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Abstract

In this paper we consider the problem to find a market portfolio that
minimizes the convex risk measure of the terminal wealth in a jump dif-
fusion market. We formulate the problem as a two player (zero-sum)
stochastic differential game. To help us find a solution, we prove a theo-
rem giving the HJBI conditions for a general zero-sum stochastic differen-
tial game in a jump diffusion setting. We then use the theorem to study
particular risk minimization problems. Finally, we extend our approach to
cover general stochastic differential games (not necessarily zero-sum), and
we obtain similar HJBI equations for the Nash equilibria of such games.
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1 Introduction

We study the problem of minimizing convex risk measures in a Lévy market.
The paper [2] introduced the concept of a coherent risk measures as a measure
which is sub-additive, positive homogeneous, monotonic and translation invari-
ant. However, in [8] and [6], the idea was extended to relax the subadditivity
and positive homogeneity and substitute these with the convex property. It was
observed in [19] that the negative of a convex risk measure can be interpreted
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as a special utility function termed monetary utility function. As a result, risk
minimization leads to a max-min problem whose solution we are interested to
find.

This problem then extends to solving a zero-sum stochastic differential game
between an agent and a market. In order to simplify the max-min problem
that we get in the process, we formulate and prove a general Hamilton-Jacobi-
Bellman-Isaacs (HJBI) equation for two player stochastic differential games.

Our paper is designed as follows: In the next section we describe the jump
diffusion market model we want to deal with, and we formulate the risk min-
imizing problem as a zero-sum stochastic differential game problem (Problem
2.4). Then in Section 3 we state and prove an HJBI equation for such games
(Theorem 3.2). In Section 4 we apply Theorem 3.2 to study some risk minimiz-
ing portfolio examples. Finally, in Section 5 we extend our approach to cover
general stochastic differential games, not necessarily of zero-sum type, and we
prove an HJBI equation for determination of the Nash equilibria of such.

2 The market model

Let n(t) = n(t,w); (t,w) € [0,00) x 2 be a Lévy process on a filtered probability
space (Q, F,{Fi} >0, P) satisfying the usual conditions. Let N(dt,dz) be the
jump measure of 7(-) and let

v(V) = E[N((0,1],V)]; V C R\ {0} Borel set

be the Lévy measure of 7(-), where E[] denotes expectation with respect to P.
Define _
N(dt,dz) = N(dt,dz) — v(dz)dt,

the compensated Poisson random measure of 7(-). We assume for simplicity
that
E[n*(t)] < oo forall t>0.

Then by the Lévy-Itd decomposition theorem 7(-) has the form

(2.1) n(t) = at + bB(t) +//zN(ds,dz); t>0
0 R

where a, b are constants and B(t) is a standard Brownian motion. In view of this
we see that when we deal with models involving integration with respect to n(t)
it is natural to consider linear combinations of dt-integrals, dB(t)-integrals (i.e.
classical Ito integrals) and N (dt, dz)-integrals. This leads to Lévy-Ité processes
X(t) of the form

(2.2) dX (t) = a(t,w)dt + B(t,w)dB(t) + /v(t,z)N(dt,dz)



where «, 8 and v are Fi-predictable processes satisfying

T

/{|a(t)\ + B2(t) + /Vz(t,z)y(dz)}dt < o0 for all T < oo.

0 R

We refer to [1] for more information about the stochastic calculus of Lévy
processes. See also [25, Chapter 1].
We now consider such a model in finance: Let «, 8 and v be as above, fix

T
T > 0 and let r(t) = r(t,w) be adapted with [ |r(t)|dt < co a.s. Suppose there
0

are two investment possibilities:

(1) a risk free asset (e.g. a bond), with unit price Sy(t) at time ¢ given by

(2.3) dSo(t) = r(t)So(t)dt; So(0) =1

(ii) a risky asset (e.g. a stock), with unit price S;(t) given by

(2.4) dS(t) = sl(t—)[a(t)dt+ﬁ(t)d3(t)+ / v(t,z)N(dt,dz)}; S1(0) >0
R

where we assume that y(t,z) > —1 for a.a. t,z, a.s.

Let w(t) be a portfolio, giving the proportion of the total wealth V (t) invested
in the stocks at time ¢. Then the dynamics of the corresponding wealth process
V(t) =V(t)is

(2.5) AV () = VO ) {1 — 7 ()r(t) + w(t)a(t) Yt
b r(BBH)ABE) + () / AN d)]: V() >0,
R

We require that w(¢7)vy(t, 2z) > —1 for a.a. t, 2, a.s. and that

T
/{|(1 — ()] + [r()at)] + T2()F(E) + ﬂt)/ﬂt, 2w(dz) }dt < oo as.
0

R

We now pose the following problem:

(2.6) Find the portfolio w(t) that minimizes the risk of the terminal wealth
V().
As a measure of risk we will use the conver risk measure, introduced in

[8] and [6]. It is a generalization of the concept of a coherent risk measure,
introduced in [2].



