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Abstract

We prove a verification theorem for a class of singular control problems which model
optimal harvesting with density-dependent prices or optimal dividend policy with capital-
dependent utilities. The result is applied to solve explicitly some examples of such optimal
harvesting/optimal dividend problems.

1 Introduction

Price dependence on population size can occur in any of the following ways mentioned below:
Small population size may lead to a significant increase in the price of the affected species.
For instance, the black rhino population, which is hunted for its horn, has decreased to near
extinction. The result of this is that the restocking price of the black rhino has increased to
such high levels that most game reserves which were in the past natural habitats for the black
rhino cannot afford the current stocking prices. The wildebeest population, on the other hand,
is so large in most game reserves that its hunting license price is cheap. Another way in which
population density affects the price of the species is the quality of the individual members. For
instance in places where wildlife movement is restricted the quality of the environment (and
indeed the quality of the animals) depends on population size. Availability of quality vegetation
and water depends on whether the game reserve’s carrying capacity has been exceeded or not.
Restricting animal movement has the disadvantage of allowing for inbreeding and subsequently
to weaker species that are prone to suffer from genetically acquired diseases and defects, such
as small size etc. The value of the animals is therefore reduced considerably.

Although high population density may lead to lower prices, it plays a very important role on
the survival of the species. For instance Wildebeest and Zebra are not fast animals (in terms of
running away from predators). If they did not live in colonies of densily populated areas, they
would become extinct. Because of the large population in a given colony, these animals are able
to reproduce and maintain their population at health levels.
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In this paper we consider the problem of optimal harvesting from a collection of interacting
populations (described by a coupled system of stochastic differential equations) when the price
per unit for each population is allowed to depend on the sizes of the populations.

2 The main result

We now describe our model in detail. This presentation follows [LO2] closely. Consider n
populations whose sizes or densities X (t),..., X, (t) at time ¢ are described by a system of n
stochastic differential equations of the form

m
(2.1) dXi(t) = bi(t, X(1))dt + > oyi(t, X(1))dB;(t);0 < s <t < T

j=1
(2.2) Xi(s) =z € R 1<i<n,
where B(t) = (Bi(t),...,Bm(t)); t > 0, w € 2 is m-dimensional Brownian motion and the
differentials (i.e. the corresponding integrals) are interpreted in the It6 sense. We assume that
b= (by,...,by) : RIF" — R™ and 0 = (0yj)1<i<n : R — R™™ are given continuous

1<j<m

functions. We also assume that the terminal time T = T'(w) has the form

(2.3) T(w) =inf {t > s;(t, X(t)) € S}

where S C R is a given set. For simplicity we will assume in this paper that
S =(0,00) xU

where U is an open, connected set in R"”. We may interprete U as the survival set and T is the
time of extinction or simply the closing/terminal time.

We now introduce a harvesting strategy for this family of populations:
A harvesting strategy «y is a stochastic process v(t) = v(t,w) = (71(t,w),... , Wm(t,w) € R"
with the following properties:

(2.4)  For each t > s 7(t,-) is measurable with respect to the o-algebra F; generated by
{B(s,"); s < t}. In other words: ~(t) is Fi-adapted.

(2.5)  7(t,w) is non-decreasing with respect to ¢, for a.a. w € Qand alli=1,... ,n

(2.6) t— ~y(t,w) is right-continuous, for a.a. w

(2.7)  7(s,w) =0 for a.a. w.

Component number i of v(¢,w),7;(t,w), represents the total amount harvested from population
number © up to time t.

If we apply a harvesting strategy v to our family X (¢) = (X;(¢),...,X,(t)) of populations
the harvested family X () (¢) will satisfy the n-dimensional stochastic differential equation

2.8) {dXW) (t) = b(t, XD (@t))dt + o(t, XD (#)dB(t) —dy(t); s<t<T

X )=2=(x1,...,2,) €R?



