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Abstract

The purpose of this paper is to construct the analog of Malliavin derivative D and
Skorohod integral ¢ for some class of processes which include, in particular, processes
with conditionally independent increments. We introduce the family of orthogonal
polynomials. By using these polynomials it is proved the chaos decomposition theo-
rem of L?(Q2). The definition of Malliavin derivative and Skorohod integral for a certain
class of stochastic processes is given and it is shown that they are equal respectively to
the annihilation and the creation operators on the Fock space representation of L?(€2).
The analogue of Clark-Haussmann-Ocone formula for processes with conditionally in-
dependent increments is also established.
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1 Introduction

It was shown by Karatzas and Ocone [14] how the stochastic calculus of variations developed
by Malliavin [20] can be used in mathematical finance. This discovery led to an increase in
the interest in the Malliavin calculus.

In the Brownian setup the calculus of variations has a complete form (see the elegant
presentation of Nualart [22]). It is based on the operators D and ¢ which are called Malliavin
derivative and Skorohod integral, respectively. There are two equivalent approaches to defi-
nition of the operator D: as a variational derivative and through the chaos decomposition.

For discontinuous processes it is possible to develop the Malliavin-type calculus by us-
ing some “generalized” or “weak” derivatives (see, e.g., [1, 4, 15] and references therein).



Nevertheless, it was shown in [24] that in the Poisson case small perturbations of the tra-
jectories lead to a certain difference operator. This idea was extended for Lévy processes in
[26, 28, 31, 33].

Alternatively, the operator D can be defined by its action on the chaos representation
of L2-functionals. The case of normal martingales with chaotic representation property was
considered in [19]. But, in general, a Lévy process has no chaotic representation property
in the sense that Brownian motion and Poisson process do. There are two different chaotic
expansions introduced in [11] and [23]. By using these expansions two types of Malliavin
operators for some classes of Lévy processes have been studied in the papers [2, 7, 8, 16, 18,
25, 31]. The relationship between them has been shown in [2, 31]. The connection of such
derivative to the difference operator from [26, 28] was studied in [18, 31, 33]. For random
Lévy measures the Skorohod integral and Malliavin derivative were considered in [5, 6].

The purpose of the paper is to construct the Malliavin calculus for some class of processes
which includes, in particular, the processes with conditionally independent increments. It is
also proved the chaos representation theorem for such type of processes.

In general the processes with conditionally independent increments can be described in
terms of their triplets of characteristics (B, u, ), where B represents the “drift” part, u
is connected with continuous martingale part (Gaussian part for Lévy processes) and v is
a compensator of measure associated to the jumps of the original process. Since B is a
bounded variation process then for our purposes we can set B = 0 without loss of generality.
Therefore we start with two random measures p and v on certain measurable spaces which
describe, respectively, the continuous and discontinuous parts of the process. In Section 2 we
define the appropriate Hilbert space H connected to these measures and stochastic process
indexed by elements of H. This construction allows us to consider aa rather general class of
processes. The system of generalized orthogonal polynomials defined in [33] is used in the
proof of the chaos decomposition of L? functionals.

Section 3 deals with multiple integrals with respect to the L2-valued measure generated
by the considering process. Their connection to generalized orthogonal polynomials and
chaos expansion is also proved.

In Sections 4 and 5 we define the operator D and its adjoint operator §. Then we show
that they are generalizations of the Malliavin derivative and Skorohod integral. It is also
proved that their action on the Fock space representation of L2-functionals coincides with
annihilation and creation operators. In the end of the last section we prove the analogue of
Clark-Haussmann-Ocone formula for processes with conditionally independent increments.

2 The chaos decomposition

Let (92, F,P) be a complete probability space. Suppose that x4 and v are random measures
defined on the measurable spaces (T, A) and (T x Xy, B) respectively, such that the following
conditions are satisfied:

1. u(A,-) and v(B,-) are F-measurable for all A € A and B € B,
2. p(-,w) and v(-,w) are o-finite measures for all w € Q.

Consider A ¢ X, and denote X = XqU {A}, G = (A x {A},B). Define a new measure
m(dtdx) = p(dt)oa(dz) +v(dtde N (T x X)) on the o-algebra G. Here da(dx) is the measure



which gives mass one to the point A. Let ‘H be a o-algebra generated by measure 7 and the
collection N of P-null events of F, i.e.,

H=0c{r(A): A G} VN.

Define a new measure M, on c-algebra G ® F in the following way. For any A € G
and B € F we set M,(A x B) = E[1gpm(A)]. Then extension of it on the o-algebra G @ F
can be done as usual (see e.g., [27, Ch. 4]). Suppose that measure M, is o-finite. Then
there exists the sequence of the sets U, € G ® F such that UZO:1 U, =T x X xQ and
M, (U,) < oco. We can choose U, = A,, X B,, where A, € G and B,, € F. Indeed for any
e > 0 and each U, we can find A¥ € G and Bf € F such that U, C U, A¥ x B and
M, (U,) <3702 Mo (AF x B¥) < M,.(U,) + €. Hence M, (A% x BF) <occand T x X x Q =
Upne1 A% x B, Renumeration of the sets A} x B yields the desired result.

If we consider the restriction of the measure M on the o-algebra G ® ‘H than it will be o-
finite too. Indeed, let U, = A, X B,,, A,, € G and B,, € F be as above then |-, A, =T x X
and |J,~, B, = Q. Denote by C" the following sets: CI' = {w € Q : 7w(4,) < m},
m=1,2,.... Then C" € H and | J>_, C" = {n(A,) < oo} D (B, \ N,,), where P(N,,) = 0.
Hence J,,,—; An X (C;' UN,) =T x X x Q and M (A, x (C;* UN,)) <m < oo. In fact
we have a stronger property: m(A,,w) < oo for all w € |J-_, C'™. This property implies the
sigma-finiteness of the 7 in the sense [27, Ch. 4, Def. 21].

Consider the Hilbert space H = L*(T x X xQ, G®QH, M) and assume that it is separable.
Denote by 7(f) the integral of f with respect to measure 7:

w(f) = f(t, x)m(dtdz).

TxX

It was shown in [27, Ch. 4] that if E[7(| f])] < oo then m(f) is H-measurable or F -measurable
whenever f is G ® H-measurable or G ® F -measurable respectively. The scalar product and
the norm in H will be denoted by (-;-)y and ||-||,; respectively, i.e. for any f, g € H

(f:9)n = E(x(hg)) = E/T . h(t,2)g(t, 2)n(dtdz), ||f|[3; = E(x(h*).

Definition 2.1 We say that a stochastic process L = {L(h),h € H} is a conditional additive
process on H if the following conditions are satisfied.

1. Forallh, g € H and o, € L*(Q2,H,P) we have P-a.s.
L(ah + Bg) = aL(h) + BL(g),

2. ForallzeR and he H

E[e*X ™M |H] = exp (—%ZQ /T R (t, A)p(dt) + /

TXXO

(e”h(t”“") —1—izh(t,x)) u(dtdw)) :
(2.1)

Remark 2.2 1. In this definition we suppose that the process L(h) can be defined on the
original probability space (0, F,P). If it is not the case then it is possible to define p,
v, and L(h) verifying the above conditions on some extension (Y, F',P") of the original
probability space. So we can always assume that original probability space (2, F,P) is
rich enough for defining all necessary objects.
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2. The definition 2.1 shows that the random variable L(h) has a conditionally infinitely
divisible distribution.

3. If measure v is zero and measure u is deterministic then L is an isonormal Gaussian
process (see, e.qg., [22, Def. 1.1.1, p. 4]).

4. If measures . and v are deterministic then L is an isonormal Lévy process (see, e.g.,

[33]).

Example 2.3 Let L;, t > 0 be a cadlag real-valued process with H-conditionally independent
increments on complete probability space (2, F,P), where H C F. Suppose that Ly is a quasi-
left-continuous semimartingale with respect to filtration ]—"t, t > 0 generated by the natural
filtration and o-algebra H, i.e. Fy = (1,2, (FP V'H), where FY = o{Ly : s < t}. In this case
there exists a version of the characteristics (B, u,v) of Ly (see e.g., [12, 17]) such that:

1. By, t > 0 is a continuous process of locally bounded variation with By = 0;
2. pg, t >0 is a continuous nondecreasing process with gy = 0;

3. v(dtdz,w) is a predictable random measure defined on the Borel o-algebra of R, x Ry,
where Ry = R\ {0} such that v({t} x Ry) = 0, fg fRO(|x|2 A 1Dv(dsdx) < oo for all
t>0P a.s.

Moreover, B, i and v are H-measurable and we have for all z € R and s <t

Elexp(iz(L; — Ly))|H]

1
= exp {iz(Bt — B,) — 52 — Us) / / 1 —izal <) v(dtdr)
Ro

Here py = (L% L¢); is a quadratic variation of the continuous parts of L, v is a compensator
of the random measure N (dtdz) associated to the jumps of L. Hence the following canonical
representation holds:

Ly=Lo+ L{ + / / N(dsdz) — v(dsdzr)) / / N(dsdx) + B;. (2.2)
\x|<1 |z\>1

We can define L*-valued measure L(dtdz) with conditionally independent values on the

disjoint sets by
L(A) = / dL + / / N(dtdz) — v(dtdz)),
A\A(0

where A € G, M,(A) < 00, A(0) = AN(T x {O})

Suppose that T =R, Xqg =Ry, A =0. Let A and B be the Borel o-algebras of T and
T x Xq respectively. Let u(dt) be the measure on A generated by process j;. Suppose that
o-algebra 'H is generated by the measures p and v. Construct measure ™ and Hilbert space
H=L*R, xRxQ,GQH,M,) as above. Then it is easy to show that for any h € H the
random variable

L(h) = /0 " (s, 0)dLE + /0 h /R h(s,a)(N(dsde) — v(dsdr)) = / /R +XRh(t,x)L(dtds)



is well defined and L(h) is a conditional additive process on H.

