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DEFORMING SYZYGIES OF LIFTABLE MODULES AND
GENERALISED KNORRER FUNCTORS

RUNAR ILE

ABSTRACT. Several maps of deformation functors of modules are given which
generalise the maps induced by the Knorrer functors. These maps become
isomorphisms after introducing linear equations in the target functor. In this
manner the obstruction ideal for one module occurs as obstruction ideals for
other modules over other rings. In particular we obtain a map to the deforma-
tion functor of the maximal Cohen-Macaulay approximation over a quotient
ring defined by a regular sequence.

1. INTRODUCTION

H. Knérrer introduced in 1987 a functor H which gives an equivalence between
the stable category of maximal Cohen-Macaulay (MCM) modules of the hypersur-
face singularities f and f + wwv; [18]. In the author’s master’s thesis he proved that
H induces an isomorphism on deformation functors of MCM modules; [13]. The
present article is the result of an attempt to generalise Knorrer’s functor such that
one obtains an interesting map of deformation functors of modules over different
rings.

The main results have the following form (which we call the standard result).
There is a natural map Deff/}1 — Deff/f2 of deformation functors of A;-modules
M; such that when restricting the target functor to deformations with tangential
directions coming from the source functor, an isomorphism is obtained. If source
and target both have versal families, this corresponds to an embedding of the
source versal deformation space in the target versal deformation space, where the
embedding is defined by “linear” equations in the ambient space.

The main vehicle for producing the association (Ay,M;) — (As, M) is the
syzygy. The syzygy operation is not a functor of modules, however it gives well
defined maps for the Ext® if ¢ > 0 and also a well defined map of deformation
functors. In Theorem 1 there is a surjection Ay — A; and M, is an iterated
syzygy module of M; as As-module. The number of iterations equals the length
of the regular sequence I C Ay which defines A;. The last condition is that there
should exist a (non-flat) lifting of M; to Aa/I?. As an application of Theorem 1
the standard result is obtained in Corollary 3 where M, is the maximal Cohen-
Macaulay approximation of M; as As-module, and M; is a MCM A;j-module.

Theorem 2 introduces a flat A;-algebra B with surjections Ay — B — A;. Then
My is the n'! syzyey of M1® 4, B as As-module where n = pdim,, B. The existence
of a lifting is implied by the condition that the equations which define A, should be
perturbations of the equations which define A; such that the parameter-monomials
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only occur with minimal degree at least two, asin f(z) — F = f(z)+uv-g(z). In the
proof a free resolution is constructed from the “sum” tensor product of “Eisenbud
systems”, and the degree > 2-assumption implies that many differentials vanish
at the central fibre. Theorem 2 gives the standard result in a fairly wide class of
situations beyond Theorem 1, in particular it covers Knorrer’s H-functor for which
the result holds without the tangential restriction, see Theorem 3.

As an application of the standard results we show that if M; is smoothable so
is Ms, see Corollary 5.

Some definitions used throughout the article: A local k-algebra A is (possibly
the Henselisation of) a local k-algebra essentially of finite type where k is a field.
An A-module M is (usually) a finitely generated A-module. For a Noetherian k-
algebra A, let Ag be the Henselisation of A®yS in the ideal AQpmg where S is
an object in the category Hensy of local (in particular Noetherian), Henselian k-
algebras with residue field k. A deformation of M to S is an Ag-module Mg, flat as
S-module, together with an Ag-linear map 7 : Mg — M inducing an isomorphism
T®@ask : Ms®sk =, M. The deformation functor Deff/[ : Hensy, — Sets associates
to S the set of equivalence classes of deformations Mg of M to S. Two deformations
are equivalent if they are isomorphic over M, i.e the isomorphism is compatible with
the ms. Maps are induced by tensorisation.

Some references on deformation theory of modules: In [26, 2.4] H. von Essen
shows that the existence of a wersal family (R, Mg) for Def}?/[ in the case A is a
local k-algebra and M is an A-module which is locally free on the complement of the
closed point, follows from R. Elkik’s [7, Thm. 3] and M. Artin’s [2, 3.3], see also [17,
2.6]. A formally versal formal family exists quit generally if Ext, (M, M) has finite
k-dimension, see [23]. A. Sigveland gives the degeneracy diagram of torsion free
rank 1-modules on the Eg-singularity by explicit calculation of the Massey products
in [25], and extends his result to the compactified Jacobian in [24], elaborating A.
Laudal’s setup in [19]. The author develops a change of rings formalism for the
obstruction theory in [12], and proves a non-trivial dimension estimate in the case
of rank 1 MCM modules on hypersurface singularities in [15]. A. Ishii gives a
stratification of the versal deformation space of a reflexive module on a rational
surface singularity in [17] by proving representability of certain moduli functors of
(semi-)full sheaves on the resolution of the singularity. T. S. Gustavsen and the
author find these moduli spaces in the case of a cone over a rational normal curve,
see [10], and in [11] they prove irreducibility of the versal deformation spaces in the
case of rational double points.

Most of the results in this article will suitably adapted hold for the graded case
as well.

2. DEFORMING HIGHER SYZYGIES OF A LIFTABLE MODULE

Theorem 1 gives the standard result for the n*" iterated syzygy of a module
liftable along a regular sequence of length n. In Lemma 4 cohomology conditions
are given which imply that the syzygy map gives an isomorphism of deformation
functors.

The following two lemmas and definitions are vital prerequisites for the rest of
the article.

Lemma 1. Suppose A is a local k-algebra and M a finitely generated A-module,
then there is a map

Def}ef — DefSAM
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defined by sending w: Mpr — M to Qam : QaMpg — QaM. The map is functorial
for isomorphisms in M and in particular independent of the choice of minimal
resolution.

Proof. Fix a minimal A-free resolution F' of M, in particular Qa4 M C Fy. If
7 Mg — M is a deformation of M to S, let F¥ be a minimal Ag-free resolution
of Mg. Then there is lifting m. : F¥ — F of m, by S-flatness of Mg one has
an isomorphism T.Qgk : F°®gk — F, and in particular . is surjective. Define
[Qr : QMg — QM] € Def4,(S) as the equivalence class of 7o restricted to QMg :=
Qa,Ms. Remark that QMg is S-flat since Tor’y(QMs, —) = Torg (Mg, —) = 0
for i > 0. Any other lifting of 7 has the form 7, = mo + d1h where h : Fy — F.
Let h : F§ — F® be a lifting of h. Then [Qn] = [Qn’] since mo(id +d$h) =
o + (Fodig)il = g + dl(ﬂ'lil/) =mg+dih= 7T6.