We let I' denote the set of all harvesting strategies v such that the corresponding system (2.7)
has a unique strong solution X () (¢) which does not explode in the time interval [s, oo] and such
that X()(T) € S.

Since we do not exclude immediate harvesting at time ¢t = s it is necessary to distinguish
between X (V) (s) and X (s7) : X (s7) is the state right before harvesting starts at time t = s,
while

XD(s) = XN (s7) = Ay

is the state immediately after, if v consists of an immediate harvest of size A~y at t = s.

Suppose that the price per unit of population number i, when harvested at time ¢ and when
the current size/density of the vector X () (t) of populations is £ = (&1,...,&,) € R”, is given
by

(2.9) mi(t, &) ; t,§)esS, 1<i<n,

where the m; : § — R; 1 < ¢ < n, are lower bounded continuous functions. We call such prices
density-dependent since they depend on £. The total expected discounted utility harvested from
time s to time 7' is given by

(2.10) IO (s,2) = 27 / 7 (1, X)) - dy ()]
[s,T]
where m = (71,... ,m,), m-dy = > mdy; and E%* denotes the expectation with respect to the
i=1

probability law Q%% of the time—sl‘;ate process
(2.11) YE(E) = Y50 () = (6, XV (1) t>s

assuming that Y5%(s7) = .
The optimal harvesting problem is to find the value function ®(s, z) and an optimal harvesting
strategy v* € I' such that

(2.12) ®(s,2) =sup J(s,2) = JO)(s,2) .
~yel’

This problem differs from the problems considered in [A1], [A3], [AS], [LO1] and [LO2] in that
the prices m;(t,&) are allowed to be density-dependent. This allows for more realistic models.

For example, it is usually the case that if a type of fish, say population number ¢, becomes more
scarce, the price per unit of this fish increases. Conversely, if a type of fish becomes abundant

then the price per unit goes down. Thus in this case the price m;(t,&) = m(¢,&1,... ,&,) is a
nonincreasing function of &. One can also have situations where 7;(¢,&) depends on all the
other population densities £1,... ,&, in a similar way.

It turns out that if we allow the prices to be density-dependent, a number of new — and
perhaps surprising — phenomena occurs. The purpose of this paper is not to give a complete
discussion of the situation, but consider some illustrative examples.



Remark Note that we can also give the problem (2.12) an economic interpretation: We can
regard X;(t) as the value at time ¢ of an economic quantity or asset and we can let 7;(¢) represent
the total amount paid in dividends from asset number ¢ up to time ¢. Then S can be interpreted
as the solvency set, T as the time of bankruptcy and m;(t,§) as the wtility rate of dividends
from asset number i at the state (¢,£). Then (2.12) becomes the problem of finding the optimal
stream of dividends. This interpretation is used in [JS] (in the density-independent utility case).
See also [LO2].

In the following H® denotes the interior of a set H, H denotes its closure.

If G C R* is an open set we let C%(G) denote the set of real valued twice continuously
differentiable functions on G. We let C2(G) denote the set of functions in C?(G) with compact
support in G.

If we do not apply any harvesting, then the corresponding time-state population process
Y(t) = (t,X(t)), with X (¢) given by (2.1)—(2.2), is an It6 diffusion whose generator coincides
on CZ(R'™) with the partial differential operator L given by
0%g

_ 9 ~, 09 LNS (T
(2.13) Lg(s,z) = s (s,z)+ Zz; bi(s,x) oz, (s,x) + 3 Z (o0”)ij(s, $)888x

,j=1

for all functions g € C?(S).

The following result is a generalization to the multi-dimensional case of Theorem 1 in [A2]
and a generalization to density-dependent prices of Theorem 2.1 in [LO2]. For completeness we
give the proof.

