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Abstract

The purpose of this paper is to construct the calculus of variations for general zero
mean processes with independent increments and, in particular for Lévy processes.
The calculus based on the operators D and J, is such that for the Gaussian processes
they coincide with the Malliavin derivative and Skorohod integral, respectively. We
introduce the family of polynomials which contains the Sheffer set of polynomials. By
using these polynomials it is proved that the operators D and ¢ are equal respectively
to the annihilation and the creation operators on the Fock space representation of

L2(Q).
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1 Introduction

The stochastic calculus of variations developed by Malliavin [15] is a powerful tool in the
studying the smoothness of the densities of the solutions of stochastic differential equations.
Some years ago it was shown how this calculus could be used in finance. This discovery led
to an increase in the interest in the Malliavin calculus.

In the Brownian setup the calculus of variations has a complete form and it is based on the
operators D and 6 which are called Malliavin derivative and Skorohod integral, respectively
(see the elegant presentation in [16]). There are two different ways to define the operator D
which turn out to be equivalent for the Gaussian case: one as a weak derivative in canonical
space and the other one through the chaos decomposition of L*(f2).

In the Poisson case the definition of D is quite different. The small perturbations of the
trajectories lead to a certain difference operator (see, e.g., [18]). For the extension of the
definition of D for pure jump Lévy processes and for the combined Brownian motion and
Poisson process case the reader referred to [1, 4, 21]; see also [22] for the one dimensional
Lévy processes and [5] for Lévy stochastic measures.
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Alternatively, the operator D can be defined by its action on the chaos representation
of L2-functionals. But, in general, a Lévy process has no chaotic representation property in
the sense that Brownian motion, Poisson process or so-called normal martingales have (see
[14]). There are two different chaotic expansions introduced in [9] and [17]. By using these
expansions two types of Malliavin operators for some classes of Lévy processes have been
studied in the papers [12, 13, 2, 7, 20, 6]. The relationship between them has been shown
in [2]. It worth mentioning here that most of the papers cited above deal with pure jump
Lévy process or combination of Brownian motion and Poisson process. The general Lévy
processes, satisfying certain conditions, were considered in [2] and [22], see also [14] for the
normal martingale case.

The purpose of the present paper is to construct the stochastic calculus of variations for
zero mean processes with independent increments, in particular for general Lévy processes
without drift. In the presentation of the stochastic calculus of variations we have chosen
the framework of an arbitrary family of infinitely divisible random variables. The Gaussian
part of this family can be described in the terms of the o-finite measure p defined on the
measurable space (T, .4), while the non Gaussian part can be described the o-finite measure
v on the other measurable space (T' x Xy, B). In Section 2 we combine these measures
into the measure m and obtain the analog of the Wiener space for the infinitely divisible
distributions. We define a system of generalized orthogonal polynomials, which include, in
particular, the Sheffer system of polynomials, and obtain a chaos decomposition in the term
of these polynomials.

Section 3 deals with multiple integrals with respect to L?-valued measure with indepen-
dent values. In this section we establish the relationship between multiple integrals and
generalized orthogonal polynomials.

In Section 4 we define the operator D and show that its action on the chaos representation
of L?-functionals coincides, in particular, with derivatives considered in the papers [2, 6, 7,
13, 14, 16, 20] for certain classes of processes.

In the last section we introduce the operator ¢ which is adjoint of the operator D. Then
we show that this operator can be considered as Skorohod integral in the Gaussian case
(see [28]) and the extended stochastic integral defined by Kabanov (see [11]) in the pure
discontinuous case.

2 The chaos decomposition

This section describes the basic framework that will be used in the paper. The general
context consists of a probability space (2, F, P) and a closed subspace P; of L*(Q,F, P)
whose elements are zero mean infinitely divisible random variables. We will assume, that P,
is isometric to the separable space L?(T x X, G, ), where 7 is a o-finite measure without
atoms. In this case the elements of P; can be interpreted as stochastic integrals of functions
in L?(T x X,G, ) with respect to a random measure with independent values on disjoint
sets.

Suppose that p and v are o-finite measures without atoms on the measurable spaces
(T, A) and (T x X, B) respectively. Define a new measure w(dtdz) = p(dt)oa(dz)+v(dtdzN
Xo) on a measurable space (T'x X, G), where X = XqU{A}, G = o(Ax{A}, B) and Ja(dz)
is the measure which gives mass one to the point A. We assume that the Hilbert space
H = L*(T x X,G,n) is separable. The scalar product and the norm will be denoted by



(;-)m and |[|-||; respectively.

Definition 2.1 We say that a stochastic process L = {L(h),h € H} defined in a complete
probability space (2, F, P) is an isonormal Lévy processes (or a Lévy processes on H ) if the
following conditions are satisfied.

1. The mapping h — L(h) is linear.
2. EeHMM) = exp(WU(z, h)), where

. 1
U(z,h) = / (e”h(t’m) —1—izh(t,x) — —z2h2(t,x)1A(x)) m(dtdz).
TxX 2

In what follows we will always assume that F is generated by L, i.e., F = oc{L(h),h € H}.

Remark 2.2 1. Using the definition of measure m one can obtain the following represen-
tation for U(z, h)

U(z,h) = —%z2 /T R (t, A)p(dt) +/T (eMbr) — 1 —izh(t, x)) v(dtdz).

><X0

Therefore the random wvariable L(h) has an infinitely divisible distribution with Lévy
measure vh™' (see e.g., [24, Def. 8.2, p. 38]).

2. It is easy to show that EL(h) = 0, E(L(h)L(g)) = (h;g)u for all h,g € H and the
mapping h — L(h) is continuous. Moreover, if h € H N L>(T x Xo,B,v), then
E|L(h)|* < oo for all k > 1 (see, e.g., [24, Th. 25.8, p. 159]).

3. If measure v is zero then L is an isonormal Gaussian process (see, e.g., [16, Def. 1.1.1,

p. 4])

4. By Kolmogorov’s theorem, on the Hilbert space H we can always construct a probability
space and a stochastic process {L(h)} verifying the above conditions.