If p. : G° — F is another Ag-free resolution of 7 : Mg — M, then there
is a lifting ¢% : FS — G9 of the identity of F, i.e. p°p® = 7. Remark that
©° is an isomorphism. Then 3 induces an isomorphism QF Mg = QMg over
QM and [QF Mg] = [Q¢Ms] € Defd,, . Tt follows that the syzygy operation on
deformations factors through the equivalence: If ¢ : Mg — M} with 7'¢° = 7,
and ¢ : ¥ — Mg is a resolution of Mg above F, then p%¢ : F¥ — M is a

resolution of Mg above F and idps is a comparison map over F' commuting with

©S.

Given an A-module isomorphism ¢ : M = N and minimal A-free resolutions
F — M and G — N. Then there is a map of complexes ¢. : F — G above . Let
Q¢ be the map QM — QN induced by @q : Fy — Go. Let (Qp), : Defdy,; — Defgy
be given by mg : QMg — QM — pomg : QMg — QN. The diagram

(1) Def ,; — Def g,
%0* J,(Qw)*
DefN —_— DefQN

commutes: If 7. : F¥ — F lifts m, we choose p.m. as the lifting of ¢, (7). Then
Qlgomo) = (970 = womo = (¢0)am = (2p).(2m). Moreover; (Qp), is unique,
independent of the choice of chain map .. If ¢, = pg+dih and h : F§ — FP lifts
h, then one calculates oo (id +dlsfz) = (o +d1h)mo and thus (¢o)«mojonrs — QN
and (¢o + d1h).Tojon, — QN are equivalent liftings of QN.

The situation is summarised in the following diagram:

dy

Mg P Fy
i ek id
- Fs/ ‘ S FS / -
0 ds 1
o 1
FO Fl
1

dy
M
= PoTo = P17 =
¥ ¥o h ®
G G
0 dy 1

In particular we have proved that Q : Deff, — Def§,, is independent up to a
canonical isomorphism of the chosen resolution F' of M. [l

Lemma 2. Suppose C — A is a map of k-algebras and N is a finitely generated
C-module, let M = N@cA. If TorS (N, A) = 0 then there is a natural map Def§, —
Def, given by [Ns] — [Ng®cA].
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Proof. The map respects the equivalence relation, we have to show that Mg :=
Ns®cA is S-flat. By the local criterion of flatness, cf. [20, 22.3], it is sufficient
to show that Tory (Mg, k) = 0. We claim that Tor{ (Ng, A) = 0 which follows by
inspecting the commutative diagram (for ¢ = 1)

(2) Tor? (Ng, A)®gS¢ — Tor® (Ng, A) — Tor® (Ng, A)@gk —= 0

- - H
ToriC(NS®SSe, A) — Torio(]\fs7 A) —— ToriC(N, A)

with exact upper row obtained from an S-free presentation of the residue field k;
S¢— 5 — k — 0. We find that @, is surjective if and only if it is an isomorphism.
In particular; ToriC(NS, A)=0if ToriC(N, A)=0.

If F$ — Ng is a Cg-free resolution of Ng, then F°®cA — Mg is an Ag-free
complex without homology in degree less than or equal to one since Tor?(N 5, A) =
0. Thus Tory (Mg, k) = H) (F3®cA®sk) = Hi (F®cA) = 0 since F = F3®gk is a
C-free resolution of N, and the assumption. O

Definition 1. Suppose C — A is a map of rings with kernel I and M is an A
module. Then M has a lifting to C if there is a C-module N and a C-linear map
7 : N — M such that Tor’ (N, A) = 0 and 7®A : N®cA — M is an isomorphism.

Recall that if we restrict attention to deformations Mg with mQS = 0 then
there is a universal family M; € Deff,(H;) where H, = k[Extl(M,M)*] =
k & Ext! (M, M)* and the Zariski tangent space Def4y (k[e]) 2 Ext} (M, M) is nat-
urally a k-vector space (if Ext’ (M, M) is of countable and not finite k-dimension,
one has to introduce a topology on the vector space, take the continuous dual,
and the universal tangential family becomes a pro-object, cf. [12]). The universal
tangential family is given by the universal extension

(3) M, : 0— MpExty(M,M)* — M; ™ M — 0.

Since S = k@mg, Mg is the pushout induced by the k-linear map Ext, (M, M)* —
mg corresponding to H; — S. One has Def4,(S) = Ext} (M, M)®ymg canonically,
see [23, 2.10].

Definition 2. Let V be a k-sub-vector space in Def{ (k[e]) = ExtY (M, M). Then
Deff‘My) is the sub-functor of Def4; of deformations Mg such that [Mg® 4, Ag,] €
V®@gmg, where S = S/m%.

It follows that [Ms®a,Ag] € V@gmg for all S — S” with m%, = 0. Remark

that DefflM,V) satisfies condition (Hz) and therefore also condition (Hp) in [23,
2.11].

Theorem 1. Let m: C — A be a surjective map of local k-algebras. Set I = kerm,
and assume I is generated by a regular sequence of length n and M is a finitely
generated A-module which has a lifting to C/I?. Then there is an isomorphism of
deformation functors

g Def}é[ i Def(C;)EM,V)
where V = im Def4; (k[g]).

Example 1. If L is any A-module, set N = QZL. Then M = N®cA satisfies
the conditions of Theorem 1 since Tor{ (N, A) = TorgH(L,A) = 0 implies that

Tor{'" (NoeC/I2, A) = 0.

With the notation in Definition 1 we furthermore have:
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Lemma 3. Suppose C' — A is surjective. There exists an obstruction class
(4) o(C/I?, M) € Ext} (M, M®4I/I?)

such that o(C/I?, M) = 0 if and only if M has a lifting to C/I1?. If C — A in
addition is a map of local rings and I is generated by a regular sequence, then for

any n = 0 there is an nth Syzygy map

(5) Ext? (M, M®4I/I%) — Ext? (UM, QM@ A1/1%)
which takes o(C/I%, M) to o(C/I?, Q4 M), and in particular
o(C/I*, M) =0 = o(C/I*,Q4M)=0.