Theorem 2.1. Assume that
(2.14)  m(t, &) is nonincresing with respect to &1,...,&y,, for allt and alli=1,2,... ,n.
a) Suppose ¢ > 0 is a function in C?(S) satisfying the following conditions
(i)  §2(tx) >m(t,x) forall (t,z) €S, i=12,.. ,n
(1))  Le(t,x) <0 forall (t,z) € S.
Then
(2.15) o(s,x) > P(s,x) for all (s,x) € S .

b) Define the nonintervention region D by

_ .9 | -
(2.16) D= {(t, x) € S; 8—a:i(t’ x) > mi(t,x) forall i=1,... ,n}.

Suppose that, in addition to (i) and (ii) above,
(isi)  Leo(t,z) =0 for all (t,x) € D
and that there exists a harvesting strategy v € I' such that the following, (iv)—(vii), hold:

(iwv) XD(t)eD forall tels,T)



Q
6
—~

(axl t, XD (1)) — m(t, XD (1)) odﬁi(c) (t) =0 (ie. ’Ayi(c) increases only when g—i =m);
1<i<n

(vi)  o(tn, XD (tr)) — o(tn, XD (t;)) = —mi(tn, XD (t})) - A (1)
at all jumping times ty € [s,T) of A(t), where
AY(tr) = 4(te) — A(ty,)
and

(vii)  E*®[p(Tr, X (TR))] -0 as R — oo

where
Tr=TARAf{t>s|XPD(t)>R}; R>0.
Then
(2.17) o(s,z) = O(s,x) for all (s,x) € S
and

~* =4 s an optimal harvesting strategy.

Proof. a) Choose v € I' and (s,z) € S. Then by It6’s formula for semimartingales (the Doléans-
Dade-Meyer formula) [P, Th. I1.7.33] we have

E** (T, X (Tr))] = E**[p(s, X7(s))]
Tr

+Es,a;|: ?;f:(t X(’Y dt+ / Z ))dX(V)( )

s (s,Tr] "

53 / 7)1 X)L (1, X 1)

ij=1 83328%
_ 0 _
@18+ 3 {ettn X000 - ol X)) - 8“’<tk,X“><tk>>AX§”<tk>}},
s<tx<Tr

where the sum is taken over all jumping times ¢ € (s, Tg| of v(t) and
AX (1) = X7 () = X0 (5)

Let 4(9)(t) denote the continuous part of y(t), i.e.

YO =7 = Y Aty) -

s<tp<t



Then, since AXZ-(V) (tr) = —A~i(ty) we see that (2.18) can be written

E**[p(Tg, X (TR))] = (s, )
Tr

| / % +Zb % 1Y (o 5 Y X0 0]
i,7=1 Lt
TR " ’
(2.19) B /Z (6 XN W) + B[ S Aplte, XD (1)
s<tp<Tpr
where
Ap(t, XD (1) = @(tr, X P () — o(te, XD(2})) -
Therefore
Tr
(s, x) = E*"[p(Tr, X1 (T))] Es’x[/LsO(t,X”)(t))dt
Tr n ’
vEe / Z (1) (1)
(2.20) —EW[ 3 Acp(tk,xm(tk))]

s<tp<Tr

Let y = y(r); 0 < r < 1 be a smooth curve in U from X (t) to X (t,) = XDV (t4) + Avy(ty).
Then

1
(2.21) Ap(te, X (1)) = / Veo(te y(r))dy(r) -

o

We may assume that
dy;(r) >0 for all 4,7 .

Now suppose that (i) and (ii) hold. Then by (2.20) and (2.21) we have

Tr
ploa) = B[ [ Yo X 0)ar o)
s =1

1 n
(2.22) +E8~’f[ > (/ Zm te, y(r))dys (r ))}
s<ty<Tr |
Since we have assumed that m;(t, ) is nonincreasing with respect to &1, ... ,&, we have

mi(te, X () < milte, y(r) < milte, X0 (t))
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for all 4,k and r € [0,1]. Hence

1
(2.23) /Wi(tk’y(T))dyi(T) >t g XO(8) - Avilty) -
0

Combined with (2.22) this gives

Tr

o) = B [at X)) + 3 wlte X)) - Ar(tn)]

s s<t,<T

(2.24) = g / w(t, XO())ay(1)].