Definition 2.1 ([8], [6]) LetF be the family of all lower bounded Fr-measurable
random variables. A convex risk measure on F is a map p: F — R such that

(i) (convezity) p(AX +(1—=N)Y) < Ap(X)+(1—N)p(Y) forall XY €F,
A€ (0,1),
(i1) (monotonicity) If X <Y, X,Y €T, then p(X) > p(Y),

(#ii) (translation invariance) If X € F and m € R then
p(X +m) = p(X) —m.

In view of the general representation formula for convex risk measures (see
e.g. [8, Theorem 9]), we will assume that the risk measure p that we consider,
is of the following type:

(2.7) p(X) = sup {Eq[-X]-((Q)}
QeM,

(where Eq denotes expectation with respect to @), for some family M, of
measures ) which are absolutely continuous with respect to P and for some
“penalty” function ¢ : M, — R. (See also [2], [4], [6] and [9].)

One possible choice of penalty function {(Q) is the relative entropy of Q with
respect to P, defined by

(25) (@ =1 P) =5 | o 2]

(See e.g. [13].)
A natural choice of the family M, is the set of all measures @ = Qg of
Girsanov transformation type, i.e.
(2.9) dQy(w) = Zy(T)dP(w) on Fr
where 6 = (6y,6;) and

(2.10) dZp(t) = Zo(t7)] ~ bo(t)dB() - / Out )Nt d2)]:  Zo(0) = 1.

Here 04(t) and 04 (t, z) are Fr-adapted processes, 01 (t,z) < 1 for a.a. ¢,z and

T
(2.11) 62(t) 02 (t, 2)v(dz) pdt < 0o as.
i foe g

Then by the It6 formula the solution of the stochastic differential equation (2.10)



is
t t

Zo(t) = exp [f / Bo(s)dB(s) — 1 / 02(s)ds

0

0
+O/R/log(1 791(5,2))N(d5,dz)

t

(2.12) + {log(1 — 61(s,2)) + 61(s, 2) }v(dz)ds; 0<t<T.
[l
Remark 2.2 In particular, if 6y(t),0:(t, z) are such that
(2.13) ElZ(T) =1
and
(2.14) B(t)0o(t) + /’y(t, 2)01(t, 2)v(dz) = a(t) — r(t) for a.a. t,
R

then dQg(w) = Zo(T)dP(w) is an equivalent local martingale measure (see e.g.
[25, Ch. 1]), but we do not assume this here.

In view of (2.7) we can now make our risk minimizing portfolio problem
more precise:

(2.15) Given a convex risk measure p of the form (2.7) find the portfolio 7
which minimizes

sup {Eq[~V™(T)] - ¢(Q)}-

QeM,

A related concept is the following (see e.g. [19]):

Definition 2.3 A monetary utility function is @ map U : F — R with the
following properties:

(i) (concavity) UAX 4+ (1=N)Y) > AU(X)+ (1-NU(Y), for all X,Y €F,
A€ (0,1).

(it) (monotonicity) If X <Y, X, Y €F, then U(X) <U(Y).
(i11) (translation invariance) If X €F and meR then U(X +m) = U(X)+m.
It is easily seen that if p is a convex risk measure, then U(X) := —p(X) is

a monetary utility function and conversely. Therefore, in view of (2.7) we have
the following general representation of a monetary utility function:

(2.16) UX) = inf {ElX]+((Q)}-

Using this our risk minimizing portfolio problem (2.15) becomes equivalent to
the following monetary utility maximizing problem:



Problem 2.4 Find
2.1 D= inf {Eq[V(T
(217) sup (inf {EQ[V!™(T)] +¢(Q)})
and find the optimal 7* and @Q* such that
® = Eqo- [V )(T)] + ¢(Q").

Remark 2.5 We may regard this as a game theoretic problem: The measure
Q is the control of player number 1 (the “market”), while the portfolio 7 () is
the control of player number 2 (the representative agent/trader).

Problem 2.4 is a special case of a stochastic zero-sum differential game.
In the next sections we present a general formulation of such a game and we
give a general solution method in terms of a Hamilton-Jacobi-Bellman-Isaacs
(HJBI) equation. See Theorem 3.2 (for the zero-sum case) and Theorem 5.2
(for the Nash equilibrium case), which together with Example 4.1 and Theorem
5.4 are our main new results. To the best of our knowledge this is the first
time differential games of this type are studied in a jump diffusion context.
For deterministic systems similar differential games have been studied by many
authors. See e.g. [16], [5], [21] and [7] and the references therein. See also [11],
[14], [15], [22], [28] and [31] for papers of related interest.