On the other hand if we have a conditional additive process L(h) on H then the L?-
valued measure L(dtdx) which is given by L(A) = L(1,4) for all A € G with M(A) < oo has
conditionally independent values on the disjoint sets. In order to express the process Ly in
terms of process L(h) we can not write Ly = L(hy), where hy(s,x) = Lio,4(5) L0y () +2L,(5)
because, in general, hy ¢ H. Therefore we define for any n > 1 the random variable T, =
inf{t > 0 : py < n}. Obviously 7, is an increasing sequence and hinr, Liz—o0y € H for all
t >0 andn > 1. Moreover, the process L(ht/\ml{xzo}), t > 0 has a version with continuous
sample paths and L(hipr, Liz—0y) = L(hinr, Lo=0y) if t < 7 and n < m. Therefore L°(t) =
limy, oo L(Ptnr, Liz=0y) well defined continuous process. Furthermore for any set A € B such
that M,(A) = E[v(A)] < oo the random variable N(A) = L(14) + v(A) is an integer valued
random measure with compensator measure v. And we can define

Ly = L°(t // N(dsdx) — v(dsdx)) // N(dsdx). (2.3)
|x|<1 |:c|>1

Comparing equalities (2.2) and (2.3) we deduce that the only characteristics which cannot
be determined from L(h) is the drift process B and initial value L(0).

Lemma 2.4 Let N be a collection of P-null events of F. Then

HC F,=0{L(h):he HVN.

Proor. Let U € 'H be an arbitrary set. We have to show that £ = 1y is F; measurable.
Since the measure M is o-finite then there exists a sequence of pairwise-disjoint sets A, x B,,,
A, € G and B,, € H such that | J77 | A, x B, = T'x X xQ and M, (A, x B,) < co. Therefore
1a,xB, € H. Denote by A% and A% the intersections of A, with T x Xy and T' x {A}
respectively. Then (J°7,[(A% x B,) U (A5 x B,)] =T x X x Q. Definition 2.1 of L implies
EL(R) = L(&R) for any h € H and EL(h)? = L(£h)? since € is an indicator function. Then

n

fz (Laowg,)? + L(Laaxp,)?) = Z(L(flAngk)Q + L(E14545,)%)

k=1
and . ) )
> ket (L(EL a9, )” + L(E1 42 x5,)7)
D ohet (L(Laowp,)? + L(14a45,)%)
where V,, = (oo, ({L(1a0x5,) = 0} N {L(142xp,) = 0}). Therefore V,, € F1, and {(1 — 1y,,)
is Fr-measurable for all n > 1.

Let us find the limit of 1y, as n — oo. From Definition 2.1 we have that L(14) and
L(1p) are conditionally independent if 1415 = 0. Moreover L(14a,p,) has a conditionally

Gaussian distribution with mean 0 and variation 7(AL x By), and L(1a0,p,) + (A} x By)
has a conditionally Poisson distribution with parameter 7(A? x By,). Hence

P[L(lAkAka) = 0|H] = 1{TF(AkA><Bk):O}

(2.4)

§1-1y,) =

and

P[L(lAngk) = 0[H] = ¢(m (A} x By)),
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where ¢(z) = 11 (z) + Dy Limy(2)e™™m™ /ml. Therefore we get

n

PValH] = [[ PIL(azxs,) = OIH] ] PIL(Lapx,) = O|H]

k=1

H r(ABXER) O}Has (A} x By)). (2.5)

By using Stirling’s formula we have

m_—m  om

m! = V2mmm™e Metem

where 6,,, € (0;1), m = 1,2,.... Then we can deduce that [];_, e ™m]™* /my! < 1/(2m)"/2,

Hence
n

H (b(mk) = H 1{0}(mk) + H lN(mk)B_mkaLk/mk! — H 1{0}(m;€),
k=1 k=1 k=1

k=1

as n — oo. This expression and formula (2.5) imply that
P[Va|H] — H Lr (a2 xB,)=0} H Lir(a0xB,)=0) = L{n(Txxx2)=0}
k=1 k=1

P as. as n — oco. Thus we get E((1y, — Lirrxxxa)=0})?) — 0 as n — oo. Since 1y, is
a monotone then 1y, — L rxxxn)=o} a.8. and therefore 1y (rxxxq)—0} is Fr-measurable.
Letting n — oo in (2.4) we obtain that {(1 — 1{rrxxx0)=0}) is Fr-measurable. It is easy
to show that any H measurable random variable is equal to some constant ¢ € R on the
set {m(T x X x Q) =0} a.s. Therefore 1 r(rxxxa)=0} = clir(rxxx)=0} is Fr-measurable
which implies the F7-measure-ability of &. O

In what follows we will always assume that F is a completion of Fj, = o{L(h),h € H}.
Denote by K the following subset of H:

K={heH:hlx, € L®(T x X x Q,GQH, M,), n(h*) € L*(Q,H,P)} (2.6)
The elements of K satisfy the following properties.
Lemma 2.5 Suppose that h € K then
1. |h| € K and zh € K for all z € R.
2. Elexp(m(h?)/2)] < oo, E[n(|h[*1x,)] < oo and E[r(h*)¥] < oo for all k > 2.

3. E [exp (% SRt A)p(dt) + [y, (e"t®) — 1 — h(t,z)) V(dtdl’))] < 0.

Proor. The first two properties are evident. The proof of the last statement is based on
the inequality e* — 1 —x < e”2%/2, which can be proved by using Taylor’s formula. We omit
the details. O

Lemma 2.6 The set K is dense in H.



PrROOF. Choose a h € H. Then m(h?) < oo a.s. Consider two sequences of sets B,, =
{m(h?) <m} € Hand Cy = {(t,z,w) : |h(t,z,w)| < k} € GRH. Denote hy,, = hlg, 1, Tt
is evident that Ay, € K for all integers &, m > 1. By dominated convergence theorem we
have ||hym — hlg,||; — 0 as k — oo and ||hlp,, — h||y; = E[r(h*)1g\5,] — 0 as m — oo
which completes the proof of the lemma. O

The following lemma describes some properties of L(h).

Lemma 2.7 1. If h € H then L(h) € L*(Q,F,P). Furthermore E[L(h)|H] = 0 and
E[L(h)L(9)[H] = 7 (hg).

2. Let h, € H be a sequence such that ||h, — h||; — 0 as n — oo for some h € H. Then
E[(L(h,) — L(R))*|H] — 0 as n — oo in LY(Q, F,P).

3. If h € K then L(h) € LP(Q,F,P) for all p > 1, E[exp(c|L(h)|)] < oo for all ¢ € R,
and

Elexp(L(h))|H] = exp (% /T R (t, A)p(dt) +/ (") — 1 — h(t,x)) y(dtda:)) .

TXX()

4. Let hy,...h, € K be such that h;h; = 0 My-a.s. if i # j. Then for any integers
Di,...,Pn = 1 we have

E[L(h1)P" - - L(hn)P"[H] = E[L(h1)" |H] - - - E[L(n)"" H].

PROOF.

1. Choose a B € H, P(B) > 0. Denote by fg(z) the characteristic function of the random
variable L(h) with respect to restriction of probability on the set B, i.e., fp(z) = E[1e?*L(")].
Equality (2.1) implies that fz(z) can be written in the following form:

fe(z) =E {13 exp (—%2 /T R2(t, A)p(dt) + / (eMte) — 1 —izh(t,x)) y(dtdx))] .

TXXQ

By using this equality it is easy to show that fz(z) two times differentiable function. Hence
L(h) € L*(Q,F,P). Taking the first and second derivatives at z = 0 in both sides of the
equality above yields E[L(h)1g] = 0 and E[L(h)?*15] = E[r(h?)1g]. Then E[L(h)|H] = 0,
E[L(h)*|H] = m(h?) and E[L(h)L(g)|H] = E[L(h + g)* — L(h — g)*|H]/4 = m(hg) which
completes the proof of the first statement of the lemma.

2. Suppose that h, — h as n — oo in H. It means that E(7((h, — h)?)) — 0 as n — occ.
Then from the first part of the lemma we have E[(L(h,) — L(h))?|H] = 7((h, — h)?) which
implies the proof of second statement of the lemma.

3. Denote by u(z) the following expression:

22

u(z) =E [exp <5 /T R2(t, A)p(dt) + /T . (et — 1 — zh(t, 7)) y(dtdx))} .

Since h € K then Lemma 2.5 implies that u(z) is finite for all z € R. The right hand
side in the equality above is meaningful even z is complex. Indeed if z = a + b then



Re (e*" —1— zh) = e cos(bh) — 1 — ah = (e*" — 1 — ah) + e**(cos(bh) — 1) < (e®* — 1 — ah).
Hence from Lemma 2.5 we have

‘E [exp ( 22 /T R2(t, A)p(dt) + /T . (e — 1 — zh(t,x)) y(dtdx))”

<E [exp ( 22 / h2(t, A)p(dt) + /T . (e®t2) — 1 — ah(t,z)) V(dtdx))} < 0.

The function u(z) is analytic function for all z € C. If z = it, t € R then u(z) = f(t) =
E[e"* ()] coincides with characteristic function of L(h). Hence characteristic function f(t)
infinitely differentiable for all £ € R and L(h) has finite moments of all orders, i.e. L(h) €
LP(Q), F,P) for all p > 1. Moreover

where the radius of convergence of the series being infinite. It follows that

Elexp(c|L(h i < 00

k=0

for all ¢ € R. Hence f(z) = E[exp(zL(h))] is analytic for all complex z. The uniqueness
theorem yields u(z) = f(z) which implies the third statement of the lemma.