[S7TR]

Letting R — oo we obtain ¢(s,z) > J)(s,z). Since v € T was arbitrary we conclude that
(2.15) holds. Hence a) is proved.

b) Next, suppose that (iii)—(vii) also hold. Then if we apply the argument above to v = 4 we
get in (2.20) the following:

wls,x) = B> [p(Tr, XV (T))]

Tr
+ ESC |: / 7T(t, X(’AY) (t)) . dﬁy(c) (t) + Z W(tk, X(;Y) (t];)) : A’A)/(tk)
0 s<t,<Tgr

= B p(Ta, X (Te))] + B [ n(t, X0 di 1)
[s,TR]

— JD (s, z) as R — oo .

Hence ¢(s,z) = J3)(s,2) < ®(s,2). Combining this with (2.14) from a) we get the conclusion
(2.16) of part b). This completes the proof of Theorem 2.1. O

If we specialize to the 1-dimensional case with just one population X (") (t) given by

dX(t) = b(t, XD (t))dt + o(t, XD (t)dB(t) —dy(t); t>s
(2.25) XM(s)=zeR

then Theorem 2.1a) gets the form (see also [A2, Lemma 1])

Corollary 2.2. Assume that

(2.26) §—m(t,§); £ €R is nonincreasing for all t € [0,T]
(2.27) o(t,z) >0 is a function in C%(S) such that
dp
(2.28) a—(t,a:) > 7(t,x) forall (t,x) € S
x



and

(2.29) Lo(t,z) <0 forall (t,x)€ S .
Then

(2.30) o(s,x) > P(s,x) for all (s,x)€ S .
3 Examples

In this section we apply Theorem 2.1 or Corollary 2.2 to some special cases.

Example 3.1. Suppose XV (t) is given by

(3.1) {dX(”)(t) =pdt+odB(t) —dy(t); t=s

XO(s)=2>0

where u > 0 and o # 0 are constants.
We want to maximize the total discounted value of the harvest, given by

(3.2 IO s.) = B | [ (XD )

[s,T)
where g : R — R is a given nonincreasing function (the density-dependent price) and
(3.3) T =inf {t > s; XV (t) <0}

is the time of extinction, i.e. S = {(¢,x);z > 0}. The case with g constant was solved in [JS].
Then it is optimal to do nothing if the population is below a certain treshold z* > 0 and then
harvest according to local time of the downward reflected process X (t) at X (t) = z*.

Now consider the case when

(3.4) glz) =72, ie. m(t,z)=e Pa"% £>0.

Then the price increases as the population size z decreases, so (2.24) holds. Suppose we apply the

“take the money and run’-strategy '(; This strategy empties the whole population immediately.
It can be described by

(3.5) Y(s)=X(s)==x.
Such a strategy gives the harvest value
(3.6) J(“?)(s, z)=e P V2 = e "1 x>0.

However, it is unlikely that this is the best strategy because it does not take into account that
the price increases as the population size goes down. So we try the following “chattering policy”,
denoted by 7 = 3™ where m is a fixed natural number and 5 > 0:



At the times
k
(3.7) tk—(s—}—ﬁn)/\T, E=1,2,...,m

we harvest an amount A¥(t;) which is the fraction - - of the current population. This gives the
expected harvest value

m

(3.8) O (5, 2) = B 3 e (XD ()] 72 A5 (1)
k=1
where we have used the notation
7 = max(z,0) ; zeR.
This can be written
(3.9) JOD (5, 2) = B [Ze S CETC) g I P (COR

Now let n — 0. Then all the ¢;’s converge to s and we get

. - - E \-1/21
JEMO) (5 z) = Jiny JEMD) (5, 1) = =P8 ; (m _ Ex> —z
(3.10) =e P° Z h(zg)Axy ,
k=1
where h(y) = (z — y) V2 ay = ﬁx and Azy, = Tpy1 — T = -