A nice presentation of games in a general Markov process context is given in
[18]. For information on the existence of a value function in zero-sum stochastic
differential games see [10].

Problem 2.4 is related to what is also known as a robust utility mazimization
problem. See e.g. [12] or [30] for a duality approach to such problems. A
stochastic control approach (different from ours) is presented in [3]. Another
paper of related interest is [20], where certain worst case crash scenarios are
studied using a stochstic control approach.

Risk measures can also be represented by g-ezpectations and hence by so-
lutions of backward stochastic differential equations. For more information we
refer to [26] and the references therein.

3 An HJBI equation for zero-sum stochastic dif-
ferential games

Suppose the equation for the state Y () = Y(*)(¢) at time ¢ has the form

(3.1)  dY(t) = b(Y (t), uo(t))dt + (Y (¢), uo(t))dB(t)

+ /'y(Y(t’),ul(t’,z),z)N(dt,dz); Y (0) =y € R,

Rk

HeI‘eb:RkXK%Rk,UZRkXKHRkaand’}/ZRkXKXNRk—)
R¥*k are given functions, B(t) is a k-dimensional Brownian motion, N(-,-) =



(Ni(-,-), ..., Ni(-,-)) are k-independent compensated Poisson random measures
and K is a given subset of RP.

The process ug(t) = ug(t,w) and ui(t, z) = uy(t, 2,w) are our control pro-
cesses, assumed to be cadlag and adapted to the filtration F; generated by the
driving processes B(-) and N(-,-) (as usual augmented with all the P-null sets),
and with values ug(t) € K, u1(t,2) € K for a.a. t,z, a.s. We put u = (ug, u1)
and we call Y (-) a controlled jumyp diffusion. We refer to [25] for more infor-
mation about stochastic control of jump diffusions.

Let f: RF x K — R and g : R¥ — R be given functions, called the profit
rate and bequest function, respectively. We assume that we are given a family
A of admissible controls, contained in the set of controls u(-) such that (3.1) has
a unique strong solution and such that

(32) B[ [ 15 @), uolet + lg(Y (rs))]] < o

for all y € S, where S C R* is a given open set (called the solvency region),
(3.3) Ts = inf{t > 0;Y (¢t) € S}

is the bankruptcy time and EY denotes expectation given that Y (0) =y € R,
For u € A we define the performance functional J*(y) by

(3.4 7) = B| [ £V, ua(t))dt + oY (7))
0

Here, and in (3.2), we interpret g(Y (7s)) as 0 if 75 = oo.
Now suppose that the controls ug(t) and us (¢, z) have the form

(3.5) ug(t) = (6o(t), mo(t)) ; t>0
(3.6) ui(t, z) = (01(t, 2), m1(t,2)) ; (t,2z) € [0,00) x RF

Just as in the example discussed in Section 2 we may regard 6 := (6, 6;) as the
control of player number 1, while 7 := (g, 1) is the control of player number
2.

Let © and II be given families of admissible controls § = (6p,6,) and 7 =
(o, 1), respectively. Let K, Ko be two sets such that 6(¢,2) € Ky and
7(t,z) € Ky for a.a. t,z,w. The general zero-sum stochastic differential game
problem is the following

Problem 3.1 Find ®(y) and (6*,7*) € © x II such that

*

(3.7) 2(y) = sup (it 77() = 7).

The function ® is called the value function and (0*,7*) is called an optimal
control (if it exists).



In classical stochastic control theory it is well-known that under mild con-
ditions Markov controls can give just as good performance as the more general
adapted controls. See e.g. [23, Theorem 11.2.3]. In view of this we will restrict
ourselves to consider only Markov controls in Problem 3.1. Hence we assume
that

(38)  fo(t) =00(Y(t), mo(t) =mo(Y(t), 0i(t,2)=0(Y(t),2)
and m(t,2) =71(Y (1), 2)

for some function 8y : S — Ky, 7o : S — Ks, 01 : S x R¥ — Ky and 7 :
S x Rk — KQ.

As customary we do not distinguish notationally between 6y and 6y, 7o and
o, 01 and 6, and 7 and 7;. Thus our controls can simply be identified with
(deterministic) functions 0y(y), mo(y), 61(y,2) and m(y,2); y € S, z € R*
(sometimes also called feedback controls).

When the control u = (0, 7) € © xII is Markovian, the corresponding system
(3.1) becomes a jump diffusion, whose generator A%™ is given by

k
B9 Aply) = X b ol mol) 5 )

k - 2
3 2 (00 0) 7o) 52 0)
km_ ‘
+y /{w(y + 79y, 01, (y, ), T (Y, 27), 7)) — (y)
j=1 R

—Voly) v (W, 01y, 25), (Y, %), 2) }v;(dzs);

where ¢ € C2(R¥) (the twice continuously differentiable functions with compact
support on R¥). Here Vo = (g—i, e (,‘;)Ti) is the gradient of ¢ and v is the
j’th column of the k& x k matrix ~.

