AN EXTENSION OF BOHR’S THEOREM
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ABSTRACT. The following extension of Bohr’s theorem is established: If a
somewhere convergent Dirichlet series f has an analytic continuation to the
half-plane Cy = {s = o + it : o > 0} that maps Cy to C\ {a, 8} for complex
numbers a # B, then f converges uniformly in Coi. for any € > 0. The
extension is optimal in the sense that the assertion no longer holds should

C\ {«a, B} be replaced with C\ {a}.

1. INTRODUCTION

Let © denote the class of Dirichlet series
(1) fls)=> ann*
n=1

that converge in at least one point s = o + it in the complex plane. Associated to
each Dirichlet series f in © is a number o.(f), called the abscissa of convergence,
with the property that f converges if o > o.(f) and f does not converge if o < o.(f).
This note concerns an extension of Bohr’s classical theorem on uniform convergence
of Dirichlet series [3]. We therefore define the abscissa of uniform convergence
ou(f) as the infimum of the real numbers 6 such that f converges uniformly in the
half-plane Cy. Here and in what follows, we set

Co={s=o0+it:o>0}
Our starting point reads as follows.

Bohr’s theorem. Let f be in ®. If there is a real number 6 and a bounded set (2
such that f has an analytic continuation to Cy that maps Cy to Q, then ou(f) < 0.

Queffélec and Seip [10] (see also [9, Theorem 8.4.1]) showed that the assumption
that Q is a bounded set may be replaced with the weaker assumption that € is a
half-plane. This extension of Bohr’s theorem was applied to obtain the canonical
formulation of the Gordon—Hedenmalm characterization of composition operators [6],
which has proven to be essential for further developments (see e.g. [5, Section 6]).

The purpose of the present note is to delineate precisely the limits to how far
Bohr’s theorem may be extended in terms of the mapping properties of f in the
half-plane Cy. We will achieve this by establishing the following results.

Theorem 1. Let f be in ®. If there is a real number 0 and complex numbers o # 3
such that f has an analytic continuation to Cy that maps Cy to C\ {«, 8}, then
ou(f) < 6.
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Theorem 2. There is a Dirichlet series f with o.(f) < 1/2, ou(f) =1, and

f(Co) = C\ {0}
forany 1/2 <6 < 1.

It must be stressed that both results are fairly direct consequences of well-known
techniques and results. The proof of Theorem 1 uses Schottsky’s theorem similarly
to how it is used by Titchmarsh in the introduction to [12, Chapter XI], while
Theorem 2 is deduced from results of Bohr [2] and Helson [8] on the Riemann zeta
function.

Acknowledgements. The authors thank Hervé Queffélec for providing helpful
comments.

2. PROOF OF THEOREM 1 AND THEOREM 2

We begin with some preparation for the proof of Theorem 1. Let D(c, r) denote
the open disc with center ¢ and radius » > 0. If f is analytic and different from 0
and 1 in D(c, r), then the effective version of Schottsky’s theorem due to Ahlfors [1]
states that

@ ()] < exp ( (7 + max(0, log |f(c)|))>

for all s in D(e, 7). (We do not actually require the effective version of Schottsky’s
theorem, but we find it more convenient to work with explicit expressions.)

r+ls—¢
r—|s—¢

Proof of Theorem 1. We may assume without loss of generality that o = 0 and
B =1. Tt is well-known (see e.g. [9, Chapter 4.2]) that o,(f) < o.(f) + 1, so every
Dirichlet series in ® converges uniformly in some half-plane. For ¢ > 6, we set

M(f,9) = sup | £(9 +it)].
teR

It is plain that M(f,9) < oo if ¥ > oy (f). We fix ¥ > o, (f) and apply (2) with
c=9+it,r =9 —0, and s = o + it, to infer that if § < o < 9, then

2(9 — 0
®) 601 < exp (27 (7 4+ (0. og 01 (5.9)) )
This demonstrates that f is bounded in Cyy. for any ¢ > 0, and, consequently, that
ou(f) < 6 by Bohr’s theorem. O

Ritt [11, Theorem II] established a version of Schottsky’s theorem for convergent
Dirichlet series. This result provides an upper bound similar to (3) that is valid in
all of Cy and that only depends on 6 and a;, under the additional assumption that
ay is not equal to 0 or 1. Here a; denotes the first coefficient in the series (1).