Proof. [16] contains the first part, in [12, Thm. 1] a representative in the Yoneda
complex is given, only the construction is repeated here. If I — M is an A-
free resolution of M with differential d, lift F' and d to a map d of a graded
module F which in each degree is C/I%free such that (ﬁ,dv)®c/[2A = (F,d).
Since there is short exact sequence of graded modules commuting with “differ-
entials”; 0 — FeI/1? 5 FI F - 0, we get that (8)2 is induced by a
map o € Hom?(F, F®4I/I?) which is a cocycle: 1d(o)n = 1(d21)om — todn =
di(om) — (tom)d = d(d?) — (d%)d = 0. Via the map 7 : FQI/I? — M®I/I* we
get a class o(C/I?, M) = [nos] € H* Hom 4 (F, M®4I/I?) = Ext% (M, M®4I/I?)
which is independent of the choices involved.
For all ¢ > O there are quite generally natural maps

(6) W' : Extly (M, M) — Ext’ (QaM, QM)

obtained by composing the connecting map Ext’y (M, M) — Ext,;' (M, Q4 M) with
the inverse of the connecting isomorphism Ext’y (Q4 M, Q4 M) = Ext{™ (M, Q4 M)
which are obtained by applying Hom 4 (M, —) and Hom 4(—, M) to the defining
sequence 0 — Qa4 M — Fy — M — 0. If I is generated by a regular sequence
then I/I? is A-free of finite rank and Ext? (M, M® 4I/I?) = Ext? (M, M)® 41 /I?.
The map in the lemma is w? iterated n times tensored with I/I?. In the Yoneda
complex this is simply to chop off the n first maps, clearly 0,12 composed with
F,@aI /1% - QEM®41/I? represents o(C/I% Q% M). O

Remark 1. Let Mg be a deformation of M in Defy,(S) and 7 : R — S a small
surjection (i.e. mp - kerm = 0), then there is a an obstruction class o, (w, Mg) €
Ext? (M, M)®;, ker 7 which vanish if and only if there exists a deformation Mg
of M to R such that Mr®RrS is equivalent to Mg, cf. Theorem 1 and Remark 4
in [12]. Since —®y kerm may be taken outside the Ext?, it follows analogously
to the argument in Lemma 3 that w?®idyer (0, (7, Ms)) = o,(m,Qa,Ms) €
Ext? (QaM, Q4 M)®y ker 7.

Proof of Theorem 1. A deformation of M as A-module is also a deformation of M
as C-module, hence there is map Defﬁ — Def]\C/I. By Lemma 1 there is a map
Def% — DefggM , and by Lemma 2 there is a map DefggM — DefégM@,cA since
Tor{ (QEM, A) = Tor,(fH(M, A) = 0. The composition Defy, — DefggM factors
through o : Def‘;\} — Def(%gM,v) via the inclusion. By [4, 3.6] Q&M ®cA containes
M as a direct summand if M is liftable to C/I? with the additional assumption
that TOI‘Z-C/IQ (N,A) = 0 for all i« > 0. However we claim that Torlc/l2 (N,A) =
0 = Toric/l2 (N,A) = 0 for all ¢ > 0. From the proof of Lemma 3 we see
that since I/I? is A-free we have o(C/I?, M) = [0] € H* Hom 4(F, F)®4I/I? =
Ext? (M, M)®I/I%. Since o(C/I?, M) = 0, there is a 7 € Hom} (F, F)®41/I?
with 07 = 0. Adjusting d with 7 gives a differential d’ on F, i.e. (d")? = 0, hence
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0 — Foal/I? L F I F — 01s a short exact sequence of complexes and by the
long exact homology sequence, (F',d’) is a resolution of N. Tensoring (F',d’) by A

2
gives I’ and hence Toric/ ! (N,A) = 0 for all ¢+ > 0. We have obtained a natural
map

(7) 7 : Defy, — Deff‘M@Y,V/); Ms — 7Mg = Q¢ Ms®cy As

where QEM®cA = M&Y for some finitely generated A-module Y, and V' =
im(id, n') where

(8) (id, %) : Ext’y(M, M) — Exty, (MY ,M®Y) i>0

is the composition of Ext’y (M, M) — Exth(M, M), the n' iterate (w*)" of (6),
and the natural map Ext5(Q,Q) — Ext%(€Q,Q) obtained by tensorisation and
the collapse of the spectral sequence ES? = Ext (Torg(Q, A),Q) = Ext?r(Q,Q)
(where Q@ = Q2 M and Q = QRcA).

For formal smoothness of o, let o also denote the natural map Ext’y (M, M) —
Ext5(Q,Q) (for i > 0). From Torl (oM, A) = 0 for all i > 0, it follows that
(id,n?)(0o (7, Ms)) = ou(m,0Ms)®@cA = o,(m,7Mg). Since (id,n?) is injective,
o.(m,o0Mg)=0=o,(m,Mg) =0.

Given a deformation Lg in Def(CQg m,v)(S) there in particular exists a defor-
mation M; of M to S; = S/m’;rl and an isomorphism ¢; : oM; =, L; for all
i > 0. We show that the isomorphisms ; can be chosen compatible. Suppose
compatibility is achieved up to ;1. The “difference” between L; and the via
oM; — oM;_y composed with ¢;_1 induced deformation oM; of L;_; is an el-
ement o(§) € Exth(oM,oM)®yJ where J = ker(S; — S;_1), as follows by
the definition of Def(C;)gM,V)7 see [23, 2.17] and [12, Thm. 1]. Then we “add”
£ e Extlléx(M, M)®y.J to the deformation M; of M;_; to obtain a deformation M/
such that the induced deformation oM/ of L;_; is equivalent to L, i.e. there exists
an isomorphism ¢} : o M] = L; compatible with ¢; ;. By induction and [20, 22.1]
we get an S-flat AS := A®,S-module Ms and an isomorphism ¢ : Qgs MS = I:S

Let L = Lg®cgsAs, and let L = L®ASAS be the completion of L. Via the
isomorphism induced from ¢ and the splitting MS Y = Qgs Ms®cs A§7 there is
amap L — MS Let Mg be defined as the image of L under this map. Then Mg
is a finitely generated Ag-module, and the completion of Mg is M & . From [20,
7.11] it follows that there exists a map ¢g : cMg — Lg inducing 1. By [20, 22.5]
© is injective and coker ¢ is S-flat. Since p®gk is an isomorphism, it follows that
coker ¢ = 0 and ¢ is an isomorphism. Hence o Mg is equivalent to the deformation
Lg and o is surjective.

To get injectivity of o we prove injectivity of 7. Assume ¢ : 7Mg — 7M 5. Re-
stricting ¢ to the direct summand Mg and composing with the projection Mg —
My gives a map ¢ : Mg — M{ compatible with the structure maps to M. By [20,
22.5] ¢ is an isomorphism as above, hence 7 is injective and so is o. U

Remark 2. One similarly shows that 7 in (7) is an isomorphism. Moreover; we have
maps

a B
(9) Deff, % Def(CMyvl) — Def(%gM,\@) — DefflﬂgMégcA,vg) Z Def?