We let 7 denote the set of all Fy-stopping times 7 < 7s.

We can now state the first main result of this paper:

Theorem 3.2 (An HJBI equation for zero-sum differential games for
jump diffusions)  Suppose there exists a function p € C*(S) N C(S) and a

Markov control (6(y),#(y)) € © x II such that

(i) AYTWo(y) + f(y,0,7(y)) 20 forall §€ K1, yeS
(i)  APODTo(y) 4+ f(y,0(y),7) <0 forall m€ Ky, yeS
(iii)  A"DFWo(y) + f(y,6(y),7(y)) =0 forall y€ S
(iv) Y9 (rs) € 0S a.s. on {15 < o0} and
lim (YO (1) = g(Yg”T(Tg))X{TS<DO} a.s. for all (0, m)€® x1II, yeS

t~>7’s
(v)  the family { (Y™ (7))}reT is uniformly integrable,
forallye S, (0,7) € © x IL.



Then

o(y) = ®(y) = sup (inf J7(y)) = inf (sup J*"(y))

rell | 0€0 0€0 et
(3.10) = sup T (y) = inf J"7(y) = TRy yeS
and
(3.11) (0(y), #(y)) is an optimal (Markov) control.

PrROOF. Choose (0, 7) € © x II. Then by the Dynkin formula for jump diffu-
sions (see e.g. [25, Theorem 1.24]) we have

(N)
Ts

12 B S =) + B [ AMTer (o)
0

where Y (t) = Y?™(t) and
TN — g AN AIf{t > 0;|Y ()] > N}, N=1,2,...

(I) If we apply (3.12) to 6,7 and use (i) for all y = Y (t) we get

e

B[y (8] 2 o) - B7] [ 500,007 (1) /(Y ()it
0
or o
o) < B[ [ F0r0.600 () A0 Ot + 0¥ (5]
0

Letting N — oo and using (iv) and (v) we obtain

(3.13) e(y) < I (y).
Since this holds for all § € © we deduce that

) < 07 (1)),
(3.14) o(y) < inf J (y)
Hence
: <sup ( inf J"7(y)) = :
(3.15) e(y) < sup ( elggJ (y)) (y)

(IT) Next, if we apply (3.12) to 6,7, with 7 € II, and use (ii) for all y = Y (¢) we
get

e

BV (§)) < oly) - B[ [ FV (0,60 0. (v (0)at]



or )
ely) = B | / FO (@), 60r (1), (¥ )t + (¥ (787))].
0

Letting N — oo and using (iv) and (v) we obtain

(3.16) e(y) = I (y) = jnf J*7(y).

Since this holds for all © € II we deduce that

(3.17) #(y) > sup (ggg J‘)”’(y)) = d(y).

(IIT) Finally, we apply (3.12) to 6,# and proceed as above. Then we end up
with

(3.18) ply) = I (y).

Combining (3.17), (3.18) and (3.15) we conclude that

B(y) < ply) = I (y) < B(y),

Combining (3.16) and (3.13) we get

inf (sup J7(y)) < sup J"7(y) < () < ik SV (y)

0cO rell rEell CEE)
3.19 < ( £ o ) — B(y).
(3.19) < sup ( inf (y) (y)

On the other hand, we always have

: inf J%7(y)) < inf “m(y)).
(520 (2t ") < jof (smp "7 0)
Combining (3.19) and (3.20) with (3.18) we get (3.10) and (3.11). O

Remark 3.3 In the case when dY'(t) = (dt, X(t)), Y(0) =y = (s,x) € [0,T] x
R" it suffices to assume that ¢ € C12((0,7) x R") N C(S). This applies to
Examples 4.1, 4.2 and 5.3.

Remark 3.4 In this paper we do not discuss the (important) question to what
extent the value function ® is indeed a C? function (or C*? function) under
some general conditions. However, we verify that this is the case in some spe-
cific examples (Example 4.1 and Example 5.3). It is known that under some
conditions the value function @ is a viscosity solution of the corresponding HJBI
equation. See [17].
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4 Examples

Example 4.1 Let us return to the market (2.3), (2.4) in Section 2. However,
as suggested by [27], let us assume that the mean rate of return of the stock,
a(.), is not given a priori, but is the consequence of the portfolio choice 7(.) € II
of a “representative” trader. The trader tries to maximize the expected utility
of her terminal wealth by choosing her portfolio optimally, while the “market”
tries to minimize this maximum expected utility by choosing «(t) accordingly.
This leads to the min-max problem