Example 2.3 Suppose that T = R, x {1,...,d} and the measure y is the product of the
Lebesgue measure times the uniform measure, which gives mass one to each point 1, ..., d.
Let Xy = R4\ {0} and the measure 3 satisfying fXO(]:(:|2 A 1)B(dz) < oo be defined on
the Borel o-algebra B(Xy). Denote by T the trivial o-algebra of the set {1,...,d}, e.g.,
T ={0,{1,...,d}}. Let o be a measure on T such that a({1,...,d}) = 1. Assume that the
o-algebra B is the product of the Lebesque o-algebra L times the trivial o-algebra T times the
Borel o-algebra B(Xy), and the measure v is the product of the Lebesque measure times the
measure o times the measure 3. Set A = 0. In this case we have that Bl = L(Lo,xfiyx{0})
t>0,1=1,...,d is a standard d-dimensional Brownian motion. Furthermore, the random
measure N(dtdr) on L ® B(Xy), defined by N(dtdw) = L(1gaxlra\(o}), s a compensated
Poisson measure with the characteristic measure dtf3(dz), and for any h € H, the random
variable L(h) can be represented as the stochastic integral L(h) = S0 JoS Ri(t,0)dB;] +

fooo fRd\{o} h(t,z)N (dtdzx).



Denote by T = (21, x2,...,Zy,...) a sequence of real numbers.
Define a function F'(z,Z) by

F(2,7) = exp <Z(—1)k+l%xk> . (2.1)

k=1

If R(z) = (limsup |z|/¥)~! > 0 then the series in (2.1) converges for all |z] < R(Z). So the
function F(z,T) is analytic for |z| < R(Z).
Consider an expansion in powers of z of the function F(z,7)

o0

F(z,7) =Y 2"Pu(T).

n=0
Using this development, one can easily show the following equalities:

n

(n+ )P (®) = > (~DFapaPai(T), n>0, (2.2)
0 _ 0, if [ >n,
o, ) = {(—1)“1%13”_1@), it 1<n. (2:3)

Indeed, (2.2) and (2.3) follow from 25 = S (—1)kzFz; .,  F, respectively, and g—fl =
(=1)" 2L From (2.3) it follows that P, depends only on finite number of variables, namely
X1, T2, ..., Ty Since Po = 1, then (2.2) implies that P,(x1,zs,...,z,) is a polynomial with
the highest- order term 2. The first polynomials are Py (x;) = x, and Py(x1,20) = (23 —12).

Using the equality F(z T+y) = F(2,7)F(z,79), wherey = (y1,92, -, Yn,-..) and T+7y =
(x1 4+ y1, 22 + Y2, ..., Tp + Yn, . .. ) it is easy to show that

(T+7) Z P.(T ) (2.4)

Ifu(y) = (y,v%v%, ..., y", ...) then F(z,u(y)) = 1+ 2y for |zy| < 1. Hence P, (u(y)) =y
and P, (u(y)) = 0 for all n > 2. Furthermore, equation (2.4) implies that

Pu(@ +u(y)) — Pu(@) = yPoa (7). (2.5)

We will call polynomials P, generalized orthogonal polynomials. In particular, from P,
we can obtain the classical orthogonal polynomials (see, e.g. [25]). Moreover, the Sheffer
polynomials [26, 27] with generator function exp(A(z)z)B(z), € R, where B and A are
analytic functions and B(0) = 1, can be obtained by using function F(z, =) for appropriative
values of 7.

For example, if 7 = (2,0,0,...,0,...), then F(z,T) = e** and P,(T) = %T,L

Ifz=(xz,\0,...,0,...), then

F(2,7) = exp(zx — —)\ ZH (x,\)z (2.6)

where H,(z, \) are the Hermite polynomials. So P,(z, A,0,...,0) = H,(z, ).
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fz=(x—tuxx. .. z...) then
F(z,2)=(1+2)"e " ZC’ .rt (2.7)

where C), are the Charlier polynomials. Hence n!P,(x — t,x,...,x) = C,(z,1).

Other classical orthogonal polynomials can be obtained in the same way.

For h € HN L>*(T x Xo,B,v) let T(h) = (xx(h))2,; denote the sequence of the ran-
dom variables, such that x;(h) = L(h), zo(h) = L(h*1x,) + ||hl[5, zr(h) = L(h*1x,) +
Jrwx, BE(t 2)v(dtde), k= 3,4,. ...

The relationship between generalized orthogonal polynomials and isonormal Lévy process
is given by the following result.

Lemma 2.4 Let h and g € HN L®(T x Xo,B,v). Then for all n,m > we have P,(T(h))
and P,(Z(g9)) € L*(2), and

P = S iy, o

PrOOF.  Since h,g € HN L>®(T x Xy, B,v) and P,, P, are the polynomials, then by
Remark 2.2 P,(z(h)) and P, (Z(g)) € L*(Q).
Denote by ¢(z,T) the power of the exponent in the formula (2.1), i.e

(_1)k+1z_k

qb(zvf) = L

T

WE

=
Il

1

Since

= = lim sup ||zx(h )HI/’“

k—oo

1/2 1/k
< lim ((/ h%(t,x)u(dtdz)) +/ \h(t,x)\ku(dtdx)> < ||| o -
k—o0 TXXO TXXO

Then the series
L2l
ZT ||z (R HL2
k=1
converges if |z| < 1/]|h||,~ < R, which implies that ¢(z,Z(h)) € L*(Q) for all |z| <

L/ 1A o -
Let’s note that for all [z| < 1/]|h||;~ we have In(1 + zhly,) € H. Indeed, by using
Taylor’s formula, we get

22h?
(L= [z {[Al] e )?