(where the V; are the images of Def4; (k[e])) which all except 3 exist without the con-
dition o(A/I?, M) = 0 in Theorem 1. Let M and M’ be A-modules and A = C/I
any quotient ring. In [12] an obstruction theory for Def%, as a sub-functor of
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Def{; is given. Let Mg be a deformation of M as A-module. If the obstruc-
tion class o, for deforming Mg along a small surjection R — S as C-module is
zero, there exists a secondary class o, which vanish if and only if there is a de-
formation of Mg as A-module, see [12, Thm. 1]. Moreover, there is a change
of rings spectral sequence E5? = Ext? (M, ExtL (B, M')) = Ext? (M, M') with
do-differential Hom , (M, Extg (A, M')) L, Ext? (M, M') induced by cupping with
o(C/I?, M) € Ext} (M, M®pI/I?) via the isomorphism Hom 4(M®1/1?, M') =
Hom 4 (M, Ext& (A, M')), see [12, Prop. 3]. In [12, Thm. 4] it is shown that o, is
in the image of dy , hence is zero if o(C/I?, M) = 0. It follows that « in (9) is an
isomorphism in this case.

If A and C are algebraic k-algebras (i.e. the Henselisations of local k-algebras)
with residue field k, then one can show that A as an A 4-module gives a versal family
for Def;!. If C has the same embedding dimension as A, then Def(c,mvl) = Def?,
so by Theorem 1 and sequence (9) one has maps A — C — A such that the
composition is id 4. If C is smooth and A is not, this cannot happen. One can show
directly that o(C/I2,k) # 0, see Lemma 7.

The following result gives modules of different depths and dimensions which have
isomorphic deformation functors.

Lemma 4. Let M be a finitely generated A-module where A is an algebraic k-
algebra. If Exty (M, A) =0 for all 0 < i < g, and g > 3, then

(10) Defy;, = Defdy; = ... = Deffy2y, .
In particular
(11) Defit = Def =5 ... 55 Defgusy,

where d = depth A. If A is the Aa-module defined via the multiplication map
Ax 5 A then (A, QY | A) is a (mini-)versal family for Deff, for all0 <i<d—2.

Proof. Assume Ext!, (M, A) = Ext? (M, A) = 0, we show that Def?; — DeféAM in
Lemma 1 is an isomorphism. For surjectivity, let (QM)g € Def) v (8) and choose
a minimal Ag-free resolution ... — Fy — F¥ — (QM)g, then a minimal A-free

resolution ... — Fy — Fj 4, Fy — M is obtained by extending FS®gk. By
dualisation of the syzygy of (Q2M)g one obtains a map ¢ : (2(QM)s)" — (Q2M)V.
The cokernel of FY — (Q>M)V is Ext% (M, A) = 0, and so ¢ is surjective which
is equivalent to p®gk being an isomorphism by an argument as in (2). Since the
map ¢, : coker((F)Y £5 QQOM)s)Y) = Exty, (2M)s, As) — Exth(QM, A) =
0 is surjective, it is an isomorphism, and p; is surjective. Then it follows that
(M) 5)Y — (2M)Y is surjective since ¢®gk is injective. We can therefore lift
the map Fy — (QM)Y to a map pg : F§ — (QM)s)Y where Fj is Ag-free of
the same rank as Fy. Let o be the composition of py with the natural inclusion
dy

(QM)s)Y — (FF)V. Define df := 0¥ and Mg := cokerd;. Then ... — FY -
FOS — Mg gives an Ag-free resolution of Mg which lifts /' — M since the natural
map H; (F¥)®gk — Hy(F) = 0 is an isomorphism if it is surjective. In particular
Tor; (Mg, k) = 0 and so Mg is S-flat and a deformation of M. We have QMg =
(QM)s.

For the injectivity, let ¢ : QMg — QMY be an isomorphism of deformations.
Dualisation of the inclusions in Fy gives surjective maps since Extly(M, A) = 0.
There is a lifting 7 : (Fy)Y — (Fy)" of ¢V with T®gk = idg,. Let ¥ := 7, then
b induces an isomorphism Mg — Mg of deformations since it is compatible with

.
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For the final statement one checks that A as A 4-module is a (mini-)versal family
for Def?, cf. [12, Ex. 4]. O

3. DUALITY AND MAXIMAL COHEN-MACAULAY APPROXIMATION

Various dualities induce isomorphisms of deformation functors which together
with Theorem 1 relates the deformation functors of a MCM A-module and its
maximal Cohen-Macaulay approximation as C-module in Corollary 3.

Lemma 5. Let Mg and Ng be S-flat deformations of finitely generated A-modules
M and N, for a local k-algebra A. Fix ann > 0. If Ex‘ci‘(M7 N)=0 fori=n-—
1,n+1, then the Ng-dual Mg := Ext’y (Mg, Ns) is a deformation of Ext’y(M, N)
to S. In particular Mg — Mg gives a map of deformation functors

(12) Def4, —> Def4,. .

If Exty (M,N) = 0 for 0 < i < n and for i = n+ 1 and Exty,(M”,N) = 0 for
i =n—1,n+1, there is a natural map to the double dual; cs : Mg — (Mg)"".
If ¢ : M — M"" is an isomorphism, then cg is an isomorphism too, (12) is an
isomorphism and Def}i‘p — Defﬁ is the inverse.

Proof. The first part is a special case of [1, 1.9]. Since the composition 7 :
BExt’y (Ms, Ns) — Ext’y . (Ms, Ns)®sk — Ext’y (Mg, N) = Ext’y (M, N) is func-
torial in the map 7 : Mg — M, and since Mg is S-flat, the map Def}?/[ — Def}?/ju is
well defined.

For the second part; choose minimal Ag-free resolutions F' — Mg and G — Mg.
We use the notation Mg® := Hom, (Mg, Ng). Since 0 — Fg° — ... — F° ) —
(Q"Mg)¥"° — Ext’y (Mg, Ns) — 0 is exact, there is a lifting of the identity map to
a map of complexes 7 with 79 : Gy — (Q"Mg)" and 7; : G; — F,°, for 0 <i < n.
Dualising in Ng and (pre-)composing with the natural map F — F*0*0 gives a map
of exact sequences where cg is the 0*"-cohomology:

(13) 0=— Mg Fy F i< Fy = M <
Jes ! | I I
0<—M§V<—(QZSMV)V0<7GZ°71<7...<7G11/0<7G80<70.

If ¢ is an isomorphism, coker(cg)®gk = 0, i.e. coker cg = 0 and since Mg” is S-flat
cs too has to be an isomorphism. O

Definition 3 ([8, 9]). Let A be a local Noetherian ring and K and M finitely
generated A-modules. Set Gg-dim M = 0if M is K -reflexive, i.e. M — M"°"° is an
isomorphism, where M*° = Hom 4(M, K), and Ext’ (M, K) = 0 = ExtYy (M", K)
for all ¢ > 0. K is called suitable if Gg-dim A = 0, and then let

Gg-dimM =inf{n|0 - P, - ... > P, - Py — M — 0}

where the sequence is exact and Gg-dim P; = 0 for all 4.
An A-module M is Gg-perfect if grade M = Gg-dim M where grade M =
inf{i| Ext (M, K) # 0}.