(4.1) inf ( sup E[Uo(V™(T))))

a€A \ 111

where Uy € C%(0,00) is a given utility function (in the usual sense, not neces-
sarily monetary) and 2, IT are given families of admissible processes «(t), 7(t).
For simplicity we assume that v(¢,2z) = z > —1 a.s. v and that [ is constant.
We assume that if (o, 7) € 2 x II then

T
(4.2) E[/O (11 = 7(®)r@®)]| + [r(B)a)] +w2(t)/z2y(dz)}dt} < 0,
R

which guarantees that V(™) (¢) > 0 for all ¢.
To put this problem into the framework of Section 3 we define the process

Y(t) = (Yo(t), Ya(t)) by
(4.3) dYy(t) = dt; Y0(0)=yo=s€R
and (see (2.5))
(44)  avi(t)=av () =vi(t ) (1 =7 (&)r(t) + m(t)(t) }dt
+7(t)BdB(t) / (dt, dz Y1(0)=y; =2 > 0.
R
Then problem (4.1) can be formulated as follows:
Find (a*,7*) € A x IT and ®(y) = @(s, ) such that

(45)  ®(s,2) = inf (sup BV Uo7 (D)]) = B 0o (T))].

In this case the generator A®™ has the form

a,r _ Oy _ dyp 1.2, 2 2 0%

(4.6) A%Tp(s,x) = Bs +z[(1 — m)r(s) —|—ﬂ'o¢]—8x + 5f 7 a2
dp

+ / {go(s,x +7mxz) — (s, x) — %(s,x) -ﬂ'zz}z/(dz)

R

11



and the HIBI equation for this problem can be written (in compact form)

inf { sup {A%" (s, x =0; s<T
(4.7) {aeKl(W@%{ o( )})

o(T, z) = Up(x)

Note that we only need to have ¢ € C%2((0,7) x (0,00)) in this case. See
Remark 3.3.
Let us try the following function:

T
p(s,x) =Uy (m exp (/ r(t)dt)).
This gives
T T
(4.8) A% (s, z) = —Uj(x exp(/ r(t)dt))x eXp(/ r(t)dt)r(s)
T T
+z[(1 = 7)r(s) + 7a]U}(z exp(/ r(t)dt)) exp(/ r(t)dt)
T T
+ %ﬁ%erQU(’)’(xeXp(/s r(t)dt)) exp(Z/s r(t)dt)

T T
+ /{Ug((x + mxz) exp(/ r(t)dt)) — Uo(x exp(/ r(t)dt))
R

- Ul(z exp(/ r(t)dt)) exp(/ r(t)dt)raztv(dz)

Maximizing over m we get the following first order condition for the maximum
point # = 7 («):

(4.9) (a—r(s))Uy(x exp(/ r(t)dt))
T T
+ BPraUy (z exp(/ r(t)dt)) exp(/ r(t)dt)

+ /{Ué((m + Txz) exp(/ r(t)dt)) — Uj(z exp(/ r(t)dt))}zv(dz) =0
R

Substituting 7 = #(a) into (4.7) and minimizing over « gives the first order

12



condition for the minimum point a = &:
(4.10) [~ ()3 (2) + () + a7 (a)| U (2 exp / " )
+ B2(a) ()2 (x exp( / " tydt)) exp / " ot
+ / (U}(@ + #()z2) exp( / " (0)dt))
J k

— U(z exp(/Tr(t)dt))}ﬁ'(a)zu(dz) =0
Combining (4.9) with (4.8) we get
(4.11) (&) = 0.
Substituting o = & and #(&) = 0 in (4.8) we obtain
(4.12) a(s) = r(s).
With these values of &, (&), we easily verify that
(4.13) AT @ (s 2) =0

which proves that the value function is indeed

(4.14) D(s,x) =p(s,z) =Up (a: exp(/ST r(t)dt))

We conclude that in this virtual game between the trader and market, the

“market” reacts to the trader’s optimal portfolio choice by choosing

a=a(t) =r(t) for all ¢ € [0,T].

This corresponds to changing the original probability measure P to some equiva-
lent martingale measure @), which is in agreement with the principle of arbitrage
free option pricing. See [27] for more discussion on this. The result above is an
extension of the result in [27] to (Markovian) stochastic processes r(s), a(s), 3(s)

and to the jump diffusion case.

Example 4.2 We now use Theorem 3.2 to study Problem 2.4. First, let us

assume for simplicity that in the market (2.3)—(2.4) we have

(4.15)  r(t) =0, a(t) =« (constant), B(t) =g (constant), ~(t,z) =0

i.e. the market is a classical Black-Scholes market.
Let M, consist of all probability measure Q = @y of the form

13



T
dQg = exp /90 )dB(s %/9 ds dP(w) on Fr
0

where 6(s) is Fy-adapted, E[exp (3 f&g(s)ds)] < 0.