4. From the previous parts of the lemma we have L(hy) € LP(Q2, F,P) for all p > 1
and conditional characteristic function of random variables L(hy) is infinitely differentiable
if hy,...h, € K. Since h;h; = 0 Mr-a.s. if ¢ # j then we have the following equality:

fo( g

1
= exp (— / (t, A)p(dt) + Z/ (e (Bm) 1 — Gz hy(t, 7)) V(dlfd:t))
XXO

= Elexp (iz:L(h))[ H] - - E [exp (izn L ()| H] -
OpP1t+p2+-+pn
Bzfln-azﬁ”

M

Taking the (p; + pe + - -+ + pn)th partial derivative at 21 = 20 = --- = 0 in both

sides of the above equality yields
E[L(h1)" - - L(hn)P" |H] = E[L(h1)" [H] - - - E[L(hn )™ [H].
O

Now we will introduce the generalized orthogonal polynomials P, (see, e.g. [33]). Denote
by T = (x1,22,...,%y,...) a sequence of real numbers.
Define a function F'(z,Z) by

F(z,T) = exp <Z(—1)k+l%wk> : (2.7)

k=1

8



If R(Z) = (limsup |2;|"/*)~" > 0 then the series in (2.7) converges for all |z| < R(Z). So the
function F(z,T) is analytic for |z| < R(T).
Consider an expansion in powers of z of the function F'(z,T)
F(z,7) =) 2"P,(T).
n=0
Using this development, one can easily show the following equalities:

n

(n+ )P (@) = > (—DfzpPui(T), n>0, (2.8)
k=0
9 0, if 1> n,

Indeed, (2.8) and (2.9) follow from %5 = 37 (—1)FzFz;,( F, respectively, and g—z =
(=1 L2 From (2.9) it follows that P, depends only on finite number of variables, namely
X1, Lo, ..., Ty Since Po = 1, then (2.8) implies that P,(z1,s,...,x,) is a polynomial with
the h1ghest order term “t. The first polynomials are P (1) = 1, and Py(xy, 22) = 5(2 —12).

Using the equality F(z T+7y) = F(2,7)F(2,7), where J = (Y1, Y2, - - s Yn,...) and T4y =
(x1 + Y1, T2 + Yo, ..., Tp + Yn, ... ) it is easy to show that

(T +7) Z Py(z . (2.10)

Ifu(y) = (y,v%v%, ..., y", ...) then F(z,u(y)) = 1+ 2y for |zy| < 1. Hence P,(u(y)) =y
and P, (u(y)) = 0 for all n > 2. Furthermore, equation (2.10) implies that
Po(@ +(y)) — Pu(@) = yPua(T). (2.11)

It is possible to find the explicit formula for polynomials P,. Indeed, P, can be written
in the following form:

_ 11 .12 2
Py(xy,29,...2,) = E iy iy, i LTS - X

It is easy to see that o ,
azl+12+~--+lnpn

0r 0x2 - - Oxin
It follows from the equality (2.9) that

ai1+i2+~"+inpn B 07 if il + 222 + 323 s nln 7A n,
DaT s <Dy | (L g gy 20y + g + iy =

Hence

= Z1!ZQ! s zn!aihi%min.

Fulwr, 2z, o) = Z , (_1)n+“+22+.“+1n21% ml.?@mgin. e (212)
11+2i2+313--+nip=n
For h € K let Z(h) = (x1(h),x2(h),...z,(h),...) denote the sequence of the random
variables, such that x1(h) = L(h), z2(h) = L(R*1x,) + [, P¥(t, x)w(dtdz) = L(h*1x,) +
m(h?), zp(h) = L(h*1yx,) + Jrsexo h*(t, z)v(dtdr) = L(h*1x,) + 7(h*1x,), k = 3,4,....
The relationship between generalized orthogonal polynomials and conditional additive
processes on H is given by the following result.

9



Lemma 2.8 Let h and g € K. Then for all n,m > 0 we have P,(T(h)) and P,(Z(g)) €
L*(2), and

EREODPEOIM = Y ey o n o

ProoFr. Since h,g € K and P,, P,, are the polynomials, then by Lemma 2.7 we have
Py (x(h)) and Pn(z(g)) € L*(Q, F,P).
Denote by ¢(z,T) the power of the exponent in the formula (2.7):

oo
2 : k+12

k=1
Since

. :

= hin sup ka(h)||i/2]zm = Iclirgo [E(L(h*1x,)?) + E(ﬂ(hklxo)z)}l/%

. 2k—2 2 2k—4 2 2 1/2k
< Jim (1100 157 E(r(h1x,) + [0 15 B (0*1x0))) T < 0Lyl
Then the series

|2
Z 2 ||z (R )HL2(Q)
k=1

converges if |z| < 1/||hlx,||;~ < R, which implies that ¢(z,Z(h)) € L*(Q2) for all |z| <

1/ 1[R1x || oo -
Let’s note that for all |z| < 1/||hlx,||; we have In(1+ zhly,) € H. Indeed, by using
Taylor’s formula, we get

2h%1y,

(In(1 + zhly,))? < (1= [2] ||hlxo|| poe)2

In the same way one can obtain the following inequality

22]121)(0
(= |zl [P [ o )*

|In(1+ zhlyx,) — zhlx,| < 5

which implies that In(14 zh(t, z)1x,) — zh(t, x)1x, is integrable with respect to measure M,
for all |z| < 1/||h1lx,]] -

So by using the linearity and the continuity of the mapping h — L(h) we have for all
|2l <1/ [[h1x, [ e

0 2
= Y-y Gl (L(h*1x,) + m(hF1x,)) + 2L(h) — %w(mA)
k=2

2

= L (In(1+ zhlx,) + zh1A) —1—/ (In(1+zh(t,x)) — zh(t, z))v(dtdx) — %ﬂ'(hlA). (2.13)
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We claim that w = In(1 + zhlx,) + 2zh1la € K for all |z| < 1/||hlx,||;~. Indeed

2L 171X || o
1= {2 [[A1x, ] o |

‘UJlXO’ = |ln(1 + Zh].XO)’ <

and since h € K then we have fo some constant C; > 0

227T(h21X0)

7r(w2) = Zzﬂ(hQ].A) + 7T(1n2(1 +zhly,)) < 227r(h21A) +
o (1= [2[ [|P1x ] o )?

< (.

Hence from inequality In(1 4+ z) < x, equality (2.13) and Lemma 2.7 we have for all
2] <1/ [[h1xo|l

E(F(z,7(h))*) = Elexp(2¢(z,7(h)))] < Elexp(2L (In(1 + zhly,) + zh1a))] < .

So F(z,z(h)) € L*(Q) if |z] < 1/ [|h1lx,]|pee-
Consequently for |z| < 1/||hlx,||;~ and |y| < 1/||glx,||;~ We get from (2.13)

E[F (2, 7(h))F(y,7(g9))|H] = Elexp(¢(2, T(h)) + ¢(y, T(9)))|H]
= Efexp(L(In[(1 + zh1x,)(1 + yglx,)])
+/T . (In[(1 + zh(t, z))(1 + yg(t,x))] — zh(t,x) — yg(t, x))v(dtdx)
FL(Ls +yrla) — 5 [ D)+ 5P ADplan)
= exp(/ (emlA=hte)AtygtaDl _ 1 _n[(1 4 zh(t, z))(1 + yg(t, 2))])v(dtdz)
+/T . (In[(1 + zh(t, z))(1 + yg(t,x))] — zh(t,x) — yg(t, x))v(dtdx)

+% /T((zh(t,A) Fyg(t, A))? — 2R3t A) — 4262, A))u(dt))

= eXp(Zy/T . h(t, x)g(t, x)m(dtdr)) = exp(zyE[L(h)L(9)H]),

where we have used Lemma 2.7 to calculate the condltlonal expectation.
Taking the (n +m)-th partial derivative 5 at z =y = 0 in both sides of the above
equality yields

nam

el P00V Pl = { 0 e miapy . i n

Lemma 2.9 The random variables {e*™  h € K} form a total subset of L*(Q, F, P).

11



PROOF. It follows from Lemma 2.7 that X € L2(Q) if h € K.
Let & € L%*(Q) be such that E(ée?™) = 0 for all h € K. The linearity of the mapping

h — L(h) implies
E (g eXpszL(hk)) =0 (2.14)
k=1

for any z1,...,2, € R, hy,..., h, € K, n > 1. Suppose that n > 1 and hq,...,h, € K are
fixed. Then (2.14) says that Laplace transform of the signed measure

7(B) = E((1p(L(hy1), ..., L(h,))),

where B is a Borel subset of R”, is identically zero on R". Consequently, this measure is
zero, which implies E({1g) = 0 for any G € F. So £ = 0, completing the proof of the lemma.
O

For each n > 0 we will denote by P, the closed linear subspace of L*(Q,F, P) gener-
ated by the random variables {{P,(Z(h)) : h € K, £ € L>®(Q,H,P)}. Py will be the set
L*(Q,H, P) of H-measurable square integrable random variables. For n = 1, P; coincides
with the set of random variables {L(h) : h € H}. From Lemma 2.8 we obtain that P, and
P, are orthogonal whenever n # m. We will call the space P,, chaos of order n.

