algebra property of H® (when s > %) or Lemma A.3
(when s < 2), we obtain

IDPL Pol(gDhllrs S AL g 1P Pal(gh)] e -

Once again, let 13 > (s + 11 + 12 — 1) V 4 v 1. Then (A.2) gives rise to

sup  [[(fD[Pr, Pe(gDhll s S 1 f lgrnn NPl gratrara—
(p1,p2)EMAXCO

S W o N9l gma ] grosrara—r -

Let n3 > (s 4 r1 4+ r2) V (£ +1). Similarly, for (fI)P2[Py, gI], we use (1) in Lemma A.6
and apply (A.4) to [P1,¢9I]h (withu=h,0<q¢=s+ra<o—r,oc=n3and r =r1) to
find
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sup  [[(fI)P2[Pr, g1bl e S 1 fllgay sap ([P, gLA| grosr
(p1,p2)EMAXO preA

S W s N9l grms 1] grosryr 1 -

For [fI,P3](gI)P1, we note that n3 > s+re —1 and n3 + s+ ro — 1 > 0. Then, (A.4)
(with u = gP1h,0<g=s<o0—r,0=n3 and r = r3) leads to

sup  ||[fL P2l (gD)Pihl| ;e S N fllggns sup [1P1AN ot
(p1,p2)EMAXO preA

S W ems N9l gns 1N grosryma -1 -

To sum up, we obtain (A.3) for [(fI)Py, P2(gI)]. The other cases can be proved in the
same way. O
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