We put Problem 2.4 into the fram%work of Section 3 by defining
(4.16) dY (t) = (dYo(t),dY1(t),dYa(t));  Y(0) =y = (s,91,2),
where

dYo(t) = dt; Yo(0)=s€R

AYi(t) = dV () = Yi(t)[ar(t)dt + Sr(t)dB(1)];  Yi(0) =y >0
AYa(t) = —0()Ya(t)dB(t);  Ya(0) =gz > 0

and where we have put 8y = 0, 7y = 7, for simplicity of notation.
Assume that the penalty function has the form

C(Qo) = [Co (dQG)} = E[(o(Y2(T))] for some function (p: R — R.

Then Problem 2.4 gets the form

(417)  B(y) = Bls,1,32) = sup ( jnf BV (V(T)V(T) + Go(¥a(T))]).

In this case the generator of Y (-) becomes

Op dp 2 2
(4.18) AP o(y) = 2 4 yran—2 + 14220
s Oy 3 %
02 5 0? )
- ylyzﬂaﬂaylgyz + 1430 3790 ¢ € C§(R?).

Then the corresponding HJBI equation becomes

sup ( inf A7 (s,yhyg)) =0; s<T
(419) reK, N0EK)
o(T,y1,92) = y1ye + Co(y2)
To study this equation we first fix 7 € K5 and minimize
h(0) := —y1y280mp12 + 5Y36% 020

2
with respect to 0. (Here @13 = %(y) etc.) The minimum is attained at

~ e .
(4.20) 0=0(y) = M (if 92 > 0).
Y222

14



Substituting this into (4.18) we get to maximize

k(m) := yramer + %y%627r2 (gpl — %)
22

2
with respect to 7. If 11 < % the maximum is attained when

aP1P22
Y1823y — Pr1922)

(4.21) T="7(y) =

Substituting (4.19) and (4.20) into (4.18) we get the following non-linear partial
differential equation for the unknown value function ¢:

@12*&0119022)

(4.22)
o(T,y1,y2) = y1y2 + Co(y2)

2 2

If the solution ¢ of this equation exists and the corresponding (y), 7 (y) given
by (4.19)—(4.20) satisfies all the requirements of Theorem 3.2, then ¢ = ® and
(6*,7*) := (0,7) is an optimal (Markov) control.

Example 4.3 Let us again use Theorem 3.2 to study Problem 2.4, but in this
case assuming that in the market (2.3)—(2.4) we have

(4.23) r(t) =0, oat) = (constant), B=0 and ~(tz2) ==z
Now let M, consist of all probability measures () = @y of the form
dQy(w) = Zy,(T)dP(w) on Fr,

where

¢
(4.24) Zy, (t) = exp //log (1 —61(s,2))N(ds, dz)
0
¢

+//{log(1 L 0u(s,2)) + Or(s, ) w(de)ds; 0<t<T.

0 R

Then, by the Ito formula,

(4.25) dZg, (t) = —Zp, (t7) / 01(t, z)N(dt,dz).
R

Therefore, to put Problem 2.4 into the framework of Section 3 we define

(4.26) Y (t) = (Yo(t), Yi(t), Ya(t)), Y (0) = (s,91,92)

15



where
dYo(t) = dt;  Yp(0) =s € R
AYi(t) = dV ™ (t) = Vi (t7) [m(t)dt () / 2N (dt, dz)}; Y1(0) > 0
R
dYs(t) = —Ya(t7) /Ql(t, 2)N(dt, dz); Y2(0) =y > 0.
R

The generator of Y (-) then becomes (see (3.9))

e
4.2 Al == —
(4.27) o(s,y1,Y2) D5 + ylom@yl

+ / {w(s,yl + 17z, y2 — y201(2)) — @(s,y1,Y2)
R

dp I
- ylwz@T;l + y291(2)aT/2}V(dz)~

Therefore, to solve the corresponding HJBI equation, we first fix 7 € Ky and
minimize

01 = [ {os.n + s — 01 (2)) — (s, .02)
R

Op dp
- y17rza—y1 + 1261 (z)a—y2 }V(dz)

over all functions 61 (z).
We can minimize this pointwise for each z and get a minimum point

(4.28) 01(z) = 01(y, z) € Argmin(6;)
where
o
P(0h) = (s, 91 (1 +72),2(1 — 61)) + y291@
2
The first order condition for a minimum 6; of P is
0 . 0

(429) 2 (5, (14 72), 301 = 00)) = 22 (5,01, 92).