In the same way one can obtain the following inequality

(In(1 + 2hly,))? <

22h?

|In(1 + zh) — zh| < :
(1 = [2] [[]] < )?




which implies that In(1 + zh(t,x)) — zh(t, x) is integrable with respect to measure v(dtdz)
for all |z| < 1/||h]| e-

So by using the linearity and the continuity of the mapping h — L(h) we have for all
|2l <1/ [[Afl e

o) = Y (1) (i) + [ Wt

+2L(a) = 5 [ R A)uldt) = Ln(1 + b))

22

+ / | On(1 4 2ht,2)) = h(t,2)w(dtda) + 2L(h18) ~ / R A(dD).  (28)

This random variable has an infinitely divisible distribution. By Theorem 25.17 in [24,
p. 165] F(z,7(h)) = exp(¢(z,T(h))) € L*(N) if and only if

/ exp(2In(1 + 2h(t, 2)))(dtdz) < oo.
| In(14zh(t,x))|>1

But for all |2] < 1/||h||,~ we have

/ exp(2In(1 + zh(t, z)))v(dtdx) = / (1+ zh(t,z))*v(dtdr)
| In(1+zh(t,x))|>1 14zh(t,x)<e=1
2 _ —1\2
< / (14 |zh(t, z)|)?v(dtdz) < (—6_1)222 ||R]|5, < oo.
1—e—1<|zh(t,)| (1—et)

So F(z,z(h)) € L*(Q) if |2] < 1/ ||| -
Hence for |z] < 1/||h||; and |y| < 1/]|g||;~ We get from (2.8)

E(F(z,7(h))F(y,Z(g9))) = Eexp(o(z,T(h)) + ¢(y, T(g)))
= Eexp(L(In[(1 + zhlx,)(1 +yglx,)])

+/T . (In[(1 + zh(t,z))(1 +yg(t,x))] — zh(t, z) — yg(t, x))v(dtdx)

L+ 9g1a) = 5 [ (H08) 4 526 6 At

— exp( / (PO st 1 n[(1 4 zh(t,2)) (1 + yg(t, 2))] v (didz)
TXXO

—i—/T . (In[(1 + zh(t,z))(1 + yg(t,x))] — zh(t,x) — yg(t, x))v(dtdx)

1

45 [ (Gt 8) 4yt ) = 2020, 28) = g7t A) )

= exp(zy/T . h(t, 2)g(t, x)m(dtdx)) = exp(zyE(L(h)L(g))),

where we have used Theorem 25.17 from [24, p. 165] to calculate the expectation.
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Taking the (n 4 m)th partial derivative at z =y = 0 in both sides of the above

equality yields

nam

E(nim! P(Z(h)) P((9))) = { 2’! (E(L(h)L(g)))" ﬁ Zig

O

Lemma 2.5 The random variables {e“™ h € HN L®(T x Xy, B,v)} form a total subset
of L*(Q, F, P).

PrROOF. We claim that e*® € L2(Q) if h € HN L™(T x Xy, B,v). In fact, the random
variable L(h) has an infinitely divisible distribution with Lévy measure vh~!(dy) (see e.g.,
[24, Def. 8.2, p. 38]). Hence by Theorem 25.17 in [24, p. 165] the variable e ¢ L2(Q)
if and only if [ y>1€ Yvh=l(dy) < oo. But f o1 € Yyvh=Y(dy) = fh(t,a:)\>1 2y (dtdx) <
ellPllzes fh o1V v(dtdz) < elMle=||p||?, < oo, and we have that efM e 12(Q).

Let £ € LQ( ) be such that E(¢éel™) = 0 for all h € HNL®(T x Xy, B,v). The linearity
of the mapping h — L(h) implies

E ({ expz sz(hk)> =0 (2.9)
k=1
for any z1,...,2, € R, hy,...,h, € HNL®(T x Xy, B,v), n > 1. Suppose that n > 1 and
hi,....,h, € HNL>®(T x X,G,m) are fixed. Then (2.9) says that Laplace transform of the
signed measure
T(B) = E(S]-B(L(hl)> SR L(hn)))>
where B is a Borel subset of R”, is identically zero on R". Consequently, this measure is

zero, which implies E({1g) = 0 for any G € F. So £ = 0, completing the proof of the lemma.
O

For each n > 1 we will denote by P, the closed linear subspace of L*(), F, P) generated
by the random variables {P,(Z(h)),h € H N L>®(T x Xo,B,v)}. Py will be the set of
constants. For n = 1, P; coincides with the set of random variables {L(h),h € H}. From
Lemma 2.4 we obtain that P, and P, are orthogonal whenever n # m. We will call the
space P,, chaos of order n.

Theorem 2.6 The space L*(Q, F, P) can be decomposed into the infinite orthogonal sum of
the subspaces P,,:

2(Q,F,P) = EBP

PROOF. Let & € L*(Q,F, P) such that ¢ is orthogonal to all P,, n > 0. We have to show
that £ = 0. For all h € HNL®(T x Xy, B,v) we get E({P,(Z(h))) = 0. Since from the proof
of Lemma 2.4 we have that F(z,Z(h)) € L*(Q) for all z < 1/ ||h|| ., then E(§F(z,Z(h))) = 0
for z < 1/||h|| . Using equality (2.8) we obtain

0 =E(EF(2,T(h))) = E(€e?>"M)) = E(€ exp(L(In(1 + zhlx,))
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—i—/T . (In(1 + zh(t,x)) — zh(t,z))v(dtdz) + L(zh1a) — %/Tzzhz(t, A)p(dt))).
Thus for any z < 1/ |||}
E(€exp(L(In(1 + zhly,)) + L(zh1a))) = 0. (2.10)

Since E({F(z,7(h))) is an analytic function for z < 1/||h||,, then E(£exp(L(In(1 +
zhlx,)) + L(zh1a))) has an analytic extension to z € [0;1] if hly, > —1. For any g €
H N L*(T x Xo,B,v) we have (¢ —1) € HN L>®(T x Xo,B,v) and (¢9 — 1)1y, > —1.
Putting in (2.10) h = (e9 — 1)1x, + gla and z = 1 we deduce that E(¢éeX9)) = 0 for all
g € HNL>®(T x Xy, B,v). By Lemma 2.5 we get & = 0, which completes the proof of the
theorem. O

3 Multiple integrals

Since separable Hilbert space H has the form H = L*(T x X, G, m), where 7 is a o-finite
measure without atoms, then the process L is characterized by the family of random variables
{L(A),A € G,m(A) < oo}, where L(A) = L(14). We can consider L(A) as a L*(Q, F, P)-
valued measure on the parametric space (T x X, G), which takes independent values on any
family of disjoint subsets of 7" x X. In that sense L(h) can be considered as the stochastic
integral of the function h € H with respect to L. The purpose of the section is to show
that the nth chaos P, is generated by multiple stochastic integrals with respect to L. The
construction of multiple stochastic integral provided by It6 in [10]. We briefly recall some
basic facts about about them.