We obtain the following corollary of Lemma 5:

Corollary 1. If M is G-perfect of Gx-dim M = n, then Ext’y (Ms, K®4As)
is a deformation of Ext (M, K) and (12) is an isomorphism.

In particular; if A is a Cohen-Macaulay and K = w is a dualising module for A,
then for any Cohen-Macaulay A-module M of codimension n, Ext’y . (Ms,w®aAs)
is a deformation of the codimension n Cohen-Macaulay A-module Ext’y (M, w) and
(12) is an isomorphism.
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Proof. Generally G g-dim M < oo implies that G g- dim M = sup{i | Ext’y(M, K) #
0}; cf. [9]. Moreover, since M is Gg-perfect of Gx-dim M = n one has that
Ext” (M, K) is Gg-perfect of Gg-dim M” = n and M = M"” is an isomorphism;
cf. [9]. Hence the strongest conditions in Lemma 5 are satisfied for M. If A is a
Cohen-Macaulay ring, then M is G g-perfect if and only if Gx-dim M < oo and M
is a Cohen-Macaulay module, and then Gg-dim M = depth A — depth M; cf. [9)].
We have Gg-dim M < oo for all modules M if (and only if) K = w. O

In the case G 4-dim M = 0 there is a Tate resolution which is a minimal complex
F of free A-modules which is exact and with M = coker(F; — Fp) . It is constructed
by splicing a minimal resolution of M with the dual of a minimal resolution of M".
Define Q4 M = coker(F, 41 — F,,) for all n € Z.

Corollary 2. Suppose M is a finitely generated A-module. If Go-dim M = 0 then
Defﬁ = DeféZM for alln € Z.

Proof. Since G4-dim A = 0, we have G4-dim QM = 0 for all n € Z. The result
follows immediately from Lemma 4. (]

Example 2. If X = Spec A is a normal surface singularity and M is reflexive
on X one does not in general have that Def}?/[ = Deffw unless A is Goren-
stein. If X is the cone over the rational normal curve of degree m, ie. A is
the Henselisation of k[u™,u™ v, ... ,v™] with indecomposable reflexive modules
M; = (u',ui"tv,...,0v%), then MY | = M;j, but the minimal stratum in a filtra-
tion of the versal base space ([17]) of M, _; is an isolated singularity of dimension
(r — 1)m while M7 is infinitesimally rigid, see [10]. In fact G4-dim M =0 = M
is free. Since Extly(M;, M;) =0 for i < j +1 < m — 1, if M only has such M; as
direct summands, we have from Lemma 5 a map Def4; — Def4,, where N = M;,
and if ¢ < j < m — 2 this map is an isomorphism.

Definition 4. Suppose A is a local Cohen-Macaulay ring with a dualising mod-
ule w, then a maximal Cohen-Macaulay approrimation of an A-module M is an
exact sequence 0 — Yi} — X3y — M — 0 of finitely generated A-modules with
injdim Y} < oo and X3, a maximal Cohen-Macaulay module.

This is a particular instance of the categorical concept of MCM approximation
introduced by M. Auslander and R. O. Buchweitz, and by Theorem A in [3] there
exists MCM approximations. If M is a Cohen-Macaulay module (so is G,-perfect)
then the sequence 0 — Y — (QU4Ext’; (M,w))”® — M — 0, obtained from the

bottom left of (13) via the isomorphism M = Ext’} (Ext’}(M,w),w) with n =
codim M, is a minimal MCM approximation of M.

Corollary 3. Suppose m : C' — A is a surjective map of local k-algebras where
C is Cohen-Macaulay and M is a finitely generated A-module which is Cohen-
Macaulay of codimension n as C-module. Let MV = Ext(M,we), then there is an
isomorphism

(14) Def{, = Def,, and a natural map Defy,, — Def)c(ﬁ .

If I = kern is generated by a regular sequence of length n and o(C/I?, M) = 0,
then there are isomorphisms of deformation functors

c ~ A mperdA = c
(15) Defxc vy < Defiy = Defy, — Def o vy

where V and V' are the images of Defy (k[e]).
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Proof. Since Mg = Extg, (Ms,wc®cCs) is an Ag-module as Cs-module for any
deformation Mg of M as A-module, the isomorphism Def$; — Def¢;. obtained in
Corollary 1 induce an isomorphism Defj?/[ — Deff&lu via the natural change of rings
inclusions.

Remark that X§;, = (Q%M)¥0, and we have maps Def4y, = Def4y, — DefggM =
Defgg( Myvo Obtained in Corollary 1 and Lemma 1. The final statement follows from
the last isomorphism and Theorem 1. O

4. GENERALISED KNORRER FUNCTORS

It is not hard to provide general examples of A and C' in Theorem 1 such that the
conditions are satisfied for all A-modules M. We will however in Theorem 2 give a
class of examples only partially covered by Theorem 1, and which also generalises
both of Knorrer’s functors, which are discussed at the end of the section.

Definition 5. If I(p) is the ideal generated by the maximal minors of the a x
b-matrix p with entries from the maximal ideal of a local ring R, then I(p) is
determinental if depth I(p) = |a — b| + 1, the maximal possible value.

Let P be a local k-algebra with residue field k, and let Q and R be the localisa-
tions of the polynomial rings P[u] and P[u,v] respectively, where u = {uq,...,up}
and v = {v1,...,v,} are indeterminants. Let (f;) and (F;) be b elements from
mp and mp respectively. Set h; = F; — f; € R. Moreover, let ¢ = (g;;) be an
I x m-matrix (I < m) with g;; € Q, let g,; be the image of g;; under the natural
map Q — Q®pk = Qo = k[u)wn and put 1 = (7;;)-

With this notation we have:

Theorem 2. Assume (f) is a reqular sequence and I(1g) is a determinental ideal,
and let A= P/(f), B=Q/((f)+I()) and C = R/(F). For any finitely generated
A-module M, let M' = M® B which is a C-module via the natural surjective map
C — B.

If hij € (v)(w,v)R and g;; € (v)Q for alli,j, andn=qg+m—1+1 (n=q if¢
is empty), then there is an isomorphism of deformation functors

g . DefAM i) Def(CQgM/’V)

where V = im Def?; (k[e]).
If M is a mazimal Cohen-Macaulay A-module, then Q&M is a mazimal Cohen-
Macaulay C-module.

The proof will employ a construction of D. Eisenbud which to an R-free resolution
L of M gives an A-free resolution of M if A is a quotient ring of R by an ideal
generated by a regular sequence.

A ‘sum’ tensor product of Eisenbud systems.