Theorem 2.10 The space L*(Q2, F, P) can be decomposed into the infinite orthogonal sum
of the subspaces P,,:

[e.9]

L*(Q,F,P) = PP

n=0

PROOF. Let £ € L*(Q,F, P) such that ¢ is orthogonal to all P,, n > 0. We have to
show that £ = 0. For all h € K and n € L*(Q, H, P) we get E({nP,(Z(h))) = 0. Hence
E[¢P,(Z(h))|H] = 0. Since from the proof of Lemma 2.8 we have that F(z,Z(h)) € L?()
for all z < 1/||hlx,|| . then E[(F (2,Z(h))|H] = 0 for z < 1/||h1lx,||;~. Using equality
(2.13) we obtain

0 = E[¢F(z,%(h))|H] = E[¢e?*T)|H] = E[¢ exp(L(In(1 + zhlx,))

T

—i—/T . (In(1 4 zh(t,x)) — zh(t, z))v(dtdx) + L(zh1a) — %/ 222 (t, A)p(dt))|H).
Thus for any z < 1/ [|hlx,|| ;e
El¢ exp(L(In(1 + zhlx,)) + L(zh1a))] = 0. (2.15)

We claim that if h € K such that h > ¢ — 1 M -a.e. for some 1 > ¢ > 0 then equality
(2.15) holds for z = 1. Indeed the right-hand side of the expression (2.15) meaningful in this
case for all z € [0;1]. The extension to the complex numbers Re z € [0; 1] is evident. Denote
this function by ®(z). Since |hly,/(14+2h1x,)| < ||hlx,|| ~ /€ and w(h*1x,/(1+2h1x,)?) <
m(h?)/e* then hly,/(1 + zhly,) € K and the straightforward calculation shows that ®(z)
is differentiable and

CI)/<Z) = E[fL(h].XO/(l + Zh]—Xo) + h].A) eXp(L(ln(l + Zh].XO)) + L(Zh].A))]
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Hence ®(z) is an analytical function for Re z € [0; 1]. Consequently the uniqueness theorem
yields the desired statement.

For any g € K we have (e — 1) € K and (e9 — 1)1y, > —1 + & My -a.e. for some
1 > ¢ > 0. Putting in (2.15) h = (¢9 — 1)1x, + gla and z = 1 we deduce that E(£e*9)) = 0
for all g € K. By Lemma 2.9 we get £ = 0, which completes the proof of the theorem. O

3 Multiple integrals

The purpose of the section is to define multiple stochastic integrals with respect to L and
to show that the nth chaos P, is generated by these multiple stochastic integrals. The
construction of multiple stochastic integrals for processes with independent increments pro-
vided by It6 in [11]. For its generalization to other classes of processes the reader referred
to [9, 13, 21, 32].

Henceforth we will assume that random measure 7(dtdz, w) has no atoms for all w € €. It
means that neither measure p nor measure v has no atoms for all w € €). Since a separable
Hilbert space H has the form H = L*(T x X x Q,G ® H, M), where M, (dtdrdw) =
7(dtdx,w)P(dw) is a o-finite measure, then the process L is characterized by the family of
random variables {L(A),A € G @ H, M,(A) < oo}, where L(A) = L(14). We can consider
L(A) as a L*(Q, F, P)-valued measure on the parametric space (7' x X x Q,G ® H), which
takes conditionally independent values on any family of disjoint subsets of T" x X x €.

Fix m > 1. Denote by M the following measure

M (dtydzy - - - dtpdeg,dw) = 7(dtydey, w) - - - 7 (dtpdey,, w)P(dw),

defined on the o-algebra G¥™ @ F. In this section will consider only the restriction of this
measure on the o-algebra G®™ @ H. Since the measure M, is o-finite then M will be
o-finite. Indeed if the sequence of pairwise-disjoint sets A, x B,, A, € G and B, € H
such that |J2, A, x B, = T x X x Q and M, (A, x B,) < oo, then setting B¥ = {k —

1 < (A, x B,) < k} we have U2, A, x BE = A, x B,. Denote Biikz-hn — (" BY

then MI(A,, X Ap, X -+ A, x Bike-kn ) < fky ook, < 00 and (T X X) X Q =
Unl no Nm=1 Uk,‘l ka,..., km=1 A”l X An2 X - Anm X B'r]ilf?g ’;’:lTn

Mm ning...n
-----

For any w € Q we can define measure 7™ (dtydxy - - - dtda,,,w) on the o-algebra G&™
as a m-th power of the measure w. Since measure 7 is o-finite and without atoms then
measure 7™ is o-finite and without atoms. Moreover, 7% (A,,,w) = 0 for all w € Q, where
Ay, =A{(t1,...,ty) - 3t; =t;,i # j} is a ‘diagonal’ set. Indeed, for fixed w € 2 o-finiteness
of 7 implies that 7' x X = (J;°, T;, where T1,T5,... are pairwise-disjoint sets in G and
7(T;) < oo. Then (T x X)™ U.°° ,,,,, i Ty x - x T and 79™(T5, x --- X T;,) < o0,
Define C;, ;. = (T;, x -+ )ﬂA Then A, = U5 i —1Cii i It is easy to
= () if all the 1nd1ces i, ..,4i, are different. Hence it is enough to prove
..... Zm) = 0 if some of indices 41, ...,%, are equal. Suppose that i; = i5. Using
the nonexistence of atoms for the measure 7 for any n € N we can determine a system of
pairwise-disjoints sets { By, ..., B,} C G, such that |J]_, B; = A;, and 7(B;) = n(4;,)/n for
every i =1,...,n. Then C;, ,; C U, B; x B; x Ay x --- x A; . Hence 7®™(C;,

S m(Bi)*m(Ay) o w(A;,) = m( A )2 (A m(Asy) - ‘W(Aim)/n. Lettmg n tend to oo we
obtain the desired result.

.....
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Precisely speaking the set A,, may not be an element of the o-algebra G®™ but the
calculations above show that A,, belongs to completion GE™° of G¥™ with respect to the
measure 77 (-,w) for all w € Q. Since 7®™(-,w) can be extended to the o-algebra G&™ =
ﬂweg Wu and A,, € G®™ then measure M can be extended on the o-algebra Gom @ H
and M (A, x Q) = 0. This fact is very important for definition of the multiple stochastic
integral.

Set Go ={A€G®H: 14 € K}. We will define the multiple stochastic integral I,,(f)
of a function f € L*((T x X)™ x Q,G®™ ® H, M™). Denote by &,, the set of elementary
functions of the form

n

f(tlaxlv"'atmwrmvw) - Z Qi ..., im(w)]-Ail (tlaxlaw)"'1Aim(tm7xmvw)v (31)

where Ay, ..., A, are pairwise-disjoint sets in Gy, and the coefficients a;, ;. € L>®(Q,H,P)
are zero if any two of indices iy, ..., 1, are equal.

For a function of the form (3.1) we define the multiple integral of the m-th order

.....

The definition does not depend on particular representation of f, and the following properties
hold:

(1) In(af + Bg) = aln(f) + Bln(g) for all & and B € L=(Q, H,P), f and g in &,,.

(ii) I,(f) = Im(f), where f denotes the symmetrization of f with respect to pairs of
nonrandom variables, which is defined by

1
f(tlaxla cee 7tmaxmaw> = % Zf(ta(l)axo(l)a cee 7ta(m)7x0'(m)7w)7

o running over all permutations of {1,...,m}.

(iii)
0, if p#m,

E[Im(f)jp(g)|H] = { m'ﬂ(fﬁ), if p=m.

The properties can be proved using Lemma 2.7 and exactly the same arguments as those
used, for example, in [22, p. 8-9].

In order to extend the multiple stochastic integral to the space L?(M™) we have to prove
the following lemma.

Lemma 3.1 The space &,, is dense in L*((T x X)™ x Q,G%™ @ H, M™).

PROOF.  In order to show that &, is dense in L*(M™) it is suffices to show that the
indicator function of any set Ax B = A; x Ay x--- X A, Xx B, where Ay,..., A, € G, BEH
and M™(A x B) < oo can be approximated by elementary functions in &,,.

Denote by By, the following set B;, = {w € Q : m(A1,w)m(A2,w) - - - (A, w) < k}. Since
M(A x B) < oo then 14,x..x4,,xB, — laxp as k — oo. Hence it is possible to assume
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that m(Ay, w)m(Ag,w) -+ w(An,w)lp < C a.s. for some positive constant C'. This implies
that A; x B € Gy, i = 1,...,m. Furthermore, it is possible to suppose that any sets A;
and A; either equal or disjoint. Indeed, there exists a finite system of pairwise disjoint sets
{A}, ..., A} C G such that each A; can be expressed as a disjoint union of some of A’.
Then the indicator function of the set A x B can be represent as a finite sum of the indicator
functions of the sets A; x A; x---x A; x B. If all indices iy, ..., i, are different then it
is an element of &,,. For other indices some of the sets A; are equal.

Since M™(A,, xQ) = 0 then M™((Ax B)[((A,,x)) = 0 and for any € > 0 there exists a
system of sets U = Ay x- -+ Ak x By, k =1,2,... such that J,~, Us D ((Ax B) (A x)),
S MMUR) <€, Upe, AF = Ay, i =1,...,m and ,—, Bx = B. Therefore A¥ x By, € Gy,
i=1,....m k=1,2,... and U, , Uf C Ax B.

For any n > 1 we can find a system of pairwise disjoint sets {CT,C%,...,C} } C G, such
that each A¥ i =1,...,m, k=1,...,n can be expressed as a disjoint union of some of Cr.
Notice that C}' X B € Gg for all j =1,...,pn, k=1,...,n. We have

Uk 1l]E Z Z ]17 7]m7k Cﬂ Xon x: Cn XBk7

k=1 ji,....jm=1

where €}, ., is 0 or 1. Let J, be the set of m-tuples (ji,...,jm), ji € {1,2,...,pn},

1 =1,...,m, where all the indices are different. We set
n
R n
=Y > (=6 ) legxepxecy, B
k=1 (j1,...,.jm)EJIn

Then 1y, belongs to &,, and

Q) (G ()< (U ) (U9

for all n € N. Since J;_, Uf C (Up_1 AY) x -+ x (Up_; 4%) x (Up—, B) then
lv, — laxs — 1y, ue

™

M™-a.e. and in L*(M™) as n — oo. Finally the fact 1445 — 1y, ve — laxp in LA(M™)
as € — 0 implies the proof of the lemma. O

Letting f = g in property (iii) obtains

E(L(f)?) = mlI 1122y < M 122 arz -

Therefore, the operator I,,, can be extended to a linear and continuous operator from L?(M™)
to L*(Q, F,P), which satisfies properties (i), (ii) and (iii).