Set Go = {A € G: w(A) < oo}. For any m > 1 we denote by &, the set of all linear
combinations of the following functions f € L*((T x X)™, g™, ™)

f(tlrrly L atmawm) == 1A1><~--><Am(t17x17 CIE atmawm)y (31)

where Ay, ... A, are pairwise-disjoint sets in Gy. The fact that measure m without atoms
implies that &,, is dense in L*((T x X)™) (see, e.g. [9, Th. 2.1] or [16, p. 8-9]).
We define the multiple integral of the mth order

In(f) = L(A1) - - - L(An),

for the functions f of the form (3.1), then I,,(s) for all functions s in &,, by linearity and
finally I,,,(g) for all functions g in L?((T x X)™) by continuity.
It was shown in [9, 10] that the definition is possible and the following properties hold:

1. I, is linear.

2. In,(f) = Im(f), where fdenotes the symmetrization of f, which is defined by
~ 1
f(tlaxla R 7tm7 xm) = % Z f(tcr(l)"ra(l)a s JtO'(m)7 xa(m)>7

o running over all permutations of {1,...,m}.



0, it p#m,
m!<f;§>L2((TxX)m), if p=m.

E( ()], (9)) = {

We refer to [9, 10, 16] for details.
If fe L?((T x X)P) and g € L*((T x X)?) are symmetric functions the contraction of
the indices of f and g is denoted by f ®; g and is defined by

(f X1 g)(tb Ty atp+q—27 xp-&-q—?)

= flt,z1, oy tp1, Tpe1,8,2)G(tps Tpy - oy tprge2, Tpig—2, S, 2)T(dsdz).
TxX

Notice that f ®; g € L*((T x X)rta=2).

The following, so called product formula, will be useful in the sequel. It was initially
derived by It6 [9] for Gaussian case and by Kabanov [11] for Poisson case, then extended
by Russo and Vallois [23] to products of two multiple stochastic integrals with respect to a
normal martingale.

Proposition 3.1 Let f € L*((T x X)P) be a symmetric function and let g € L*(T x X)
such that fglx, € L*((T x X)P). Then

L(f)1(9) = L (f ® g) +plp-1(f ®19) + pL(f9lx,) (3.2)

Proor. The proof of the proposition can be obtained as slight modification of the proof
of Proposition 1.1.2 in [16]. O

The next result gives the relationship between generalized orthogonal polynomials and
multiple stochastic integrals.

Theorem 3.2 Let P, be the nth generalized orthogonal polynomial, and T(h) = (xr(h))32,
where x1(h) = L(h), x5(h) = L(h*1x,) + ||h|[3;, zx(h) = L(h*1x,) + Jrsx, h*(t, x)v(dtdr),
k=3,4,... and h € Ny LP(T x Xo,B,v) N H. Then it holds that

P, (T(h)) = L,(h®"), (3.3)

where h®™(ty, 1, ... by, xn) = h(t1, 1) - h(tn, ).

ProoOF. We will prove the theorem by induction on n. For n = 1 it is immediate. Assume
it holds for 1,2,...,n. Using the product formula (3.2) and recursive relation for generalized
orthogonal polynomials (2.2), we have

Lysa (h®0HD) = L(h*™) L (h) = nly s (h®<nl> / hQ(t,:c)ﬂ(dtdx)>
T

—nl, (WD @ (h*1x,)) = nl Py (@(h)) L(h) — 0! ||kl[ P ((h))

—nL,_ (RPN (W1 y,) + n(n — 1)1,_o(R20?) / R (t, z)v(dtdz)

TXX()
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+n(n — DI (B0 @ (h*1x,)) = nl > (=1 g1 (h) Pa_r(T(h))

k=0

—I—n!Pn_g(E(h))/ R (t, z)v(dtdz) + n(n — 1)1, 1 (h°" 2 @ (h*1x,)) = ...

TXXO

S
—

= ! S (= D) a1 (h) Pa_ o (T(R)) + 0l (—1)" Py (T(h)) / W (¢, o)y (dtd)

0 TxXo

B
Il

+al(=1)" L () =0l (=1 g () Pok(T(h) = (n+ 1)1 Py (T(R),
k=0
which completes the proof of the theorem. O
From this theorem and Theorem 2.6 we deduce the following classical result of Ito.

Corollary 3.3 ([10]) Any square integrable random variable & € L*(Q2, F, P) can be ex-
panded into a series of multiple stochastic integrals:

€= L.

Here fo = EE, and Iy is the identity mapping on the constants. Furthermore, this represen-
tation is unique provided the functions fi, € L*((T x X)¥) are symmetric.

Assuming T' = Ry, Xy = R\ {0}, X = R, p(dt) = dt and v(dtdz) = dtf(dz), where
the measure (3 such that fR\ ) (22 A1)B(dx) < oo, we have that for any symmetric function
fn € L?((Ry x R)™) the multiple stochastic integral I,(f,) with respect to the process
{L(h),h € H} coincides with an iterated integral with respect to L?-valued measure L(dtdz)
generated by L(h):

L(f.) = n! /OOO/R~~/Ot2/an(tl,xl,...tn,xn)L(dtldaf;l)--~L(dtndxn).

This equality can be shown for elementary processes f, € &, and in the general case the
equality will follow by the density arguments, taking into account that the iterated stochastic
integral verifies the same isometry property as the multiple stochastic integral.

Consider the process L' = L(1jyh), h € H. It is easy to show by definition that L
has independent increments. Let F' = o{L" s <t} VN, t > 0 be a o-algebra generated
by L" and the family N of P-null sets of F. Then L! is a martingale with respect to
{FhM}is0. Since L(dtdx) is a L*-valued measure with independent values on any family of
the disjoint subsets of R, x R, then {[n(h@’”l%%),t > 0} is a square integrable martingale
with respect to {F/'};>o for any h € H. Hence, it follows from the equation (3.3) that
P.(Z(1pgh)) = In(h®”1%§]) is a square integrable martingale with respect to {F/"};>q for
any h € N> LP(Ry x (R\ {0}),B,v) N H. So we obtain the following result.