Now if € > 0 is given we can ﬁnd a natural number m such that

(3.11) ‘ ](:U — )2y — 2’7‘: h(:uk)A:ck) <e
o k=1

Therefore, by choosing m and 7 properly we can obtain that
x

(3.12) ‘Jﬁ(m”’))(s, z) —e P / (z — y)_l/Qdy‘ <e.
0

We conclude that

(3.13) sup JO)(s,2) < e ps/ Y)Yy = e7P 2z .
gl
0

We call this “chattering policy” of applying 3™ in the limit as  — 0 and m — oo the policy
of immediate chattering down to 0. (This limit does not exist as a strategy in I'.) From (3.13)
we conclude that

(3.14) D(s,x) > 2e Pz .



On the other hand, let us check if the function

(3.15) o(s,z) == 2e "z
satisfies the conditions (2.26)—(2.28) of Corollary 2.2: Condition (2.26) holds trivially, and since
%(5, z) =e Pr V% = n(s,x), (2.27) holds .
x
Now
0 o | 5 0
L=astroe T27 o2

and therefore

Lo(s,x) =2e#° [ — px1/2 +u- %x_lﬂ + %cr%(—%):n_?’/ﬂ

2
= —2pe P332 [xz By U—]
2p 8p
So (2.28) holds if u? < 2po?. By Corollary 2.2 we conclude that ¢ = ® in this case.
We have proved part a) of the following result:

Theorem 3.2. Let X(t) and T be given by (3.1) and (3.3), respectively.
a) Assume that

(3.16) p? < 2p0? .

Then

®(s,x) == sup ES’I{ / e‘pt{X(V)(t—)}‘l/Qdy(t)] — 25T .
~vel
[s,T)

This value is achieved in the limit if we apply the strategy 3™ above with n — 0 and m — oo,
i.e. by applying the policy of immediate chattering down to 0.

b) Assume that

(3.17) p? > 2po’
Then the value function has the form
—ps() AT _ A2 . 0<z<z*
(3.18) (s, z) = 4 ¢ O — e =TS
e P2y —2Vx*+ A); 2* <z

for some constants C > 0, A >0 and x* > 0, where
(3.19) M=0?[—p+Vu2+2p02] >0, =0 [—p—/p?+2p02] <0.

The corresponding optimal policy is the following:
(3.20) If x> z* it is optimal to apply immediate chattering from x down to x*.

(3.21) if 0<x<ax® itisoptimal to apply the harvesting equal to the local time of

the downward reflected process X (t) at z*.
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Proof of b). First note that if we apply the policy of immediate chattering from x down to z*,
where 0 < x* < x, then the value of the harvested quantity is

r—z* T

(3.22) e P? / (x —y) 2y = e_/’s/u_l/Qdu =2¢ " (Vx —Vr*) .

0 x*

This follows by the argument (3.7)—(3.12) above.
To verify (3.18)—(3.21) note that A1, Ay are the roots of the quadratic equation

(3.23) —p+pA+ 307N =0.

Hence, with ¢(s, z) defined to be the right hand side of (3.18) we have

(3.24) Lo(s,z) =0 for z < x*
and
(3.25) ©(s,0)=0.

We now require that ¢ is C? at = x*. This gives the 3 equations

(3.26) C(ehdf* _ e/\Q.Z‘*) — A
(327) C()\le)\lﬂﬁ* . )\26)\21*) _ (1'*)71/2
(3.28) COFM™ = Xge") = ()2

Dividing (3.27) by (3.28) we get the equation

)\16)\196* _ )\26)\296* .
(3.29) o o~ 2

Since the left hand side of (3.29) goes to (A1 4+ A2)~! < 0 as #* — 07 and goes to A\;' > 0
as ¥ — oo we see by the intermediate value theorem that there exists z* > 0 satisfying this
equation.