If f € L*(MP) is symmetric function and g € K the contraction of one index of f and g
is denoted by f ®; g and is defined by

(f@19)(tr, 21, ...ty Tp1,w)

= flti,x1, .. by, Tpo1, S, 2, w)g(8, 2,w)m(dsdz, w).
TxX
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The tensor product f ® g will be understood as tensor product with respect to nonrandom
variables, i.e. (f®¢)(t1, 21, ., tpr1, Tpi1,w) = f(t1, 21, .., tp, Tp,w)g(tps1, Tpi1,w). Notice
that f ®, g € L*(MP™') and f ® g € L*(MP™!) if g € K.

The tensor product f ® g and the contractions f ®; g are not necessarily symmetric. We
will denote their symmetrization by f®g¢ and f®:¢ respectively.

The following, so called product formula, will be useful in the sequel. It was initially
derived by It6 [10] for Gaussian case and by Kabanov [13] for Poisson case, then extended
by Russo and Vallois [29] to products of two multiple stochastic integrals with respect to a
normal martingale.

Proposition 3.2 Let f € L*(MP) be a symmetric function and let g € K. Then

L(N1(g9) = Lia(f @ g) + pL—1(f @1 9) + pL,(fglx,)- (3.2)

PROOF. Since g € K then fglx, € L?(MP) and the right-hand side is correctly defined.

By the density of elementary functions in L?(M?) and by properties (i) and (ii) we can as-
sume that f is the symmetrization of the function 14, (t1, 71, w)14,(t2, T2,w) - - - 14, (tp, 7, w),
where the A; are pairwise-disjoint sets of Gy, and g = 14, or 14,, where Ay € Gy is disjoint
with A;,..., A,. The case g = 14, is immediate because f ®; 9= fg=0and f®g € E,41.
So, we assume g = 1y4,. Since A; € Gy then 7m(A;)w(Az) ---w(A,) < C for some real constant
C > 0. Given € > 0, according to Lemma 3.1 we can find the function v, € & such that
|[ve = 14, ® 14y 12(ps2) < € It is possible to write v in the following form

ke
Ué(tlwrthJanw) - Z az]( )]'C (tlaxla )10j<t27x27w)7 (33)

ij=1

where C4, ..., Cy, are pairwise disjoint subsets of A in Go, af; € L>(Q,H,P) and af; = 0,
i,j=1,... k. Set A = A; N (T x Xy x Q) and

Vet 1, -ty Ty, @) = V(b 21, by, 09 @) Ly (E, 3, @) -+ Lo (pat Tp1s ).
Then v, is an elementary function and we have
L(f)1(g) = L(A1)*L(As) - -~ L(Ap)
(ve) + (A1) L(Az) - L( p)+L(A°) (A2) -+ L(4p)
+H[(L(A1)? —7(A ) L(AD))L(Az) - L(Ap) — Tps1(ve)]
= Lp1(ve) + plp-1(f ®1.9) +pl(folx,) + Re. (3.4)

Indeed 1
f®1g= ]SW(Al) symm(1la, ® - ® 1a,),

and
1
fglx, = ];114‘1) ®@symm(Lly, ® - @ 1y4,),

where symm(-) denotes the symmetrization with respect to the pairs of nonrandom variables
of the function in parentheses. We have

Hf)e - fég‘ Ez(Mngl) = Hﬁs - Symm(1A1 & 1A1 ® 1A2 K- ® 1Ap)| }12(M71:+1)
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< lve =14, ®14, @10, @ ® 1Ap|‘iz(Mﬁ+1)
=E |:7T(A2) cee W(Ap) / (Ué(tl, Ty, tg, 332) — 1A1 (tl, .Tl)]_Al (tQ, .772))2 W(dtldl’l)ﬂ'<dt2d$2):|
(TxX)

< Clo) = 14, ® 1a, |22y < C€, (3.5)

and
E(R?) = E([L(A41)? = m(A1) = L(AD) — B0 LA L(As)* - L(4,)?).

Lemma 2.7 and properties of multiple integral imply

E(R?) = E([L(A)* + 7(A)? + m(AD) + 275%(5,)

—2m(Ay)? — 2L(A)2L(AY) — 2L(Ay)2L(v)] 7 (As) - - -W(Ap)). (3.6)

Taking fourth derivative at z = 0 of conditional characteristic function of L given by formula
(2.1) yields
E[L(A;)"|H] = 3m(A1)* + m(AD). (3.7)

By using the same arguments since A; = AU (A, \ A?) we get
E[L(A1)*L(A})[H] = E[L(A})® +2L(A1 \ AY)L(A})* + L(Ar \ A7) L(A})|H] = 7(A}). (3.8)
It follows from equality (3.3) and Lemma 2.7 that

ELL(AL)H] = 3 aSEL(A)?L(C)L(C))H]

ij=1

ke
= Z a;E[2L(C;)°L(C;)*|H] =2 ) _ agm(Ci)m(Cy) = 2 v dn®? = 272 (v1,). (3.9)

Q=1 ij=1 (TxX)?

Substituting expressions (3.7), (3.8) and (3.9) into (3.6) we have
E(R2) = E[(2n(A1)? + 2n°2(07,) — 47%2(0/0))m(Ao) -+ m(A,)]

= 2E[r®%((v' — 14, © 1a))")m(A) - 7(4,)] < 2C ([l — 1a, ® 1a |l 20y < 20€°. (3.10)
From formulae (3.4), (3.5) and (3.10) we obtain the desired result. O

The next result gives the relationship between generalized orthogonal polynomials and
multiple stochastic integrals.

Theorem 3.3 Let P, be the nth generalized orthogonal polynomial, and T(h) = (xx(h))52,
where x1(h) = L(h), xo(h) = L(h*1x,) + ||hl[3, zx(h) = L(h*1x,) + Jrvx, hE(t, z)v(dtdr),
k=3,4,... and h € K. Then it holds that

n!P,(z(h)) = I,(h*"), (3.11)

where h®™(ty, 21, ... by, Tp,w) = h(ty, x1,w) - h(ty, Tp,w).
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Proor. We will prove the theorem by induction on n. For n = 1 it is immediate. Assume
it holds for 1,2, ..., n. Using the product formula (3.2) and recursive relation for generalized
orthogonal polynomials (2.8), we have

L (")) = L(R®™) L (B) — nly—y (R V(%)) — nL, (R @ (h*1y,))
= n!P,(T(h))L(h) — nlw(h?)Pa_1(T(h)) — nl,_y (R )1 (R*1x,)
+n(n — 1)L, o(R®""Nr(h*1x,) +n(n — 1)1, (h*"? @ (h*1x,))

— 0l S (=) e () Py (F(R)) + 1l P s (F(1) (W L) +n(n— 1) Loy (R D @ (h1,))

k=0
n—1
= =nYy (=D 1 (h) Pk (®(R)) + nl(=1)"Py(z(h))m (A" 1x,) + nl(=1)"L (A1)
k=0
= !> (=) g () Bk (B(h) = (n+ 1)!Poya (T(R)),
k=0
which completes the proof of the theorem. O

From this theorem and Theorem 2.10 we deduce the following result.

Corollary 3.4 Any square integrable random variable £ € L*(Q, F,P) can be expanded into
a series of multiple stochastic integrals:

£=> L(fr)

Here fo = E[¢|H], and Iy is the identity mapping on the L*(Q,'H,P). Furthermore, this
representation is unique provided the functions f, € L*(MF) are symmetric with respect to
the pairs of nonrandom variables.

PROOF. The proof uses the same arguments as those used, for example, in [22, Th. 1.1.2],
so we omit it. O

The following technical lemma will be needed in the sequel.

Lemma 3.5 Let fi, € L?((T x X)* x Q,G%* @ H, MF) and g,, € L*>((T x X)™ x Q,G*" @
H, M) be a symmetric with respect to pairs of nonrandom variables functions and p < kAm.
Then there exist G¥P @ F measurable versions of the processes In_,(fi(-,t1,21,. .., 1y, xp))
and Ly p(gm (- t1, @1, . .., tp, x,)) which belong to L*((T x X)P x Q,G% @ F, MP) and the
following equality holds

£ U eyl b1, e ) I (G 1, 21, sy ) ) (drdin) - - w(dtpdxp)]
(TxX)p

0, if m# k,
~ ) (m—p)E [f(TXx)m(gmfm)(tl, X1y oo by T )T (dtydy) - - - W(dtmdl‘m)} , if m=k.
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PROOF. It is easy to verify that statement of the lemma is valid for elementary functions
from &, and &,,. The general case will follow by the limit argument. O

Now let T =R, Xo =Ry, A =0 and L(dtdz) be as in Example 2.3. Denote by X, the
‘increasing simplex’ of (R x R)™

En:{(thﬂ?l,,tn,l‘n) & (RJ’_ XR)n0<t1 < e <tn}’

and we extend a function f, defined on ¥, x € by making f, symmetric with respect to
pairs of nonrandom variables. If the function f,, square integrable with respect to measure
M? then we have

L,(f,) = n! falte, o, .o o, xp) L(dtydxy) - - - L(dt,dxy,).