Proposition 3.4 Let P, be the nth generalized orthogonal polynomial, L' = L(1jpyh) =
f(f h(s,0)dBs + f(f fR\{O} h(s,z)N(dsdz), t > 0 where h € N> LP(Ry x (R\ {0}),B,v)NH,
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B, = L(lpyly) and N(dsdz) = L(lg (o) lasar). Set FI' = o{Lls < t}, t > 0 and
T(h) = (zx(t, b)), such that

(6 h) = /0 (s, 0)dB, + /0 t /R \{O}h(s,x)ﬁ(dsdx),

t _ t t
xo(t, h) :/ / hZ(S,ZL’)N(deZL‘)-f—/ hQ(S,O),u(ds)—i—/ / h?(s, z)v(dsdz),
R\{0} R\{0}

k(t, h) // (s,z)N dsdx // (s,z)v(dsdx), k=3,4,...
R\{0} R\{0}

Then P,(Z(t,h)) is a square integrable martingale with respect to {F'}i>o.

Remark 3.5 If the function h(t,z) = x and the measure v has the form v(dtdx) = dt((dx),
where the measure (3 such that fR\{O} |z|*B(dx) < oo for all k > 2, then the martingales

fot fR\{O} xkﬁ(dsdx), k > 2 are so-called Teugels martingales and fot fR\{O} xkﬁ(dsdx) +
f(f fR\{O} xfv(dsdx) are power jump processes (see, e.g., [25]).

Example 3.6 If the measures i is the Lebesque measure and the measure v is equal to zero,
then for h = 1y we have that L} = B is a Brownian motion and x1(t,h) = By, xo(t,h) =t
and xi(t,h) = 0 for all k > 3. Hence P,(Z(t,h)) = H,(B,t) is a martingale, where H,(y, z)
is the nth Hermite polynomial (2.6) (see, e.g., [8, 25]).

Example 3.7 If the measure p is equal to zero and the measure v is the product of the
Lebesgue measure times the delta-measure, which gives mass one to the point 1, then for
h(s,x) = x1j9,4(s) we have L = P,—t, where P, is a Poisson process. Hence z1(t,h) = P,—
and zg(t,h) = Py for all k > 2. Then P,(Z(t,h)) = C,(P;,t) is a martingale, where Cy(y, 2)
is the nth Charlier polynomial (2.7) (see, e.g., [19, 25]).

4 The derivative operator

In this section we introduce the operator D. Then we will show that it is equal to the
Malliavin derivatives in the Gaussian case (see, e.g., [16]) and to the difference operator
defined in [18, 21] in the Poisson case. We will also proof that the derivatives operators
defined via the chaos decomposition in [2, 3, 13, 14, 20, 22| for certain Lévy processes
coincide with the operator D.

We denote by Cp°(R™) the set of all infinitely continuously differentiable functions f :
R™ — R such that f and all of its partial derivatives are bounded.

Let § denote the class of smooth random variables such that a random variable £ € §
has the form

where f belongs to Cp°(R"), hy,..., h, are in H, and n > 1.

Lemma 4.1 The set S is dense in LP(Q2), for any p > 1.

11



Proor.  Let {hi}2, be a dense subset of H. Define F,, = o(L(hy),...,L(hy,)). Then
Fn C Fni1 and F is the smallest o-algebra containing all the F,,’s. Choose a g € LP(Q).
Then

g9 =E(g|F) = lim E(g|F).

By the Doob-Dynkin Lemma we have that for each n, there exist a Borel measurable function
gn : R™ — R such that

E(9l7n) = gn(L(ha), ..., L(hn)).
Each such g, can be approximated by functions féf ) where fr(,ff ) € Cp°(R™) such that
A (L(hy), .. ., L(hn)) = gu(L(hy), .. . L(hn))||Lr() converges to zero as m — oo. Since
T(,f)(L(hl), ..., L(h,)) € S we have the statement of the lemma. O

Definition 4.2 The stochastic derivative of a smooth random variable £ of the form (4.1)
is the H-valued random variable DE = {D; €, (t,x) € T x X} given by

Dy & = ; g—yJ;(L(hl), o L)) hie(t, 2) 1A (2)

(S + It @), L) + ha(t2)) = (L0, L)) )T (2). (42)

We will consider D¢ as an element of L*(T x X x Q) & L?(Q; H); namely, D¢ is a random
process indexed by the parameter space T x X.

Remark 4.3 1. If the measure v is zero or hg, k = 1,...,n from (4.1) such that
hi(t,x) =0, k=1,...,n when x # A then D¢ coincides with the Malliavin derivative
(see, for example, [16, Def. 1.2.1, p. 24]).

2. If the measure p is zero or hg, k = 1,...,n from (4.1) such that hy(t,x) = 0, k =
1,...,n when x = A then D coincides with the difference operator defined in [21].

3. If T = Ry, the measure i is the Lebesque measure and X is a metric space and
the measure v is the product of the Lebesque measure times the measure 3 satisfying

Sy (x> A1) B(dx), then D is the operator V= from [22].
Lemma 4.4 Suppose that & is smooth functional of the form (4.1) and h € H. Then

E((DE; hyr) = E(EL(R)). (4.3)

ProoF. The proof will be done in several steps.

Step 1. Suppose first that
5 — eiz1L(h1) . eian(hn)

Then £ € § and

E(¢L(R)) = %dilz (Eexp (iszL(hk) + izL(h)))

k=1

2=0

12



= %diz exp —%/T (szhk(t,A)+zh(t, A)) p(dt)

k=1

+/T . (exp(izzkhk(t,x)+izh(ta$))—1

—i (i zhi(t, ) + zh(t, x))) V(dtdx))
= (/T . h(t,x) (exp(iszhk(t,x)) - 1) v(dtdzx)

+i /T h(t, A) Y zhi(t, A)u(dt)) exp —% /T (szhk(t,A)> pu(dt)

k=1

+/T . (exp(z' Z zkhi(t,x)) —1—1 Z zkhk(t,x)> i/(dtdx)>

k=1 k=1

n

=E(¢&) (/T . h(t,x) (exp(iszhk(t,x)) - 1) v(dtdz)

k=1

+i /T h(t, A)> " zeha(t, A),u(dt)) .