0ya B 37y2

This value 6; = 6 (y, z, ) is substituted into (4.26), and the resulting expression
Oy -
(4.30) k(m) := ylaﬂa + {(p(s, y1(1+7z),y2(1 — 01(s, z,7)))
1
R

dp N dp
el 4 yad P2 (d
Tz 3y1 + Y2 (y7 Z, 7T) 8y2 }I/( Z)
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is then maximized with respect to 7. Call this maximum point # = #(y).

Then the pair (61(y, z, #(y)), #(y)) is our candidate for the optimal control,
and our candidate o(y) for the value function ®(y) is the solution of the corre-
sponding integro-differential equation

@) G v nar)ght [{e(mn(ti0)2) -0 2 7))
R
. Op
—@(s8,y1,92) — ym(y)zafyl

5 13}
+ y201(y, 2, ﬁ(y))a—yi}v(dz) =0 for s < T,

with boundary values

(4.32) o(T,y1,y2) = Y192 + Co(y2)-

5 An HJBI equation for Nash equilibria of gen-
eral stochastic differential games

Let Y(t) = Y*“(t) be a controlled jump diffusion, as described in (3.1). Let
u = (0,7), where 8 = (0y,61) € © and ® = (mg, w) € II are admissible controls
for player 1 and 2, respectively, as in (3.5) and (3.6). Let us now assume that
there are two performance functionals of the form (with S and 7s as before)

(5.1) <w@=E%/ﬁwwm@m+mwmm} i=12.

We may regard J¥(y) as the payoff to player number ¢ if the players use the
controls (fy,61) and (g, 1), respectively.

Definition 5.1 A pair (0*,7*) € © x II is called a Nash equilibrium for the
stochastic differential game (3.1), (5.1) if the following holds:

(5.2) JE )y < I (y) forall €O, yes
(5.3) Jg*’”(y) < JQ"*’”* (y) forall well, yeS

Condition (5.2) states that if player 2 uses the control 7*, then it is optimal
for player 1 to use the control #*. Similarly, condition (5.3) states that if player 1
uses 0* then it is optimal for player 2 to use 7*. Thus (6*,7*) is an equilibrium
point in the sense that there is no reason for each individual player to deviate
from it, as long as the other player does not.

As in Section 3 we restrict ourselves to Markov controls, and we use the
same notation for A%™ and 7 as there. The following result may be regarded
as a generalization of Theorem 3.2:
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Theorem 5.2 (HJBI equations for Nash equilibria)
Suppose there exists functions p; € C*(S)NC(S); i = 1,2 and a Markov control

(0(y), #(y)) € © x II such that

(i) A%Toi(y) + fi(y, 0,7 (y))
< AT o1(y) + fr(y, 0(y), 7 (y)) =0 for all@ € K1, y € S

(ii) A" s (y) + faly, O(y), ™)
< A%Tps(y) + fa(y, 0(y), #(y)) = 0 for allm € Ky, y € S

(iii) A%7(15) € OS a.s. on {7s < oo} and
lim ei(YOm (1)) = gi(Y?™ (7)) X{rs<oo} @-5. for i = 1,2 and for all

t—Tg

(0,7) € © x II

(iv) the families {p;(Y?™(T))}rer are uniformly integrable for all y € S,
(0,7) €O x1IL, i =1,2.

Then (0, %) is a Nash equilibrium for the game (3.1), (5.1) and

(5.4) P1(y) = sup 11 (y) = T (y)
(5.5) p2(y) = sup T (y) = I (y).

PrOOF. We proceed as in the proof of Theorem 3.2. With Y = Y%7 (y) we
get by the Dynkin formula, using (i),

(N)
Ts

Bl (Y (§)) = o0) + BY| [ A% pu(v (0]

(N)
Ts

<o)~ B[ [ A @00 @)L @),

Hence

Letting N — oo we obtain
0,7
e1(y) > 7" (y).

Since this holds for all 8 € © we have

(5.6) ©1(y) > sup JO 7 (y).
6cO
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Similarly, applying the argument above to the control (é, ) we get equality in
(5.6), i.e

(5.7) o1(y) = T (y).

Combining (5.6) and (5.7) we get

6,7 0,7
e1(y) =sup Jy " (y) = J; " (),
0c®
which is (5.4).
Statement (5.5) is proved in the same way. These two statements imply that
(0,7) is a Nash equilibrium and the proof is complete. O

Example 5.3 To illustrate Theorem 5.2 we use it to solve a jump diffusion
version of a problem which was solved in [24] in the continuous diffusion case
(by a different method):

Suppose the states X (t), X2(¢) of two companies at time ¢ are described by

(5.8) dX1(t) = 0(t)dt + o11 X1 (t)dn1 () + 012X (t)dn2 ()
. X1(0)=z, €R
and
(5 9) dXs (t) = W(t)dt + 091 X9 (t)dm (t) + 099X (t)d’r]g (t)
X2(0) =29 €R