Zn

Indeed, this equality is clear if f,, is an elementary function of the form (3.1), and in the the
general case equality will follow by the density argument, taking in account that iterated
integral verifies the same properties as the multiple integral. In particular Lemma 3.5 holds
for iterated integral. Note that the domain ¥,, and its symmetrization do not cover (R, xR)":
we are ignoring the ‘diagonal set’. Since in the beginning of this section was proved that the
‘diagonal set’ has M™ measure zero and we consider the functions as an elements of L? which
are the the equivalence classes, then we will always choose the representative that vanishes
on the ‘diagonal set’.

4 The derivative operator

In this section we introduce the operator D. Then we will show that it is equal to the
Malliavin derivatives in the Gaussian case (see, e.g., [22]) and to the difference operator
defined in [24, 26] in the Poisson case. We will also proof that the derivatives operators
defined via the chaos decomposition in [2, 3, 18, 19, 25, 28, 31] for certain Lévy processes
coincide with the operator D.

We denote by Cp°(R™) the set of all infinitely continuously differentiable functions f :
R™ — R such that f and all of its partial derivatives are bounded.

Let & denote the class of smooth random variables such that a random variable £ € §
has the form

&= f(L(hy),...,L(h,)), (4.1)
where f belongs to Cp°(R™), hy,..., h, are in K, and n > 1.

Lemma 4.1 1. The set S is dense in LP(Q), F,P), for any p > 1.
2. The set {¢h: € € S,h € K} is dense in L*(T' x X x Q,G Q@ F, M,).
3. The set {ue™™¥) : u,v € K} is a total set of L*(T x X x Q,G ® F, M,).

Proor. 1. Let {hi};2, C K be a dense subset of H. Define F,, = o(L(hy),..., L(h,)).
Then F,, C F,+1 and F is the smallest o-algebra containing all the F,,’s. Choose a g € LP(2).
Then

g9 =E(g|F) = lim E(g[Fn).
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By the Doob-Dynkin Lemma we have that for each n, there exist a Borel measurable function
gn : R™ — R such that

E(g|fn) = gn(L(hl)v SR 7L(hn))

Each such g, can be approximated by functions f,gf ) where f,gf ) ¢ Ce(R™) such that
A L(hy), - - L(hn)) = go(L(h1), - - -, L(hy))||r() converges to zero as m — oo. Since
f,(,f)(L(hl), ..., L(hy,)) € § we have the first statement of the lemma.

2. It is enough to show that indicator function 1445, where A € G, B € F and M, (A X
B) < oo can be approximated by the processes of the form {h, where £ € S and h € K.
It follows from the previous part of the lemma that there exists the sequence &, in S such
that &, — 1p as n — oo in L*(Q2). Set C,, = {n(A) < m}. Then C,, € H and |, ,~, Crn =
{m(A) < o0} D B a.s. The processes 14x¢,,&, have required form and letting m — oo and
then n — co we obtain the desired result.

3. Lemma 2.9 implies that finite linear combinations of the random variables e/), v € K
are dense in L?(€2). The same arguments as in previous part of the lemma yield the density
of the set of the linear combinations of the processes ue’®, u,v € K, which completes the
proof of the lemma. O

Definition 4.2 The stochastic derivative of a smooth random variable & of the form (4.1)
is the stochastic process DE = { Dy z£, (t,x) € T x X} indexed by the parameter space T' x X
given by

Dis = 3 G L) Lt )1 (0)

k=1

+<f(L(h1) 4 hi(t ), ... L(hy) + ha(t, 7)) — F(L(hy), ... ,L(hn))> 1x,(2). (4.2)

Remark 4.3 1. If the measure v is zero and the measure p is deterministic then DE
coincides with the Malliavin derivative (see, for example, [22, Def. 1.2.1, p. 24]).

2. If the measure p is zero and the measure v is deterministic then D coincides with the
difference operator defined in [26].

3. If T = Ry, the measure u is the Lebesgue measure and X is a metric space, and

the measure v is the product of the Lebesque measure times the measure 3 satisfying
Sy (|z? A1) B(dx), then D is the operator V= from [28].

4. If measures p and v are both deterministic then D coincides with operator defined in
[33], see also [31].

Lemma 4.4 Suppose that & is smooth functional of the form (4.1) and h € H. Then

E { D, &h(t, x)n(dtdx)
T'xX

H] — E[¢L(h)|H]. (4.3)

PrOOF. The proof will be done in three steps.

Step 1. Suppose first that
5 _ 6iZ1L(h1) . eiZ"L(h").
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Then Reé € § and Imé € § and

E[¢L(h)|H] = 1di (E [exp (iszL(hk) +z’zL(h)>|H]>

k=1

z=0

k=1

%%exp( L /T (szhk (t,A) + zh(t, A)) u(dt)

+/T . (exp(izzkhk(t,x)+izh(t,i€))—1

—1 (Z zihi(t, x) + zh(t, :B))) V(dtdx))
_ ( /T _h(t.a) (exp(iszhk(t,x)) - 1) v(dtdz)

k=1 k=1

i /T Bt A)S st A)u(dt)) exp (% /T (szhk(t,A)> u(dt)
+/T . (exp(z' 2": zkhi(t,x)) —1—1 z": zkhk(t,x)> i/(dtdx)>

k=1 k=1

— E[¢|H] ( /T . h(t,z) <exp(iz,zkhk(t,x)) - 1) v(dtdz)

+z’/ h(t, A)izkhk(t, A),u(dt)).
d
=E [/T . (exp Zsz (hi) + hi(t,x))) — eXp(z'szL(hk))) h(t,x)v(dtdx)

k=1
’H]

/ i Z zjexp(i Z 2k L(hg) )b (t, A) p(dt)

On the other hand
E { D, ,&h(t, z)m(dtdz)
TxX

g

!

+i L h(t, A)> " zeha(t, A),u(dt)) .

k=1

Hence we have (4.3). By linearity we deduce that (4.3) also holds for smooth variables
of the form (4.1), where the function f is a trigonometric polynomial.
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Step 2. Assume that & of the form (4.1) such that f € Cy°(R™) is periodic on every
variable function. Then there is a sequence of trigonometric polynomials g, such that
gm — f and 9g,,/0xy — Of /Oxy for every k = 1,...n uniformly on R" as m — oco. Denote
N = gm(L(h1), ..., L(hy)). Then n,, € S, and by Step 1 we get

EnmL(h)|H] = E [ Dy.amh(t, ) (dtdz)

TxX

H} . (4.4)

Since n,, — £ in L3() and Dn,, — D¢ in L*(T' x X xQ,G® F, M) then letting m — oo
in (4.4) we obtain (4.3).

Step 3. Assume that & of the form (4.1). Consider the sequence {xm,m = 1,2,...}
of functions, such that y,, € C®(R"), 0 < xpm < 1, xm(z) = 1if 2] < m, x(x) = 0,
if |z| > m+ 1 and |Vx,,| < 2. Define g, as a periodic extension on all variables of the
function fxm,. Then (, = gm(L(hy),. .., L(h,)) is smooth variable such that |G| < ||f]|;
and |DCp| < [V f]|p0 >oiey |hi|. Hence by the dominated convergence theorem ¢, — £ in
L*(Q) and D¢,, — D¢ in L*(T x X x Q,G ® F, M) as m — oo. Since by Step 2 formula
(4.3) is true for (,,, then letting m — oo completes the proof of the lemma. O

Applying this lemma to the product of two smooth functionals we obtain the “integration
by parts” formula.

Lemma 4.5 Suppose & and n are the smooth functionals and h € H, then

E[&?L(h)’H] =E |:/T (th,zn + nDt,mg + 1X0Dt,z§Dt,xn)h<t’ ZE)?T(dtdl’)

x X

H] . (45)

As a consequence of the above lemma it can be shown in the same way as in [33] that
the expression of the derivative D given in (4.2) does not depend on the particular repre-
sentation of € in (4.1).

For p > 1 define a norm for G ® F measurable function by the following expression

lull,, = (E ( /T N u(t,x>27r(dtdx)>p/2] ) l/p.

Let L*P(M,) = L*P(T' x X x Q,G® F, M) be the set of all (equivalent classes of) functions
u(t,r,w) on T x X x Q such that [[ul[,, < oco.

Lemma 4.6 The operator D is closable as an operator from LP(Q,F,P) to L*P(M,), for
any p > 1.

ProOOF. Let {&,,n > 1} be a sequence of smooth random variables such that E|&,[P — 0
and D¢, converges to ¢ in L?>?(M,). Then from Lemma 4.5 it follows that for any h € K
and n € § we have

E(&nL(h)) = (Dn; &ah) 2,y + (D&ninh) 2o,y + (Déni 1xohDn) 2 (0, -

Taking the limit as n — oo, since 1, Dn are bounded, and h € K we obtain
(Gnh) L2 anyy + (G xohDn) r2 ) = 0. (4.6)
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If h(t,z) =0 for = # A, then (4.6) implies, that

(¢;nh) 2w,y = 0.

Thus from Lemma 4.1 we deduce ;o = 0 for M -almost all (¢,A,w) € T x {A} x Q.
Substituting this expression into (4.6) we have for any h € H

(¢; hDn) r2(ar,) = 0. (4.7)

Let ¢, € Cg°(R) such that 0 < ¢, (x) < e and ¢,(z) — €® for all x € R. Putting in
(4.7) n = ¢n(L(g)) and h(t,z) = u(t,2)e 9%*) where u, g € K and then letting n — oo we
get

(G ue™) 121,y = 0.

It follows from Lemma 4.1 that ;, = 0 for M -a.a. (t,z,w) € T x X x Q completing the
proof of the lemma. O

We will denote the closure of D again D and its domain in LF(2) by D'?.
Now we will state the chain rule.