k=1
On the other hand
E((DE hyy) =E D, ,€h(t, x)m(dtdz)
TxX

n n

= E/T . (exp(i 2k (L(hg) + he(t,x))) — exp(i sz(hk))> h(t, z)v(dtdx)

k=1 k=1

+E /T ZZZJ exp(i Y  zpL(hx))hy(t, A)p(dt)

n

= E(¢) (/T ; h(t, z) <exp(i22khk(t,x)) — 1) v(dtdx)

k=1

ti / Bt A)S st A),u(dt)).
T k=1
Hence we have (4.3). By linearity we deduce that (4.3) also holds for smooth variables
of the form (4.1), where the function f is a trigonometric polynomial.
Step 2. Assume that £ of the form (4.1) such that f € Cy°(R™) is periodic on every

variable function. Then there is a sequence of trigonometric polynomials g, such that
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gm — f and 0g,,/0xy — Of /Oxy, for every k = 1,...n uniformly on R" as m — oo. Denote
N = gm(L(h1), ..., L(hy)). Then n,, € S, and by Step 1 we get

E(hm L(h)) = E((D1m; h) ). (4.4)

Since n,, — £ in L*(Q) and Dn,, — D¢ in L*(T x X x Q) then letting m — oo in (4.4)
we obtain (4.3).

Step 3. Assume that & of the form (4.1). Consider the sequence {xm,,m = 1,2,...}
of functions, such that y,, € C®(R"), 0 < xpm < 1, xm(z) = 1if 2| < m, x(x) = 0,
if |z| > m+ 1 and |Vx,,| < 2. Define g, as a periodic extension on all variables of the
function fx,,. Then ¢, = gm(L(h),. .., L(hy,)) is smooth variable such that |G| < ||f]|
and |DCp| < [V £l > iy |hi|. Hence by the dominated convergence theorem ¢, — £ in
L*(Q) and D¢,, — D& in L*(T x X x Q) as m — oo. Since by Step 2 (4.3) is true for ¢,
then letting m — oo complete the proof of the lemma. O

Applying this lemma to the product of two smooth functionals we obtain the “integration
by parts” formula.

Lemma 4.5 Suppose & and n are the smooth functionals and h € H, then
E(¢nL(h)) = E(&(Dn; hyr) + E(DE; ki) + E((Dn; Al x, DE) 1) (4.5)
As a consequence of the above lemma we obtain the following result.

Lemma 4.6 The expression of the derivative DE given in (4.2) does not depend on the
particular representation of £ in (4.1).

Proor. Let & = f(L(h1),...,L(h,)) = 0. We have to show that D = 0. From Lemma
4.5 we get for any n € S and h € H

0 = E(EnL(h)) = E(E(Dn; h)r) + E((DE; hyu) + E((Dn; hlx, DE) ).
Hence
E(n(DE&; hym) + E(Dn; hlx,DE) ) = 0. (4.6)
Replacing 1 by ¢ in (4.6) we obtain
/ E(D;.€)*h(t, x)v(dtdr) = 0.
TxXo

Hence D, ¢ =0 for v x P-a.a. (t,z,w) € T x X, x (L
Substituting this expression into (4.6) we have for all h € H and n € S

/T E(1Dy AE)h(t, A)pu(dt) = 0.

Since by Lemma 4.1 the set S is dense in L*(Q) then D, A& = 0 for u x P-a.a. (t,w) €
T x €2, which implies the desired result. O

Operating in the same way we obtain the following lemma.
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Lemma 4.7 The operator D is closable as an operator from LP(QY) to LP(Q; H), for any
p =1

PrOOF. Let {&,,n > 1} be a sequence of smooth random variables such that E|,|P — 0
and Dg, converges to ¢ in LP(Q; H). Then from Lemma 4.5 it follows that for any h €
HNL™®(T x Xo,B,v) and n € S we have

E(§&nL(h)) = E(§u(Dn; h) i) + E(m(DE&w; h) i) + E((D&n; Ml x, D) ).

Taking the limit as n — oo, since 1, 1x,Dn and (Dn; h) ; are bounded, and h € HNL>®(T x
Xo, B, ) we obtain
E(n(C; h)m) + E({¢; hlx, Dn)u) = 0. (4.7)

If h(t,z) =0 for = # A, then (4.7) implies, that

/T E(G, a)h(t, A)u(d) = 0.

Thus (;a =0 p x P-a.a. (t,w) € T x Q. Substituting this expression into (4.7) we have
for any h € H

[ (Guahta)(n + Des)v(ded) =0 (48)

Let ¢, € C;°(R) such that 0 < ¢,,(x) < e” and ¢,, — €” for all x € R. Putting in (4.8)
n = ¢n(L(g)) and h(t,z) = u(t,z)e 9 where u € H and g € H N L>°(T x Xy, B,v) and
then letting n — oo we get

/ E(e?9¢, ult, z)v(dtdr) = 0.
TxXo

Since by Lemma 2.5 the set of the random variables {9, g € HN L>®(T x X,,B,v)} is
a total family in L*(Q) it follows that ¢;, = 0 for 7 x P-a.a. (t,z,w) € T x X x Q completing
the proof of the lemma. O

We will denote the closure of D again D and its domain in LF({2) by D'?.

In the same way we can introduce iterated derivatives for smooth random variables. If £
is a smooth random variable and k is an integer, we set
thxh...,tk,xk,g = Dt1,11 o Dtkvmkf'

By induction one can prove that this operator is closable as an operator from LP()) to
LP((T x X)* x Q) for all p > 1. We will denote its closure by D* and its domain in LP(Q)
by Dk».

Now we will state the chain rule.

Proposition 4.8 Suppose p > 1 is fized and & = (£',...,&™) is a random vector whose
components belong to the space DP. Let ¢ € CH(R™) be a function with bounded partial
derivatives, such that ¢(£) € LP(Q). Then ¢(§) € D'? and

Do) = { S O =4,

¢(51 + Dt7x€17 e 7€m + Dt,xgm) - ¢(§17 coee >€m)7 Zf x 7é A <49)
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ProOOF. The proof can be easily obtain by approximation £ by smooth random variables
and the function ¢ by smooth functions with compact support. O

Applying the above proposition we obtain, that L(h) € D'? for all h € H and D, ,L(h) =
h(t,z).
By using the same arguments one can show the following result.