Definition 6 (D. Eisenbud). Let R be a commutative ring and J = (f1,..., fn)
a sequence of elements in R. An Fisenbud system relative to J on an R-complex
L = (L,d") is a system of R-linear endomorphisms {s,} of L as graded R-module
of degree 2|a| — 1 > 1, where « is an n-multi index, satisfying

(16) sadt +dls, = — Z 88, S5,
B1+B2=c

for || > 1 and s;d + ds; is multiplication by f; on L, see [5].
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If L is an R-free resolution of an A = R/J-module M, there exists an Eisenbud
system on L. Let S = Rlty,...,t,] and let D = Homg, g g a1, (S, R) (Where degt; =
—2) be the divided power algebra. It has generators 7(®) which are dual to the t*
and ¢; acts on I) by subtracting the i-th index in a by 1 if possible, or else t;-7(®) = 0.
If we put so = d- and d = Y t*®s, then DRL®A = (DRrLRRA, d) is a complex
of A-free modules, and if (f,..., fn) is a regular sequence then DRL®A is an
A-free resolution of M, see [5, 7.2].

Definition 7. If £ = (L,{s(f)}) and & = (L',{sa(g9)}) are Eisenbud systems
for the sequences (f1,..., fn) and (91,---,9n) In R, then their sum tensor product
is the Eisenbud system £®&' = (LQrL’, {so(f)®1 + 1®s4(g)}) for the sequence
(fl +gl>---afn+gn)'

Proof of Theorem 2. Suppose we have surjections C — B and B — A, and a
flat splitting A — B, (all maps of local k-algebras) and a finitely generated A-
module M. Define o by the composition Def4, — Def?,, — Def;, — DefS (where
Q = QFM') of maps defined in Lemma 2, by change of rings, and in Lemma 1
respectively. Moreover; there is a map Defg — Defg where Q = Q2 M'®cB by
Lemma 2 if n > pdimg B. Since a deformation of a B-module IV is also a de-
formation of N as A-module, there is a map Defg — Def%. By the splitting of
B as A-module Q% M'®@cA becomes a direct summand of QFM’'®cB. We claim,
under the additional conditions, that M is a direct summand of QEM'®cA. We
define 7 : Def?, — Def%y,) where V' = im Def{; (k[e]) by Mg — Q¢ Mi®cgBs
considered as (possibly non-finitely generated) Ag-module. That o is an isomor-
phism now follows analogously to the argument in Theorem 1: Define (id,n?) for
i > 0 to be the composition of the natural maps Ext’y(M, M) — Ext&(M', M) —
Ext5(Q,Q) — Exty(Q,Q) — Ext’y(Q,Q) = Exty (MaY, M®Y). In particular the
(id, n?) are injective. Considering the obstruction classes as 4-term exact sequences
(see the proof of Lemma 7) one can show that o, (m, o Mg)®cB +— o,(m,7Mg), so
o,(m,0Mg) = 0 = o,(m,Ms) = 0 and formal smoothness follows for o. Given

aLs € Def(%’v)(S), then there is an A&;S-module Ms and an isomorphism
Q: QgMg = f’s . Let L? = Ls®c,Bs and L the Ag-linear direct summand of
S

Lp induced by the splitting of A in B. The image of the map L* — Ms , defined by
the splitting and ¢, defines Mg. We obtain an isomorphism o Mg = Lg compatible
with ¢ mod m% by [20, 7.11]. Hence 0 Mg is equivalent to the deformation Lg and
o is surjective. For the injectivity of o, see the proof of Theorem 1.

For B to be A-flat it is sufficient that Q/I(v) is P-flat. Since I(v)g) is determi-
nental, the Eagon-Northcott complex F(1o) (cf. [6, A2.6]) by assumption gives a
Qo-free resolution of Qo /I (). There is a natural map H; (F(¢))®pk — H;(F (1))
which is surjective if and only if it is an isomorphism (as in (2)). Hence F(v) is a Q-
free resolution of Q/I(1)) of length m—[+1 and similarly the Koszul complex K (F)
gives an R-free resolution of C'. We have Tor! (Q/I(v), k) = ToriQ(Q/I(zb)7 Qo) =
H; (F(¥)®0Qo) = Hi(F(1b)) = 0 for ¢ > 0 by assumption, and we conclude by the
local criterion of flatness.

If Co = C®p1k, we have surjections C — Co — B, we will show that pdims Co =
q and pdimg, B = m — [ + 1. There is a change of rings spectral sequence
EY = Extl, (B,Ext.(Co,~)) = Ext/(B,~). If i > m —1l+1or j > g, then
EY =0, and thus pdimg, B < ¢+m — [+ 1. We have Tor'¥(C, k) = Tor?*(C, Q) =
H;(K(F)®rQ) = H;(K(f))®@pQ = 0 for ¢ > 0 by assumption, hence v is a C-
regular sequence and pdims Cy = ¢. Since Q/I(¢) is P-flat, F(¢)®pA gives an
Co-free resolution of B and the length of F(¢) is m — 1 + 1.
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If M is a MCM A-module (and A is Cohen-Macaulay), then My = M®4Cj is
a MCM Cp-module. We have that F (1)) = F(¢)®oCo gives a Co-free resolution
of B and H;(F(¢)®c, Mo) = Tor® (B, My) = Tor (B, M) = 0 for i > 0 since
B is A-flat. We get an “Mj”-resolution of M’ of length m — [ + 1. By [6, 18.6]
depth M’ > depth My — (m — [ + 1) = depth Cy — pdim,, B = depth B = dim B
since B is Cohen-Macaulay, so M’ is a MCM B-module, and Q¢M’ is a MCM
C-module since n > pdim B.

For the claim; let £ be an Eisenbud system on a minimal P-free resolution L of
M for the regular sequence (f1,..., f,) and & an Eisenbud system on the R-free
Koszul resolution K (v) of @ for the sequence (hi,...,h;). Remark that we may
assume Sqo(h) = 0 for || > 1. The tensor product of these complexes with the
resolution F () gives an R-free complex with Hy = M[u, v]m@rQRrR/I(¢) = M’
and H; = Tor®(M®pR,Q/I(v)) = Tor! (M,Q/I(1))) = 0 for i > 0, hence an
R-free resolution of M’. The tensor product of the Eisenbud systems yields an
Eisenbud system for (Fi, ..., F,), hence we obtain a C-free resolution (£, d) of M'.
Assuming (D®L®A, d) is a minimal A-free resolution of M, we have

(QEM"®cA = coker d,11®c A = coker(dp+1®cA)

= coker(P (O t*®sa(f))ip1®101

i=0
n .
= P AUM)©AG i,
i=0

where Gy, = @]_((\"™"7 AN)@ 4 A™F Wi since, by assumption, h; € (v)(u,v)R,
so we may assume I1(s;(h)) C (u,v)R and thus that the DK (v)®C- and F(v)-
differentials vanish when applying —®¢A. Non-minimality of (DQL®A, d) will only
give certain extra free addends in coker(d,+1®cA), the conclusion is still valid. O

Remark 3. Any k-algebra B resolved by a finite functorial complex like F may be
used to obtain results similar to Theorem 2.