Proposition 4.7 Suppose p > 1 is fized and & = (£',...,&™) is a random vector whose
components belong to the space DP. Let ¢ € CH(R™) be a function with bounded partial
derivatives. Then ¢(§) € D' and

L 5 (6)Datt, if ©=A,
Dt,x¢(£) - { ¢<§1 1_|_8Dt7x£17 o ,fm 4 Dt,xgm) o ¢(§1, o ’£m>7 Zf T # A (48)

PrROOF. The proof can be easily obtain by approximation £ by smooth random variables
and the function ¢ by smooth functions with compact support. O

Applying the above proposition we obtain, that L(h) € D' for all h € H and D, ,L(h) =
h(t,x).

Lemma 4.8 It holds that P,(T(h)) € D' for allp>1,he K,n=1,2,... and

Dy o Po(T(h)) = Por(T(h))R(L, ). (4.9)

PROOF.  As in the proof of Proposition 4.7 one can obtain that P,(z(h)) € D'? for all
p>1,he K,n=12,... and (4.8) holds. Then the definition of Z(h) and equality (2.9)

imply
0P,

n 8951
It follows from the relationships (4.8) and (2.11) that for x # A we have

Dy AP, (z(h)) (@(h))h(t, A) = Poa(z(h))R(t, A).

Dy o Po(T(h)) = Po(z(h) +1(h(t, x))) — Pu(@(h)) = h(t, x) Bu1(T(h)),
where u(y) = (y,%°,...,vy*, ...). The proof is complete. O

The product rule can be proved in the same manner.
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Proposition 4.9 Let £ € D'?, p > 1 and n is a smooth variable from S. Then &n € DYP
and
D(&n) = EDn + nDE + DEDnl k. (4.10)

PROOF. The equation (4.10) holds if £ and 1 are smooth variables. Then, the general case
follows by a limit argument, using the fact that D is closed. O

The following proposition is more or less evident.

Proposition 4.10 Let & be H-measurable random variable such that & € LP(Q2,H,P) for
somep > 1. Then & € DY and DE =0 M,-a.e.

ProoOF. By the density arguments we can assume that & = 1y, where U € H. Then for
any h € K as in the proof of Lemma 2.4 we have {1201 = L(§h)?/L(h)* 110y Since
h € K it easy to show that n.(h) = L(£h)?/(L(h)* 4+ €) = £L(h)*/(L(h)* 4+ €) — &1{Ln)20}
as ¢ — 0 in LP(Q). If we will show that n.(h) € D" and Dn.(h) — 0 in L*P(M,) for any
h € K then {1izpyz0p will be in D' and D(€1izpyz01) = 0 for any h € K implying as in
the proof of Lemma 2.4 that ¢ € DY and D¢ = 0.

Let us show that n.(h) € D' and Dn.(h) — 0. Set f(x,y) = 2?/(y* + ). Then
fla,y)e”@H/n = f (z.y) € C°(R?) and by dominated convergence theorem we have
fu(L(ER), L(h)) — f(L(Eh), L(h)) = n-(h) as n — oo in LP(Q2). In the same way we obtain
that the derivative D f,(L(h), L(h)) converges in L*P(M,) which implies n.(h) € D' and
the limit D(n.(h)) is given by

_ (2L(Eh)ER  2L(h)L(ER)*R (L(Eh) +€h)? L(Eh)?
D(ne(h)) = <L(h)2 +e  (L(h)?+e)? ) 1a+ <(L(h) +h)2+e  L(h)? —|—5> Ly,
_ ( 262L(h)h e (L(h) + h)* = L(h)? 1 >
" \Lmz et (L(h) + h)2 + &) (L(h)2 +¢)

Letting ¢ — 0 in the equality above we obtain the desired result. O

The following lemma shows the action of the operator D via the chaos decomposition.

Proposition 4.11 Let & € L*(Q) with a development
&= Lil(fr), (4.11)
k=0

where f, € L*(MF) are symmetric with respect to pairs of monrandom wvariables. Then
€ € DY2 if and only if

> kRN fellFoaey < 00 (4.12)
k=1
and in this case we have .
Dioé = khii(fi(-t,2)). (4.13)
k=1
Moreover
E |:/ (Dtvxf)Zﬂ'(dtdl’) H:| = Z kEk! / fk(th Tiy... ,tk, .CCk)Zﬂ'(dtld(l?l) cee W(dtkdxk)
TxX (TxX)k



ProOF. The proof will be done in three steps.
Step 1. Suppose first that £ > 1 and

1
{ = Py(z(h)) = Efk(h(@k) = I (fx), (4.14)
with h € K. Then by Lemma 4.8 £ € D%? and by equality (4.9) we get
D, . Pi(T(h)) = Pe_1(T(h))h(t, x).

Hence
thf = k-lk—l(fk(') t, CL’)) (415)

From Proposition 4.10 and formula (4.10) we deduce that equality (4.15) holds for any
linear combination of random variables of the form 7Py (Z(h)), where n is H-measurable
bounded random variable. Since formula (4.15) implies that ||D¢ Hig(Mﬁ) = KEE? then it
follows that Py, k > 1 is included in D2

If k£ = 0 then Proposition 4.10 implies that Py = L?(Q, H,P) C D2

Step 2. Let & € L*(2) has an expansion (4.11). Suppose that (4.12) holds. Define

&= L(fi)-
k=0

Then the sequence &, converges to ¢ in L?(€2), and by Step 1 we have &, € D'? and D, ¢ =
Yoo kg (fi(- t,2)). Tt follows from Lemma 3.5 and equality (4.12) that D, &, converges
in L?(M,) to the right-hand side of (4.13). Therefore ¢ € D' and (4.13) holds.

Step 3. Suppose & € D2, Note that formula (4.5) holds for £ € DY? and n € D'? for
some p > 2 if h € K. Since by Proposition 4.8 n = P,,(T(g)) € D' for allp > 1 and g € K,
then we have

Tim ((D&n; nh) 120,y + (D&n; Dhlxo) 120,) = 1im (E(&unL(h)) = (Dn; &ah) r2(ar,)
= E(EnL(h)) = (Dn; Eh) Loy = (DE;nh) 2,y + (DE; Dnhlx,) 12 (ary)-
It follows from equation (4.8) that n + 1x,Dn = P,(T(9)) + 1x,9FPm-1(Z(g)). Then for
all m=1,2,... we obtain

lim ((D&n; Pn(T(9)) ) 1201,y + (Dns Pr1(Z(9))9h1x,) £2(0,))

n—oo

= (D& P (T(9))h) L2017y + (DE; Pro1(T(9))9hLxo) L2 (01)-
Since Py = 1 and limnaoo<D§n;Po(x(g))h)Lz(Mﬂ) = (D& Py(%(g))h) r2(m,y for all h €
L*(M,), then we deduce by induction that

lim (D&x; Po(7(9))1) 1201y = (D& Pn(T(9))1) 2200,

n—oo

From Lemma 3.5 we deduce that for n > m the expression (D&,; P (T(g))h)r2(as,) is
equal to

([ Dl Gt Wt 2)n(ado) P (a10)) )
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Hence the projection of [, . Dy &h(t, z)m(dtdz) on the m-th chaos is equal to

/T X(m + Dl (frna1 (-t x)) h(t, z)m(dtdr).

Thus for any ¢ € L?(Q2, F,P) we have

(D&; )2,y = E ( . Dt,zﬁh(t,x)ﬂ(dtdx)C)

=k (Zo /T><X(m + DIy (fraa (8, 2)) h(t,x)w(dtda:){)

= <Z(m + 1)Im (fm—l—l('v i, ZE)) ; hC)LQ(M,r)~

m=0

Since the set {h( : h € K,¢ € L*(Q, F,P)} is dense in L*(T x X x Q,G ® F, M) then

thg Z m+ fm+1< tux)>7
which completes the proof of the proposition. O

Remark 4.12 This proposition implies that the operator D is an annihilation operator on
the Fock space on Hilbert space H.

The equations (4.13) can be considered as a definition of the operator D. This approach
was developed for pure jump Lévy process, the particular case of Poisson processes, the
case of general Lévy process with no drift and the case of certain class of martingales in

[2, 3, 18, 19, 25, 28].

Let A € G ® H. We will denote by F9 the o-algebra generated by the random variables
{L(B),B C A,B € Gy}. Set Fa = F4V H. The following results are modification of
Proposition 1.2.5 from [22, p. 32] and it shows how to compute the derivative of a conditional
expectation with respect to a o-algebra generated by stochastic process.

Lemma 4.13 Suppose that ¢ € L*(Q,F,P) with the expansion (4.11). Let A € G @ H.
Then

E[§|Fa] = ka (fe15h). (4.16)

PROOF. By the density of elementary functions in L?*(MF) and by linearity we can assume
that & = Ii(fi), where fiy =nla, ®---® 1,4, with pairwise-disjoint sets Ay, ..., Ay € Gy and
n € L>(2,’H,P). Then we have

E[¢[Fa] = ElnL(Ay) - - L(Ag)|F 4

k

=nE [[J(Z(Ain A) + L(A;\ A4))| F

=1

=nE[L(A; NA)--  L(A, NA)|Fa] =

= Ik(nlAlmA XK R 1AkmA) = ]k(fklfk)
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Proposition 4.14 Suppose that ¢ € DY2, and A € G @ H. Then E(¢|F4) € DY? and we
have

Dy (E(§]Fa)) = E(D12€|Fa)La(t, z)
M.-a.e. inT x X x Q.