Lemma 4.9 It holds that P,(z(h)) € D' for allp > 1, h € HN L>®(T x Xo,B,v), n =
1,2,... and
DiuPo(T(h)) = Po1(Z(R))A(E, ). (4.10)

PROOF.  As in the proof of Proposition 4.8 one can obtain that P,(Z(h)) € D' for all
p>1,he HNL>®(T x Xo,B,v), n =1,2,... and (4.9) holds. Then the definition of Z(h)
and equality (2.3) imply

oP,

Deabu(®(h)) = 5 (@(R)AE A) = Poa(Z(R)A(E A).

It follows from the relationships (4.9) and (2.5) that for x # A we have
Dy o Po(T(h)) = Po(z(h) +u(h(t, x))) — Pu(@(h)) = h(t, ) Poa(T(h)),
where u(y) = (y,%2,...,y", ...). The proof is complete. O

The product rule can be proved in the same manner.

Proposition 4.10 Let £ € D, p > 1 and n is a smooth variable from S. Then &n € DYP
and
D(&n) = EDn + nDE + DEDn x,. (4.11)

PROOF. The equation (4.11) holds if £ and 7 are smooth variables. Then, the general case
follows by a limit argument, using the fact that D is closed. O
The following result shows the action of the operator D via the chaos decomposition.

Proposition 4.11 Let £ € L*(Q) with a development

§=> L(fn), (4.12)
k=0
where fi, € L*((T x X)*) is symmetric. Then & € DY? if and only if
Z kk! ka||2LQ((TxX)k) <0 (4.13)
k=1
and in this case we have .
Dioé =Y ki (fr(-,t,2)) (4.14)
k=1

and E [, (Dyz€)*w(dtdz) coincides with the sum of the series (4.13).
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ProOOF. The proof will be done in several steps.
Step 1. Suppose first that

€= Pe(a(h) = 13 1u(h°), (1.15)

with h € HN L>®(T x X, B,v). Then by Lemma 4.9 £ € DY? and by equality (4.10) we get
D, . Pe(T(h)) = Pe_1(T(h))h(t, ).
Hence for all (t,x) € T' x X we have

Dot = kL (fo(-, 1, 7). (4.16)

Equality (4.16) holds for any linear combination of random variables of the form (4.15).
Since formula (4.16) implies that E || DE||%, = KEE? then it follows that Py, is included in D'2,
Step 2. Let & € L*(2) has an expansion (4.12). Suppose that (4.13) holds. Define

&= (/).
k=0

Then the sequence &, converges to £ in L*(Q2), and by Step 1 we have &, € D'? and D, , =
Sor kL1 (fi(-, t, x)). It follows from (4.13) that D, &, converges in L?(§2; H) to the right-
hand side of (4.14). Therefore £ € D'? and (4.14) holds.

Step 3. Suppose £ € D2, Note that formula (4.5) holds for ¢ € D'? and n € D' for
some p > 2 if h € HN L>®(T x Xy, B,v). Since by Proposition 4.9 n = P,,(T(g)) € D' for
allp>1and g € HNL®(T x Xy, B,v), then we have

lim (E(D&,;nh) g + E(DEy; Dnhlx,)m) = JLIEO E(&nL(h) — &(Dn; h) i)

n—oo

= E(EnL(h) — &(Dn; hyn) = E(D&; nh) i + E(DE; Dnhlx,) n-

It follows from equation (4.9) that n + 1x,Dn = P,,(Z(g)) + 1x,9FPm-1(Z(g)). Then for
all m=1,2,... we obtain

lim (E(D&; P (Z(9))h) i + E(DE&n; Pr1(T(9))gh1x,) 1)

n—oo

= E(D&; P (T(9)) ) 1 + E(DE; Prna (T(9))gh1x,) 11

Since Py = 1 and lim, o, E(D&,; Po(Z(9))h)g = E(D&; Py(Z(g))h)m for all h € H N
L>(T x Xy, B,v), then we deduce by induction that

lim E(D&n; Po(Z(9))h) e = E(DE; Po(T(9)) ) -

n—oo

For n > m the expectation E(DE,; P, (Z(g))h)u is equal to

E ((m +1)I, ( . me(-,t,a:)h(t,x)w(dtdx)) Pm(f(g))> .

Hence the projection of (D¢&,; h) gy on the mth chaos is equal to

(m + DI, (/TX Frr (4, x)h(t,x)w(dtdx)) |
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If {e;,1 =1,2,...} is an orthonormal basis of H then

e’} [’ <INe 2
D kKUl e (rexyy =ED D ((k + 1)1 ( Jrar (1, @)es(t, x)w(dtdx)))
k=1 k=0 i=1 TxX

Z (DE; e h_||D£HL2 o) < 99,

=1

which completes the proof of the proposition. O

Remark 4.12 This proposition implies that the operator D is an annihilation operator on
the Fock space on Hilbert space H.

The equations (4.14) can be considered as a definition of the operator D. This approach
was developed for pure jump Lévy process, the particular case of Poisson processes, the
case of general Lévy process with no drift and the case of certain class of martingales in

/2, 8, 13, 14, 20, 22].

Applying the lemma above one can easily obtain the action of the operator D* via chaos
expansion.

Proposition 4.13 Let £ € D™? with a development (4.12). Then

D;?xl ..... tmxmg Zk k m+1)Ik m(fk( t17x17"'7tm7$m))
k=m
and .
mel|2 k'g
E(ID™ 1 rnxym) = D =) 1l |2 (xym - (4.17)

k=m
Moreover € € D™?2 if and only if the series in the right-hand side of (4.17) converges.

The following result is an evident modification of Proposition 1.2.5 from [16, p. 32] and it
shows how to compute the derivative of a conditional expectation with respect to a o-algebra
generated by stochastic integrals. Let A € G. We will denote by F,4 the complete o-algebra
generated by the random variables {L(B),B C A, B € Gy}.

Proposition 4.14 Suppose that £ € DY2, and A € G. Then E(§|F4) € D2 and we have

Dt,:}c(E(£|fA)) = E(Dt,mglfA)lA@?x)

a.e. inT x X x (.