The extra conditions ensure that o(C/I%, M) = 0 so that in particular Theorem
2 (with p = 0) gives examples of C' — A satisfying the conditions in Theorem 1 for
all A-modules. Let I = (u,v)C = ker(C — A) and let (L,d*) — M be a P-free
resolution of M. The regular sequence (f) defines a 0-homotopic multiplication
map m : E1®pLo — Lo where Ey = P® let s : Ey®pLo — Ly be a lifting of m,
i.e. df's = m. Then

P df (s,d3)
F': F0<—F1 <—E1®F0@F2

gives, after applying —®pA, an A-free 2-presentation (£, d) of M, see [12, Lem. 3].
There is a natural map P — C, and FFP@pC/I? gives a lifting of £ to C/I? as
graded module. By [12, Prop. 3] (see also Lemma 3) we have that o(C/I?, M) is
induced from dys. However dis = (f) = (F) =0 mod I? since h;; € I2.

Observe that o(C/I?, M') may be non-zero even though o(C/I?, M) = 0, which
for instance is the case with Knorrer’s H-functor, see below.

Lemma 6. Let 7 : C — A be a surjective map of local k-algebras. Assume that
I = ker 7 is generated by a regular sequence and that n > pdimy A. Let M be any
finitely generated A-module. Then there is an isomorphism of deformation functors

) c ~ A
(17) [0 DengM — Def(QgM®cA,V)

where V = im DefggM(k‘[e]).
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Proof. The map o is the one given in Lemma 2. If N is a C-module and the length
of the regular sequence is r, one has that Qf(N®@cA) = @), N7 CTRcQLN if
and only if I-Exts (N, —) = 0 for all i > 0, by [21, 2.2]. Set N = Q%M, then we
have Exti (N, —) = Ext" (M, —) (for i > 0) which certainly is annihilated by 1.

Define 7 : Def§; — Def(cgycﬁ!v,)7 where N = N®cA and V' = im Def (k[e]), by
Ng — QESN75 The proof is concluded by proving surjectivity and injectivity of o
as in the proof of Theorem 1. O

The Knorrer functors.

Definition 8 (D. Eisenbud). If f is a regular element in a ring P, then a matriz

factorisation of f is a pair of linear maps (p, o) of free P-modules Lg AN JRA
of finite rank such that po = f-id;, and op = f-idg,.

A matrix factorisation is a special case of an Eisenbud system, see Definition 6.
If A= P/(f) one obtains an A-free resolution ... £ Ty = L, £ Ty — M where
0 = pRpA etc. If P is a regular ring, then M is a MCM module, and any MCM
A-module is (if P is local) given by a matrix factorisation of f. See [5].

Definition 9 (H. Knorrer). With notation as before Theorem 2, let F = f + v?
(i.e. h =% p =0, q=1), then the G-functor in [18] takes the matrix factorisation
(p,0) of f over P to the matrix factorisation of F' (in block matrix notation)

6oV = (|0 "] L5 =

o
over R.

If M = coker p then M is an A = P/(f)-module. Let G(M) = coker ¥ which is
a C'= R/(F)-module.

Corollary 4. There are isomorphisms of deformation functors

(18) DefAM E—) Def(CG(M),V) and Defg(]\/[) E—> Defquu@QAM"//)
where V = im Def4; (k[g]) and V' = im Defg(M)(k[E]).

Proof. Let L'’ = Lo pR®rC. One checks that

=/

LA or E Lerh

(19) M « L6
gives a C-free resolution of M. Hence G(M) = QcM and the conclusions follow
from Theorem 1 and Lemma 6 since G(M)®QcA = MOQsM. ]

Example 3. Let P and R be the Henselisations of k[z] and k[z,v] respectively,
and A = A,, = P/(f) where f = 2""1 so that C = R/(F) where F = f+v2. Let
M =k, the residue field of A, then G(k) = m¢ and G(k)®cA = k @ m4. Consider
the first three maps of deformation functors in (9), but without restricting to the
images of Def;' (k[e]). In fact we have Def{ = Def¢ . - By the general identification
Def4; (k[e]) = Ext!y(M, M), one calculates Defy (k[e]) = (€11), Defg(k)(k[e]) =
(m,n2), and Defipn , (k[e]) = (&ij)1<ij<a - The maps give &1 — wé(€11) = m —
&11+&22 where €99 = w114(§11), and 7o +— &12+&21 . Let the variables ¢;; and s; at
the cotangent spaces correspond to the k-duals of the §;; and the 7; , then we know
by Lemma 4 that S; = k[t11]"/(t};) and S = k[s1, s2]" /(7T 453) are the versal
deformation rings of Def and Defg(k) respectively. The obstruction calculus,
involving cup and Massey products (see [19, 25, 12]), gives the obstruction ideal.
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It terminates after n + 1 steps in this case, and we obtain the versal deformation
space S3 for Deff@mA as

ti Ftiotar, tiitia—tiates,
(20) S = k[tll,t12,t21,t22]h/ (t2111t11*t22t21a tho t Ftartin )
where the equations are valied even without assuming that the ¢;; commute. The
choice of liftings of the dual maps of the Zariski tangent spaces of the functors to the
deformation rings given by 11,95 — 81 +— t11, and ty9,t21 +— S — 0 is respected
by the equations. However, there is no map S; — S3 such that the composition
S1 — S3 — S — 57 is the identity! Hence there cannot be any “projection” map
Defjiym, — Defj for which the natural Defj — Defjy,, , is a section.

Using an existence result of A. Ishii in [17], T. S. Gustavsen and the author in
[11] show that the versal deformation space of a (not necessarily indecomposable)
reflexive module on a rational double point is irreducible, and by Theorem 3 below
this result is extended to MCM modules on the simple singularities of even dimen-
sion. So for instance is Spec S3 irreducible. However, the above example shows that
for the A,-singularities with n odd in odd dimension, there are (indecomposable)
MCM modules which have versal deformation spaces with two components.

Definition 10 (H. Knorrer). With notation as before Theorem 2, let F' = f + ww
(i.e. h =uw, p=q=1), then the H-functor in [18] takes the matrix factorisation
(p,0) of f over P to the matrix factorisation of F' (in block matrix notation)

1o = (L [ TS =

over R.

Let A= P/(f) and C = R/(F'), then M = coker p is an A-module and H(M) =
coker @ is a C-module. Knorrer’s main result is that H induces an equivalence
between the stable category of MCM A-modules and the stable category of MCM
C-modules in the case P is complete and regular, see [18, 3.1].