To prepare for the proof of Theorem 2, we consider the vertical translation

Vof(s) = f(s +i7).
The vertical limit functions of a Dirichlet series f in ® are the functions which can
be obtained as uniform limits of sequences of vertical translations (V;, f)x>1 in Cp

for any fixed 6 > oy, (f). Recall from [7, Section 2.3] that the vertical limit functions
of the Dirichlet series (1) coincide with the Dirichlet series of the form

fx(s) = Z anX(n)nis,
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where x is a completely multiplicative function from the natural numbers to the
unit circle.

Certain properties of f are preserved under vertical limits. For instance, Bohr’s
theorem implies that if f is in ®, then oy (f) = ou(fy) for any x. A consequence of
Rouché’s theorem (see e.g. [4, Lemma 1]) is that f,(Cg) = f(Cy) for any x and any
0 > ou(f). However, the abscissa of convergence for f and f, may in general be
different (see [7, 8] or [9, Chapter 8.4]).

Proof of Theorem 2. We begin with the Riemann zeta function

((s) = n*,

which satisfies 0.(¢) = 04 ({) = 1. A result of Bohr [2] (see also [9, Chapter 4.5])
asserts that ((Cy) = C\ {0}. By the discussion above, it follows that ¢,({y) =1
and that ¢, (C;) = C\ {0} for any x. Helson [8] established that there are x such
that the Dirichlet series ¢, converges and does not vanish in the half-plane C, /5.
Choosing f = ¢ for such a x, we obtain the stated result. O

REFERENCES

1. Lars V. Ahlfors, An extension of Schwarz’s lemma, Trans. Amer. Math. Soc. 43 (1938), no. 3,
359-364. MR 1501949
2. Harald Bohr, Uber das Verhalten von ¢(s) in der Halbebene o > 1, Nachr. Ges. Wiss. Gottingen
(1911), 201-208.
, Uber die gleichmdpige Konvergenz Dirichletscher Reihen, J. Reine Angew. Math. 143
(1913), 203—211. MR 1580881
4. Ole Fredrik Brevig and Karl-Mikael Perfekt, Norms of composition operators on the H? space
of Dirichlet series, J. Funct. Anal. 278 (2020), no. 2, 108320, 33. MR 4030275
, A mean counting function for Dirichlet series and compact composition operators,
Adv. Math. 385 (2021), Paper No. 107775, 48. MR 4252762
6. Julia Gordon and Hakan Hedenmalm, The composition operators on the space of Dirichlet series
with square summable coefficients, Michigan Math. J. 46 (1999), no. 2, 313-329. MR 1704209
7. Hakan Hedenmalm, Peter Lindqvist, and Kristian Seip, A Hilbert space of Dirichlet series and
systems of dilated functions in L?(0,1), Duke Math. J. 86 (1997), no. 1, 1-37. MR, 1427844
8. Henry Helson, Compact groups and Dirichlet series, Ark. Mat. 8 (1969), 139-143. MR 285858
9. Hervé Queffélec and Martine Queffélec, Diophantine approzimation and Dirichlet series, second
ed., Texts and Readings in Mathematics, vol. 80, Hindustan Book Agency, New Delhi; Springer,
Singapore, 2020. MR 4241378
10. Hervé Queffélec and Kristian Seip, Approzimation numbers of composition operators on the
H? space of Dirichlet series, J. Funct. Anal. 268 (2015), no. 6, 1612-1648. MR 3306358
11. J. F. Ritt, On Certain Points in the Theory of Dirichlet Series, Amer. J. Math. 50 (1928),
no. 1, 73-86. MR 1506655
12. E. C. Titchmarsh, The theory of the Riemann zeta-function, second ed., The Clarendon Press,
Oxford University Press, New York, 1986, Edited and with a preface by D. R. Heath-Brown.
MR 882550

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF OSLO, 0851 OSLO, NORWAY
Email address: obrevig@math.uio.no

DEPARTMENT OF MATHEMATICAL SCIENCES, NORWEGIAN UNIVERSITY OF SCIENCE AND TECH-
NoLoGY (NTNU), 7491 TRONDHEIM, NORWAY
Email address: athanasios.kouroupis@ntnu.no



	1. Introduction
	2. Proof of Theorem 1 and Theorem 2
	References