Proor. By Lemma 4.13 and Proposition 4.11 we obtain

E(Deob|Fa)lalt,x) = > kL (fil-,t,2)15% ) 14(t 2) = Dio(E(E]Fa)).

k=1

Remark 4.15 In particular, if & is Fa-measurable and belongs to DY?, then D;,& = 0
M-a.e. in A°.

5 The Skorohod integral

In this section we consider the adjoint of the operator D, and we will show that it coincides
with the Skorohod integral [30] in the Gaussian case and with the extended stochastic integral
introduced by Kabanov [13] in the pure jump Lévy case. See also [2, 3, 18, 28]. So it can
be considered as a generalization of the stochastic integral. We will call it Skorohod integral
and will establish the expression of it in terms of the chaos expansion as well as prove some
of its properties.

We recall that the derivative operator D is a closed and unbounded operator defined on
the dense subset D2 of L?*()) with values in L*(T x X x Q,G @ F, M,).

Definition 5.1 We denote by 6 the adjoint of the operator D and will call it Skorohod
integral.

The operator 4 is closed unbounded operator on L*(T x X x Q,G ® F, M) with values
in L?(Q) defined on Dom §, where Dom 4 is the set of processes u € L?(M,) such that

‘E Dyatu(t, 2)m(dtd)| < €]l 2o

TxX

for all £ € D2, where c is some constant depending on u.
If u € Dom 6, then 6(u) is the element of L?(£2) such that

E(&6(u)) = E D, ,&u(t, x)m(dtdx) (5.1)

TxX

for any £ € D2
The following proposition shows the behavior of ¢ in terms of the chaos expansion.
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Proposition 5.2 Let u € L*(T x X x Q,G ® F, M) with the expansion

= L(fi(t,2)). (5.2)

Then uw € Dom ¢ if and only if the series

u) = Z L (i) (5.3)
k=0

converges in L*(2).

Recall that f is a symmetrization of f; in all its pairs of nonrandom variables is given
by

~t,x,...,t,x,t,a¢,w = — t1,T1, ..., tp, T, b, T, W
Je(t, 11 k> T, ) k~|—1(fk(1 1 k> T, )

+ E fk tl,ﬂfl,... i—1y Lj— 1,t x t1+1,l’l+1,...,ti,l’i,w>>.

PROOF. The proof is the same as in the Gaussian case (see, e.g., [22, Prop. 1.3.1, p. 36]).

O

Remark 5.3 It follows from Proposition 5.2 that the operator & coincides with Skorohod
integral in the Gaussian case and with extended stochastic integral introduced by Kabanov
for pure jump Lévy processes (see, e.q., [30, 13, 22, 2, 3, 18, 28]).

It follows from proposition above that Dom ¢ is the subspace of L?(M,) formed by the
processes that satisfy the following condition:

S e DUl ooy < 00 (5.4)
k=1

If u € Dom 4, then the sum of the series (5.4) is equal to Ed(u)?.
Note that the Skorohod integral is a linear operator and has zero mean, e.g., E(6(u)) =0
if u € Dom 4. The following statements prove some properties of ¢.

Proposition 5.4 Let u,v € Dom 0 be arbitrary stochastic process. Then for all o and (3 in
L>(Q,H,P) we have au + Bv € Dom 6 and

d(ou + Bv) = ad(u) + B6(v).

Moreover E[§(u)|H] = 0.

PrOOF. The proof follows from the properties (i) and (iii) of the multiple integral. O
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Proposition 5.5 Suppose that u is a Skorohod integrable process. Let & € DY? such that
E(f, x (& + (D12€)*1x, )u(t, x)*m(dtdz)) < co. Then it holds that

5(€ + Lx, DE) = €8() — | (Dault, o)), (5.5)

provided that one of the two sides of the equality (5.5) exists.

PrROOF. Let n € § be a smooth random variables. Then by the product rule (4.10) and
by the duality relation (5.1), we get

E( / (Dram)(€+ L) Deoult, ) td)) = / E(u(t, ) (Dys(€n) — Dy o)) (dbdz)

XX

_E (n(€5(U) -/ X(Dt,ggou(t,m)w(dtdw))) ,
and the result follows. O

As in the Gaussian case or in the case of processes with independent increments in
order to prove some other properties of Skorohod integral we will define a class of processes
contained in Dom ¢ (see [22], [33]).

Definition 5.6 Let LY? denote the class of processes u € L*(T x X x Q,G @ F, M,)
such that u(t,z) € DY for all (t,z) ¢ R, where R C T x X and M,(R x Q) = 0,

and there exists a measurable version of the multiparametrical process Dy u(s,y) satisfy-
ng E [« [px (Deaul(s, y))*m(dtdz)m(dsdy) < oo.

If the process u has the expansion (5.2), then u € LY? if and only if the series

o 2 (o]
/ / E (Z kL1 (ful(-,t, 2, s, y))> m(dtda)m(dsdy) =Y K[| fil 72 (a0,
TxX JTxX k=1 k=1

converges.

Since ka||L2(M7;§+1) < |||l z2(as+1y then from (5.4) we deduce that L"? C Dom 4.

The proofs of the following propositions use the chaos expansion therefore they can be
done as in the Gaussian case (see, for instance [22, pp. 38 - 40]).

Proposition 5.7 Suppose that u € LY? and for all (t,x) ¢ R, where R C T x X and
M (RxQ) = 0 the two-parameter process { Dy ,u(s,y), (s,y) € T'x X} is Skorohod integrable,
and there exists a version of the process {0(Dy u(-,-)), (t,x) € T x X} which belongs to
L*(M,). Then §(u) € D? and we have

Dy28(w) = ult, x) + 8(Dyul-, ). (5.6)

Proposition 5.8 Suppose that u € LY? and v € LY2. Then we have

d

+E [/TXX . Ds,yu(t,x)Dtsz(s,y)ﬂ(dtdﬁ)w(dsdy)’ H] : (5.7)

E[0(u)d(v)|H] =E {/T u(t, x)v(t, z)m(dtdx)

x X
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Now we will show that the operator § is an extension of the It6 integral. Let Ly, t € [0; 1]
be a processes with H-conditionally independent increments. Assume that the canonical
triplet of its characteristics (B, pu,v) such that B = 0. Then as in Example 2.3 we have
random measure N (dtdz) associated to jumps of L with compensator measure v, the measure
p connected with continuous part of L and conditional additive process L(h) on H. We
denote by Lf, the subset of L?(M,) formed by F;-predictable processes.

Te following technical will be needed.

Lemma 5.9 Let A € GR®H be a set with finite M, measure, and let £ be a square integrable
random variable that is measurable with respect to the o-algebra Fac. Then the process £1 4
is Skorohod integrable and

0(14) = EL(A).

PROOF. Suppose first that £ € D%? and 14, € K. By using Proposition 5.5 and Remark
4.15 we have

0(§14) = 0((€ + 1x, DE)1a) = £6(1a) — /T X(Dt,xg)lA(tax)ﬂ—(dtdx) = EL(A).

The general case follows by a limit argument, using the facts that D2 and K are dense and
0 is closed. O

Proposition 5.10 LIQ, C Dom 9, and the restriction of the operator ¢ to the space LIQ) coin-
cides with the usual stochastic integral, that is

5(@:/01 (t,0)dLe(t //R u(t, 2) (N (dtdz) — v(dtdz)).

PROOF. Suppose that v is an elementary adapted processes of the form
= ZfilAil(ti§ti+1](t)]‘Bi (.73),
i=1

where 0 <t; < -+ <tpy1 <1, B;is a borel set of R, A; € H such that L, ,1xB,x4,(t, %) €
K and ¢ is square integrable and F;, measurable random variable. Then from the Lemma
5.9 we obtain u € Dom ¢ and

=) &i((Ley, — Ly,)1 o (dtdx) — v(dtdz)).
; B / / x v x

The general case follows by monotone class argument since ¢ is closed. O

The predictable projection of a stochastic process indexed by ¢t > 0 and x € R can be
defined similarly as in a one parametrical case (see, i.g, [12, 17, 31]). Let Y = {Y (t,z),t >
0,z € R} be an measurable integrable process. There exists a predictable process Z =
{Z(t,z),t > 0,z € R} such that for every predictable stopping time 7

Z(T, $)1{7.<OO} = E[Y(T, 37)1{7<oo}‘~7:‘7-7]-

The following result is so-called Clark-Haussmann-Ocone formula.
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Proposition 5.11 Let £ € D2, and suppose that a process with conditionally independent
increments Ly, t € [0;1] has the form

L,=L;+ // N(dsdz) — v(dsdz)) // N(dsdz).
|I|<1 \a:|>1

= E[¢|H] +/O P(Dyo&)dLy +/0 A P(Dy &) (N(dtdz) — v(dtdx)). (5.8)

Then

PROOF. Let & € D2 have an expansion § = Y o~ I,,(f,). Using (4.13) and (4.16) we have

E[D;.£|F] = Z"E w1 (fa(eot, @) | ) = ann 1(falt, )15 7).

It follows from the arguments in the beginning of the Section 3, that f, (-t z) 0

Falest, )1[%(3 U as elements of L*(M"1). Thus

E10067) = Yol ) = S a1 ),

Since I, 1 (fn(,t )1%% )) is predictable then it is easy to show that ?(I,_1(f (-, t,z))) =

L1 (fuleyt x)l%(t) )) Hence

Dtmf Zn n 1 fn Zn[n 1 fn tl’) [Ot 1)-

Therefore P(D, &) = E[D, .£|F;] as an L*(M,) processes.
Set ¢(t,x) = E[Dy | F:] and ¥(t, x) = P(D;,€). Then from equality (5.3) we deduce

n=1
which shows the desired result because Proposition 5.10 implies that

5() = /0 P(Dyof)dLE + /0 [ D)V (atde) — v(ato)).
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