With this notation we have:

Theorem 3. If (p,0) is a matriz factorisation of f, M = cokerp and H is the
Knorrer functor, then

(21) Def}; 2 Deff 5 -
Proof. Let L'’ = Lo pR®rC. One checks that

[v-id, ]

=

(22) M « L, LyeL, & LieL) & ...

gives a C-free resolution of M’ = M® 4B (with C-module structure induced from
the natural surjection C' — B). Hence H(M) = Q¢M’ and the conclusion fol-

~

lows by Theorem 2 if we can prove the tangential isomorphism Deff\}(k[a]) —
Defg(M)(k[E]). Since ¢ is injective we have Ext’ (M, A) = 0, which implies that
Ext (M, M) = Hom 4, (Q4 M, M)

= Home(H(QcM), H(M)) by [18, 3.1]

= Home (2o H (M), H(M)) by [18, 3.5]

=~ Ext (H(M), H(M))
where Hom is the quotient of stable maps. O
Remark 4. Notice that H is also well defined for matrix factorisations over non-

local rings. If we restrict attention to functors of Art; then the conclusion in
Theorem 3 is still valied. The argument in Theorem 2 can be followed for the
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syzygy defined as H(M) only using the obstruction theory. For the tangential
result one explicitly constructs a chain homotopy from H(£4) to a given cocyle o
with [c] € Ext&(H(M), H(M)) where €4 = £c®c A, proving surjectivity, as was
done in [14, 7.4.18]. The result was first proved in 1990 by the author in his master’s
thesis, see [13, 2.5.4]. A version for P regular, i.e. for maximal Cohen-Macaulay
modules, appeared in 1996, see [22, 3.16]. The obvious generalisation of H is
obtained if we in Theorem 2 assume that 1 is empty. Indeed the initial motivation
for this work was to understand what was behind Theorem 3 and thereby possibly
obtain generalisations of it.

Remark 5. There is a short exact sequence
(23) 0— M — HM)®cB — (QaM) — 0.

The exact sequences arising from applying Hom g (H (M), —) and Hompg(—, H(M))
splits into short exact sequences since the connecting maps may be shown to be
zero. .g.

(24) 0 — Exty(QaM, M) — Exty(H(M), H(M)) — Ext} (M, M) — 0
which in particular shows that we cannot expect isomorphism in Lemma 6 without
restricting to the image of the tangent space.

5. SMOOTHING OF MCM MODULES, LIFTING OF THE RESIDUE FIELD

After defining smoothable modules, we show that if the “source” module is
smoothable, then so is the “target” module in several of the maps of deformation
functors considered above. Finally we show that the drop in embedding dimension
observed in Theorem 2 is equivalent to liftability of the residue field.

Assume that Def}?/[ has a versal family (R, M) which we fix, where we assume
that the Zariski tangent space is of minimal dimension at the central point (see
the introduction for the existence of versal families). Since Def4; is locally of finite
presentation, there exists a germ representing (R, Mg), i.e. an affine k-pointed k-
scheme R of finite type and an Rf-flat family of modules Mg, finitely generated
as Agre = A®),R*-module, such that the Henselisation at the k-point gives (R, Mg).
Let N be any A-module and suppose k is an algebraically closed field.

Definition 11. Let Loc(N) be the set of k-points t € Spec R such that the
pullback M; of Mpw to t is isomorphic to N. Then M locally deforms to N,
denoted M --» N, if the Zariski closure Loc(N) strictly contains the central k-
point corresponding to M. We say that M is smoothable if M locally deforms to a
free module.

It follows that the relation --» is independent of choice of germ, and is transitive
by openness of versality, see [17, 2.13]. Results on --» are found in [10] and in [11].

Corollary 5. Let Def‘;\‘/[l1 — Deféf/[2 V) be the map of deformation functors of
either Theorem 1, the second half of Corollary 3, Theorem 2 or Lemma 6, with
corresponding conditions. Assume furthermore that there exists a versal family for

Deffji , 1 =1,2. If My is smoothable, then My is smoothable.

Proof. Assume first that we are in the situation of Theorem 1. We may assume
that there is a C®y R -projective resolution Fe —» Mg which after Henselisation
at the central k-point gives a Cg-free resolution Fr — Mpg which is minimal for
the n + 2 first terms. Suppose M; = A", then Qg M, = C” by assumption on n
and I. So if F(t) = Fpre®pnk(t) and R(t) is the Henselisation of R at ¢, then
QgR(t)MR(t)QbR(t)k(t) is a direct summand of coker(F,1(t) — F,(t)) & C-free @
Q% M, and hence QZR(U Mpu)@pr)k(t) is C-free.
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In the situation of Theorem 2, Deff/[ — Def?M,y,) is an isomorphism where
V' = im Def?; (k[]), and so Mr®a4, Br gives a versal family of DeffM,,V,) and if
M, = A" then M/ = B". By the assumption on n we get that Q% M’ is smoothable
as above.

In the situation of Lemma 6, ((QzM)pe ®cA)Qpeek(t) = (M) Qc A is A-free
if (M), is C-free. O

In Theorem 2 with p = 0 we have that the drop of embedding dimension equals
the drop of dimension; edim C — edim A = dim C' — dim A. This is not coincidental.

Lemma 7. Suppose m: C — A is a surjective map of local rings and assume k is
the residue field of A. If I = kerw is generated by a regular sequence of length n,
then

(25) o(C/I* k) = 0 <= edim C = edim A + n.

Proof. («<): Let L — k be a minimal C-free resolution of k = C/(x1,...,%),
e = edimC. Choose an Eisenbud system {s,} relative to I = (hy,...,h,) on
L, and let F = (D®cL®cA,d), as given after Definition 6. Then o(C/I% k) €
Ext? (k, k)@ /mI is represented in the complex Hom 4 (F, k)®;I /mI by the cocycle

n given as Fy = Ly[2] @ Ly (d(31,0) Iy = A" composed with A" — I/mI, see [12,
Prop. 3]. We have s; : Ly — Ly with (z1,...,2z¢)s; = h;. We may assume that
hi =x;+¢g;, g; €m?fori=1,...,n. Hence s; = e; + &; where I(§;) C m, and 7 is
the coboundary induced from [id | 0] : Ly — L{ composed with L — I/mI.

(=): Applying —®c A to the short exact sequence 0 — mg — C — k — 0
gives a 4-term exact sequence 0 — Tor{(k,A) — me®cA — A — k — 0. Tt
represents o(C/I2, k), cf. [4, 3.5]. The connecting Ext!,(m¢, k) — Ext? (k, k) is an
isomorphism, so o(C/I?, k) = 0 implies that

(26) 0 — Tor{ (k, A) — mc®cA — my — 0

splits. Since Torlc(k7 A) 2 I/mlI, we have, after applying —® 4k to (26), a splitting

me/m% =my/m?% & I/ml. O
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