With this value of * we define C' by (3.27) and then we define A by (3.26). Then we have
proved the existence of a solution C' > 0, A > 0, z* > 0 of the system (3.26)—(3.28). With this
choice of C, A, z* the function ¢(s, z) becomes a C? function and one can verify that ¢ satisfies
conditions (i), (ii) of Theorem 2.1 (the details are left to the reader). Hence

(3.30) o(s,z) > D(s,x) for all s,z .
Moreover, the nonintervention region D given by (2.16) is seen to be
D={(s,x);0<z<ax"}.

Hence by (3.24) we know that (iii) holds.
Moreover, if x < x* it is well-known that the local time 4 at z* of the downward reflected
process X (t) at z* satisfies (iv)-(vi). (See e.g. [LO1] for more details.) And (vii) follows

11



from (3.25). By Theorem 2.1 b) we conclude that if z < z* then 7* := 4 is optimal and
o(s,x) = ®(s,x). Finally, if x > * then it follows by (3.22) that immediate chattering from x
down to z* gives the value 26_”8([ - \/z*) + ®(s,z*). Hence

D(s,x) > 2e (Vo — Va* ) + O(s,2¥) for x > a*.
Combined with (3.30) this proves taht
o(s,x) = P(s,x) for all s,z
and the proof of b) is complete.

Example 3.3. The Brownian motion example is perhaps not so good in biology contexts, since
Brownian motion is a poor model for population growth. Instead, let us consider a standard
model for a population (in the sense that it can be generated from a classic birth-death-process),
like the logistic diffusion considered in [AS]. That is, let us consider the problem

(3.31) ®(0,z) =V(x) :=sup B / e PEX 1247 dr (b)
vyer
[0,7)
subject to
(3.32) dX(t) = pX ()1 — K~ 'X(t))dt + o X (t)dB(t) — dv(t), X07)=z>0,

where 1 > 0, K~! > 0, and 0 > 0 are known constants, B(t) denotes a Brownian motion
in R, and 7" = inf{t > 0 : X(¢) < 0} denotes the extinction time. We define the mapping
H: Ry — R, as

T

(3.33) H(z) = /y_l/Qdy =2z .

0

The generator A of X(t) is given by

A= lo2x2d—2 + px(l — K_las)i
2 dz? dx

and we find that
(3.34) Gx) = (A= p)H)(x) = V& [ — 2p — 0*/4 — pK 2] .

Thus, if 4 < 2p + 02 /4 then by the same argument as in Example 3.2 we see that the optimal
policy is immediate chattering down to 0. We then have T'= 0, and the value reads as

(3.35) V(z)=2V7 .

However, if 1 > 2p+02 /4, then we see that the mapping G(z) satisfies the conditions of Theorem
2 in [A2] and, therefore we find that there is a unique threshold z* satisfying the condition

(3.36) 2 (2%) + L (%) = 0,

12



where ¥ (x) denotes the increasing fundamental solution of the ordinary differential equation
((A—=p)u)(x) = 0, that is, 1 (x) = 27 M (6, 29—1—3’;,2’“{ z), where § = 3 —L+,/(3 — £)2+ %

o2 o2
and M denotes the confluent hypergeometric function. In this case, the value reads as

V(@_{(\f—\/—)Jﬂ/—( p(l—K=a*) —a? /) [r, x>

(3.37) o)

*
T T < x*.
Especially, the value is a solution of the variational inequality

min{((p— A)V)(2), V'() -2~ /2} = 0.

‘We summarize this as follows:

Theorem 3.4. a) Assume that

(3.38) w<2p+0%/4.
Then the value function V(x) of problem (3.31) is

(3.39) V(z) =2z .
This value is obtained by immediate chattering down to 0.
b) Assume that

(3.40) w>2p+a/4.

Then V(x) is given by (3.37). The corresponding optimal policy is immediate chattering from
x down to x* if x > x*, and local time at x* of the downward reflected process X (t) at x* if
x < x*, where x* is given by (3.36).
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