Remark 4.15 In particular, if £ is Fa-measurable and belongs to DY2, then D; & =0 a.e.
in A® x ).
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5 The Skorohod integral

In this section we consider the adjoint of the operator D, and we will show that it coincides
with the Skorohod integral [28] in the Gaussian case and with extended stochastic integrals
introduced by Kabanov [11] in the pure jump Lévy case. See also [2, 3, 13, 22]. So it can
be considered as a generalization of the stochastic integral. We will call it Skorohod integral
and will establish the expression of it in terms of the chaos expansion as well as prove some
of its properties.

We recall that the derivative operator D is a closed and unbounded operator defined on
the dense subset D2 of L?(2) with values in L*(Q; H).

Definition 5.1 We denote by § the adjoint of the operator D and will call it Skorohod
integral.

The operator ¢ is closed unbounded operator on L*(Q; H) with values in L?(2) defined
on Dom 4, where Dom § is the set of processes u € L*(2; H) such that

< clléll 2
TxX

'E D, &u(t, z)m(dtdz)

for all £ € D2, where c is some constant depending on w.
If u € Dom 4, then §(u) is the element of L?(2) such that

E(¢o(u)) =E D, &u(t, x)m(dtdx) (5.1)

TxX

for any & € DV2.
The following proposition shows the behavior of § in terms of the chaos expansion.

Proposition 5.2 Let u € L*(; H) with the expansion
u(t,2) = 3 Ll 1, 2). (5.2)
k=0
Then uw € Dom 0 if and only if the series
0(u) = Z L1 (fr) (5.3)
k=0

converges in L*(§2).

Recall that f), is a symmetrization of f;, in all its variables is given by

fk(tlaxh s 7tk7xk7t7x> = k—_’_l(fk(tlaxb s th7xk7tax)

k
+ E et zn, o tisn, @i, 6o, i, T, -, 6, 25)).
i1

PROOF. The proof is the same as in the Gaussian case (see, e.g., [16, Prop. 1.3.1, p. 36]).

O
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Remark 5.3 It follows from Proposition 5.2 that the operator & coincides with Skorohod
integral in the Gaussian case and with extended stochastic integral introduced by Kabanov
for pure jump Lévy processes (see, e.q., [28, 11, 16, 2, 3, 13, 22]).

It follows from proposition above that Dom ¢ is the subspace of L?(Q2) formed by the
processes that satisfy the following condition:

Dk DUl rnyeny < o0 (5.4)
k=1

If u € Dom 4, then the sum of the series (5.4) is equal to Ed(u)?.
Note that the Skorohod integral is a linear operator and has zero mean, e.g., E(d(u)) = 0
if u € Dom 4. The following statements prove some properties of §.

Proposition 5.4 Suppose that u is a Skorohod integrable process. Let ¢ € DY? such that
E([, x (& + (D12€)*1x, )u(t, x)*m(dtdx)) < co. Then it holds that

5((€ + Ly, DEYu) = £6(u) — /T (Deault,a)m(dtda), (5.5)

provided that one of the two sides of the equality (5.5) exists.

PrROOF. Let n € S be a smooth random variables. Then by the product rule (4.11) and
by the duality relation (5.1), we get

E( / (Drn)(E+ 1) Dt o)) = / E(u(t, 2)(Dya () — nDyuf))r(didz)

XX

_E <n(£5(U) -/ X(Dt,z@u(t,x)w(dtdx))) ,
and the result follows. O

As in the Gaussian case in order to prove some other properties of Skorohod integral we
will define a class of processes contained in Dom § (see [16]).

Definition 5.5 Let .12 denote the class of processes u € L*(T x X x Q) such that u(t,z) €
D2 for almost all (t, ), and there exists a measurable version of the multi-process Dy zu(s,y)

satisfying E [ [1 (Digu(s,y))*m(dtdz)m(dsdy) < oo.

If the process u has the expansion (5.2), then v € L2 if and only if the series

o0 2 o0
/ / E(Zkfk_1<fk<-,t,x,s,y>>) r(dtd)n(dsdy) = 3 IR fel By
TxX JTxX

k=1 k=1

converges.
Since || fullz2(rxxye+1y < |[fullz2(rxxye+1) then from (5.4) we deduce that L2 C Dom 6.
The proofs of the following propositions are the same as in the Gaussian case (see, for
instance [16, pp. 38 - 40]).
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Proposition 5.6 Suppose that u € LY? and for almost all (t,x) € T x X the two-parameter
process { Dy zu(s,y), (s,y) € T x X} is Skorohod integrable, and there exists a version of the
process {0(Dyul(-,-)), (t,z) € T x X} which belongs to L*(T x X x Q). Then §(u) € D2
and we have

Dt,xé(u) = U(t, [E) + 5(Dt,ﬂcu('a )) (56>

Proposition 5.7 Suppose that u € L? and v € LY2. Then we have

E(6(u)d(v)) :/T XE(u(t,ﬁ)v(t,x))ﬂ(dtdx)

+/TXX /TXX E(Dsyu(t, ©)Diyv(s,y))m(dtdz)m(dsdy). (5.7)

Now we will show that the operator ¢ is an extension of the It6 integral. Let B =
{B'(t);t > 0,i = 1,...,d} be a d-dimensional Brownian motion, and N(dtdz) is a com-
pensated Poisson measure on the Borel o-algebra of R?\ {0}, with characteristic mea-
sure v(dtdz) = dtf(dx), where the measure § such that [pu (2> A 1)B(dz) < oc.
For each ¢ > 0 we will denote by F; the o-algebra generated by the random variables
{Bi(s), N((0;s] x A); 0<s<t i=1,...,d, Ae B[R\ {0}), 3(A) < oo} and the null
sets of F. Suppose that T, Xy and the measures p and v as in Example 2.3. We denote by
L;% the subset of L?(2; H) formed by (F;)-predictable processes.

Proposition 5.8 Lf, C Dom ¢, and the restriction of the operator § to the space Lz coincides
with the usual stochastic integral, that is

d 0 o0 ~
d(u) = z;/o u'(t,0)dB(t) +/0 /Rd\{o} u(t, z) N (dtdz).

PROOF. The proof follows along the same line as the proof for the Gaussian case (see, e.g.,
[16, Prop. 1.3.4, pp. 41-42]) and, therefore, is omitted. O
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