Here 6(t), 7(t) are the controls to be used by company 1 and 2, respectively. We
assume that o;; are constants and n;(t f f zN; (ds, dz) are independent pure

jump Lévy martingales.
The payoff functionals to company 1 and company 2 are assumed to have
the form

T—s

(5.10) Jf’”(s,ml,@):EIl’”[ / —a192(t)X§(t)dt+yle(T)Xg(T)}
0

and
T—s

(5.11)  JE™(s,21,20) = ET“162 / —apm?( f(t)dt—l—’nglZ(T)Xg(T)},
0

respectively. Here «; and ~; are positive constants, ¢ = 1, 2.
A possible interpretation of this is that 0(t), 7(¢) represent investment rates
in company 1 and 2, respectively. But for each company the size of the other
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heats up the economy in such a way that both the terminal payoff and the
energy cost rate is proportional to the squared size of the other.

To find a possible Nash equilibrium (6, 7) € © x II for this game, we first
note that the generator of the process Y (t) := (s + t, X3 (¢), X2(t)) is given by,
with Y= (Saxlva)v

C‘MH)@@ 390

A9,7r
wly) = Js 0x1 0952

+/{90(5#51 + 210112, T2 + T20212)
R

0 0
— (s, 21, 22) — xlallz—gp — xgoglz—(p}ul(dz)

81'1 8952

+/{80(575€1 + 210122, T2 + X2022%)
R

0
(5.12) — (8,21, 29) — T10122 xgaggz—(p}ug(dz)

g _
8931 3332
where v;(dz) are the Lévy measures of n;(-), respectively, i = 1, 2.
We also note that in this problem we have
fi(s,m1,29,0,7) = —10%23,  g1(s, 21, 29) = mxias

and

fa(s,x1,22,0,m) = —0427T2CU%7 g2(s,x1,22) = 725”%5”%'

We first fix 7 € R, (s, 71, 72) € R3 and maximize
(5.13) A%y (s, 21, 29) + fi(s, o1, 22,0, 7)

with respect to 6, for a given function ¢; (to be determined). This amounts to
maximizing

0
h1(0) := Opr 10%x3; 0cR.

(5.14) 0=0="Lta7ta;? 22,
For this choice of § and with 7 = #& (to be determined) we are required to have

AT o1 (y) + f1(y,0(y), 7 (y)) = 0

i.e.
91 ot _2(&01) 2 0p1 2/
AN 8m2+z Pl 21
]ZlR
+ 210152, T2 + T20252) — p1(8, 71, T2) — T101;%
01 1 __o(0p1
(515) _ZCQUQJZTIQ}VJ(CZZ) 4a1 1:1;22(61;1) =0.
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Let us try functions ¢; of the form
(5.16) @ils, 1, 12) = ki(s)aad; 1=1,2
where k;(s) are functions to be determined. Then
(5.17) 0 = a7 ki (s)a
and (5.15) gets the form
(5.18) KL (s) + o k2(s )+2k1(s)%+ak1(s)=
where
2

(5.19) + 2(201ja§j + 202]'0%]-) + z2afj0§j}uj(dz).

401J02J + 01] + O'Qj

%\

Similarly, if we fix  and maximize A% o (s, x1,20) + fos, x1, 20,0, T) with
respect to ™ we find the maximum point

A1 -1 728%02_ -1
T=R= g0y T g =0 ka(s)za
L2

and the requirement
APT oo (y) + faly, 0(y), 7 (y)) = 0
leads to the equation
(5.20) kh(8) + 20 My (8)ka(s) 4+ ay 'k3(s) + aka(s) = 0.

Combining (5.18) and (5.20) we get the 2-dimensional Riccati equation

(5.21) Ey(s) + a7 'K (s) 4 205 My (8)ka(s) + aki(s) = 0; s<T
(5.22) Kb(s) + ay 'k3(s) 4 20 ki (s)ka(s) + aka(s) = 0; s<T
(5.23) k(T) = Dj

These equations can be solved explicitly using standard methods for solving
Riccati equations, on the condition that our coefficients are such that ki and ks
do not explode. See e.g [29] for information about Riccati equations.

Based on Theorem 5.2 and Remark 3.3 we can summarize the above as
follows:
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k‘z(s)
(5.23). Then the pair (é, ) given by

Theorem 5.4 Let k(s) = [kl(s)] be the solution of the Riccati equation (5.21)-

(5.24) (s, x1,22) = ay ky (s)z, (s, 21,22) = agy “ka(s)zs

is a Nash equilibrium of the jump diffusion game (5.8)—(5.11). The correspond-
ing equilibrium performances are

(5.25) wi(s,x1,x9) = Jf’ﬁ(s,xl,xg) = ki(s)z2x3; 1=1,2.
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